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Abstract

This chapter reviews the state-of-the-art in deterministic modeling of groundwater flow
and transport processes, which can be used for interpretation of isotope data through
groundwater flow analyses. Numerical models which are available for this purpose are
described and their applications to complex field problems are discussed. The theoretical
bases of deterministic modeling are summarized, and advantages and limitations of numerical
models are described. The selection of models for specific applications and their calibration
procedures are described, and results of a few illustrative case study type applications are
provided.

1. INTRODUCTION

In the past, the main driving force for hydrogeologic studies has been the
need to assess the water-supply potential of aquifers. However, during the past
20 years, the emphasis has shifted from water-supply problems to water-quality
problems. This has driven a need to predict the movement of contaminants
through the subsurface environment. One consequence of the change in emphasis
has been a shift in perceived priorities for scientific research and data collection.
Formerly, the focus was on developing methods to assess and measure the water-
yielding properties of high-permeability aquifers. The focus is now largely on
transport and dispersion processes, retardation and degradation of chemical
contaminants, and the ability of low-permeability materials to contain
contaminated ground water.

The past 20 years or so have also seen some major technological
breakthroughs in ground-water hydrology. One technological growth area has
been in the development and use of deterministic, distributed-parameter,
computer simulation models for analyzing flow and solute transport in ground-
water systems. These developments have somewhat paralleled the development
and widespread availability of faster, larger memory, more capable, yet less
expensive computer systems. Another major technological growth area has been
in the application of isotopic analyses to ground-water hydrology, wherein isotopic
measurements are being used to help interpret and define ground-water flow
paths, ages, recharge areas, leakage, and interactions with surface water [1],

Because isotopes move through ground-water systems under the same
driving forces and by the same processes as do dissolved chemicals, it is natural
that the ground-water flow and solute-transport models applied to ground-water
contamination problems be linked to and integrated with isotopic measurements
and interpretations. However, many previous applications of isotopic analyses to
ground-water systems have assumed overly simplified conceptual models for
ground-water flow and transport of dissolved chemicals-either plug flow (with
piston-like displacement and no mixing) or a well-mixed reservoir (which
unrealistically overestimates the mixing effects of dispersion and diffusion). If
the interpretations of isotopic analyses are coupled with more realistic conceptual
models of flow and transport, then it is anticipated that the synergistic analysis
will lead to a more accurate understanding of the hydrogeologic system being
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studied. Dincer and Davis (1984) provide a review of the application of
environmental isotope tracers to modeling in hydrology, and Johnson and
DePaolo (1994) provide an example of applying such a coupled approach in their
analysis of a proposed high-level radioactive waste repository site [2,3].

The purpose of this chapter is to review the state of the art in deterministic
modeling of ground-water flow and transport processes for those who might want
to merge the interpretation of isotopic analyses with quantitative ground-water
model analysis. This chapter is aimed at practitioners and is intended to help
define the types of models that are available and how they may be applied to
complex field problems. It will discuss the philosophy and theoretical basis of
deterministic modeling, the advantages and limitations of models, the use and
misuse of models, how to select a model, and how to calibrate a model. However,
as this chapter is only a review, it cannot offer comprehensive and in-depth
coverage of this very complex topic; but it does guide the reader to references that
provide more details. Other recent comprehensive reviews of the theory and
practice of deterministic modeling of ground-water processes are provided by
Anderson and Woessner (1992) and Bear and Verruijt (1987) [4,5].

2. MODELS

The word model has so many meanings and is so overused that it is
sometimes difficult to know to what one is referring [6]. A model is perhaps most
simply defined as a representation of a real system or process. For clarification,
several types of ground-water models will be discussed briefly.

A conceptual model is a hypothesis for how a system or process operates.
The idea can be expressed quantitatively as a mathematical model.
Mathematical models are abstractions that replace objects, forces, and events by
expressions that contain mathematical variables, parameters, and constants [7].

Most ground-water models in use today axe deterministic mathematical
models. Deterministic models are based on conservation of mass, momentum,
and energy—that is, on a balance of the various fluxes of these quantities.
Experimental laws, such as Darcy's Law, Fourier's Law of thermal diffusion, and
Fick's Law of chemical species diffusion, are mathematical statements (or
constitutive equations) relating fluxes of mass, momentum, and energy to
measurable state variables, such as hydraulic head, temperature, and solute
concentration [6]. Deterministic models describe cause and effect relations. The
underlying philosophy is that given a high degree of understanding of the
processes by which stresses on a system produce subsequent responses in that
system, the system's response to any set of stresses can be defined or
predetermined through that understanding of the governing (or controlling)
processes, even if the magnitude of the new stresses falls outside of the range of
historically observed stresses [8]. The accuracy of such deterministic models and
predictions thus depends, in part, upon how closely the concepts of the governing
processes reflect the processes that in reality are controlling the system's
behavior.

Deterministic ground-water models generally require the solution of partial
differential equations. Exact solutions can often be obtained analytically, but
analytical models require that the parameters and boundaries be highly
idealized. Some models treat the properties of the porous media as lumped
parameters (essentially, as a black box), but this precludes the representation of
heterogeneous hydraulic properties in the model. Heterogeneity, or variability in
aquifer properties, is characteristic of all geologic systems and is now recognized
as playing a key role in influencing the ground-water flow and solute transport.
Thus, it is often preferable to apply distributed-parameter models, which allow

60



the representation of variable system properties. Numerical methods yield
approximate solutions to the governing equation (or equations); they require
discretization of space and time. Within the discretized format one approximates
the variable internal properties, boundaries, and stresses of the system.
Deterministic, distributed-parameter, numerical models relax the idealized
conditions of analytical models or lumped-parameter models, and they can
therefore be more realistic and flexible for simulating field conditions (if applied
properly).

The number and types of equations are determined by the concepts of the
dominant governing processes. The coefficients of the equations are the
parameters that are measures of the properties, boundaries, and stresses of the
system; the dependent variables of the equations are the measures of the state of
the system and are mathematically determined by the solution of the equations.
Because the state of a ground-water system changes over time, as well as in
space, the governing equations are normally written to give the change in the
dependent variables with respect to both location and time. In computing
changes over time, the solution must start from some point in time when the
state of the system is known (or assumed to be known). In terms of
mathematically solving the governing equations, these are the initial conditions,
which must always be specified for solving a transient (or unsteady-state)
equation [8].

A major difficulty is that inadequate and insufficient data limit the
reliability of traditional deterministic ground-water models. The data may be
inadequate because aquifer heterogeneities occur on a scale smaller than can be
defined on the basis of available data, time-dependent variables are monitored too
infrequently, and measurement errors exist. Consequently, there is much
research under way that is directed towards representing these errors or
inadequacies in a stochastic manner and incorporating statistical concepts in an
otherwise conceptually based deterministic modeling approach [8]. Regression
formulation of ground-water processes (such as described by Cooley, 1982) include
random components or uncertainties, so that predictions may be made of
confidence intervals instead of point values [9]. Freeze (1982), Neuman (1982),
and Dagan (1989) present overviews of stochastic ground-water modeling and
they also contrast stochastic and deterministic approaches [10-12].

When a numerical algorithm is implemented in a computer code to solve
one or more partial differential equations, the resulting computer code can be
considered a generic model. When the parameters (such as hydraulic conductivity
and storativity), boundary conditions, and grid dimensions of the generic model
are specified to represent a particular geographical area, the resulting computer
program is a site-specific model. Generic models are not so robust as to preclude
the generation of significant numerical errors when applied to a field problem. If
the user of a model is unaware of or ignores the details of the numerical method,
including the derivative approximations, the scale of discretization, and the
matrix solution techniques, significant errors can be introduced and remain
undetected.

3. FLOW AND TRANSPORT PROCESSES

It generally is assumed that the process of ground-water flow is governed
by the relation expressed in Darcy's Law, which was derived in 1856 on the basis
of the results of laboratory experiments on the flow of water through a sand
column. Darcy's Law states that the ground-water flow rate is proportional to the
hydraulic gradient; the constant of proportionality is the hydraulic conductivity, a
property which depends on the characteristics of the porous media (such as grain
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size, sorting, packing, and orientation) and the fluid (such as density and
viscosity). However, Darcy's Law has limits on its range of applicability. It was
derived from experiments on laminar flow of water through porous material. '
Flow probably is turbulent or in a transitional state from laminar to turbulent
flow near the screens of many large-capacity wells [13]. Turbulent flows also may
occur in rocks that have significant secondary permeability as a result of the
development of fractures, joints, or solution openings. What is commonly done in
such situations is to ignore local or small-scale turbulence and assume that flow
behaves as if it were laminar flow through porous media on the regional scale,
and thus that Darcy's Law applies at that scale. Darcy's Law also appears to
have a lower limit of applicability and may not be valid in extremely fine-grained
material. At the very slow velocities occurring in these typically low-permeability
materials, driving forces other than hydraulic gradient (such as temperature
gradient, chemical gradient, or even electrical gradient), may cause fluid flow that
is comparable to that driven by the hydraulic gradient. Coupling between forces
of one type and fluxes of another type are discussed by Bear (1972, p. 85-90), but
coupled forces are usually small and will be assumed to be negligible in this
chapter.

The purpose of a model that simulates solute transport in ground water is
to compute the concentration of a dissolved chemical species in an aquifer at any
specified time and place. The theoretical basis for the equation describing solute
transport has been well documented in the literature [14-19]. Reilly et al. (1987)
provide a conceptual framework for analyzing and modeling physical solute-
transport processes in ground water [20]. Changes in chemical concentration
occur within a dynamic ground-water system primarily due to four distinct
processes: (1) advective transport, in which dissolved chemicals are moving with
the flowing ground water; (2) hydrodynamic dispersion, in which molecular and
ionic diffusion and small-scale variations in the flow velocity through the porous
media cause the paths of dissolved molecules and ions to diverge or spread from
the average direction of ground-water flow; (3) fluid sources, where water of one
composition is introduced into and mixed with water of a different composition;
and (4) reactions, in which some amount of a particular dissolved chemical
species may be added to or removed from the ground water as a result of
chemical, biological, and physical reactions in the water or between the water and
the solid aquifer materials. There are significant problems in quantifying the role
of each of these four processes in the field.

Many of the advancements in understanding solute-transport processes
have been made as an outcome of society's concern with environmental problems,
such as ground-water contamination from industrial activities and waste-disposal
practices. The processes affecting contaminant migration in porous media have
been reviewed by Gillham and Cherry (1982). They state (p. 32), "Although
considerable research on contaminant migration in ground-water flow systems
has been conducted during recent decades, this field of endeavor is still in its
infancy. Many definitive laboratory and field tests remain to be accomplished to
provide a basis for development of mathematical concepts that can be founded on
knowledge of the transport processes that exist at the field scale" [21].

The subsurface environment constitutes a complex, three-dimensional,
heterogeneous hydrogeologic setting. This variability strongly influences ground-
water flow and transport, and such a reality can only be described accurately
through careful hydrogeologic practice in the field. However, no matter how
much data are collected, the sampling is limited and uncertainty always remains
about the properties and boundaries of the ground-water system of interest.

Rocks that have a dominant secondary permeability, such as fractures or
solution openings, represent an extreme but common example of heterogeneity.
In such subsurface environments, the secondary permeability channels may be

62



orders of magnitude more transraissive than the porous matrix comprising most
of the rock mass. In such rocks, the most difficult problem may be identifying
where the fractures are located, how they are interconnected, and what their
hydraulic properties are [22]. Where transport occurs through fractured rocks,
diffusion of solutes from fractures to the porous blocks can serve as a significant
retardation mechanism [23], Modeling of ground-water flow and transport
through fractured rocks is an area of active research, but not an area where
practical and reliable approaches are readily available. The state of the art in
analyzing and modeling flow and transport in fractured rock is reviewed by Bear
et al. (1993) [24].

4. GOVERNING EQUATIONS

The development of mathematical equations that describe the ground-
water flow and transport processes may be developed from the fundamental
principle of conservation of mass of fluid or of solute. Given a representative
volume of porous medium, a general equation for conservation of mass for the
volume may be expressed as:

rate of mass inflow - rate of mass outflow + rate of mass
production/consumption = rate of mass accumulation (1)

This statement of conservation of mass (or continuity equation) may be combined
with a mathematical expression of the relevant process to obtain a differential
equation describing flow or transport [15-16,19].

4.1. Ground-water flow

A quantitative description of ground-water flow is a prerequisite to
accurately representing solute transport in aquifers. A general form of the
equation describing the transient flow of a compressible fluid in a
nonhomogeneous anisotropic aquifer may be derived by combining Darcy's Law
with the continuity equation. A general ground-water flow equation may be
written in Cartesian tensor notation as:

where Kg is the hydraulic conductivity of the porous media (a second-order
tensor), L2!1-1; h is the hydraulic head, L; S$ is the specific storage, Lr1; t is time,
T; W* is the volumetric flux per unit volume (positive for outflow and negative for
inflow), T"1; and JCJ are the Cartesian coordinates, L. The summation convention
of Cartesian tensor analysis is implied in eq. 2. The sign convention for the
source/sink term, W*, is somewhat arbitrary (and inconsequential, as long as
usage is clear and consistent). Equation 2 can generally be applied if isothermal
conditions prevail, the porous medium only deforms vertically, the volume of
individual grains remains constant during deformation, Darcy's Law applies (and
gradients of hydraulic head are the only driving force), and fluid properties
(density and viscosity) are homogeneous and constant.

