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I. Introduction
The fact that there is no one-to-one correspondence between Lie groups and Lie algebras

is of basic importance in physics: it is related, for example, to the existence of spinors. In

the Standard Model of elementary particle interactions, the Lie algebra of the gauge group

is isomorphic to the algebra of SU(S) x SU(2) x U(l). But what is the corresponding

group? Even in the compact, connected case, there are nine distinct possibilities. Recent

developments in quantum gravity [1] have led Choi et al. [2] to revive the suggestion of

Kiskis [3] that gauge groups can be disconnected, a possibility which also arises in higher-

dimensional theories [4]. Again, if we allow the gauge group of the Standard Model to be

disconnected, what is its precise global structure?

The purpose of this work is not to settle such questions, but rather to show how the

full range of possibilities can be displayed. The techniques are rather simple, but the

ultimate classifications can be surprisingly intricate. For example, leaving aside trivial

cases, we find that there are no fewer than 137 distinct compact groups having the same

algebra as 5(7(3) x SU(2) x U(l). The point here is not that all of these groups correspond

to physically viable theories they do not - but rather that, among so many possibilities,

just one corresponds to reality. What principle makes the selection? We shall see that

grand unified and Kaluza-Klein [5] theories can do so: for example, again leaving aside

trivial cases, there is just one group having the algebra of E8. (For 50(10), however, the

figure is 8.)

One reason for interest in disconnected gauge groups is the fact that gauge symmetries

are thought to be preserved by certain quantum-gravitational effects [1]. On the other

hand, however, Kiskis [3] observed that disconnected gauge groups can themselves lead

to apparent violations of discrete symmetries, with bizarre consequences such as the loss

of charge conservation. We use our results on disconnected groups to give an outline

description of the geometry of this "Kiskis effect".

In any case, it is desirable to be able to survey all of the possible groups associated

with a given algebra. We begin with a discussion of the connected case.

II. The True Group

The connected compact Lie groups having the algebra of 5(7(3) x SU{2) x (7(1) are the
following nine:

I. 5(7(3) x SU(2) x U{1).

II. P5(7(3) x 5(7(2) x (7(1).

III. 5(7(3) x 50(3) x (7(1).



IV. P5(7(3) x 50(3) x (7(1).

V. 5(7(3) < U(2).

VI. P5(7(3) x (7(2).

VII. (7(3) x 5(7(2).

VIII. (7(3) x 50(3).

IX. [5(7(3) x 5(7(2)] • (/(I).

H< re PSU(3) is the projective special unitary group, isomorphic to 5(7(3)/Z3, where

Z3 is the centre of 5(/(3). To understand the dot notation in type IX, recall that if A

and B are subgroups of a group G, then A • B (the set of products) is a subgroup of G

if A • B = B • A. (We shall always take it that this condition is satisfied whenever we

write A • B) Note that the elements of A and B need not commute (so the product may

not be direct) and that A and B can intersect non-trivially (so the product need not be

semi-direct). For example, the unitary group (7(3) may be written as (7(3) = (7(1)-5(7(3),

with (7(1) and 5(7(3) intersecting non-trivially. Similarly if we regard 5(7(3) x 5(7(2) as

a subgroup of (7(3) x (7(2) in the obvious way, and if we embed (7(1) in (7(3) x (7(2)

through

then [5(7(3) x 5(7(2)] • (7(1) is a subgroup of (7(3) x (7(2) which is not globally isomorphic

to 5(7(3) x 5(7(2) x (7(1). For if A is any sixth root of unity, then (A2/3( A
3/2) is an element

of both 5(7(3) x 5(/(2) and of (7(1), so the intersection is non-trivial.

