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ABSTRACT

Within the framework of the Walecka model (QHD-I) the application of the Cornwall-
Jackiw-Tomboulis (CJT) effective action to nuclear matter is presented. The main feature
is the treating of the meson condensates for the system of finite nuclear density. The
system of couple Schwinger-Dyson (SD) equations is derived. It is shown that the SD
equations for sigma-omega mixings are absent in this formalism. Instead, the energy
density of the nuclear ground state does explicitly contain the contributions from the ring
diagrams, amongst others. In the bare-vertex approximation, the expression for energy
density is written down for numerical computation in the next paper.
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I. Introduction

In recent years, many investigations have been devoted to a relativistic description
of nuclear properties. The relativistic mean field (RMF) theory, pioneered by Walecka
[1], with nonlinear self-interaction has turned out to be very powerful for considering the
ground state properties of both spherical and deformed nuclei over the entire range of
the periodic table [2]. It is further demonstrated that the RMF model is able to describe
successfully the properties of nuclei far from the stability line [3]. The relativistic Hartree-
Fock formalism is an important extension of RMF. However, it has not been possible to
construct a reliable approximation scheme for these approaches. The results of Furnstahl
et al. [4] indicate that the loop expansion is not useful to QHD at least up to two-loop
order. Moreover, Celenza et al. [5] pointed out that the perturbative approach and other
approximation schemes, such as loop expansion and the random phase approximation, are
invalidated due to the extremely large self-energies of sigma and omega mesons. Recently,
Nakano et al. [6] proposed the nuclear Schwinger-Dyson formalism which may hopefully
provide an alternative approximation to QHD beyond two-loop calculations.

In this paper, adopting the Lagrangian of QHD-I, we consider the effective action for
composite operators formulated by Cornwall, Jackiw and Tomboulis [7]. We then derive
a set of SD equations together with the explicit form of self-energies, propagators and
energy density. We show that the SD equations for sigma-omega meson mixings are, in
fact, not present in this formalism.

Our work is organised as follows. In Sec. II, we derive the formula for effective action
(and potential) and therefrom we arrive at the SD equations which fully coincide with
those of [6]. Sec. Ill deals with the explicit expressions for self-energies and for the energy
density in the bare-vertex approximation, they will be used for numerical calculation in
the next paper. The discussion and conclusion are given in Sec. IV.

II. Effective Action and SD Equations

We start with the following Lagrangian density [1]

C = -

fi (III)

where F^v = d^Au — duA^, & and «r, AM represent the field operators of nucleon and
mesons, respectively, gs and gv are coupling constants, M and ms, mv are physical masses
of nucleon and mesons. For convenience, the notation in this paper is the same as in Ref.
[6]. The gamma matrices satisfy

A four-vector is defined as A^ = (.4,, A4) = (AuiAo) and a scalar product of four-
vectors is A^B^ = AlBl + A4B4 — A ,B , - A0B0, where repeated Greek indices are summed



from 1 to 4, repeated Latin indices are summed from 1 tu 3 and A = (A{, A2, A3).

The generating functional Z[f], T], J, JUU, / / , A', L^} corresponding to (II. 1) reads

N f DVDVLkrDA^xf
^

exp i {<? + I dx[fj(x)9(x) + *(x)V(x) + J(x)o(x)

where /V is the normalization constant guaranteeing that Z[0, 0, 0, 0,0, 0,0] = 1 and 5 is
the classical action,

S = JdxC.

Corresponding to (II.3), the connected generating functional W — W[fj, 7/, J, J^, H, K, Lllv]
reads expzW = Z[fj, T], J, Jtll H, K, L^}.

The mean values of the field operators &, &, a and A^ are denned by

6W T

6W _ =

6W
JI = a

6W _
(. j — Afl.

It is evident that when all the external sources vanish we have

and
A, -» A, = (F|A,|F),

where \F) is the ground state of nuclear matter.
It is worth to emphasize that a and A^ do not vanish for the system of finite nuclear

density, in which there exists the meson condensation. Moreover, the symmetry of the
ground state yields

A^ — d^oAo.