In many ground-water studies, if the aquifer is relatively thin compared to
its lateral extent, it can be reasonably assumed that ground-water flow is areally
two-dimensional. This allows the three-dimensional flow equation to be reduced
to the case of two-dimensional areal flow, for which several additional
simplifications are possible. The advantages of reducing the dimensionality of
the equations include less stringent data requirements, smaller computer
memory requirements, and shorter computer execution times to achieve a
numerical solution [25].
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An expression similar to eq. 2 may be derived for the two-dimensional areal
flow of a homogeneous fluid and written as:

£hih§'
where b is the saturated thickness of the aquifer, L, and it is assumed that the
hydraulic conductivity, specific storage, and hydraulic head represent vertically
integrated mean values [26]. The transmissivity of the aquifer may be defined as:

Tij=Kjjb (4)
where Ty- is the transmissivity, L2!1-1. Similarly, the storage coefficient of the
aquifer may be defined as:

S = Ssb (5)
where S is the storage coefficient (dimensionless). After substituting the
relations indicated by eqs. 4 and 5 into eq. 3, we obtain:

where W = W(x,y,t) = W*b is the volume flux per unit area, LT-1.
Although fluid sources and sinks may vary in space and time, they have

been lumped into one term (W) in the previous development. There are several
possible ways to compute W. If we consider only fluid sources and sinks such as
(1) direct withdrawal or recharge (for example, pumpage from a well, well
injection, or evapotranspiration), and (2) steady-state leakage into or out of the
aquifer through a confining layer, streambed, or lake bed, then for the case of
two-dimensional horizontal flow, the source/sink terms may be specifically
expressed as:

W(x,y,t) = Q(Xty,t)-i^(Ha -h) (7)
TO

where Q is the rate of withdrawal (positive sign) or recharge (negative sign), LT-1;
Kz is the vertical hydraulic conductivity of the confining layer, streambed, or lake
bed, LT-1; TO is the thickness of the confining layer, streambed, or lake bed, L; and
Hs is the hydraulic head in the source bed, stream, or lake, L.

When eq. 6 is applied to an unconfined (water-table) aquifer system, it
must be assumed that flow is horizontal and equipotential lines are vertical, that
the horizontal hydraulic gradient equals the slope of the water table, and that the
storage coefficient is equal to the specific yield (Sy) [4].

The cross-product terms of the hydraulic conductivity tensor drop out when
the coordinate axes are aligned with the principal axes of the tensor [27]; that is,
Ky = 0 when i # j . Therefore, the only hydraulic conductivity terms with possible
nonzero values are Kxx, Kyy* and KZz- This assumption simplifies the general
flow equation (eq. 2), which can now be rewritten to include explicitly all
hydraulic conductivity terms as:

Darcy's Law may similarly be written as:

where qt is the specific discharge vector, LT"1.
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For the case of two-dimensional areal flow, if the coordinate axes are
aligned with the principal directions of the transmissivity tensor, eq. 6 may be
written as:

In some field situations, fluid properties such as density and viscosity may
vary significantly in space or time. This may occur where water temperature or
dissolved-solids concentration changes significantly. It is worth noting that in
general fluid viscosity is more sensitive to changes in temperature, whereas fluid
density is more sensitive to changes in chemical content. When the water
properties are heterogeneous and (or) transient, the relations among water levels,
hydraulic heads, fluid pressures, and flow velocities are neither simple nor
straightforward [22]. In such cases, the flow equation is written and solved in
terms of fluid pressures, fluid densities, and the intrinsic permeability of the
porous media as:

dP • " - % • * (11)

where kij is the intrinsic permeability, L2; p is the fluid density, ML*3; /z is the
dynamic viscosity, MLf1T-1; P is the fluid pressure, MLrVT"1; g is the gravitational
acceleration constant, LT*2; z is the elevation of the reference point above a
standard datum, L; and p ' is the density of the source/sink fluid, ML-3 [28-29].
The intrinsic permeability is related to the hydraulic conductivity as:

4.2. Seepage velocity

The migration and mixing of chemicals dissolved in ground water will
obviously be affected by the velocity of the flowing ground water. The specific
discharge calculated from eq. 9 is sometimes called the Darcy velocity,
presumably because it has the same dimensions as velocity. However, this
nomenclature can be misleading because g, does not actually represent the speed
of the water movement. Rather, <?; represents a volumetric flux per unit cross-
sectional area. Thus, to calculate the actual seepage velocity of ground water, one
must account for the actual cross-sectional area through which flow is occurring.
This is usually calculated as follows:

(13)

where Vf is the seepage velocity (or average interstitial velocity), LT-i; and e is
the effective porosity of the porous medium. It can also be written in terms of
DarcysLawas:

l~ ~~d^ (14)
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4.3. Solute-transport equation

An equation describing the transport and dispersion of a dissolved
chemical in flowing ground water may be derived from the principle of
conservation of mass (eq. 1), just as a general flow equation was so derived [14-17,
25, 30]. The principle of conservation of mass requires that the net mass of solute
entering or leaving a specified volume of aquifer during a given time interval
must equal the accumulation or loss of mass stored in that volume during the
interval. This relationship may then be expressed mathematically by considering
all fluxes into and out of a representative elementary volume (REV), as described
by Bear (1972, p. 19).

A generalized form of the solute-transport equation is presented by Grove
(1976), in which terms are incorporated to represent chemical reactions and
solute concentration both in the pore fluid and on the solid surface, as:

dt dX;
J)

d(eC) a _ <K -JL(eCVi)-C
tW*+CHEM (15)

i

where CHEM equals:

-Pt
reactions,

3C
-Pb ~^r f° r linear equilibrium controlled sorption or ion-exchange

at

i for s chemical rate-controlled reactions, and (or)
k=i

-X (eC+pbC) for decay,
and where Dy is the coefficient of hydrodynamic dispersion (a second-order
tensor), L 2 ^ 1 , C" is the concentration of the solute in the source or sink fluid, C
is the concentration of the species adsorbed on the solid (mass of solute/mass of
sediment), Pt, is the bulk density of the solid, ML"3, Rk is the rate of production of
the solute in reaction k, ML-3T-1, and A is the decay constant (equal to In 2/half
life), T-l [31].

The first term on the right side of eq. 15 represents the change in
concentration due to hydrodynamic dispersion. This expression is analogous to
Fick's Law describing diffusive flux. This Fickian model assumes that the driving
force is the concentration gradient and that the dispersive flux occurs in a
direction from higher concentrations towards lower concentrations. However,
this assumption is not always consistent with field observations and is the subject
of much ongoing research and field study. The second term represents advective
transport and describes the movement of solutes at the average seepage velocity
of the flowing ground water. The third term represents the effects of mixing with
a source fluid that has a different concentration than the ground water at the
location of the recharge or injection. The fourth term lumps all of the chemical,
geochemical, and biological reactions that cause transfer of mass between the
liquid and solid phases or conversion of dissolved chemical species from one form
to another. The chemical attenuation of inorganic chemicals can occur by
sorption/desorption, precipitation/dissolution, or oxidation/reduction; organic
chemical can adsorb or degrade by microbiological processes. There has been
considerable progress in modeling these reaction processes; however, a
comprehensive review of the reaction processes and their representation in
transport models is beyond the scope of this chapter.
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If reactions are limited to equilibrium-controlled sorption or exchange and
first-order irreversible rate (decay) reactions, then the general governing equation
(eq. 15) can be written as:

dt e dt dxt

) *L —z-[cv)+z-z—XC-^-XC (16)
v rrt

The temporal change in sorbed concentration in eq. 16 can be represented
in terms of the solute concentration using the chain rule of calculus, as follows:

dt dC dt _ _
For equilibrium sorption and exchange reactions dC/dC, as well as C, is a

function of C alone. Therefore, the equilibrium relation for C and dC/dC can be
substituted into the governing equation to develop a partial differential equation
in terms of C only. The resulting single transport equation is solved for solute
concentration. Sorbed concentration can then be calculated using the equilibrium
relation. The linear-sorption reaction considers that the concentration of solute
sorbed to the porous medium is directly proportional to the concentration of the
solute in the pore fluid, according to the relation

C=KdC (18)
where Kd is the distribution coefficient, \Mlir1. This reaction is assumed to be
instantaneous and reversible. The curve relating sorbed concentration to
dissolved concentration is known as an isotherm. If that relation is linear, the
slope (derivative) of the isotherm, dC/dC, is known as the equilibrium
distribution coefficient, Kd. Thus, in the case of a linear isotherm,

dCdCdCIr dC
K

After substituting this relation into eq. 16, we can then rewrite eq. 16 as:

=d( i c | _ d ( c v j + c^_ A C _£ ! f e 5 t A C (20)
){ J d) d 'dt £ dt dxiy J dxj I dxi ' £ £

Factoring out the term (1+ pb Kdje) and defining a retardation factor, Rf
(dimensionless), as:

R. = i+B&L (21)
' £

and substituting this relation into eq. 20, results in:

Because Rf is constant under these assumptions, the solution to this
governing equation is identical to the solution for the governing equation with no
sorption effects, except that the velocity, dispersive flux, and source strength are
reduced by a factor Rf. The transport process thus appears to be "retarded"
because of the instantaneous equilibrium sorption onto the porous medium.

In the conventional formulation of the solute-transport equation (eq. 15),
the coefficient of hydrodynamic dispersion is defined as the sum of mechanical
dispersion and molecular diffusion [15]. The mechanical dispersion is a function
both of the intrinsic properties of the porous media (such as heterogeneities in
hydraulic conductivity and porosity) and of the fluid flow. Molecular diffusion in
a porous media will differ from that in free water because of the effects of porosity
and tortuosity. These relations are commonly-expressed as:
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i,j,m,n = 1,2,3 (23)

where ofyTOn is the dispersivity of the porous medium (a fourth-order tensor), L;
Vm and Vn are the components of the flow velocity of the fluid in the m and n
directions, respectively, I/T1; Dm is the effective coefficient of molecular
diffusion, L^T*1; and |V| is the magnitude of the velocity vector, LT"1, denned as

|V| = -JVX
2+Vy

2+Vj [15-16, 32]. Scheidegger (1961) and Bear (1979) show that
the dispersivity of an isotropic porous medium can be denned by two constants.
These are the longitudinal dispersivity of the medium, aL, and the transverse
dispersivity of the medium, cc?. These are related to the longitudinal and
transverse dispersion coefficients by DL = aL\V\ and DT = a r |V|. Most
applications of transport models to ground-water problems that have been
documented to date have been based on this conventional formulation.

Bear (1979, p. 320) notes that the separation between mechanical
dispersion and diffusion is rather artificial as the processes are inseparable.
However, because diffusion occurs even at zero velocity, its contribution to overall
dispersion is greatest for low-velocity systems. In many ground-water transport
problems, the velocity is relatively high, such that the separable contribution of
diffusion is negligible and the magnitude of the mechanical dispersion
(essentially aV) may be much greater than Dm. After expanding eq. 23,
substituting Scheidegger's (1961) identities, and eliminating terms with
coefficients that equal zero, the components of the dispersion coefficient for two-
dimensional flow in an isotropic aquifer may be stated explicitly as:

(25)

(26)

The consideration of solute transport in a porous medium that is
anisotropic would require the estimation of more than two parameters. For
example, for the case of transversely isotropic media (such as a stratified system
in which the hydraulic conductivity is different in the vertical direction than in
the horizontal direction), the dispersion tensor can be characterized by six scalar
invariants [18,33]. In practice, it is rare that field values for even the two
constants aL and a-p can be defined uniquely. Thus, it appears impractical to be
able to measure or define as many as six dispersivity constants in the field.
Therefore, although anisotropy in hydraulic conductivity (a second-order tensor)
is recognized and accounted for in ground-water flow simulation, it is commonly
assumed out of convenience that the same system is isotropic with respect to
dispersion. This essentially means that aL and % do not vary as a function of
direction, so that even assuming isotropy with respect to dispersion, the overall
spreading of a solute is anisotropic in the sense that a plume or tracer will
typically exhibit greater spreading in the direction of flow compared to the
amount of spreading transverse to the direction of flow (and aL will have a
different magnitude than )
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The error that can be introduced by neglecting material anisotropy is
illustrated in field data where cc? has been shown to be sensitive to direction. In a
study of a contaminant plume at Barstow, California, two-dimensional solute-
transport models were applied in both areal and cross-sectional planes [34-35].
To achieve a best fit to the field data, the value of Oj. in the cross-sectional model
had to be reduced by a factor of 100 from the value of about 20 m used in the
areal model (ccL « 65 m in both planes) [34-35]. Robson (1978) explains the change
in dispersivity values by stating, "In the areal-oriented model DL and DT are
essentially measures of mixing along aquifer bedding planes, as DL in the profile
model, whereas D r in the profile model is primarily a measure of mixing across
bedding planes."

If single values of aL or a? are used in predicting solute transport when the
flow direction is not always parallel to one of the principal directions of
anisotropy, then dispersive fluxes will be either overestimated or underestimated
for various parts of the flow system (depending on whether the values of aL and
aT are characteristic of dispersive transport in the horizontal or vertical
direction). This will lead to errors in predicted concentrations. Voss (1984)
included in his solute-transport model an ad-hoc relation to account for dispersion
in anisotropic media by making aL and a? a function of flow direction. He
assumes that aL and (Xj- have two principal directions aligned with the principal
directions of the permeability (or hydraulic conductivity) tensor [36]. The values
of longitudinal and transverse dispersivity are thereby calculated as:

( 2 ? a )

6kv + CCUmax) Sin 0kvj

( 2 7 b )

(«T(min) cos^ 6kv + ar(max) sinz 6kv)
where a^max) a n ( i aUmn) a r e *^e longitudinal dispersivities for flow in the
directions of maximum and nrriTrimn'm permeabilities, respectively, L; &T(max)
^T(min) a r e ^ e transverse dispersivities for flow in the directions of maximum
and minimum permeabilities, respectively, L; and &kv is the angle from the
maximum permeability direction to the local flow direction [36].

Although conventional theory holds that aLis generally an intrinsic
property of the aquifer, it is found in practice to be dependent on and proportional
to the scale of the measurement. Most reported values of o^ fall in a range from
0.01 to 1.0 of the scale of the measurement, although the ratio tends to decrease
at larger scales [23,37-38]. Smith and Schwartz (1980) conclude that
macroscopic dispersion results from large-scale spatial variations in hydraulic
conductivity and that the use of relatively large values of dispersivity with
uniform hydraulic conductivity fields is an inappropriate basis for describing
transport in geologic systems [39]. Dagan (1989) provides a comprehensive
review of stochastic theory of ground-water flow and transport, an approach that
directly relates scale-dependent dispersion to the statistical measures of
heterogeneity of the porous media [12]. From another perspective, some part of
the scale dependence of dispersivity may be explained as an artifact of the models
used, in that a scaling up of dispersivity will occur whenever an (n-D-dimensional
model is calibrated or used to describe an n-dimensional system [40]. Numerical
experiments also show that variations in hydraulic conductivity contribute
significantly to observed dispersion [41]. If a model is applied to a system having
variable hydraulic conductivity but uses mean values and does not explicitly
represent the variability, the model calibration will likely yield compensating
errors in which values for the dispersivity coefficients are larger than would be
measured locally in the field area. Similarly, representing a transient flow field
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by a mean steady-state flow field, as is commonly done, inherently ignores some
of the variability in velocity and must also be compensated for by increased
values of dispersivity (primarily transverse dispersivity) [42].