Chan and Tsou [6] and O'Raifeartaigh [7] argue that the actual gauge group (the "true

group" [7]) of the Standard Model is [5(7(3) x 5(7(2)] • (7(1). Their reasoning may be

interpreted as follows. Let G be any Lie group, and let G be a covering group (not neces-

sarily the universal covering). Then any representation of G furnishes a representation of

G, but the converse s not true: some representations are "lost" in the transition from G to

G. Thus 5(7(3) x 5(7(2) x (7(1), for example, has many representations which do not yield

representations of [5(7(3) x 5(7(2)] (7(1). However, Chan and Tsou [6] and O'Raifeartaigh

[7] point out that none of these is actually used in the Standard Model - that is, all of

the representations actually used are in fact representations of [5(7(3) x 5(7(2)] • (7(1).

Hence the latter is to be regarded as the "true group" of the Standard Model.

When the argument is formulated in these terms, one sees clearly that it is an ar-

gument from parsimony: the representations used in the Standard Model are still, af-

ter all, representations of the covering groups of [5(7(3) x 5(7(2)] • (7(1). One could

therefore argue that the covering groups, 5(/(3) x 5(7(2) x (7(1), 5(7(3) x (7(2) and



U(3) x 5(7(2), are also acceptable. (Indeed, in "50(10)" grand unification - where tae

gauge group is actually Spin( 10) - the relevant subgroup of Spin( 10) is globally isomor-

phic to SU{3) x SU(2) x (7(1), embedded through Spin{6) • 5pm(4) rather than (7(5).)

The others (types II, III, IV, VI, VIII) must be rejected, however.

How might these observations be physically relevant? While there is some ambiguity

in the global structure of the Standard Model gauge group itself, this ambiguity is resolved

in various ways by more general theories. For example, the 5(7(5) grand unified theory

[8] fixes the global structure as [SU{3) x SU(2)] • U{1), because this is the only one

among the nine types which can be embedded in 5(7(5). Similarly, Kaluza-Kleih theories

interpret gauge groups as isometry groups of Riemannian manifolds, and the structure of

such groups is unambiguously fixed by the geometry of the manifold. For example, the

isometry group of the seven-dimensional manifold CP2 xS2xSl (where CP2 is the complex

projective plane and 5 n is the n-sphere) is locally isomorphic to SU{3) x 5(7(2) x (7(1),

but the actual structure (of the identity component) is PSU(3) x 50(3) x (7(1) (type

IV). A theory of this kind must be rejected if (as in the Kaluza-Klein example cited) it

predicts the wrong global structure for the standard group; and this is why it is important

to be able to survey the complete range of possibilities.

Before leaving the connected case, we wish to draw the reader's attention to the

following important observation. The "explicit" (7(1) in [5(7(3) x 5(7(2)] (7(1) corresponds

to hypercharge, riot to electric charge. A careful examination of the invaluable Ref. [7]

(see the remarks on page 105 regarding the normalization of hypercharge) shows that the

electromagnetic £7(1) is embedded in [5(7(3) x 5(7(2)] (7(1) (again regarded as a subgroup

of (7(3) x (7(2)) through

Notice that, if A is any third root of unity, then (A2/3,/2) is an element of both 5(7(3)

and the electromagnetic (7(1), so that the combined gauge group of chromodynamics and

electromagnetism is (7(3), not 5(7(3) x (7(1), in agreement with Refs. [6] and [7]. This is

rather remarkable, because [5(7(3) x 5(7(2)] • (7(1) does, in fact, contain 5(7(3) x (7(1):

one n.orely needs to embed (7(1) through

to obtain a (7(1) which intersects 5(7(3) trivially. In short, the electromagnetic (7(1) is

embedded in [5(7(3) x 5(7(2)] • (7(1) in just such a way that it intersects 5(7(3) and 5(7(2)

non-trivially.



III. Disconnected Gauge Groups

The concept of disconnected gauge groups was introduced by Kiskis [3], who observed

that such gauge groups could lead to interesting physical effects on non-simply-connected

spacetimes. For example, if the gauge group of electromagnetism is taken to be the

orthogonal group O(2) instead of U(l) = 50(2), and if we can find a gauge potential with

holonomy group isomorphic to 0(2), then there will be apparent topological violations of

charge conservation. Recently the notion of disconnected gauge groups has been revived

by Choi et al. [2] in their theory of the strong CP problem. This prompts the question:

given a connected Lie group, can we find all those disconnected groups having the given

group as identity component?

