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ABSTRACT

Basing on the papers of Fukuda and his coworkers [1-3] dealing with the effective action

approach it is shown that several interesting results, such as the Goldstone theorem and

the pion-quark-antiquark vertex, are derived simply by means of general property of the

effective action.
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In recent years the Schwinger-Dyson equation (SDE) and its closely related Bethe-

Salpeter equation (BSE) for bound-state wave functions are treated as the nonperturbative

approach [4, 5] in quantum field theory. In their turn, these can be simply derived from

the effective action for composite fields [6]. In this respect, the effective action is a

very powerful tool for considering the dynamical chiral symmetry breaking and related

problems [7-10]. Special attention should be paid to the works pioneered by Fukuda [1-3]

who has developed the novel use of the effective action.

In this note we try to reproduce several important results of the papers [8, 9] by means

of the very general requirement for the effective action.

1 . At first we like to simply point out that the requirement for the chiral invariance

of the effective action is not needed when deriving the main results of [8]. Let us begin

with the effective action T[B] of a system of fermions ipa{x) in interaction with other

fields. r[B] is a functional of the bilocal, bispinor, field B(x,y). Under the global chiral

transformation,

where

9 = ea\\

the parameters 0o's
 QIe r e a l a n d ̂ a>s a r e Hermitian matrix representation of the generators

of the flavor group, the bilocal field B(x,y) transforms as

B{x,y)^e^eB(x,y)e^6.

It follows that

for an infinitesimal transformation with 9a = ta.

The exact SDE for the fermion propagator Sp{. ,y) reads

6T[B]

SB(x,y)

2

= 0, (1.1)
B=SF



where

SF{x1y)=<O\TrJ>(x)i>{y)\O>1

Eq. (1.1) defines the vacuum configuration.

Now following [1] the stability of the solution SF(x,y) to Eq. (1.1) is determined by

82r[B)

SB{x,y)6B(x',y')
(1.2)

B=SF

Repeated variables and indices are assumed to be integrated or summed over.

From (1.2) it is easily seen that if the vacuum is not chiral invariant, that is, if

for some a, then the BSE has a pseudoscalar solution of vanishing four-momentum, i.e. a

Nambu-Goldstone boson appears.

It is clear that the above obtained result is true for a quite large class of effective

action which has the stable extremum. Following the same line it is straightforward to

prove the Goldstone theorem for the general case.

Indeed, for the sake of simplicity, we will consider a multiplet of n scalar fields fa

which interact among themselves and with other fields. The Lagrangian is assumed to be

invariant under the transformation of a symmetry group G,

where TQ's are the representation operators of G.

Let W[J] and r[<p] be the connected generating functional and the effective action,

respectively. They are connected by the Legendre transform:

= w[j\ - J

where
6W[J(x)]

) = } \6Jk(x)

Let (pk{x) be the vacuum expectation value of fa, corresponding to .7jt(i) = 0, i.e.

=< O|0fc(x)|O > .
Jk=0

3



Then the vacuum configuration is given by

= 0 (1.3)
6<pk{x)

If the vacuum is not invariant under the transformations of group G, that is, if

VkVk ± 0 (1.4)

for some a and i, then the stability of one of the solutions <pk{x) to Eq. (1.3) is determined

by

savk(y) = o
6<pt{x)6ipk{y)

which, taking into account (1.4), has a scalar solution of vanishing four-momentum.

The preceding consideration proves that the consistency of the SDE, BSE and the

Goldstone theorem is ensured by the stability of the vacuum configuration.

2 . Let us next consider the local chiral transformation given by the matrix

where

n(x) = 7ra(i)A
a.

Owing to [10] the quark self-energy E(x,y) transforms as

Z(x,y)-+U(x)Z(x,y)U(y)

under the substitution

SF(x,y)-+U-l(x)SF(x,y)U-l(y)

For an infinitesimal local chiral transformation

6U{x) =

we have



For B(x,y) = SF(X — y), 6T,(x,y) becomes

<5E(z, y) = ij5^(x)T,(x - y) + E(z - y)i-y^{y) (2.1)

and the corresponding 6Sp reads

6SF{x,y) = -t757r(x)S'F(x - y) - 5F(x

satisfying the on-shell equation (BSE) (1.2) which guarantees the stability of the solution

to Eq. (1.1). In this connection, (2.1) is called the on-shell variation of E. In order to

determine the meson-quark-antiquark vertex, due to [2, 3], we need to extend the on-shell

6£ (2.1) to the off-shell case by incorporating the small scalar field a(x) as follows

, y) - 6aE(x, y) = [cr(x) + iw(x)]E(x - y) + E(x - y)[a(y)

a(x) is a variational parameter, its value at minimum of the effective action is designated

by a.

Therefore, the logarithm term of T[B) turns out to be

n=l "

where

x = MI) ,S(P)] + 1

f(x) — a(x) + i*y5n(x),

E ( x - y ) = < rr|E(p)|t, > .

The'term Ti(Sf(f:)n corresponds to n fields ip(z) emerging from a fermionic loop cal-

culated with quark propagator <S>. It is easily verified that

. n n

j>)n = / Y[d?Xi YlcPzj S F { x i , x 2 ) V ( x 2 , x 3 ; z i ) i p ( z l ) x . . .
y t=i j=i

In momentum space the vertex V is given by



This is the effective coupling gnqq. Following [9] the vertex g^ for physical pions is

obtained by normalizing the fields n as follows

<t> = an,

a = -U/a

where fv is the pion decay constant.

Thus we get

9**, = -9**, = —^75A
a[E(p,) + E(p2)]. (2.2)

It is obvious that (2.2) fulfils the vector-axial Ward identity for massless quark

? T ° > + q,p) = S~F\p + <?)^75Aa + ^75A° V ( P ) (2-3)

Inserting

into (2.3) it is deduced that

nL(P + 9>P) = 7^7sAQ + G%{p + q,p)-z— + I5 (2.4)
Z Q O

where

G5 (p + g,p) = — 7~^75Aa[E(p + q) + E(p)],- (2-5)

q*T$? = 0-

The regular part Pg of the vector-axial vertex F? is found out by [11] as q —• 0,

(2.5) and (2.6) are needed for calculating the pion decay constant fn in the Jackiw-Johnson

representation [12].

It is necessary to note that our expression (2.5) for Gf is different from the conventional

one by a factor 2a; this is because all radiative corrections to the boson vertex are taken

into consideration. 2d plays the role of a form-factor.



To end this paragraph it is worth emphasizing that we arrive at (2.5) basing only on

tbe vr-ry general argument, no approximation is made use of.
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