Because advective transport and hydrodynamic dispersion both depend on
the velocity of ground-water flow, the mathematical simulation model must solve
at least two simultaneous partial differential equations. One is the equation of
flow, from which ground-water flow velocities are obtained, and the second is the
solute-transport equation, which describes the chemical concentration in ground
water. If the properties of the water are affected significantly by changes in
solute concentration, as in a saltwater intrusion problem, then the flow and
transport equations should be solved simultaneously (or at least iteratively). If
not, then the flow and transport equations can be decoupled and solved
sequentially, which is simpler numerically.

5. NUMERICAL METHODS TO SOLVE EQUATIONS

The partial differential equations describing ground-water flow and
transport can be solved mathematically using either analytical solutions or
numerical solutions. The advantages of an analytical solution, when it is possible
to apply one, are that it usually provides an exact solution to the governing
equation and is often relatively simple and efficient to obtain. Many analytical
solutions have been developed for the flow equation; however, most applications
are limited to well hydraulics problems involving radial symmetry [e.g. 43-45].
The familiar Theis type curve represents the solution of one such analytical
model. Analytical solutions are also available to solve the solute-transport
equation [15, 46-48]. In general, obtaining the exact analytical solution to the
partial differential equation requires that the properties and boundaries of the
flow system be highly and perhaps unrealistically idealized. For simulating most
field problems, the mathematical benefits of obtaining an exact analytical
solution are probably outweighed by the errors introduced by the simplifying
assumptions of the complex field environment that are required to apply the
analytical approach.

Alternatively, for problems where the simplified analytical models no
longer describe the physics of the situation, the partial differential equations can
be approximated numerically. In so doing, the continuous variables are replaced
with discrete variables that are defined at grid blocks (or nodes). Thus, the
continuous differential equation, which defines hydraulic head or solute
concentration everywhere in the system, is replaced by a finite number of
algebraic equations that defines the hydraulic head or concentration at specific
points. This system of algebraic equations generally is solved using matrix
techniques. This approach constitutes a numerical model, and generally, a
computer program is written to solve the equations on a computer.

The equations describing ground-water flow and solute transport are
second-order differential equations, which can be classified on the basis of their
mathematical properties. Peaceman (1977) states that there are basically three
types of second-order differential equations, which are parabolic, elliptic, and
hyperbolic [49]. Such equations can be classified and distinguished based on the
nature and magnitude of the coefficients of the equation. This is important
because the numerical methods for the solution of each type have should be
considered and developed separately for optimal accuracy and efficiency in the
solution algorithm. Peaceman (1977) shows that if you consider a general form of
a second-order differential equation in which you have two independent variables
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(e.g. x and t) and a generalized dependent variable, u, then the equations may be
written in the following general form:

. d2u „ d2u _.(dudu \
ob: dr \dx dt )

The equation is elliptic if A»22>0; parabolic if A»B=0; and hyperbolic if A»B<0 [49].
Examples of parabolic equations include the equations describing diffusion,

heat conduction, and transient ground-water flow. Examples of elliptic equations
include Laplace's equation, Poisson's equation, and the steady-state ground-
water flow equation. Examples of hyperbolic equations include the wave equation
and the first-order advection (or convection) transport equation. The first two
types are most amenable to accurate and efficient solution using standard
numerical methods.

Two major classes of numerical methods have come to be well accepted for
solving the ground-water flow equation. These are the finite-difference methods
and the finite-element methods. Each of these two major classes of numerical
methods includes a variety of subclasses and implementation alternatives.
Comprehensive treatments of the application of these numerical methods to
ground-water problems are presented by [50-51]. Both of these numerical
approaches require that the area of interest be subdivided by a grid into a
number of smaller subareas (cells or elements) that are associated with node
points (either at the centers of peripheries of the subareas).

Finite-difference methods approximate the first derivatives in the partial
differential equations as difference quotients (the differences between values of
variables at adjacent nodes, both in space and time, with respect to the interval
between those adjacent nodes). There are several advanced text books that focus
primarily on finite-difference methods [49-50,52]. Finite-element methods use
assumed functions of the dependent variables and parameters to evaluate
equivalent integral formulations of the partial differential equations. Huyakorn
and Pinder (1983) present a comprehensive analysis and review of the application
of finite-element methods to ground-water problems [53]. In both numerical
approaches, the discretization of the space and time dimensions allows the
continuous boundary-value problem for the solution of the partial differential
equation to be reduced to the simultaneous solution of a set of algebraic
equations. These equations can then be solved using either iterative or direct
matrix methods.

Each approach has advantages and disadvantages, but there are very few
ground-water problems for which either is clearly superior. In general, the finite-
difference methods are simpler conceptually and mathematically, and are easier
to program for a computer. They are typically keyed to a relatively simple,
rectangular grid, which also eases data entry tasks. Finite-element methods
generally require the use of more sophisticated mathematics but, for some
problems, may be more accurate numerically than standard finite-difference
methods. A major advantage of the finite-element methods is the flexibility of the
finite-element grid, which allows a close spatial approximation of irregular
boundaries of the aquifer and (or) of parameter zones within the aquifer when
they are considered. However, the construction and specification of an input data
set is much more difficult for an irregular finite-element grid than for a regular
rectangular finite-difference grid. Thus, the use of a model preprocessor, which
includes a mesh generator and a scheme to efficiently number the nodes and
elements of the mesh and to specify the spatial coordinates of each node, is
valuable to effectively utilize the advantageous features of a finite-element model.
Figure 1 illustrates a hypothetical aquifer system, which has impermeable
boundaries and a well field of interest (fig. la); which has been discretized using
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finite-difference (fig. lb) and finite-element (fig. lc) grids. Figures lb and lc
illustrate conceptually how their respective grids can be adjusted to use a finer
mesh spacing in selected areas of interest. The rectangular finite-difference grid
approximates the aquifer boundaries in a step-wise manner, resulting in some
nodes or cells outside of the aquifer, whereas sides of the triangular elements of
the finite-element grid can closely follow the outer boundary using a minimal
number of overall nodes.

IC.

•"VI

/

WELL FIELD

AQLHFER BOUNDARY

l | ACTIVECELL

^ ^ S INACTIVE CELL

ELEMENT

Figure 1. Hypothetical application of finite-difference and finite-element grids
to an irregularly bounded aquifer.

Boundary elements or boundary integral methods can also be applied to
solve the flow equation. Their main advantage is that the precision of the
calculations is not a function of the size of the elements used, contrary to finite-
difference or finite-element methods [54]. Thus, a few very large elements can be
used, so that the method is very efficient in terms of computer time. In a two-step
process, the numerical solution is only calculated along the boundaries of the
elements in the first step; if the solution is also explicitly required inside an
element, its value is calculated in a second step by numerical integration inside
the element The main restriction is that the properties of the porous medium in
a given element are assumed to be constant. If heterogeneities are such that a
large number of elements are required to describe them adequately, then the
boundary integral method loses its superiority, and finite-difference or finite-
element methods can be used just as well. This method is, therefore, much less
flexible and general than the previous ones. More details on the boundary
integral method are given by Brebbia (1978) and Liggett (1987) [55-56].

The solute-transport equation is in general more difficult to solve
numerically than the ground-water flow equation, largely because the
mathematical properties of the transport equation vary depending upon which
terms in the equation are dominant in a particular situation. When solute
transport is dominated by advective transport, as is common in many field
problems, then eq. 15 approximates a hyperbolic type of equation (similar to
equations describing the propagation of a wave or of a shock front). But if a
system is dominated by dispersive fluxes, such as might occur where fluid
velocities are relatively low and aquifer dispersivities are relatively high, then eq.
15 becomes more parabolic in nature (similar to the transient ground-water flow
equation).

The numerical methods that work best for parabolic partial differential
equations are not best for solving hyperbolic equations, and vice versa. Thus, no
one numerical method or simulation model will be ideal for the entire spectrum of
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ground-water transport problems likely to be encountered in the field. Further
compounding this difficulty is the fact that in the field, the seepage velocity of
ground water is highly variable, even if aquifer properties are relatively
homogeneous (because of the effects of complex boundary conditions). Thus, in
low permeability zones or near stagnation points, the velocity may be close to zero
and the transport processes will be dominated by dispersion processes; in high
permeability zones or near stress points (such as pumping wells), the velocity
may be several meters per day and the transport processes will be advection
dominated. In other words, for the same system, the governing equation may be
more hyperbolic in one area (or at one time) and more parabolic in nature in
another area (or at another time). Therefore, no matter which numerical method
is chosen as the basis for a simulation model, it will not be ideal or optimal over
the entire domain of the problem, and significant numerical errors may be
introduced somewhere in the solution. The transport modeling effort must
recognize this inherent difficulty and strive to minimize and control the
numerical errors.

Although finite-difference and finite-element models are commonly applied
to transport problems, other types of numerical methods have also been applied
to transport problems, including method of characteristics, particle tracking,
random walk, Eulerian-Lagrangian methods, and adaptive grid methods. All of
these have the ability to track sharp fronts accurately with a minimum of
numerical dispersion. Documented models based on variants of these approaches
include Konikow and Bredehoeft (1978), Sanford and Konikow (1985), Prickett et
al. (1981), Engineering Technologies Associates (1989), and Zheng (1990) [29,57-
60].

Finite-difference and finite-element methods also can be applied to solve
the transport equation, particularly when dispersive transport is large compared
to advective transport. However, problems of numerical dispersion and
oscillations may induce significant errors for some problems. The numerical
errors can generally be reduced by using a finer discretization (either time steps
or spatial grid). Examples of documented three-dimensional, transient, finite-
difference models that simultaneously solve the fluid pressure, energy-transport,
and solute-transport equations for nonhomogeneous miscible fluids include Eipp
(1987) and Reeves et al. (1986) [61-62]. A two-dimensional finite-element
transport model is documented by Voss (1984) [36]. Because none of the standard
numerical methods are ideal for a wide range of transport problems, there is
currently still much research on developing better mixed or adaptive methods
that aim to minimize numerical errors and combine the best features of
alternative standard numerical approaches [63-66].

The method of characteristics was developed to solve hyperbolic differential
equations. A major advantage is that the method minimizes or eliminates
numerical dispersion [17,30, 57,67-68]. The approach taken by the method of
characteristics is not to solve eq. 15 or 22 directly, but rather to solve an
equivalent system of ordinary differential equations. Equation 22 can be farther
modified for improved compatibility with this method by expanding the advection
term, substituting relations from Darcy's Law and the flow equation, and
rearranging terms to obtain [25]:

D } VidC W*(C-C)1 )
If we consider the material derivative of concentration with respect to time,
dC/dt, as describing the change in concentration of a parcel of water moving at
the seepage velocity of water, it may be defined for a two-dimensional system as:
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dC
dt

dC'

dt
dC dx t dC dy

+dx dt ' dy dt
The second and third terms on the right side include the material derivatives of
position, which are defined by the velocity in the x and y directions. We then
have:

(30)

dt Rf

dt Rf

and

(31)

(32)

(33)

The solutions of the system of equations comprising eqs. 31-33 may be
given as x = x(t), y = y(t), and C = C(t), and are called the characteristic curves of
eq. 29. Given solutions to eqs. 31-33, a solution to the partial differential
equation may be obtained by following the characteristic curves. This may be
accomplished by introducing a set of moving points (or reference particles) that
can be traced within the stationary coordinates of a finite-difference grid. Each
particle corresponds to one characteristic curve, and values of x, y, and C are
obtained as functions of t for each characteristic [67]. Each point has a
concentration and position associated with it and is moved through the flow field
in proportion to the flow velocity at its location (see fig. 2). Equation 33 can be
solved using finite-difference approaches [57]. Random walk models make use of
the analogy between dispersion and probability theory and solve eq. 33 by moving
particles to account for advection (i.e. the mean velocity) and then adjusting their
positions statistically to account for dispersion (i.e. by assuming that dispersion is
mostly related to deviations in velocity about the mean, and representing that by
a random function) [58-59].

EXPLANATION

• Node of finite-difference cell

x Initial location of particle

o New location of particle

Row line and direction of flow

_ Computed path of particle

Figure 2. Part of a hypothetical finite-difference grid showing relation of flow field to
movement of points (or particles) in method-of-characteristics model for simulating

solute transport (modified from Konikow and Bredehoeft, 1978 [57]).

The conventional solute-transport equation is a Fickian model. However,
most mechanical dispersion actually arises from variations in velocity about the
mean, so essentially are an advective process. In discussing the development and
derivation of the solute-transport equation, Bear (1979, p. 232) states, "As a
working hypothesis, we shall assume that the dispersive flux can be expressed as
a Fickian type law." This, in effect, is a practical engineering approximation for
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the dispersion process that proves adequate for some field problems but
inadequate for many others [8]. Field-scale dispersion (commonly called
macrodispersion) results from large-scale spatial variations in hydraulic
properties and the use of relatively large values of dispersivity with uniform
hydraulic properties is an inappropriate basis for describing transport in
geological systems [391. Transport in stratified porous media may be non-Fickian
in nature [69-70]. Thus, no matter how accurately we can solve the governing
solute-transport equation, that equation itself is not necessarily a definitive and
sufficient description of the processes controlling solute transport at the scale of
most field problems. Overall, the more accurately a model can represent or
simulate the true velocity distribution, the less of a problem will be the
uncertainty concerning representation of dispersion processes.

There are additional complications when the solutes of interest are
reactive. The reaction terms included in eq. 15 are mathematically simple ones.
They do not necessarily represent the true complexities of many reactions. Also,
particularly difficult numerical problems arise when reaction terms are highly
nonlinear, or if the concentration of the solute of interest is strongly dependent on
the concentration of other chemical constituents. In reality, isotherms may not be
linear and may not be equilibrium controlled. Rubin (1983) discusses and
classifies the chemical nature of reactions and their relation to the mathematical
problem formulation [71]. Bahr and Rubin (1987) compare kinetic and local
equilibrium formulations for solute transport affected by surface reactions [72].
For field problems in which reactions are significantly affecting solute
concentrations, simulation accuracy is less limited by mathematical constraints
than by data constraints. That is, the types and rates of reactions for the specific
solutes and minerals in the particular ground-water system of interest are rarely
known and require an extensive amount of data to assess accurately. Yeh and
Tripatbi (1989) review hydrogeochemical transport models and discuss various
mathematical approaches to modeling transport of multiple reacting species [73].