In this form, the question is not a useful one; for given any connected group G, and any

non-trivial finite group F, F x G is a disconnected group with G as identity component.

However, as Kiskis [3] observes, this kind of disconnected group is of no physical interest.

For if / is an element which commutes with every element of G, then it acts as the identity

on the conserved charges and maps states into themselves [3]. Now notice that if we write

0(2) as a disjoint union of connected components,

0(2) = 50(2) U9- 50(2) ,

where 9 is an orthogonal matrix of determinant - 1 , then 9 cannot be chosen to commute

with every element of 50(2). These observations suggest the following definition. Every

disconnected Lie group can be written as a disjoint union of connected components,

G = Go U si • Go U g2 Go U . . .

where Go is the identity component and the g» (which are not uniquely defined, of course)

are not elements of Go- If none of the gt can be chosen so that & commutes with every

element of Go, then we shall say that G is a non-trivial disconnected group. For example,

0(2) is a non-trivial disconnected group with 5O(2) as identity component; it is not,

however, the only non-trivial disconnected group with 50(2) as identity component. For

if we think of 5O(2) as the real subgroup of SU(2), then

50(2) U i9 • 5O(2) ,

with i = %/—T, is also non-trivial, and is not isomorphic to O(2). Every non-trivial

disconnected group with 50(2) as identity component is isomorphic to one of these two

groups, as we shall see.

Our problem can now be formulated as follows: given a connected Lie group, can we

find all those non-trivial disconnected groups having the given group as identity compo-

nent? (Note that it is by no means obvious that there are finitely many distinct non-trivial



disconnected groups having a given group as identity component, and there are in fact

cases where the number is infinite.) In this section we shall explain how this can be done.

The case of the standard group is somewhat complicated, as the following result indicates.

Theorem 1: There are nine compact connected groups locally isomorphic to SU{3) x

SU(2) x C/(l). There are 128 compact non-trivial disconnected groups locally isomorphic

to SU(S) x SU{2) x [/(I).

The reader will perhaps prefer to be spared the full details. Instead we shall prove the

analogous results in three simpler (but still physically interesting) cases, and leave it to

the interested reader to extend the method to the standard group. (See the Remark after

Theorem 2, below.)

Theorem 2: [a] There are three connected, and five non-trivial disconnected, groups

locally isomorphic to 50(10).

[b] There are three compact connected, and twenty compact non-trivial disconnected,

groups locally isomorphic to U(3).

[c] There is one connected group locally isomorphic to E6. There is no non-trivial discon-

nected group locally isomorphic to E%.

Proof, [a]. The three connected groups are Spm(lO), 50(10) and 5O(10)/Z2. (In gen-

eral, the connected groups are obtained by factoring out the subgroups of the centre of

the universal cover; the quotients are distinct provided [9] that there is no automorphism

of the universal cover which maps pairs of these subgroups into each other.) Let G be a

non-trivial disconnected group with Sptn(lO) as identity component, so that

G = Spin(lO) U gi • Spin(lO) U g2 • Sptn(lO) U . . .

Let Ad(gi) denote conjugation by &. since Ad{gt) is continuous, it maps a connected

component to a connected component, and since it fixes the identity, it is an automorphism

of 5pm(10). If it is an inner automorphism, Adfa) = Ad(s) for some s € Spin(lO), then

gi can be modified so that it commutes with every element of 5pin(10); hence the non-

triviality of G implies that Ad(gi) is outer. If Ad(gi) and Ad(gj), i ^ j , induce the same

outer automorphism modulo an inner automorphism, then we have

Ad(9i) = Ad(9j) • Ad(s)

for some s € Spin(lO), so that g^gjS commutes with every element of Spin(lO), and
8 0 9Tl9j • Sptn(lO) is a connected component of G such that g~lgj can be modified to

commute with every element of Spin(lO); thus & • Spin(lO) = gj • Spin(lO). Hence there is



a correspondence between the connected components of G and the elements of the outer

automorphism group of Spin( 10).