Next the propagators of nucleon, G(x,y), and of mesons, C{x,y) and Dfll/(x,y), are
introduced respectively as follows

6W 1

6H(x,y) 2



6K(x,y) 2l

SW _ 1
L,,Jx,y) ~V

(11.46)

:,y)\. ' (UAc)

In view of (II.4) the CJT effective action T = F[y,V,a, Atl,G,C, D^} is defined by
means of the Legendre transform

= W - Jdx [T/(X)*(X) + tf(x)r/(x) + J{x)a{x) + J^(x)A^{

-l-Jdxdy [tf (x)tf(x,y)*(y) + a(x)K(x,y)a(y) + A^x)L^(x,y)Au{y)\

-l-J dxdy [H(x, y)G(y, x) + K(x, y)C(y, x) + L^(x, y)DVfl(y, x)]. (II.5)

Since the physical processes correspond to vanishing external sources, the configuration
of the ground state is given by

6T = 0 , (H.6a)
6a(x)

6T = 0, (H.66)

6F = 0 , (IL7a)
6G(x,y)

^— - = 0, (11.76)

^ — 7 = 0. (II.7c)

(II.6) are the equations of motion for condensed meson fields a and A^, and (II.7) is the
set of Schwinger-Dyson equations for propagators G, C and D^.

Now the explicit form for F can be derived immediately basing on [7],

h , h , h , h
F = S + -Tr In CoC~l + -TrC^C"1 + -Tr lnDo^D" 1 + -

-hTr\nG0G'1 -

+r 2 , (ii.8)

where the trace, the logarithm and the product COC~X, DOfll/D~x, ... are taken in the
functional sense, Co, Dg^ and Go are, respectively, the propagators of free sigma, omega
and nucleon,

62S
S { A )

F2 is given by all those two-particle irreducible vacuum graphs which, upon opening one
line, yield proper self-energy graphs. •

Then it is easily verified that, corresponding to Lagrangian (II. 1), only two diagrams
shown in Fig. 1 are those under discussion.
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Figure 1: Solid line represents the nucleon propagator G, wavy line denotes sigma propagator C, dotted
line stands for omega propagator D^v. The nucleon-sigma and nucleon-omega vertices are denoted by
gsr and igvr^, respectively.

' T
When all of external sources vanish ty, ^ are vanishing and the condensed meson

fields a, Ao become independent of space-time coordinates owing to the homogeneity of
nuclear matter. In that case, the effective action F manifests the translational invariance
and consequently all propagators turn out to be functions of difference of two space-time
coordinates.

Starting from (II.8) and (II.9) we arrive at the expression for effective potential
Via, Ao, G, C, Duu] in momentum space,

2 2

v[&, A01G, c, i v i = - ^ * a - ^Al

^ tr[lnG;1(p)G(p) - S-i(a,A0;p)G(p) + 1]

tr[\nC0-
l(p)C(p)-C0-'(p)C(P) + l]

+\ I J^k tr[ln

i r (fin d4k
- 2 0 V 2 / ( 2 ^ ( 2 ^ tn,G(p)ri/(p,fc)G(A:)D^(p-A:), (11.10)

where the trace tr is taken over Lorentz indices and

m2
v

Ao; k) = -iy^kf, - M - igsa



Inserting (11.10) into (II.6) yields the equations for a and Ao,

= ^\PB^ ( I I 1 2 )

in which A is an isospin multiplicity, ps and pB are scalar and nucleon density of nuclear
matter, respectively.

The SD equations are derived by substituting (11.10) into (II.7),

£(*) = -ig.a + i

I
G(q)r(-q, k)C{k - q)

Us(k) = -i\g

= i\g2
v

^

Tr[G(g)r(-q, k + g)G(k + </)],

(-q, k + q)G(k + q)).

- < ? ) ,

(II. 13a)

(II.136)

(11.14a)

(11.146)

(II.15a)

(11.156)

It is clear that (11.13), (11.14) and (11.15) exactly coincide with those obtained in [6],
E, n s and 11^ given by (II.13b), (II.14b) and (II.15b), are the self-energies for nucleon,
sigma meson and omega meson, respectively.

Concerning the SD equations for sigma-omega mixings it is simple to check that they
are not present in this formalism. This is because there is no 2PI vacuum graph which
contains the ring diagrams, shown in Fig. 2, as its subgraphs.

Figure 2:

This kind of graph can be the ingredient of a certain 1PI graph like the one indicated
in Fig. 3, which contributes to the ordinary effective action F[a, A}.
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Figure 3:

Finally, let us investigate the self-energies of scalar meson and vector meson, they
characterize the in-medium effect.