5.1. Basics of finite-difference methods

The partial differential equations describing the flow and transport
processes in ground water include terms representing derivatives of continuous
variables. Finite-difference methods are based on the approximation of these
derivatives (or slopes of curves) by discrete linear changes over small discrete
intervals of space or time. If the intervals are sufficiently small, then all of the
linear increments will represent a good approximation of the true curvilinear
surface.

If we consider the observation wells in a confined aquifer, as illustrated in
fig. 3a, Bennett (1976) [74] shows that a reasonable approximation for the
derivative of head, dh/dx, at a point (d) midway between wells 1 and 0 is:

«_3£^ i. (34)
,dxjd Ax

Note that the observation wells are spaced an equal distance apart. Similarly, a
reasonable approximation for the second derivative, dfhjdx2, at point 0 (the
location of the center well) can be given as:

Ax Ax (Ax)* ( 3 5 )
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If we also consider wells 3 and 4 shown in fig. 3b, located on a line parallel to the
^-axis, we can similarly approximate d2h/dy2 at point 0 (the same point 0 as in
fig. 3a) as [74]:

(36)

If the spacing of the wells in fig. 3b is uniform (that is, Ax = Ay = a), then we can
develop the following approximation:

oh oh hi + h2 + h3-¥hd~4ho
-_+_r2" = — — z (37)

Observation
wells

Observation
wells

Potentiometric
surface

Potentiometric
surface

Figure 3. Schematic cross section through confined aquifer to illustrate numerical
approximation to derivatives of head, dh/dc (a) and dhldy (b) (modified

from Bennett, 1976 [74]).

These approximations can also be obtained through the use of Taylor series
expansions. A certain error is involved in approximating the derivatives by finite-
differences, but this error will generally decrease as a (or Ax and Ay) is given
smaller and smaller values. This error is called a "truncation error" because the
replacement of a derivative by a difference quotient is equivalent to using a
truncated Taylor series, so that the exact solution of a difference equation differs
from the solution of the corresponding differential equation [49]. Also, it may not
be possible to achieve an "exact" solution of the difference equation because of
limits of precision in storing numbers in a digital computer. In solving a large set
of difference equations, many arithmetic operations are performed, and round-off
errors may sometimes accumulate.

Next consider the construction of a rectangular finite-difference grid. Two
possible modes of construction of a grid to subdivide the solution region in the x-y
plane are illustrated in fig. 4. In the first (fig. 4a) the calculation points (or nodes)
are located at the centers of the blocks (or cells) formed by the grid lines. This
type of grid is commonly called a block-centered grid. In the second type (fig. 4b)
the nodes are considered to be located at the intersections of the grid lines. This
type has been variously called a point-centered, node-centered, mesh-centered, or
lattice-centered grid. Although there is no overall inherent advantage of one type
over the other, there will be some operation differences between the two
approaches in the treatment of boundaries and in areas of influence around
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nodes. Most, but not all, finite-difference ground-water models are based on the
use of block-centered grids.

Ay\

AX NODE

Figure 4. Two possible formulations of finite-difference grids; (a) block-centered grid
and (b) node-centered grid.

Figure 5 shows a closer view of a representative part of a two-dimensional,
variably-spaced, block-centered grid. The integer i is used as the index in the x-
direction, and the integer j is the index in the y-direction. Thus, for example, Xi is
the ffh value of*. Double indexing is normally used to identify functions and
variables within the two-dimensional region. For example, hij is the head at node
tj. Note that some commonly available finite-difference ground-water models use
a different convention for indexing in the y-direction, in that they assume that the
/•index increases from the top towards the bottom of the grid, so that node (1,1) is
in the upper-left corner of the grid. Of course, which convention is used is
arbitrary and makes no substantive difference.
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•
irlj
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<—Axi—>

•

•
i+lj

•

»X

EXPLANATION

Node of finite-
difference cell

Figure 5. Part of a two-dimensional, block-centered, variably-spaced, finite-difference
grid showing typical indexing scheme used to label nodes and cells.

We must also consider the discretization of time, which may be viewed as
another dimension, and hence represented by another index. If we consider a
representative segment of a hydrograph (see fig. 6), in which head is plotted
against time for a transient flow system, n is the index or subscript used to
denote the time at which a given head value is observed. The slope of the
hydrograph at any point is the derivative of head with respect to time, and it can
be approximated as dh/dt ~ Ah/At. In terms of the heads calculated at specific
time increments (or time nodes), the slope of the hydrograph at time n can be
approximated by:
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At
or

(38)

(39)

We are calculating the derivative at t = nAt in eq. 38 by taking a "forward
difference" from time n to time n+1, and by taking a "backward difference" in eq.
39. In terms of solving the ground-water flow equation for a node (tj) of a finite-
difference grid, we have to consider heads at five nodes and at two time levels, as
illustrated in fig. 7. In fig. 7a, we have expressed the spatial derivatives of head
at time level n, where all values are known, and the time derivative as a forward
difference to the unknown head at time step n+1. Then for every node of the grid
we will have a separate difference equation, each of which contains only one
unknown variable. Thus, these equations can be solved explicitly. Explicit finite-
difference equations are thus simple and straightforward to solve, but they may
have stability criteria associated with them. That is, if time increments are too
large, small numerical errors or perturbations may propagate into larger errors at
later stages of the computations.

Approximate slope at tn

tn+1
-*~time

Figure 6. Part of a hydrograph showing that the derivative (or slope, cfc / ct) at time
node tn may be approximated by Ah//St.

time

K7.II EXPLANATION

o Known head
* Unknown head

Figure 7. Grid stencil showing discretization of time at node (ij) in two-dimensional finite-
difference grid: (a) explicit (forward-difference) formulation and (b) implicit

(backward-difference) formulation.
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In fig. 7b we have expressed the time derivative as a backward difference
from the heads at time level n, which are thereby the unknown heads, whereas
the heads at the previous time level, n-1, are known (either from specified initial
conditions for the first time step or from subsequent solutions at later time steps).
The spatial derivatives of head are written at time level n, where all values are
unknown, so for every node of the grid we will have one difference equation that
contains five unknowns, which cannot be solved directly. However, for the entire
grid, which contains N nodes, we would have a system of N equations containing
a total of N unknowns. Such a system of simultaneous equations, together with
specified boundary conditions, can be solved implicitly. Although implicit
solutions are more complicated, they also have the advantage of generally being
unconditionally stable. This implies that a solution will be obtained, not
necessarily that the estimate of the derivative that is calculated will be accurate
if the time steps are large relative to the rate of change of head. Most available
ground-water flow models solve an implicit finite-difference approximation to the
flow equation.

We may next consider a two-dimensional ground-water flow equation for a
heterogeneous, anisotropic aquifer (eq. 10), in which the coordinate system is
aligned with the major axes of the transmissivity tensor, and in which the source
term is represented by eq. 7. This may be approximated by the following finite-
difference equation for representative node (ij) as:

"iJ+l,n~'H,j,

—J^

where qij is the volumetric rate of withdrawal or recharge at the ij node,
This formulation inherently assumes that any stresses, such as represented by
qij, are applied over the entire surface area of cell tj rather than at a point (or at
node ij). This implies that if a pumping well is represented at node ij, then the
head will be calculated as if it were being withdrawn from a well that had a
borehole surface area equal to Ax&y rather than its actual value. In eq. 40 the
transmissivity terms represent the harmonic means of the transmissivity of the
two adjacent cells. The harmonic mean can be shown to be appropriate and
consistent with the assumption that transmissivity is constant and uniform
within each cell but may be different between cells. Other types of means for
interblock transmissivity may be more appropriate for other assumptions about
the transmissivity distribution, such as smoothly varying transmissivity [75].

5.2. Matrix solution techniques

As indicated, each numerical approximation leads to an algebraic equation
for each node point. These are combined to form a matrix equation, which may be
solved numerically by one of two basic methods: direct or iterative. In direct
methods, a sequence of operations is performed only once, providing a solution
that is exact, except for machine round-off error. Iterative methods attempt
solution by a process of successive approximation. They involve making an initial
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guess at the matrix solution, then improving this guess by some iterative process
until an error criterion is satisfied. Therefore, in these techniques, convergence
and the rate of convergence are of concern.

Numerical solution can be illustrated using a simple example having two
equations with two unknowns. Say you have the following two simultaneous
equations, and wish to solve for x and y:

(41)
(42)

(43)

(44)

Then each of these two equations can be solved iteratively by substituting the
previous value of the variable on the right side (the "known" variable) into each
equation, and solving for the "unknown" variable on the left side; the solution
sequence is initiated using some initial (and perhaps arbitrary) "guess" for each
variable as a starting point. The following table illustrates such a calculation
sequence for the above two equations, solving both equations at each level of
iteration by substituting the value of the "known" variable from the previous level
of iteration.

These can first be rearranged to express each unknown separately, as:
x = 3-y

initial guess

Iteration
Number

0
1
2
3
4

5
•

X
(eq. 43)

0
x = 3-0 =3
* = 3-2 = 1

2K

2X
•••
2

y
(eq.44)

0
y = (4-0V2 = 2

y =(4-3V2=^

IK
%
iX

•
1

It can be seen in the above example that the solution is converging on the
true values of* - 2 andy - 1. However, the rate of convergence can be speeded
up by modifying the iterative routine to substitute the most recently updated
value of the variables on the right side of the equations, as illustrated in the
following table.

initial guess =*

Iteration
Number

0
1

2

3

4
5
*

X
(eq. 43)

0
* = 3-0=3

* = 3-X=2K
2X
2 ^
2KB

m

2

y
(eq. 44)

0
y = (4-3y2=^

y = (4-2Y2V2=%

%
%
%

«
1
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In the second example, the convergence to the solution is much faster and
smoother (which helps assure numerical stability). This approach is sometimes
called a Gauss-Seidel method of iteration (or method of successive displacements),
whereas the former is sometimes called the Jacobi method (or method of
simultaneous displacements) [49] There are many other variants possible when
the number and complexity of the system of equations grows large.

Another alternative to solving the system of simultaneous equations is to
solve them directly, which can be illustrated for the simple set above. First
substitute eq. 43 into eq. 44 (or vice versa) to obtain:

Rearranging terms and solving for y yields the result y = 1. Then back substitute
into eq. 43 to obtain: x = (3 - y) = (3 - 1), or x = 2.

Direct methods can be further subdivided into: (1) solution by
determinants, (2) solution by successive elimination of the unknowns, and (3)
solution by matrix inversion. Direct methods have two main disadvantages. The
first problem deals with storage requirements and computation time for large
problems. The matrix is sparse (contains many zero values) and in order to
minimize computational effort, several techniques have been proposed. Various
schemes of numbering the nodes have been studied; an efficient one for finite-
difference nodes is alternating direction (D4) ordering [76]. Other methods have
been attempted with the finite-element method. However, for finite-difference
and finite-element methods, storage requirements may still prove to be
unavoidably large for three-dimensional problems. The second problem with
direct methods deals with round-off errors. Because many arithmetic operations
are performed, round-off errors can accumulate for certain types of matrices.

Iterative schemes avoid the need for storing large matrices, which make
them attractive for solving problems with many unknowns. Numerous schemes
have been developed; a few of the more commonly used ones include successive
over-relaxation methods, iterative alternating-direction implicit procedure, and
the strongly implicit procedure [49-50,52, 77].

Because iterative methods start with an initial estimate for the solution,
the efficiency of the method depends somewhat on this initial guess. To speed up
the iterative process, relaxation and acceleration factors are used. Unfortunately,
the definition of best values for these factors commonly is problem dependent. In
addition, iterative approaches require that an error tolerance be specified to stop
the iterative process. An optimal value for the tolerance, which is used to
evaluate when the iterative calculations have converged on a solution, may also
be problem dependent. If the tolerance is set too large, then the iterations may
stop before adequate numerical accuracy is achieved. If the tolerance is set too
small, then the iterative process may consume excessive computational resources
in striving for numerical precision that may be orders of magnitude smaller than
the precision of the field data, or the iterative process may even fail to converge.

More recently, a semi-iterative method, or class of methods, known as
conjugate-gradient methods, has gained popularity. One advantage of the
conjugate-gradient method is that it does not require the use or specification of
iteration parameters, thereby eliminating this partly subjective procedure. A
comparison of the efficiency of 17 different iterative methods for the solution of
the nonlinear three-dimensional ground-water flow equation indicated that, in
general, the conjugate gradient methods did the best [78].

81



5.3. Boundary and initial conditions

In order to obtain a unique solution of a partial differential equation
corresponding to a given physical process, additional information about the
physical state of the process is required. This information is described by
boundary and initial conditions. For steady-state problems, only boundary
conditions are required, whereas for transient problems, boundary and initial
conditions must be specified. A steady-state solution for ground-water flow may
be achieved by setting the storativity equal to 0.0 (as in eq. 6 or eq. 40), which
effectively determines that there will be no change in head with respect to time.

Mathematically, the boundary conditions include the geometry of the
boundary and the values of the dependent variable or its derivative normal to the
boundary. In physical terms, for ground-water model applications, the boundary
conditions are generally of three types: (1) specified value (head or concentration),
(2) specified flux (corresponding to a specified gradient of head or concentration),
or (3) value-dependent flux (or mixed boundary condition, in which the flux across
a boundary is related to both the normal derivative and the value) [79]. An
example where the third type of boundary condition might be applicable is to
represent leakage or exchange between a stream and an adjacent aquifer, in
which the leakage may change over time as the head in the aquifer changes, even
though the head in the stream might remain fixed. A no-flow boundary is a
special case of the second type of boundary condition. The types of boundaries
appropriate to a particular field problem may require careful consideration.

The initial conditions are simply the values of the dependent variable
specified everywhere inside the boundary. If initial conditions are specified so
that transient flow is occurring in the system at the start of the simulation, it
should be recognized that heads will change during the simulation, not only in
response to the new pumping stress, but also due to the initial conditions [77].
This may or may not be intended by the model user.