Now the outer automorphism group of a compact, simply connected, simple Lie group

is given by the symmetry group of the corresponding Dynkin diagram [10]. In the case of

Spin( 10), the Dynkin diagram has a single symmetry, namely a reflection about the long

axis, and so G has precisely two connected components, and we can write

G = Sjrin( 10) Ug-Spin( 10) .

By modifying g suitably, we can arrange for Ad(g) to induce any specific outer auto-

morphism of Spin(lO). Let { P , } , i = 1 . . . 10 generate the relevant Clifford algebra, and

let Ad{e\) denote conjugation on 5pm(10) by ex. Then Ad(e.\) is an outer automor-

phism of Spin(lQ), for if a = c.\e.ie.zene5e^e%e$e\o, then a is central in Spin(l0) but

Ad(e\)at = — a. We choose g such that Ad(g) = Ad(ei) on Spm(10).

Clearly Ad(e\)2 = Ad(r'j) is trivial, and hence the same is true of Ad(g)2 = Ad(g2).

But g2 is an element of Spm(10), so g2 is in the centre of 5pm(10). Set g2 = z\ then

zg = g3 = gz ,

so z is fixed by Ad(g). Now the centre of Spzn(10) is just {±1, ± Q } , and since Ad(g)a =

Ad(e\)a = —a, we evidently have g2 = ±1. We have shown that every non-trivial

disconnected group with Spin( 10) as identity component is isomorphic to Spin(10) Up •

Spin( 10), with Ad(g) acting on Spiii( 10) in a prescribed way and with g of order either

two or four. The two possibilities may be written as Z2 • Spin( 10) and Z4 • Spin( 10).

Both possibilities do actually occur. If we pick g = ex, we see that Z4 • Spm(10) is

just Fin(10). For Z2 • Spm(10), consider Pm(12), and set g = e\e\\ei2- Then embedding

5pm(10) in Pin(\2) in the obvious way, we find that Ad(g) has the same effect on Spin(10)

as Ad(ei), but g2 = 1; thus Spm(10) U e,euei2 • Sptn(10) is a subgroup of Pin(12)

isomorphic to Z2 • Spin( 10).

To see that Z4 • •Spni(lO) is not isomorphic to Z2 • Spin(10), suppose the contrary: let

s e Spin( 10) be such that g2 = - 1 , (gs)2 — +1, and both Ad(g) and Ad(gs) have the

same effect on any t G Spin( 10). Then Ad(s)t = t, so s is central. Clearly s / ±1 , but if

s = ± Q , then (5s)2 = —g2a2 = - 1 , a contradiction. Thus there are precisely two distinct

non-trivial disconnected groups with Spin( 10) as identity component.

For 5O(10) the argument is similar: any non-trivial disconnected group with 5O(10)

as identity component can be expressed as 5O(10)\Jg-5O(10), where Ad(g) has the effect

of conjugation by the matrix

A = d iag(- l , 1,1,1,1,1,1,1,1,1). Here g2 = ±/i0 , where / i0 is the identity matrix.

Choosing g = A gives us Z2 • 5O(10), which is just the orthogonal group O(10). Regarding



50(10) as a subgroup of SU(10), and setting g = iA, we obtain the group

Z4 • 50(10) = 50(10) U iA • 50(10)

as a subgroup of 5(7(10). It is easy to verify that these two groups are not isomorphic,

and so there are two distinct non-trivial disconnected groups with 50(10) as identity

component.

The orthogonal group 0(10) has centre Z2, so O(10)/Z2 is well defined. Let A* be the

projection of the 0(10) matrix A; then Ad(A*) is an outer automorphism of 5O(10)/Z2.

A non-trivial disconnected group with 5O( 10)/Z2 as identity component has the form

(5O(1O)/Z2)U0-(5O(1O)/Z2), with Ad{g) having the same effect on 5O(10)/Z2 as Ad(A*).