The scalar meson propagator is easily deduced from (11.14),

- 1
k2 + m2 + Yls{k) - ie'

(11.16)

The solution to Eq. (11.15) is more complicated because 11^ (A;) has a matrix structure.
We adopt the projection method presented in [6] to derive the vector meson propagator
as the solution to (11.15),

+ + 6u-
i Kj

where
A(k) = D<(k)

B(k)=(l

(11.176)

k2

mi
D0(k) - De(k)

F(k) = Dl(k) - De(k), (I

Dt{k) = -(k2 + ml + I\t(k)-ieyl (I

Dl{k) = -(A;2 + m2 + n'(fc) - ie)~l (H-17/)

II'(A:) and II'(A:) are transverse and longitudinal components of Ufll/(k), respectively,

\

(11.18)

with W — IT —
rv

The nucleon propagator G(k) will be discussed in the next section.



III. Bare-vertex Approximation

Our main purpose in this section is to derive the formula for energy density in the
bare-vertex approximation, where T(p, q) = 1, FM(p, q) = 7^. However, for completeness,
let us first discuss the contributions given by the density-dependent part of the nucleon
propagator, which is dominant at lower density as was suggested in [8-10]. To this end,
let us follow [6] starting with the nucleon self-energy E(Ar), (II.13b), whose the density-
dependent part T,D(k) reads

Eo(fc) = E* (*) + £»(*), (111.1a)

= -Oft J
where GD(k) is the density part of G(k), which is defined below by Eq. (III.4).

In terms of the nucleon self-energy SD(fc), (III.l), the nucleon propagator G{k) is given
by the SD equation (11.13), which is rewritten as follows.

G~l(k) = G;l(k) - E(k) = -iijkj[l + E"(fc)] - i^[kA + E4(fc)] - [M +

where Eu, E4 and Es are three components of Dirac decomposition of £D(fc).
Eq. (III.2) leads to the definition of effective quantities:

fc4* = fc4 + E4(fc), (111.36)

M*(k) = M + Es{k)}. (III.3c)

By means of these effective quantities we obtain

GD(k) = l-i

Now the energy density of the nuclear ground state is considered. As is well known, it
corresponds exactly to the effective potential for the propagators fulfilling the SD equa-
tions (II.13)-(II.15) and for condensed fields satisfying equations of motion (11.11), (11.12).
This is the major privilege of this approach.

After substituting (II.ll)-(II. 15) into (11.10) we get



0

2m2/s 2mfB

~~4 tr{ ln[l

^ tr{ ln[l + IWp)DQI/(p)]

i d^

All terms of (III.8) are physically meaningful, namely, the first and second terms come
from disconnected two-tadpole diagrams and they cancel half of the Hartree energy. The
third term consists of two parts, the first one,

trln[l + E(p)G(p)]

represents the quantum correction and the second one,

represents the ground state energy shift [11]. The fourth and fifth terms express the
contributions from the ring diagrams for sigma and omega mesons [12, 13], respectively.
And the last two terms are exactly the high-order correlation energy.

It is interesting to remark that the terms corresponding to the contributions from the
ring diagrams do not occur in the SD formalism developed by [6], these contributions are
implicitly involved in the propagators only.

Bearing all of these in mind we obtain the explicit form for energy density in the
bare-vertex approximation:

- n.(p)c(P)}

i t d^v d^k
~29" J ( 2 ^ (250* ^GiPhMtiD^ip - k)}, (III.6)( 2 ^ (250*
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where

E*

P.

(III.6) proves that the effective potential approach works well even if the meson self-
energies are very large as was indicated by [5].

Therefore, the binding energy per one nucleon Et,in is usually given as

Ehin = E-M (HMO)

which may be computed by means of (II.6)-(II.18) and (III.1)-(III.9).
The numerical results will be reported in the next paper [14], in which two free param-

eters ga and gv are adjusted to reproduce the nuclear saturation point; the binding energy
Efon = — lb.SMeV at a density corresponding to a Fermi momentum kF = \A2fm~1.

IV. Conclusion and Discussion

This is the first publication of a series of our papers dealing with the application of
the CJT effective action in nuclear matter modelled by QHD-I.

The used approach proves very powerful since it is the only one that allows us to
determine consistently both the propagators of the fields concerned through solving the
SD equations and the energy density of the nuclear ground state. Furthermore, the
theory naturally accounts for all high-order corrections as well as contributions from the
ring diagrams for scalar and vector mesons, which are claimed to be important for nuclear
matter study [12, 13]. Here it is necessary to pay special attention to the fact that the
SD equations for sigma-omega mixings are no longer derived within the CJT effective
action method, which provides the very general formalism in quantum field theory. That
possibly leads to the conclusion that the SD equations for meson mixings are actually an
artifact, they should be not taken into consideration.
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