6. MODEL DESIGN, DEVELOPMENT, AND APPLICATION

The first step in model design and application is to define the nature of the
problem and evaluate the purpose of the model. Although this may seem obvious,
it is an important first step that is sometimes overlooked in a hasty effort to take
action. This step is closely linked with the formulation of a conceptual model,
which again is required prior to development of a simulation model. A possible
outcome of such a preliminary assessment might even be that a deterministic
simulation model is not needed. In formulating a conceptual model, the analyst
must evaluate which processes are significant in the system being investigated
for the particular problem at hand. Some processes may be important to consider
at one scale of study, but negligible or irrelevant at another scale of investigation.
The analyst must similarly decide on the appropriate dimensionality for the
numerical model. Good judgment is required to evaluate and balance the
tradeoffs between accuracy and cost, with respect to both the model and to data
requirements. The key to efficiency and accuracy in modeling a system probably
is more affected by the formulation of a proper and appropriate conceptual model
than by the choice of a particular numerical method or code.

Once a decision to develop a model has been made, a code (or generic
model) must be selected (or modified or constructed) that is appropriate for the
given problem. Next, the generic code must be adapted to the specific site or
region being simulated. Development of a numerical deterministic, distributed-
parameter, simulation model involves selecting or designing spatial grids and
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time increments that will yield an accurate solution for the given system and
problem. The analyst must then specify the properties of the system (and their
distributions), stresses on the system (such as recharge and pumping rates),
boundary conditions, and initial conditions (for transient problems). All of the
parameter specifications and boundary conditions are really part of the overall
conceptual model of the system, and the initial numerical model reflects the
analyst's conceptual model of the system.

It must always be remembered that a model is an approximation of a very
complex reality, and a model is used to simplify that reality in a manner that
captures or represents the essential features and processes relative to the
problem at hand. In the development of a deterministic ground-water model for a
specific area and purpose, we must select an appropriate level of complexity (or,
rather, simplicity). We are inclined to believe that finer resolution in a model will
yield greater accuracy, and there is a legitimate basis for this. However, there
also exists the practical constraint that even when appropriate data are available,
a finely discretized three-dimensional numerical model may be too large to run on
available computers, especially if transport processes are included. The selection
of the appropriate model and appropriate level of complexity remains subjective
and dependent on the judgment and experience of the analysts, the objectives of
the study, and level of prior information on the system of interest. The trade-off
between model accuracy and model cost will always be a difficult one to resolve,
but will always have to be made. In any case, water managers and other users of
model results must be made aware that these trade-offs and judgments have been
made and may affect the reliability of the model.

In general, it is more difficult to calibrate a solute-transport model of an
aquifer than it is to calibrate a ground-water flow model. Fewer parameters need
to be defined to compute the head distribution with a flow model than are
required to compute concentration changes using a solute-transport model.
Because the ground-water seepage velocity is determined from the head
distribution, and because both advective transport and hydrodynamic dispersion
are functions of the seepage velocity, a model of ground-water flow is often
calibrated before a solute-transport model is developed. In fact, in a field
environment perhaps the single most important key to understanding a solute-
transport problem is the development of an accurate definition (or model) of the
flow system. This is particularly relevant to transport in fractured rocks, where
simulation is commonly based on porous-media concepts. Although the potential
(or head) field can often be simulated, the required velocity field may be greatly in
error.

Major questions in the application of a ground-water model concern the
model's ability to represent the processes that are controlling responses in the
system of interest and the reliability of the predictions. Regarding concepts and
parameters, Watson's (1969) cautioning statements relevant [80]: "Just because
we do or must describe the world in a given way does not mean that the world is
really that way."

6.1. Model verification

One of the first things that must be demonstrated is that the generic model
accurately solves the governing equations for various boundary value problems,
an evaluation that is often called model 'Verification." This is checked by
demonstrating that the code gives good results for problems having known
solutions. This test is usually done by comparing the numerical model results to
that of an analytical solution. Numerical accuracy is rarely a problem for the
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solution to the flow equation, but may sometimes be a significant obstacle in
transport modeling.

It must be remembered that numerical solutions are sensitive to spatial
and temporal discretization. Therefore, even a perfect agreement for test cases
only proves that the numerical code can accurately solve the governing equations,
not that it will under any and all circumstances.

Analytical solutions generally require simple geometry, uniform properties,
and idealized boundary and initial conditions. The power of the numerical
methods is that they relax the simplification imposed by analytical methods and
allow the introduction of nonhomogeneous, anisotropic parameter sets, irregular
geometry, mixed boundary conditions, and even nonlinearities into the boundary
value problems. Usually, analytical solutions approximating these complexities
are unavailable for comparison. The problem is: Once these complexities are
introduced, how does one know the computer code is calculating an accurate
solution to the governing equations? The answer is: One cannot be sure! You can
do simple tests, such as checking mass conservation and evaluating the global
mass-balance error, but in the final analysis you cannot be sure [6].

One approach that improves confidence for complex heterogeneous
problems is to compare the model results to experimental data, to results of other
well accepted models, or to some other accepted standard. Such evaluations
might best be termed benchmarking. The HYDROCOIN Project used
standardized problem definitions as a basis for intercode comparisons [81]. While
this type of benchmarking helps assure consistency, it does not guarantee or
measure accuracy. A collection and detailed discussion of a number of classical
ground-water problems that have been used historically as a basis of model
evaluation are presented and documented by Segol (1994) [82].

6.2. Grid design

The dimensionality of the model (i.e. one-, two-, or three-dimensions)
should be selected during the formulation of the conceptual model. If a one- or
two-dimensional model is selected, then it is important that the grid be aligned
with the flow system so that there is no unaccounted flux into or out of the line or
plane of the grid. For example, if a two-dimensional area! model is applied, then
there should be no significant vertical components of flow and any vertical
leakage or flux must be accounted for by boundary conditions; if a two-
dimensional profile model is applied, then the line of the cross section should be
aligned with an area! streamline, and there should not be any lateral flow into or
out of the plane of the cross section.

To minimize a variety of sources of numerical errors, the model grid should
be designed using the finest mesh spacing and time steps that are possible, given
limitations on computer memory and computational time. To the extent possible,
the grid should be aligned with the fabric of the rock and with the average
direction of ground-water flow. The boundaries of the grid also should be aligned,
to the extent possible, with natural hydrologic and geologic boundaries of the
system of interest. Where it is impractical to extend the grid to a natural
boundary, then an appropriate boundary condition should be imposed at the edge
of the grid to represent the net effects of the continuation of the system beyond
the grid. This can typically be accomplished using head-dependent leakage (third
type) boundary conditions. These boundaries should also be placed as far as
possible away from the area of interest and areas of stresses on the system, so as
to minimize any impact of conceptual errors associated with these artificial
boundary conditions.
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In designing the grid, the length to width ratio (or aspect ratio) of cells or
elements should be kept as close to one as possible. Long linear cells or elements
can lead to numerical instabilities or errors, and should be avoided, particularly if
the aspect ratio is greater than about five [4]. However, this is a loose guideline
as aspect ratios exceeding 100:1 are often used with no problem. In applying this
guideline to triangular finite-element methods, Torak (1992) recommends that
angles less than 22.5 degrees in a triangle should be avoided [83]. However, in
anisotropic materials, the effective aspect ratio is equivalent to a transformed
isotropic domain [4]. Freeze and Cherry (1979, p. 174-178) show that this
transformation is based on the ratio of the square roots of the principal hydraulic
conductivity values. For example, if Kz = 1 and Kx - 100, then the ratio of

<{K^/-JK^ = 0.1; if As is 1 m and Ax, is 10 m, then the effective aspect ratio is one.
In specifying boundary conditions for a particular problem and grid design,

care must be taken to not overconstrain the solution. That is, if dependent values
are fixed at too many boundary nodes, at either internal or external nodes of a
grid, the model may have too little freedom to calculate a meaningful solution. At
the extreme, by manipulating boundary conditions, one can force any desired
solution at any given node. While this may assure a perfect match to observed
data used for calibration, it is of course not an indicator of model accuracy or
reliability, and in fact is meaningless.

To optimize computational resources in a model, it is generally advisable to
use an irregular (or variably-spaced) mesh in which the grid is finest in areas of
point stresses, where gradients are steepest, where data are most dense, where
the problem is most critical, and (or) where greatest numerical accuracy is
desired. It is generally advisable to increase the mesh spacing by a factor no
greater than about two between adjacent cells or elements. Similarly, time steps
can often be increased geometrically during a simulation. At the initial times or
after a change in the stress regime, very small time steps should be imposed, as
that is when changes over time are the greatest. With increased elapsed time,
the rate of change in head typically decreases, so time steps can often be safely
increased by a factor of two or more.

Equation 26 describes the cross-product terms of the dispersion tensor.
Because transmissivity is a property of the porous media, the cross-product terms
of the transmissivity tensor can typically be dropped out of the governing flow
equation that is solved in a model by aligning the model grid with the major axes
of the transmissivity tensor (as represented in eq. 10). However, this cannot
typically be done for the dispersion tensor in the transport equation because it is
related to, and depends on, the flow direction, which changes orientation over
space and time. There is, in general, no way to design a fixed grid that will
always be aligned with a changing flow field.

6.3. Model calibration

Deterministic ground-water simulation models impose large requirements
for data to define all of the parameters at all of the nodes of a grid. To determine
uniquely the parameter distribution for a field problem would require so much
expensive field testing that it is seldom feasible either economically or
technically. Therefore, the model typically represents an attempt, in effect, to
solve a large set of simultaneous equations having more unknowns than
equations. It is inherently impossible to obtain a unique solution to such a
problem.
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Uncertainty in parameters logically leads to a lack of confidence in the
interpretations and predictions that are based on a model analysis, unless it can
be demonstrated that the model is a reasonably accurate representation of the
real system. To demonstrate that a deterministic ground-water simulation model
is realistic, it is usual to compare field observations of aquifer responses (such as
changes in water levels for flow problems or changes in concentration for
transport problems) to corresponding values calculated by the model. The
objective of this calibration procedure is to minimize differences between the
observed data and calculated values. Usually, the model is considered calibrated
when it reproduces historical data within some acceptable level of accuracy.
What level is acceptable is, of course, determined subjectively. Although a poor
match provides evidence of errors in the model, a good match in itself does not
prove the validity or adequacy of the model [6].

Because of the large number of variables in the set of simultaneous
equations represented in a model, calibration will not yield a unique set of
parameters. Where the match is poor, it suggests (1) an error in the conceptual
model, (2) an error in the numerical solution, or (3) a poor set of parameter
values. It may not be possible to distinguish among the several sources of error
[6]. Even when the match to historical data is good, the model may still fail to
predict future responses accurately, especially under a new or extended set of
stresses than experienced during the calibration period.

Matalas and Maddock (1976) argue that model calibration is synonymous
with parameter estimation [84]. The calibration of a deterministic ground-water
model is often accomplished through a trial and error adjustment of the model's
input data (aquifer properties, sources and sinks, and boundary and initial
conditions) to modify the model's output. Because a large number of interrelated
factors affect the output, this may become a highly subjective and inefficient
procedure. Advances in parameter identification procedures help to eliminate
some of the subjectivity inherent in model calibration [9,85-88]. The newer
approaches tend to treat model calibration as a statistical procedure. Thus,
multiple regression approaches allow the simultaneous construction, application,
and calibration of a model using uncertain data, so that the uncertainties are
reflected as estimated uncertainties in the model output and hence in predictions
or assessments to be made with the model [89].

However, even with regression modeling, the hydrologic experience and
judgment of the modeler continues to be a major factor in calibrating a model
both accurately and efficiently, even if automated procedures are used. In any
case, the modeler should be very familiar with the specific field area being
studied to know that both the data base and the numerical model adequately
represent prevailing field conditions. The modeler must also recognize that the
uncertainty in the specification of sources, sinks, and boundary and initial
conditions should be evaluated during the calibration procedure in the same
manner as the uncertainty in aquifer properties. Failure to recognize the
uncertainty inherent both in the input data and in the calibration data may lead
to "fine-tuning" of the model through artificially precise parameter adjustments
strictly to improve the match between observed and calculated variables. This
may only serve to falsely increase the confidence in the model without producing
an equivalent (or any) increase in its predictive accuracy. This was illustrated by
Freyberg (1988) in an exercise in which several groups were given the task of
modeling a particular hypothetical problem [90]. He showed that the group that
achieved the best calibration, as measured by the minimum root mean square
error, was not the group that developed the model that yielded the best prediction
(measured by the same criteria). He concluded that simple measures of goodness
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of a calibrated fit are inadequate to evaluate the true worth of a calibrated
parameter set [90].

Figure 8 illustrates in a general manner the use and role of deterministic
models in the analysis of ground-water problems. The value of the modeling
approach is its capability to integrate site-specific data with equations describing
the relevant processes as a quantitative basis for predicting changes or responses
in a ground-water system. There must be allowances for feedback from the stage
of interpreting model output both to the data collection and analysis phase and to
the conceptualization and mathematical definition of the relevant governing
processes. One objective of model calibration should be to improve the conceptual
model of the system. Because the model numerically integrates the effects of the
many factors that affect ground-water flow or solute transport, the calculated
results should be internally consistent with all input data, and it can be
determined if any element of the conceptual model should be revised. In fact,
prior concepts or interpretations of aquifer parameters or variables, such as
represented by potentiometric maps or the specification of boundary conditions,
may be revised during the calibration procedure as a result of feedback from the
model's output. In a sense, any adjustment of input data constitutes a
modification of the conceptual model.
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Figure 8. The use and role of models in the analysis of ground-water problems.

Automated parameter-estimation techniques improve the efficiency of
model calibration and have two general components-one part that calculates the
best fit (sometimes called automatic history matching) and a second part that
evaluates the statistical properties of the fit. The objective of automatic history
matching is to obtain the estimates of system parameters that yield the closest
match (minimizes deviations) between observed data and model calculations.
Least squares deviation is usually chosen as a criteria. The minimization
procedure uses sensitivity coefficients that are based on the change in calculated
value divided by the change in the parameter. For ground-water flow, for
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example, this may take the specific form of dh/dT; that is, the change in head
with changing transmissivity. The sensitivity coefficients themselves may be
useful in the consideration of additional data collection.

