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ABSTRACT

The interaction between phonons and electrons in strongly correlated electron systems

is investigated in the context of the electron-phonon vertex correction. We preserve char-

acteristic features of heavy fermion systems assuming a huge density of states near the

Fermi level and a very large effective mass m*. We have calculated the lowest-order vertex

correction to the quasiparticle-phonon interaction and shown that there is no Migdal's

theorem for heavy fermion systems.
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1 Introduction

The Migdal's theorem [1] is strictly connected with the Born-Oppenheimer theorem [2]

which claims that the conduction electron wave function can be accurately described as

following the motion of the ion cores adiabatically to terms of order of the square root of

the electron to ion mass ratio Wra/M. Equivalent expansion parameters are the ratio of

the velocity of sound to the Fermi velocity vsjvp or the Debye energy to the Fermi energy

uo/Ef. In normal metals the magnitude of these parameters is typically less than 1%.

The Born-Oppenheimer theorem implies that any corrections to matrix elements arising

from non-adiabatic electron excitations should be of order ym/M. In the Migdal's ap-

proach the Born-Oppenheimer theorem is reexpressed in the Green's function framework

of graphical perturbation theory. Migdal showed how the adiabatic expansion parame-

ter yJmfM could be used to classify the contributions of the perturbation theory graphs

which arise in analyzing the electron-phonon systems.

There has been much interest in the applicability of the Migdal's theorem in the con-

text of high Tc superconductors [3, 4, 5, 6]. In the case of normal metals, where the

following relation is fulfilled LJD *C Ep, the first-order electron phonon vertex correction

F(1) (see Fig. 1) is of the order of uo/Ep, where UD is the characteristic frequency for

phonons (the Debye energy) and Ep is the Fermi energy. This estimate does not change

when higher-order corrections are taken into account.

In the case of high-temperature superconductors which are characterized by a small

Fermi energy the opposite condition can hold (Ep < wp). It was shown in [3] that in spite

of this non-adiabatic limit the Migdal's theorem is also valid. A quite different approach

has been presented in [5, 6], where using a generalized Eliashberg equation in the critical

region, it has been shown that the first-order non-adiabatic corrections to Migdal's theo-

rem lead to a smaller effective coupling which can provide a new perspective for analysis

of superconductivity data with moderate couplings but within a theory that goes beyond

Migdal's theorem.

The problem of the validity of the Migdal's theorem was also investigated for electron-

paramagnon systems and it was shown that the first order vertex corrections are of the

same order of magnitude as the bare vertex and therefore there is no Migdal's theorem



for these systems [7]. However, as was shown in [8], the Migdal's theorem is valid for

the phenomenological Millis-Monien-Pines model of the electron-antiferromagnetic para-

magnons interaction considered in the context of high-temperature superconductivity.

The role of vertex corrections to electron-phonon interactions for normal metals was

also studied in [9] and the failure of the Migdal's theorem in electron transport was found.

The situation is different for heavy fermion systems where there is another energy

scale T* [10] which is called a spin fluctuation or Kondo temperature which fulfills the

following relation: T* < uD < EF. This means that for heavy fermion systems the

important range of energy transfer is not equal to UD, as in the case of normal metal, but

is set by the characteristic energy scale T*.

Therefore, in heavy fermion systems the parameter yJm*/M is not a good expansion pa-

rameter because of a very large effective mass. However, the heavy quasiparticles exist

only within a very narrow region around the Fermi level (T* ^> Ep) where the quasiparti-

cle density of states is very large. Therefore, there have been some speculations that these

two characteristic features of heavy fermion systems can lead to a cancellation effect and

the Migdal's theorem could be valid. On the other hand, the problem of possible failure

of the Migdal's theorem in these systems was suggested in some papers (see e.g. [10]).

In this short note we study the zero-temperature limit of the normal state of heavy

fermion systems in the presence of the electron-phonon interaction. We present an esti-

mate of the lowest-order vertex correction to electron-phonon interaction for these sys-

tems.

2 Model Hamiltonian and simplifications

In order to analyze the validity of the Migdal's theorem for heavy fermion system we

consider quasiparticles with very large effective mass m* and very large density of states

around the Fermi level. For this purpose we introduce the following simplified Hamiltonian

H = Hgp + Hqp-ph + Hph (1)

where the free quasiparticle term is given by

- , 4 ^ (2)
k,a



where a-^ is a creation operator of quasiparticle with momentum k and spin a. The

quasiparticle energy E% — (k2/2m* — Ep) and it is assumed that m* » ra, where m is

the free electron mass. The quasiparticle-phonon interaction term has the form

H<,P-P» = £

where the quasiparticle-phonon interaction constant g(q) can be written in the following

form (see e.g. [10])

I (4)
and the prefactor C is the deformation potential constant for heavy fermion systems and

C — rjaT* (rj is the electronic Gruneisen parameter, a « 1, M is the ion mass, u>q is the

bare longitudinal phonon energy and ftt is a creation operator of the longitudinal phonon

with the momentum q). This form of quasiparticle-phonon interaction constant comes

from the strong volume dependence of the spin fluctuation temperature T*. For optical

phonons, electron-phonon coupling constant is independent of the wave vector. In the

case of the free-electrons, C — —2Ep/3.