Again, g2 must be central in 5O(10)/Z2; but unlike Spin(lO) and 50(10), 5O(10)/Z2 has

a trivial centre, so we must have g2 = 1 here. Taking g = A', we have an example. Thus

there is only one non-trivial disconnected group in this case, namely Z2 • (5O( 10)/Z2) =

O(10)/Z2.

To summarise: the five non-trivial disconnected groups locally isomorphic to 50(10)

are Z2 • 5pin(10), Pin{ 10), 0(10), Z4 • 50(10), and O(10)/Z2. All five have two connected

components.

[b] There are three connected groups in this case: SU(3) x £7(1), PSU(3) x f/(l)

and (7(3). The Dynkin diagram of SU{3) has a single symmetry, and so, modulo inner

automorphisms, SU(3) has a single outer automorphism: we can take this to be complex

conjugation of matrices. Complex conjugation is also an outer automorphism of U(l).

Therefore 5(7(3) x (7(1) has essentially three outer automorphisms, and every non-trivial

disconnected group with 5(7(3) x £7(1) as identity component has either two or four

connected components. In the latter case, it will be possible to express such a group as

G = Su9-SU<j>-SU9<t>-S,

where 5 = SU{3) x (7(1) and, if (s,u) denotes any element of 5, with s £ SU{3) and

Ad(9) : (s,u) -» (5,u), Ad{<t>) : (a,u) -» (s,u) ,

the bar denoting the complex conjugate. Note that while Ad(9) and Ad(<f>) commute, it

does not follow that the same is true of 9 and </» themselves.

Now 62 is an element of 5, and clearly it is central: hence 92 = (z, u), where z is

central in SU{3). We have

Ad{9)92 = 62 = (f.ti) ,

so 2 = z = 73, the only real matrix in the centre of 5(7(3). Now let v be an element of
U{\) such that v2 = u~ l, and consider

9* = 6 • {I3,v) E 6 • S .



Clearly (0*)2 = 92 • (/3,u2) = 1, and conjugation by 9* has the same effect as conjugation

by 0; thus we can assume that 92 — 1. (Notice that the possibility of re-defining 9 is

crucial here: without it, we would have infinitely many distinct candidates for 9.)

Similarly <f>2 is central in 5, <f>2 = (z,u), where u must be real, hence (p2 = (z, ±1).

Consider

<P = <l>-{z,i)e<f>'S.

We have (<f>*)2 = <f>2 • (z2,1) = (/3,±1) since z3 = I3, and, since z is central in SU(3),

Ad{4>*) has the same effect as Ad(<f))] thus we can take it that <j>2 = (73,±1). Similarly,

(9<(>)2 = (73,±1) (but there is no need to re-define 9<j> in this case). Combining these

results, we find that either 9 and <j> commute, or 00 = 9<f>{h, -1) . Hence there are four

cases (for convenience, we write (J3, — 1) as —1):

( i i ) . 9 2 = <t>2 = 1 , 9<t> = -<t>0, (9<i>)2 = - 1 .

( i i i ) . 9 2 = h<t>2 = - 1 , 0<t> = <t>6, (9(f>)2 = - 1 .

(iv). 92 = 1, <f>2 = - 1 , 9<f> = - ^ , ( ^ ) 2 = 1.

These four groups are all distinct. Suppose, for example, that type (ii) is isomorphic

to type (iii). Then there must exist a central element (z, u) G 5 such that 4>^{z, u) is of

order 2 (where </>4 is of order 4). But

{<f>A{z,u)f = -Ad(<f>4)((z,u))(z,u) = (z2,-l) ^ 1 .

The distinct groups with two connected components are, in an obvious notation, SU9-S,

S U ^ - 5 , 5 U 4>4 • S, S U 0<j>2 • S, and Su9<f>4- S. (In these last two, we may assume

9^2 = faO and 9<tn — <t>^9.) Hence there are at most nine non-trivial disconnected groups

with SU{$) x U{\) as identity component.