Parameter uncertainty is commonly addressed using a sensitivity analysis.
A major objective of sensitivity analysis of simulation models is to determine the
change in model results as a result of changes in the model input or system
parameters. Conventional sensitivity analysis uses direct parameter sampling in
which parameters are perturbed one by one and the complete set of system
equations are resolved [91]. Sensitivity coefficients for each of these perturbed
parameters may be derived by a finite-difference approximation. Considerable
research in parameter uncertainty in ground-water models has been conducted
since Freeze's (1975) paper [92] that considered the parameters in model
equations to be stochastic, rather than fixed. Comprehensive reviews of the
available literature are provided by [11, 93-94].

6.4. Errors

Discrepancies between observed and calculated responses of a system are
the manifestation of errors in the mathematical model. In applying ground-water
models to field problems, there are three sources of error [6]. One source is
conceptual errors—that is, theoretical misconceptions about the basic processes
that are incorporated in the model. Conceptual errors include both neglecting
relevant processes as well as representing inappropriate processes. Examples of
such errors include the application of a model based upon Darcy's Law to media
or environments where Darcy's Law is inappropriate, or the use of a two-
dimensional model where significant flow or transport occurs in the third
dimension. A second source of error involves numerical errors arising in the
equation-solving algorithm. These include truncation errors, round-off errors,
and numerical dispersion. A third source of error arises from uncertainties and
inadequacies in the input data that reflect our inability to describe
comprehensively and uniquely the aquifer properties, stresses, and boundaries.
In most model applications conceptualization problems and uncertainty
concerning the data are the most common sources of error.

Numerical methods in general yield approximate solutions to the governing
equations. There are a number of possible sources of numerical error in the
solution. If the modeler is aware of the source and nature of these errors, they
can control them and interpret the results in light of them. In solving advection
dominated transport problems, in which a relatively sharp front (or steep
concentration gradient) is moving through a system, it is numerically difficult to
preserve the sharpness of the front. Obviously, if the width of the front is
narrower than the node spacing, then it is inherently impossible to calculate the
correct values of concentration in the vicinity of the sharp front. However, even
in situations where a front is less sharp, the numerical solution technique can
calculate a greater dispersive flux than would occur by physical dispersion alone
or would be indicated by an exact solution of the governing equation. That part of
the calculated dispersion introduced solely by the numerical solution algorithm is
called numerical dispersion, as illustrated in fig. 9. Because the hydrologic
interpretation of isotopic data is sensitive to mixing phenomena in an aquifer,
numerical mixing (or dispersion) can have the same effect on the interpretation of
model-calculated isotopic values. Therefore, care must be taken to assess and
minimize such numerical errors that would artificially add "numerical" mining to
the calculated mixing attributable to physical and chemical processes.
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Figure 9. Representative breakthrough curves for a simple flow and transport problem to
illustrate types of numerical errors that may occur in numerical solution to transport
equation: (A) plug flow having no dispersion, (B) "exact" solution for transport with

dispersion, (C) numerical solution for case B that exhibits effects of numerical
dispersion, and (D) numerical solution for case B that exhibits oscillatory behavior.

Figure 9 illustrates calculated breakthrough curves for a hypothetical
problem of uniform flow and transport to the right, at some time and distance
after a tracer having a relative concentration of 1.0 was injected at some point
upstream. Curve A represents the breakthrough curve and position of a sharp
front for a case having no dispersion (plug flow). Curve B represents an exact
analytical solution for a nonzero dispersivity. Curve C illustrates the
breakthrough curve calculated using a numerical method that introduces
numerical dispersion.

Numerical dispersion can be controlled by reducing the grid spacing (Ax
and Ay). However, reduction to a tolerable level may require an excessive number
of grid points for a particular region to be simulated and render the
computational costs unacceptably high [49]. It may also be controlled in finite-
element methods by using higher order basis functions or by adjusting the
formulation of the difference equations (using different combinations of forward,
backward, or centered in time and/or space, or using different weighting
functions). Unfortunately, many approaches that eliminate or minimize
numerical dispersion introduce oscillatory behavior, causing overshoot behind a
moving front and possibly undershoot ahead of the front (see curve D in fig. 9),
and vice versa. Undershoot can result in the calculation of negative
concentrations, which are obviously unrealistic. However, overshoot can
introduce errors of equal magnitude that may go unnoticed because the value is
positive in sign (although greater than the source concentration, so still
unrealistic). Oscillations generally do not introduce any mass balance errors, and
often dampen out over time. However, in some cases, oscillatory behavior can
become unbounded, yielding an unstable solution or failure to converge
numerically.

In solving the advective-dispersive transport equation, some numerical
errors (mainly oscillations) can be related to two dimensionless parameter groups
(or numbers). One is the Peclet number, Pe, which may be defined as Pe = 4i/a,
where Al is a characteristic nodal spacing (although it should be noted that there
are several alternative, though essentially equivalent, ways to define Pe) [4].
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Anderson and Woessner (1992) recommend that the grid be designed so that
Al < 4a (or Pe < 4), although Segol (1994) recommends a criteria of Pe < 2.
Similarly, time discretization can be related to the Courant number, Co> which
may be defined as Co = VAt/Al [4]. Anderson and Woessner (1992) also
recommend that time steps be specified so that At < All V (or Co <1.0), which is
equivalent to requiring that no solute be displaced by advection more than one
grid cell or element during one time increment. The deviations of curves C andl>
from the exact solution can be significant in some locations, although such errors
tend to be minimal at the center of a front (relative concentration of 0.5).

In solving the transport equation, classical numerical methods exhibit the
proportionately largest numerical errors where the relative (or dimensionless)
concentrations (C/Cmax) are lowest [95]. Dougherty and Bagtzoglou (1993) show
that the error-to-signal (or noise-to-signal) ratio can become quite large (>0.1)
where the relative concentrations are less than 0.01 [95]. In isotope analyses of
ground-water systems, the samples from areas of interest frequently reflect
concentrations less than 0.01 of the source concentration, so caution is warranted.

In transport models there may also be a grid-orientation effect, in which
the solute distribution, calculated for the same properties and boundary
conditions, will vary somewhat depending on the angle of the flow relative to the
grid. This phenomena is largely related to the cross-product terms in the
governing equation, and generally is not a serious source of error, but the model
user should be aware of it.

6.5. Mass Balance

One measure of model accuracy is how well the model conserves mass.
This can be measures by comparing the net fluxes calculated or specified in the
model (e.g. inflow and sources minus outflow and sinks) with changes in storage
(accumulation or depletion). Mass-balance calculations should always be
performed and checked during the calibration procedure to help assess the
numerical accuracy of the solution.

As part of these calculations, the hydraulic and chemical fluxes contributed
by each distinct hydrologic component of the flow and transport model should be
itemized separately to form hydrologic and chemical budgets for the system being
modeled. The budgets are valuable assessment tools because they provide a
measure of the relative importance of each component to the total budget.

Errors in the mass balance for flow models should generally be less than
0.1 percent. However, because the solute-transport equation is more difficult to
solve numerically, the mass-balance error for a solute may be greater than for the
fluid, but tins will depend also on the nature of the numerical method
implemented. Finite-difference and finite-element methods are inherently mass
conservative, while some implementations of the method of characteristics and
particle tracking approaches may not be (or their mass balance calculations
themselves are only approximations). It must also be remembered that while a
large mass-balance error provides evidence of a poor numerical solution, a perfect
mass balance in itself does not and cannot prove that a true or accurate solution
has been achieved or that the overall model is valid. That is, a perfect mass
balance can be achieved if the model includes compensating errors. For example,
the solutions C and D in fig. 9 that exhibit significant numerical dispersion or
oscillatory behavior arise from solutions that show a near-perfect mass balance,
but they are still wrong.
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6.6. Parameter adjustment

Many input data are required for a numerical model, and the accuracy of
these data will affect the reliability of the calculated results. In all field problems
there are some inadequate data, so values of parameters will have to be
estimated. A common approach is to first assume the best estimate of values for
parameters, and then adjust their values until a best fit is achieved between the
observed and computed dependent variables. Although this can be accomplished
most efficiently using a parameter-estimation model, such as MODFLOWP [96], a
trial and error method is still commonly used.

In order to maintain the value of the process-oriented structure of a
deterministic model, the degree of allowable adjustment should generally be
directly proportional to the uncertainty of its value or specification, and limited to
its range of expected values or confidence interval. For example, in a study of the
Madison Limestone regional aquifer system, historical pumping rates were
relatively well known, so their values were not adjusted [97]. But because the
transmissivity was poorly defined, various values were assumed over a possible
range of several orders of magnitude.

Parameter adjustment produces changes in model output. The responses
to parameter adjustment should be evaluated quantitatively to provide the
modeler with a measure of progress during model calibration and a guide for
determining the direction and magnitude of subsequent changes in the goodness
of fit between the observed data and the model output. One procedure for
evaluation is to plot changes of the mean difference between observed and
computed data and changes in the standard error of estimate for successive
simulation tests during model calibration.

As an example, this procedure was used in calibrating a flow and transport
model for contaminant migration in an alluvial aquifer system in Colorado [98].
In this case, the water-table configuration served as the basis for evaluating
goodness of fit with respect to adjustments of transmissivity, net recharge in
irrigated areas, and some boundary conditions. Initial estimates of net recharge
were used in a preliminary calibration of the model. Next, initial estimates of
transmissivity values and boundary conditions were adjusted between successive
simulations with an objective of minimizing the differences between observed and
computed water-table elevations in the irrigated area. As shown in fig. 10a, the
standard error of estimate (a statistical measure of scatter similar to the
standard deviation) generally decreased as successive simulation tests were
made. After about seven tests, additional parameter adjustments produced only
small improvements in the fit. At this point, the standard error of estimate was
about 0.35 m, which was approximately the same as the reliability of the water-
table elevations, which was limited because of variability in the times of
measurements, measurement errors, unknown vertical components of flow,
varying distances of observation wells to stress points, uncertain and varying
depths of well screens and openings. Therefore, it was judged that further
refinements would essentially represent calibration to the noise in the data, and
would not lead to a better model. A final estimate of the net recharge rate in
irrigated areas was made using the values for other parameters developed for the
previous test having a minimum standard error of estimate. The mean of the
differences between observed and computed heads at all nodes in the irrigated
area was then minimized (equal to zero) when a net recharge rate of about 0.47
m/yr was assumed, so this was the value selected for the model (see fig. 10b). A
drawback to this trial and error approach is that the uniqueness of the solution
cannot be easily demonstrated.
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Figure 10. Selected calibration criteria for ground-water model of shallow aquifer at the Rocky
Mountain Arsenal, Colorado; (a) change in standard error of estimate for successive

simulation tests during calibration, and (b) relation between net recharge rate in
irrigated areas and mean error in head (modified from Konikow, 1977 [98]).

6.7. Sensitivity tests

Assuming various values for given parameters also helps to achieve
another objective of the calibration procedure, namely to determine the
sensitivity of the model to factors that affect ground-water flow and transport and
to errors and uncertainty in the data. Evaluating the relative importance of each
factor helps determine which data must be denned most accurately and which
data are already adequate or require only minimal further definition. If
additional data can be collected in the field, such a sensitivity analysis helps you
decide which types of data are most critical and how to get the best information
return on the costs of additional data collection. If additional data cannot be
collected, then the sensitivity tests can help to assess the reliability of the model
by demonstrating the effect of a given range of uncertainly or error in the input
data on the output of the model. The relative sensitivities of the parameters that
affect flow and transport will vary from problem to problem. Furthermore, the
sensitivities may change over time as the stress regime imposed on a system
evolves. Thus, one generalization is that a sensitivity analysis should be
performed during the early stages of a model study.

The sensitivity of the solution to the grid design (or spacing), time-step
criteria, nature and placement of boundary conditions, and other numerical
parameters should also be evaluated, even if an inverse or regression modeling
approach has been used. This is frequently overlooked, but failure to do so may
cause critical design flaws to remain undetected. For example, parameter-
estimation models cannot calculate the sensitivity to grid spacing or certain
boundary conditions that are fixed in the model by the user. A general approach
that works is after a preliminary calibration has be achieved with a model, it
should be rerun for the same stresses and properties using a finer grid, smaller
time steps, and perhaps alternative boundary conditions. If such a test yields
significantly different results, then the model should be recalibrated using design
criteria that yield a more accurate numerical solution. If such a test yields no
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model; one of their conclusions was that parameter estimation methods should
use only discrete data points in order to produce answers that are free of
contouring interpretations [101].

When the statistical analyses of the fits between observed and computed
values of relevant variables indicate the attainment of on acceptable level of
accuracy for the problem at hand, then the model may be accepted as calibrated.
However, if any major additions or revisions are made to the observed data base
at a later time, the model should be recalibrated.

6.9. Predictions and postaudits

As model calibration and parameter estimation are keyed to a set of
historical data, the confidence in and reliability of the calibration process is
proportional to quality and comprehensiveness of the historical record. The time
over which predictions are made with a calibrated model should also be related
to, and limited by, the length of the historical record. A reasonable guideline is to
predict only for a time comparable to the period that was matched.

The accuracy of a model's predictions is the best measure of its reliability.
However, that can only be evaluated after the fact. There have been several
published studies in which the predictive accuracy of a deterministic ground-
water model was evaluated several years after the prediction had been made
[102-107]. The results suggest that extrapolations into the future were rarely
very accurate. Predictive errors often related to having used a period of history
match that was too short to capture an important element of the model or of the
system, or to an incomplete conceptual model. For example, processes and
boundary conditions that are negligible or insignificant under the past and
present stress regime may become nontrivial or even dominant under a different
set of imposed stresses. Thus, a conceptual model founded on observed behavior
of a ground-water system may prove to be inadequate in the future, when existing
stresses are increased or new stresses are added. A major source of predictive
error is sometimes attributable primarily to the uncertainty of future stresses.
But if the range or probability of future stresses can be estimated, then the range
or probability of future responses can be predicted. An encouraging trend is that
many analysts are now attempting to place confidence bounds on predictions
arising out of the uncertainty in parameter estimates. However, these confidence
limits still would not bound errors arising from the selection of a wrong
conceptual model or from problems in the numerical solution algorithms [108].