Finally, the bare phonon term has the form

The quasiparticle density of states is assumed to have the following form

] 0 otherwise

Thus, according to the rules, for the Feynman diagrams the first vertex correction to

the quasiparticle-phonon interaction corresponding to Fig.l can be written

/

d4k
j — 4 | g(p- k) |2 D(p - k)G(k)G(k + q) (6)

where D and G stand for quasiparticle and phonon propagators, respectively; q = (q, u>)

and k — (k,E) are four-vector symbols.

The phonon and quasiparticle propagators have the following standard form

1 1 ,, ^
+ (6->0) (7)

and



where

{P) \ - 0 (or p<pF

(PF is the Fermi momentum).

It is easy to see from equation (7) that D(q,u) falls off as 2uq/u
2 for | u |^> ujq and is

2/uq for small values of u). Thus the energy integration gives an appreciable contribution

to F(1) only when u is small.

In normal metals the integration over the wavevector k is not restricted to values such

that k and k + q lie close to the Fermi surface. Thus, we can take \/Ep as a typical value

of the electron propagators G and therefore F ( I ) takes the approximate form

^ / f (9)
which is just the Migdal's result.

In heavy fermion systems there is a very small characteristic energy scale T* (T* <^i up)

and therefore T* enters as a natural cut-off in the energy integration. Thus we can

approximate F(1) by

/ ^ J ^ g(p- k) |2 G(k)G(k + q) (10)

From equation (4) we can see that the ratio | g(p — k) |2 /w.j_£ is independent of the wave

vector. We must keep in mind that for heavy fermion systems the integration over the

momentum is restricted to values such that p — k and p — k + q lie close to the Fermi

surface so that the energy transfer should not exceed the spin fluctuation temperature

T*. We therefore take 1/T* as a typical value for the quasiparticle propagators G and

replace the integration over the momentum k with the integration over the energy times

the quasiparticle density of states N*. As we can see from Fig. 1 the intermediate

quasiparticle k + q and k have energies E + u , E and momenta k + q, k, respectively.

These quasiparticles maintain a spatial-phase coherence for the distance 1/ | q \. Since

the heavy quasiparticles are travelling at approximately the velocity vF = m/m*vF (vF

is the Fermi velocity of the free electron), the time over which the lattice can change to

produce the final state is equal to 1/ j q \ v*F. This time is very large for heavy fermion

systems because of a very small value of v*F (a typical value of m*/m is of the order of

a few hundred or greater). Therefore, the lattice has time to fully respond, even if | q \



is finite. Now, since the lattice responds at the frequency uq, the change in the lattice

configuration is equal to uq/ \ q \ v*F = vs/vF-m*/m « uJD/Ef-m'/m (va is the velocity of

phonons) which is approximately equal to unity for typical values of UJD/EF as 100. Thus,

the first order vertex correction is of the orde.r of the above estimated change in the lattice

configuration (which is of order of unity) times the bare scattering N* | g(q) |2 /uq. A

similar result was obtained in [1, 11] for normal metals but in the non-adiabatic limit, i.e.

where u/ \ q | is large compared to the Fermi velocity. Substituting the explicit form of

the quasiparticle-phonon interaction constant (see equation (4)) we obtain the following

expression for the vertex correction F ^

r(t) „ " ' 1 9{q) I2 _ _ ^ H _ ( u )

Since in the heavy fermion systems the Griineisen parameter n is extremely large and

is found to be of order 10-100 (e.g. for CeRu2Si2 V ~ 120, CeAl3 f] « 200 [12]), the

lowest-order vertex correction I^1' can be of the same order of magnitude as

*(0> \g I2 . E,F
2NMv] (12^

is the electron density of states at the Fermi surface) which is the lowest-order

vertex correction for the free electrons in the case of the non-adiabatic limit.

3 Discussion

We have shown that for heavy fermion systems the lowest-order vertex correction to the

quasiparticle-phonon interaction is of the same order of magnitude as that of the bare

quasiparticle-phonon interaction coupling. This means that the vertex correction is no

longer negligible for these systems. In spite of the simple model of heavy electrons which

we have used, the estimation we have given is valid for a more realistic model of heavy

fermions, our model preserves essential features of heavy fermion systems namely, a huge

density of states near the Fermi level and a very large effective mass. Therefore, we

must treat with caution all calculations of physical quantities which are affected by the

electron-phonon interaction. Thus, for heavy fermions we need to go beyond the Migdal's

approximation but this is a very difficult task even for the normal state of the heavy

fermions.
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Fig. 1 The first order vertex correction to the quasiparticle-phonon interaction. The solid

and wavy lines correspond to the quasiparticie and phonon propagators, respectively.