All nine types do actually occur. To see this, regard SU(3) x C/(l) as a subgroup of

0(6) x U(2) as follows: if A + iB, with A and B real, is any element of 5f/(3), then

( B A ) is *" element of 5 ° ( 6 ) ' M we can map SU^ x U^ into °W x UW by

/ / A -B \ ( cosxj) - s i n V \ \
(A + iB, e 1 * ) - , .
V \ \ B A ) \ sinV cosV / /

Now let 9 and <f> be the elements of 0(6) x U{2) defined by

O - •
9 = (diag(l, 1,1, -1 , -1 , -1 ) ,



(A -B\ /cos^ -sin^W, (f A B\ f costp -^ B A j , [ ̂  C0J ))«>{{ -B A )>{ sin*
. , . , . . (( A —B \ ( cos* sin^ \ \ , ai ±2 1 LI OJ.

Ad(4>) maps it to ̂  Q A J , ^ ̂  ^ ] J , and 0' = *2 = ^ wmle ^ =

^ ( / e , — /2), and so we have type (ii) above realized explicitly as a subgroup of 0(6) x (7(2).

Similarly, for the other types, we define:

(i) 0 = (( j)
(iii) « = (diag(l, 1 , 1 , - 1 , - 1 , - 1 ) , / a ) , 0 = ^ / e , f j M Y

(iv) 0 = (diag(l, 1,1,-1,-1,-1), ( ) ) ( ( ))

We see that all nine groups can be given explicitly as subgroups of 0(6) x U(2).

Since complex conjugation induces an outer automorphism on PSU(3), the discussion

for non-trivial disconnected groups with identity component PSU(3) x f/(l) is very similar

to that for SU(Z) x U(l) (in fact it is slightly simpler) and so we shall not present it.

Again, there are nine such groups.

Finally, U{3) is different from the preceding two cases, because the central Z3 in SU(3)

is identified with the Z3 in (/(I); hence it is not meaningful to apply complex conjugation

to 5(7(3) without applying it also to (7(1). In fact, (7(3) has, up to inner automorphisms,

a single outer automorphism; so a non-trivial disconnected group has, in this case, the

form U{3) U g • (7(3), where Ad(g) induces complex conjugation, and g is of order two or

four. Embedding (7(3) in (7(6) by A + iB —• I „ . ] and considering the matrices

diag(l,l, 1,-1,—1,-1) and diag(t,i,i, — i, — t,— t), we see that Z2 • U(3) and Z4 • (7(3)

exist as subgroups of (7(6). The total number of compact non-trivial disconnected groups

locally isomorphic to SU{3) x (/(I) is thus 9 + 9 + 2 = 20.

[c] As the centre of E% is trivial [9], there is no other connected group locally isomorphic

to Eg. As the Dynkin diagram has no symmetries, E$ has no outer automorphism, and so

there is no non-trivial disconnected group locally isomorphic to E%. (Among the simple

groups, only G2, F4, and E% achieve this extreme simplicity.) This completes the proof.

Remark. The proof of Theorem 1 is similar to that of part [b] of this theorem. Note

that unlike 5(7(3), 5(7(2) has no outer automorphism; complex conjugation of SU(2) is

effected by conjugation by I I. Hence, the inclusion of SU(2) does not affect

the number of possible connected components. However, it usually affects the number

of types of group. For example, if 5 = (7(3) x 5(7(2), then a non-trivial disconnected

group with 5 as identity component has the form SUgS, with Ad(g) inducing complex

conjugation on (/(3), and g2 = (±/3 , ±J2), leading to four possibilities (instead of two, in

the case of (7(3) alone).
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The analysis here emphasizes the distinction between 5(7(3) x 5(7(2) x (7(1) and

[5(/(3) x 5(7(2)] • (7(1) in a most striking way. For while there are only two non-trivial

disconnected groups with [5(7(3) x 5(7(2)] • (7(1) as identity component, the corresponding

figure for 5(7(3) x 5(7(2) x (7(1) is 42.