It should be recognized that when model parameters have been adjusted
during calibration to obtain a best fit to historical data, there is a bias towards
extrapolating existing trends when predicting future conditions, in part because
predictions of future stresses are often based on existing trends [104]. The model
calibration procedure, which is clearly required for field applications, essentially
forces a deterministic model to become, at least in part, a statistical model, and
thus to acquire the same types of limitations that are characteristic of all
statistically-based models and predictions.

If a model is to be used for prediction in a problem or system that is of
continuing interest or significance to society, then field monitoring should
continue and the model should be periodically postaudited, or recalibrated, to
incorporate new information, such as changes in imposed stresses or revisions in
the assumed conceptual model. A postaudit offers a means to evaluate the nature
and magnitude of predictive errors, which may itself lead to a large increase in
the understanding of the system and in the value of a subsequently revised
model. Revised predictions can then be made with greater reliability.
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significant differences, then the coarser design is probably adequate for that
particular problem.

6.8. Calibration criteria

Model calibration may be viewed as an evolutionary process in which
successive adjustments and modifications to the model are based on the results of
previous simulations. The modeler must decide when sufficient adjustments have
been made to the representation of parameters and processes and at some time
accept the model as being adequately calibrated (or perhaps reject the model as
being inadequate and seek alternative approaches). This decision is often based
on a mix of subjective and objective criteria. The achievement of a best fit
between values of observed and computed variables is a regression procedure and
can be evaluated as such. That is, the residual errors should have a mean that
approaches zero and the deviations should be minimized. Cooley (1977) discusses
several statistical measures that can be used to assess the reliability and
goodness of fit of ground-water flow models [99]. The accuracy tests should be
applied to as many dependent variables as possible. The types of observed data
that are most valuable for model calibration include head and concentration
changes over space and time, and the quantity and quality of ground-water
discharges from the aquifer.

While it is necessary to evaluate quantitatively the accuracy of the model,
it is equally important to assure that the dependent variables that serve as a
basis for the accuracy tests are reliable indicators of the computational power and
accuracy of the model. For example, if a particular variables were relatively
insensitive to the governing parameters, then the existence of a high correlation
between its observed and computed values would not necessarily be a reflection of
a high level of accuracy in the overall model. For example, in modeling an
alluvial stream-aquifer system in Colorado, the computed streamflow at the
downstream end of the study reach coincided almost exactly with the observed
streamflow [100]. However, the greatest component of computed outflow at the
downstream end of the study reach, which averaged about 4.1 m3/s, was the
observed inflow at the upstream end of the study reach, which averaged about 3.8
m3/s. Because stream gains and losses within the study reach were small (about
8 percent) relative to the actual streamflow, the accuracy of the fit between
observed and computed streamflow values for the downstream gauging station is
a poor indicator of the reliability of the model. A better indicator is the change in
streamflow in the study reach. However, during periods of high flow, the change
in streamflow represented only about 3 percent of the actual flow, which is about
the same order of magnitude as the measurement errors. Therefore, the lack of a
precise fit during these high-flow periods does not indicate that the model is poor
or uncalibrated.

Similarly, caution must be exercised when the "observed data" contain an
element of subjective interpretation. For example, matching an observed
potentiometric surface is sometimes used as a basis for calibrating a ground-
water flow model, and an observed concentration distribution may serve as a
basis for calibrating a solute-transport model. Both represent interpretative
contouring of observed point data that have some limited frequency and accuracy.
Thus, a contoured surface serves as a weak basis for model calibration because it
includes a variability or error introduced by the contourer, in addition to
measurement errors present in the observed data at the specific points. Cooley
and Sinclair (1976) evaluated the uniqueness of a steady-state ground-water flow
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6.10. Model validation

It is natural for people who apply ground-water models, as well as those
who make decisions based on model results, to want assurance that the model is
valid. This has led to programs for verification or validation of hydrogeological
models, such as the INTRACOIN, HYDROCOIN, and INTRAVAL projects. For
example, the INTRAVAL project was established to evaluate the validity of
mathematical models for predicting the potential transport of radioactive
substances in the geosphere [109].

Ground-water models are embodiments of various scientific theories and
hypotheses. Karl Popper argues that "as scientists we can never validate a
hypothesis, only invalidate it" [110]. Stephen Hawking argues that physical
theories are always provisional and can never be proven [111]. He states, "No
matter how many times the results of experiments agree with some theory, you
can never be sure that the next time the result will not contradict the theory."
The same philosophy has been applied specifically to ground-water models [6,
112].

Several available definitions of model validation are presented in terms of
providing assurances or building confidence that the model adequately represents
reality. However, the criteria for labeling a model as validated are inherently
subjective. In practice, validation is attempted through the same process that is
typically identified as calibration,"... by comparison of calculation with
observations and experimental measurements" [113]. However, the
nonuniqueness of model solutions means that a good comparison can be achieved
with an inadequate or erroneous model. Also, because the definition of "good" is
subjective, under the common operational definitions of validation, one competent
and reasonable scientist may declare a model as validated while another may use
the same data to demonstrate that the model is invalid. In science and
engineering, such an operational definition would not appear to be meaningful
[6]. To the general public, proclaiming that a ground-water model is validated
carries with it an aura of correctness that many modelers would not claim [108].
Because labeling a model as having been "validated" has very little objective or
scientific meaning, such "certification" does little beyond instill a false sense of
confidence in such models. Konikow and Bredehoeft (1992) recommend that the
term validation not be applied to ground-water models [6].

7. OVERVIEW OF REPRESENTATIVE MODEL-MODFLOW

One of the most popular and comprehensive deterministic ground-water
models available today is the MODFLOW code of McDonald and Harbaugh (1988)
[114]. This is actually a family of compatible codes that centers on an implicit
finite-difference solution to the three-dimensional flow equation that was coded in
FORTRAN in a modular style to allow and encourage the development of
additional packages or modules that can be added on or linked to the original
code. The flexibility and comprehensiveness of this package is indicated by the
list in table 1, which presents a summary of features and modules presently
available for MODFLOW. The basic model uses a block-centered finite-difference
grid that allows variable spacing of the grid in three dimensions. Flow can be
steady or transient. Layers can be simulated as confined, unconfined, or a
combination of both. Aquifer properties can vary spatially and hydraulic
conductivity (or transmissivity) can be anisotropic. Flow associated with external
stresses, such as wells, areally distributed recharge, evapotranspiration, drains,
and streams, can also be simulated through the use of specified head, specified

95



flux, or head-dependent flux boundary conditions. The implicit finite-difference
equations can be solved using either the Strongly Implicit Procedure (SIP) or
Slice-Successive Overrelaxation (SSOR) methods. Newer modules offer several
additional solution algorithms. Although the input and output systems of the
program were designed to permit maximum flexibility, usability and ease of
interpretation of model results can be enhanced by using one of several
commercially available preprocessing and postprocessing packages; some of these
operate independently of MODFLOW whereas others are directly integrated into
reprogrammed and (or) recompiled versions of the MODFLOW code.

The pathline program MODPATH (Pollock, 1989) uses the results of the
MODFLOW model and determines that paths and travel times of water
movement under steady-state conditions [115]. The additional information
required for the pathline analysis, beyond that required for MODFLOW, include
porosity and the top and bottom elevations of simulated layers. MODPATH uses
a semianalytical particle-tracking scheme. The method assumes that each
directional velocity component varies linearly within a grid cell in its own
coordinate direction. MODPATH-PLOT presents the results graphically [116].

The parameter-estimation package, MODFLOWP, can be used to estimate
parameters (such as transmissivity, storage coefficient, leakance coefficients,
recharge rates, evapotranspiration, and hydraulic head at constant-head
boundaries) using nonlinear regression [96]. Parameters are estimated by

i i a weighted least-squares objective function by either the modified
h d D d

g g q j y
Gauss-Newton method or a conjugate-direction method. Data used to estimate
parameters can include independent estimates of parameter values, observed
heads or drawdowns, and observed gains or losses in streamflow. The
MODFLOWP output includes statistics for analyzing the reliability of the
estimated parameters and of the model.

As shown in table 1, a variety of other packages and modules are available.
Most of these are summarized by Appel and Reilly (1994) [136].

8. CASE HISTORIES

8.1. Regional-scale flow in a deep confined aquifer

The Powder River Basin of northeastern Wyoming and southeastern
Montana contains large coal reserves that have not yet been developed fully. The
future development of such energy resources in the Powder River Basin will be
accompanied by increased demands for water, which is not abundantly available
in this semiarid area. One plan had been formulated to construct a coal-slurry
pipeline to transport coal out of the area; it would have required about 0.6 to 0.8
m3/s of water. In the mid-1970s, a plan was proposed to supply this water from
up to 40 wells drilled about 1000 m into the Mississippian Madison Limestone in
Niobrara County, Wyoming. The Madison aquifer is an areally extensive
Paleozoic carbonate rock system that underlies an area exceeding 260,000 km2 in
the Northern Great Plains.

Concern that such relatively large ground-water withdrawals might cause
significant water-level declines in the Madison aquifer, perhaps extending into
adjacent states, as well as possibly causing decreases in streamflow and spring
discharge in or near the outcrop areas, resulted in the need to predict the effects
of the proposed large ground-water withdrawals on potentiometric levels,
recharge, and discharge. Because the Madison lies at such great depths (from
300 to 5,000 m) in most of the area, it is relatively undeveloped^ and sufficient
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Table 1. Summary of selected features and modules for the MODFLOW model.

FEATURE or MODULE REFERENCE
3-D or quasi-3D ground-water flow using implicit,

block-centered, finite-difference methods; includes
transient flow, variety of boundary conditions,
heterogeneity, and anisotropy; solvers include SIP
and SSOR

Preconditioned conjugate gradient matrix solvers

Statistical processor (MMSP)

Integrate with geographical information system (GIS)
files (MODFLOWARC); linked to ARC/INFO
software

Calculation of water budgets (ZONEBUDGET)

Aquifer compaction

River routing and accounting (RIV2)

Narrow canyons and faults and layer pinchouts

Stream-aquifer relations; stream stage calculated
using Manning formula for rectangular channel

Contouring package for heads or drawdowns

Calculation of pathlines for advective transport
(MODPATH & MODPATH-PLOT)

Preconditioned conjugate-gradient matrix solver
(PCG2)

Parameter estimation (MQDFLOWP) using nonlinear
regression; confidence intervals

Generalized finite-difference formulation

Cylindrical flow to a well

Alternative interblock transmissivity
conceptualizations

Horizontal flow barriers (HFB)

Rewetting of dry cells

Transient leakage from confining units (TLK1)

Coupled surface-water and ground-water for stream-
aquifer interaction with unsteady open-channel
flowCMODBRANCH)

Direct flow connections in coupled ground-water and
surface-water model (Streamlink)

Advective-dispersive solute transport (RAND3D)

Advective-dispersive solute transport (MT3D)

Advective-dispersive solute transport (M0C3D)

McDonald and Harbaugh (1988) [114]

Kuiper (1987) [117]

Scott (1990) [1183

Orzol and McGrath (1992) [119]

Harbaugh (1990) [125]

Leake and Prudic (1991) [121]

Miller (1988) [122]

Hansen (1993) [123]

Prudic (1989) [124]

Harbaugh (1990) [120]

Pollock (1989,1990) [115-116]

Hill (1990) [126]

Hill (1992,1994) [96,127]

Harbaugh (1992) [128]

Reilly and Harbaugh (1993) [129]

Goode and Appel (1992) [75]

Hsieh and Freckleton (1993) [130]

McDonald et al. (1992) [131]

Leake, Leahy, and Navoy (1994) [132]

Swain and Wexler (1993) [133]

Swain (1993) [134]

Engineering Technologies Assoc, Inc.
(1989)[59]

Zheng (1990) [60]

Goode and Konikow (1991) [135]
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data are not available to define the head distribution and the hydraulic properties
of the aquifer accurately and precisely. In light of this uncertainty, and as a
prelude to a planned subsequent 5-yr hydrogeologic investigation of the Madison,
a preliminary digital model of the aquifer was developed using the two-
dimensional, finite-difference model of Trescott et al. (1976) [77, 97]. The
objectives of the preliminary model study were to: (1) improve the conceptual
model of ground-water flow in the aquifer system; (2) determine deficiencies in
existing data, and help set priorities for future data collection by identifying the
most sensitive parameters, assuming the model is appropriate; and (3) make a
preliminary estimate of the regional hydrologic effects of the proposed well field
[97].

The results indicated that the aquifer can probably sustain increased
ground-water withdrawals as much as several tenths of m3/s, but that these
withdrawals probably would significantly lower the potentiometric surface in the
Madison aquifer in a large part of the basin. Because of the great uncertainty in
most of the parameters, the model study and predictions were framed in terms of
a sensitivity analysis. For example, fig. 11 shows drawdown predictions made for
an area near the proposed well field for an assumed reasonable range of values
for the storage and leakance coefficients (Kz/m), where Kz and m are the vertical
hydraulic conductivity and the thickness, respectively, of the confining layer. The
curves show that the range in plausible drawdowns, even after 1 yr, is extremely
large. The solutions also illustrate that sensitivities vary with time. At late
times (about 100 years), there is no significant difference in drawdown for
different values of S, and at early times the drawdown is about the same for all
values of leakance at a given value of S.

This preliminary model analysis helped in formulating an improved
conceptual model of the Madison aquifer. For example, the important influences
on ground-water flow in the Madison of temperature differences and aquifer
discontinuities were recognized and documented. Although it could be argued

250
0.001 0.01 0.1 1

TIME, IN YEARS
100

Figure 11. Time-drawdown curves for model node located near proposed well field to
pump ground water from the Madison Limestone (modified from Konikpw, 1976 [97].)
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that the importance of these influences could have been (or should have been)
recognized on the basis of hydrogeologic principles without the use of a simulation
model, the fact is that none of the earlier published studies of this aquifer system
indicated that these factors were of major significance. The difference from
earlier studies arose from the quantitative hypothesis-testing role of the model;
the nature of the inconsistencies between observed head distributions and those
calculated using the initial estimates of model parameters helped direct the
investigators towards testing hypotheses that would resolve or minimize the
inconsistencies. The demonstrated high sensitivity of drawdown to the leakance
coefficient emphasized the need to reevaluate the system in a true three-
dimensional framework so as to better consider vertical components of flow. This
was done in later studies (e.g. Downey and Weiss, 1980; Woodward-Clyde
Consultants, 1981) [137-138]. The latter used a five-layer model and a Monte
Carlo simulation approach to incorporate and assess the effects of uncertainties
in the parameters. The predicted effects were then presented as probability
distribution curves showing the likelihood of different drawdowns occurring at
the specified points.