IV. Application: The Kiskis Effect

When Kiskis [3] introduced disconnected gauge groups, he noted the following remarkable

consequence. Consider a Z2 • (7(1) gauge theory, with Z2 generated by an element which

induces complex conjugation. Suppose that we can find a gauge connection with the full

gauge group, Z2 • U(l), as holonomy group Then there will be an apparent violation of

charge conservation: the charge of any particle can be reversed simply by transporting it

arouii a suitable non-contractible path.

This "Kiskis effect" is the principal novelty arising from the gauging of a discrete sym-

metry; if CP is gauged [2], for example, then one may have to contend with "wormholes"

which convert particles into their antipaxticles. Leaving aside the possible physical prob-

lems associated with this, let us ask a mathematical question: granted that wormholes

exist and that the gauge group is disconnected, does it necessarily follow that the Kiskis

effect will make itself felt? The answer to this question is no; the Kiskis effect is possible

only if the global structure of the gauge group and the topology of the wormhole satisfy

a simple condition. Again we see here the importance of being able to classify all of the

disconnected groups associated with a given connected group.

Consider, for example, the connected gauge group of the combined electromagnetic

and strong interactions, (7(3). Here there are two possible non-trivial disconnected groups,

Z2 • U{3) and Z4 • (7(3). The Kiskis effect will occur if these groups occur as the holonomy

groups [10], [11] of connections on principal bundles over the spacetime, M. It is easy to

show that this is only possible if •Ki(M), the fundamental group, has a subgroup N such

that 7Ti(M)//V = Z2. Thus, to take a somewhat exotic example, if M has TTI(M) = Tu,

the group (of order 12) of rotational symmetries of a regular tetrahedron, then (since this

group has no subgroup of order 6) there will be no Kiskis effect for Z2 • U(3) or Z4 • (7(3).

Suppose, however, that 7Tj(M) does have such a subgroup. Then is the Kiskis effect

inevitable? This is a more difficult question, and we cannot go into the details here; but

the essential point is that, once again, the answer depends on the precise structure of

the disconnected group in question. Remarkably, the answer is "yes" for Z2 • (7(3), but

"not necessarily" for Z4 • (7(3), for in fact the latter cannot occur as a holonomy group

over some manifolds which do satisfy the above necessary condition. In this case, then,

we have two very different strategies for avoiding the Kiskis effect: we can use Z2 • (7(3)

in which case we must impose a strong condition on the topology of M; or we can take
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Z4 • (7(3) as the gauge group, and impose much weaker conditions on M. The proofs of

these assertions will be given elsewhere, but enough has been said to explain the potential

importance of the distinctions being made in this work.

V. Conclusion

In this work we have shown how to classify, up to isomorphism, all of the non-trivial

disconnected groups associated with some connected groups which arise in physics. In

each case, the number of disconnected groups has been finite, but this is not the case in

other examples. Thus, while the number is finite for 5(7(3) x SU{2) x (7(1), it is infinite

for the very similar group 5(7(3) x SU(2) x (7(1) x (7(1); in fact, there are infinitely many

distinct groups with two connected components having this last as identity component.

(This is due to the fact that a torus T" of dimension greater than unity has an infinite

automorphism group [12], isomorphic to the group consisting of integer n x n matrices

of determinant ±1; note that, for any integer m, the matrix is of order

two.) In this sense, 5(7(3) x 5(7(2) x (7(1) and its quotients are significantly simpler than

groups having additional (7(1) factors.

For 5 = [5(7(3) x 5(7(2)] • (7(1), the "true group" (in the sense of O'Raifeartaigh

[7]) of the Standard Model, we find just two groups, Z2 • 5 and Z4 • 5. It is natural to

associate the generators of Z2 and Z4 with the charge conjugation operator, and then

it is important to investigate the existence of gauge connections having Z2 • 5 or Z4 • 5

as holonomy group. Surprisingly, these two groups, apparently so similar, lead to very

different holonomy theories, particularly when the Higgs mechanism is considered. This

will be discussed elsewhere.
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