Cooley et al. (1986) applied a nonlinear-regression ground-water flow
model to this same aquifer system [89]. Their two-dimensional model was based
on a Galerkin finite-element discretization. The finite-element grid and boundary
conditions are shown in fig. 12. The grid includes 535 quadrilateral (composites
of four triangles) and triangular elements and 555 nodes. The grid was designed
to be finer where more data were available and (or) where hydraulic gradients are
relatively steep. Regression analysis was used to estimate parameters, including
intrinsic permeabilities of the main aquifer and separate lineament zones,
discharges from eight major springs, and specified heads on the model
boundaries. The regression approach also yielded statistical measures of the
reliability of those parameter estimates [89]. The regression model was applied
using sequential F testing, so that the fewest number and simplest zonation of
intrinsic permeabilities, combined with the simplest overall model, were
evaluated initially; additional complexities were then added in stages to evaluate
the subsequent degree of improvement in model results. Analysis by Cooley et al.
(1986) tends to confirm the existence of lineament zones, which, appear to strongly
influence the flow and head distribution in the Madison aquifer [89].

Thus, a variety of models were used to understand tile sensitivity of the
conceptualized Madison aquifer to changes in simulated aquifer parameters.
From these sensitivity analyses, improved predictions of aquifer responses can be
made, and the confidence in the predictions can be assessed.

Further refinements and understanding evolved on the basis of isotopic
analyses, used by Back et al. (1983) to analyze the ground-water flow system and
geochemical reactions in this same regional aquifer system [139]. Among other
tilings, they estimated flow paths, flow velocities, and hydraulic properties for the
system. After their assumed locations and lengths of flow paths to the sampling
sites were reinterpreted in light of flow modeling results, the resulting velocity
and permeability values were remarkably close to independently derived,
hydrologically based, parameter estimates [140]. Of particular relevance to
isotopic interpretation and age dating in stressed regional systems is the fact that
each water sample may reflect a long travel history of perhaps thousands of years
through the aquifer, which has occurred almost entirely under the influence of
natural steady-state hydraulic gradients and flow paths. However, as ground-
water withdrawals from the aquifer during the past 50 to 100 years may have
significantly influenced the observed heads and hydraulic gradients, there will be
an error if the estimated ages are used to calculate hydraulic parameters on the
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EXPLANATION

SPECIFIED-OISCHARGE NODE
(AND NUMBER OF NODES IF > 1)
NO-FLOW BOUNDARY
SPECIFIED-HEAD BOUNDARY
0 25 50 MILES

Figure 12. Finite-element grid showing boundary conditions and locations of
specified-discharge points (modified from Cooley et aL, 1986 [89]).

basis of today's head distribution [140]. This inconsistency can be resolved by
linking the isotopic interpretation to a ground-water model analysis for
simulating the hydraulic evolution of the system. In the analysis of the Madison
aquifer system, the modeling analyses and the isotopic analyses clearly
complemented each other, and together yielded better estimates of hydraulic
parameters and higher confidence in the interpretations than either approach
could have achieved independently.

8.2. Local-scale flow and transport in a shallow unconfined aquifer

Reilly et al. (1994) combined the application of environmental tracers and
deterministic numerical modeling to analyze and estimate recharge rates, flow
rates, flow paths, and mixing properties of a shallow ground-water system near
Locust Grove, in eastern Maryland, USA [141]. The study area encompassed
about 2.6 x 107 m2 of mostly agricultural land on the Delmarva Peninsula. The
surficial aquifer includes raiconsolidated permeable sands and gravel that range
in thickness from less than 6 m to more than 20 m. This surficial aquifer is
underlain by relatively impermeable silt and day deposits, which form a
confining unit.

In this study, chlorofluorocarbons (CFCs) and tritium were analyzed from a
number of water samples collected from observation wells to estimate the age of
ground water at each sampling location and depth [141]. Because errors and
uncertainty are associated with estimates of age based on environmental tracers,
just as errors and uncertainty are associated with deterministic models of ground-
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water flow and transport, the authors applied a feedback or iterative process
based on comparisons of independent estimates of travel time [141]. Their
approach is summarized and outlined in fig. 13. Each task shown was designed
to improve either the estimates of parameters or the conceptualization of the
system.

Task: Preliminary Calculations
Method: Calculation of ranges of travel times

to shallow wells using known ranges
of recharge and porosity.

Purpose: To check consistency of CFC ages.

1
Task: First-level ground-water flow model calibration.
Method: MODFLOW (McDonald & Haibaugh, 1988)
Purpose: To calibrate a ground-water flow model to

known heads and flows.

A
Task: Second-level calibration of flow model and pathline analysis.
Method: MODFLOW & MODPATH (Pollock, 1988,1989, & 1990)
Purpose: To recalibrate the ground-water flow model with the

additional information of travel times based on CFC
age data. And to determine flow paths and time of
travel in the ground-water system.

L

Plausible simulated advective flow system.

Task: Simulation of observed tritium concentrations.
Method: MOC (Konikow & Bredehoeft, 1978)
Purpose: To simulate the transport of tritium with

radioactive decay, and test the sensitivity of
the system to dispersion. Also to corroborate
the plausible advective flow system.

Evaluation of conceptualization of
t and flow system..

Figure 13. Flow diagram of the steps taken to quantify the flow paths in the Locust Grove,
Maryland, ground-water flow system (modified from Reilly et al., 1994 [141]).

As described by Reilly et al. (1994), the preliminary calculations (first task)
were used to set bounds on the plausibility of the more complex simulations and
chemical analyses. The first-level calibration of a ground-water flow model
(second task) provided the initial system conceptualization. The third task was a
second-level calibration and analysis involving simulation of advective transport,
which provided quantitative estimates of flow paths and time of travel to compare
with those obtained from the CFC analyses. The fourth task involved the
application of a solute-transport model to simulate tritium concentrations in the
ground-water flow system as influenced by the processes of advection, dispersion,
radioactive decay, and time-varying input (source concentration) functions.

The sampling wells were located approximately along an areal flow line, so
a two-dimensional cross-sectional model was developed for the simulation. The
MODFLOW model [114] was used to simulate ground-water flow and advective
transport. The finite-difference grid consisted of 24 layers and 48 columns of
nodes, with each cell having dimensions of 1.143 by 50.801 m, as shown in fig. 14,
which also shows the wells that lie in the cross section. The simulation was
designed to represent average steady-state flow conditions. The boundary
conditions include (1) water table having a specified and constant rate of
recharge, (2) an upgradient boundary as a no-flow condition to represent a
ground-water divide, (3) a no-flow boundary on the bottom to represent the
underlying confining layer, (4) a specified-head drain boundary condition to
represent a stream in the upper right corner of the grid, and (5) a lateral
boundary under the stream assumed to be a flow line, thus represented as a no-
flow boundary condition [141].
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Figure 14. Model grid used to simulate Locust Grove cross section, showing well
locations (modified from Reilly et al., 1994 [141]).

After the flow model was calibrated, pathline and travel time analysis was
undertaken and comparisons to CFC age estimates were made. Figure 15 shows
the pathlines calculated using MODPATH after the second-level calibration with
MODFLOW. A flow tube diagram for the same cross section is shown in fig. 16,
in which each flow tube is bounded by flow lines and contains an equal amount of
flow. Distances traveled in 10-year increments of travel time from points of
recharge at the water table are also indicated on each flow line. The comparison
with CFC estimates were generally good. However, Reilly et al. (1994) note that
close to the stream, many flow lines converge, and the convergence of pathlines
representing the entire range of travel times present in the aquifer causes waters
of different ages to be relatively near each other [141]. Thus, at the scale and grid
spacing of the model, in the area near the stream the convergent flow lines cannot
be readily differentiated in the model and the locations of individual well screens
cannot be accurately represented directly under the stream. After the second-
level calibration, the root mean squared error between the simulated ages and the
CFC ages for the 10 wells furthest from the stream (i.e. excluding points 159,160,
and 161) was 3.4 years [141].

Tritium concentrations of recharge waters have varied considerably over
the last 40 years [141]. Thus, the time of travel would not always be readily
apparent from the concentration in a measured water sample. Also, mixing of
these relatively sharp changes of input concentrations can make the
interpretation of time of travel from tritium concentrations even more uncertain
[141]. Thus, the authors simulated solute transport of tritium within the system
using a model that accounts for mixing (dispersion), radioactive decay, and
transient input functions, which would also allow a further evaluation of
consistency with the results of the previous flow and advective transport model.
They applied the MOC solute-transport model of Konikow and Bredehoeft (1978)
[57] for this purpose.
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Figure 15. Pathlines (calculated using MODPATH after second-level calibration) in
Locust Grove cross section to observation wells showing time of travel (in years)

from the water table (modified from Reilly et al., 1994 [141]).
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Figure 16. Flow tube diagram of the Locust Grove ground-water flow system in cross
section. Markers on pathlines indicate 10-year periods of travel from the water

table (modified from Reilly et aL, 1994 [141]).

The results of the simulation assuming (1) no dispersion and (2) assuming
aL of 0.15 m and Or of 0.015 m are shown in fig. 17. The limiting case simulation
of no dispersion yielded acceptable results and was used as the best estimate of
the tritium distribution in November 1990 [141]. This case reproduces the sharp
concentration gradients required to reproduce the low tritium values observed.
The MOC model was advantageous for this problem because it minimizes
numerical dispersion that might interfere with the analysis and it can solve the
governing equations for at of 0.0, which many other transport models based on
finite-difference or finite-element methods cannot do. Hie results of the solute-
transport simulation are consistent with the advective flow system determined by
the second-level calibration and thus support the reasonableness of the
conceptual model [141]. The coupling of the tritium analyses and the transport
model indicates where discrepancies between the measured and simulated

103



EXPLANATION

16.5 Location of well, tritium concentration
' measured Nov. 1990.
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distribution for 1990, contour
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Figure 17. Simulated tritium distribution at the end of 1990: (A) with dispersivity o& = 0.0 m
and or = 0.0 m, and (B) with dispersivity CCL = 0.15 m and ar = 0.015 m. Contour interval 25
tritium units (TU). Measured concentrations from samples obtained from wells in November

1990 are given for their location in bold italics (modified from Reilly et al., 1994 [141]).

concentrations occur, and where additional data collection or refinement of the
conceptual model may be warranted [141].

This case study illustrates that environmental tracers and numerical
simulation in combination are effective tools that complement each other and
provide a means to quantitatively estimate the flow rate and path of water
moving through a ground-water system. Reilly et al. (1994) found that the
environmental tracers and numerical simulation methods also provide a
"feedback" that allows a more objective estimate of the uncertainties in the
estimated rates and paths of movement [141]. The ages of water samples, as
determined from the environmental tracers, define the time of travel at specific
points in the ground-water system, but the quantities of water and paths taken
are unknown. The numerical simulations in the absence of the environmental
tracer information provide nonunique and therefore uncertain estimates of tile
quantities of water and flow paths. Together the two methods enabled a coherent
explanation of tile flow paths and rates of movement while indicating weaknesses
in the understanding of tile system that would require additional data collection
and refinement of conceptual models of the ground-water system [141].

9. AVAILABILITY AND SOURCES OF GROUND-WATER MODELS

There are a large number of deterministic ground-water models available
today, based on a variety of numerical methods and a variety of conceptual
models. The selection of a numerical method or generic model for a particular
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field problem depends on several factors, including accuracy, efficiency/cost, and
usability. The first two factors are related primarily to the nature of the field
problem, availability of data, and scope or intensity of the investigation. The
usability of a method may depend partly on the mathematical background of the
modeler, as it is preferable for the model user to understand the nature of the
numerical methods implemented in a code. Greater efficiency is usually attained
if the modeler can readily modify and adapt the program to the specific problem
of interest, and this may sometimes require program modifications to the source
code. In selecting a model that is appropriate for a particular application, it is
most important to choose one that incorporates the proper conceptual model; one
must avoid force fitting an inappropriate model to a field situation solely because
of convenience, availability, or familiarity to the user. Usability is also enhanced
by the availability of preprocessing and postprocessing programs or features, and
by the availability of comprehensive yet understandable documentation.

There have been a number of surveys of available models published in
recent years [136,142-143]. Van der Heijde et al. (1985) reports on an
international survey of 399 models, of which 206 had been documented at that
time [142]. This was a significant increase from 245 models available for a
similar review 5 years earlier. Appel and Reilly (1994) summarize the nature and
availability of 89 ground-water flow and quality models produced by and
available from the U.S. Geological Survey [136]. Anderson et al. (1992), in their
review of ground-water models, list 19 separate software distributors and provide
brief descriptions of several codes [144]. A directory and review of programs
applicable to radioactive waste disposal problems, including ground-water flow
and transport models, was prepared by the Commission of the European
Communities in 1983 [145]. The International Ground Water Modeling Center
maintains a clearinghouse and distribution center for ground-water simulation
models. It also maintains extensive databases on ground-water software and
research data, and provides limited technical support services for model users.

A large number of public and private organizations distribute public
domain and (or) proprietary software for ground-water modeling. A few are listed
in table 2, and they should be contacted directly for the latest availability and
costs. There are also many other public and private sources of modeling software
(e.g. see Anderson et al., 1992 [144]).

Table 2. Selected list of organizations that distribute ground-water models.

Organization

International Ground Water
Modeling Center - USA

International Ground Water
Modeling Center - Europe

U.S. Geological Survey

Address

IGWMC
Colorado School of Mines
Institute for Ground-Water Research &

Education
Golden, CO 80401-1887, USA

IGWMC
TNO Institute of Applied Geoscience
P.O. Box 6012
2600 JA Delft, The Netherlands

U.S. Geological Survey
NWIS Program Office
437 National Center
Reston,VA 22092 USA

Phone /Fax /e-mail

Phone: 303-273-3103
Pax: 303-273-3278
e-mail: igwmc®

flint.minesjcolorado.edu

Phone: 31.15.697215
Fax: 31.15.564800

Phone: 703-648-5695
Fax: 703-648-5295
e-mail: oahollow®

nwisqvarsa^r.usgs.gov
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