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SUMMARY

It is shown that, by using a convenient modulated input polarization, it is possible to
determine the full plasma polarimetric transition matrix purely from phase measurements.
These are advantageous compared to previosly proposed amplitude measurements. Two
alternative sets of configurations for the input polarization are considered. The elements of
the transition matrix thus found can be used in the reconstruction of the MHD equilibrium

(POLARIMETRIA, PLASMA, MATRICE DI TRANSIZIONE)

RIASSUNTO

Si dimostra che, usando un'opportuna modulazione della polarizzazione in ingresso, si puo'
ottenere l'intera matrice di transizione polarimetrica del plasma da sole misure di fase. Queste
sono vantaggiose rispetto alle misure di ampiezza, proposte in precedenza. Gli elementi della
matrice di transizione cosi' trovati possono essere usati nella ricostruzione dell'equilibrio
MHD.
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DETERMINATION OF THE FULL POLARIMETRIC

TRANSITION MATRIX OF A MAGNETIZED PLASMA

FROM MEASUREMENTS OF PHASE ONLY

1 - INTRODUCTION

It has been shown [1] that the maximum information obtainable from plasma polarimetry is
contained in the transition matrix M, whose elements can be used in the procedures for the
MHD equilibrium reconstruction. It was also shown in [1] that, using a very simple modulation
of the input polarization (see Appendix 1), the elements of M can be determined from
measurements of phase together with measurements of amplitude. The purpose of this report is
to show that M can also be fully determined from only phase measurements, when the state of
polarization of the probing radiation entering the plasma (input polarization) is given a
convenient modulation. This particular modulation can be provided in either one of two kinds of
basic configurations. Phase measurements are always preferable to amplitude measurements
since they are less sensitive to the sources of noise.

2 - THE MODULATION OF THE INPUT POLARIZATION

We consider input radiation propagating in the z direction with polarization parameters (\|/o,Xo)
refering to the orthogonal coordinates (x,y,z), see fig. 1, and Stokes vector So (see [1]). This
vector has components, (so)i=cos2%ocos2\|/o, (so)2=cos2%osin2\|fo, (so)3=sin2xo- We shall
consider two kinds of configurations of the input polarization, configurations Ul, U2 and U3
which provide a two-frequency modulation of the state of polarization and configurations VI,
V2 and V3 which provide a double modulation of the state of polarization.
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Fig. 1 - The polarization ellipse.

2 L- Configurations Ul, U2 and U3

Of the three input configurations of the first kind, Ul, U2 and U3 (see fig.2), Ul is produced
by sending linearly polarized monochromatic radiation (whose electric field is oriented at an
angle 6 to the x axis) first through a fixed quarter-wave retardation plate (n/2 relative delay)
having retardation axis aligned with the x axis and then through a second rotating quarter-wave
plate whose retardation axis makes an angle a=(Dot with the x axis. Configurations U2 and U3

are produced by sending radiation Ul through a third quarter-wave plate, respectively aligned
with the x axis and at 45° to the x axis. Then the Stokes vector so of the resulting radiation (see
refs.[l,2] and Appendix 2), for Ul, is given by

soul =

p (l + cos4a)/2 + q sin2a"

p (sin4a)/2-q cos2a

- p sin 2a

(1)

where p=cos29 and q=sin20 and we have written the vector as a 1x3 matrix. Similarly the
Stokes vectors of configurations U2 and U3 are given by
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Fig. 2 - Configurations Ul, U2 and U3.

sou2 =

p (l + cos4a)/2 + q sin2a

p sin 2a

p (sin4a)/2-q cos2a

(2)

and

sou2 =

- p sin 2a

p (sin4a)/2-q cos2a

- p (l + cos4a)/2-q sin2a

(3)

which can be written more concisely as
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. sou3=*3*soul (4)

where the 3x3 matrices R\,R2 and R% are defined as
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(5)

It can be seen that all the configurations Ul, U2 and U3 provide an input polarization which has

components at the two frequencies 2co0 and 4co0. Configuration Ul has been considered

recently [3] for a plasma diagnostic.

If we define the vectors f2 and fy and the matrices £>2 and D4 as

f2=(0, cos2cc, sin2a) , f4=(l, cos4a, sin4a) (6)

and

Z>2=q

0 0 1
0 - 1 0
0 0 -p/q

= (p/2)

'1

0

0

1

0

0

0

1

0
(7)

we can write
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soul=D2'f2+D4'f4 (8)

and so from eq. 4, for j=l , 2 and 3, we have

(9)

2 2.- Configurations VI, V2 and V3

Of the three input configurations of the first kind, VI, V2 and V3 (see fig.3), VI is produced by

combining linearly polarized radiation at a frequency co, having the electric field parallel to the x

axis, Ex=a coscot, together with coherent linearly polarized radiation at a frequency (co+8co),

having the electric field parallel to the y axis, Ey=b cos(co+5co)t. The radiation then passes

through a rotating half-wave retardation plate (% relative delay) whose retardation axis makes an

angle (3=cort with the x axis. Configurations V2 and V3 are produced by sending radiation VI

through a quarter-wave plate, respectively aligned with the x axis and at 45° to the x axis. Then
the Stokes vector so of the resulting radiation (see refs.[l,2] and Appendix 2), for VI, is given
by

sovl =

g cos4|3 + h sin4{3 cosScot

g s in4p-h cos 4(3 cos Scot

- h sin Scot

(10)

where the constants g and h are g=(a2-b2)/(a2+b2) and h=2ab/(a2+b2). The Stokes vectors of
configurations V2 and V3 are given by

sov2 ~ ^2 ' sovl —

g cos4|3 + h sin 40 cos Scot

h sin Scot

g sin 4(3-h cos 4(3 cos Scot

(11)
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Fig. 3 - Configurations VI, V2 and V3.

sov3 ~ ^3 " sovl -

•h sin Scot

g sin4P~h cos8(0t

-g cos4P~h sin4P cos Scot

(12)

All the configurations VI, V2 and V3 provide an input polarization having a double time-
modulation and we will be interested in the case where 4<sor«8co, so that P represents a slow

modulation and Scot a fast one, but the expressions given in this section are valid for arbitrary
values.
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It can be verified (see Appendix 1) that, for each of VI, V2 and V3, as p increases, the
polarization alternates successively (for P=n7c/4 and P=(2n+l)7t/8 with n=0, 1, 2, ...) between
two of the three fundamental configurations Cl, C2 and C3 which were introduced in ref [1].
Specifically, apart from an inessential phase, VI alternates between configurations Cl and C3;
V2 alternates between Cl and C2; V3 alternates between C2 and C3. Configuration V2 has been
considered recently [3] for a plasma diagnostic.

The frequency shift 8co can be generated by diffracting radiation of frequency co from a moving
grating (a rotating grating-wheel [4,5]) or by using a rotating retardation plate (see Appendix 3);
otherwise radiation at different frequencies a) and O)+8o), produced separately by dual lasers
[6,7], can be used.

If we define the matrix D and the vector f by

D =

g cos4p h sin4P 0

g sin4p - h cos4P 0

0 0 - h

f = cos Scot

sin Scot

(13)

we can write

so v l=D-f (14)

and so, for j=l, 2 and 3, we have

sovj=/Jj-sovl=(i?j-D)-f (15)

3 . PLASMA POLARIMETRY USING CONFIGURATIONS Ul, U2, U3 OR
VI, V2, V3.

31. -Ingeneral.

The basic configurations Ul, U2, U3 or VI, V2, V3, described above, can be used
advantageously in plasma polarimetry, especially when it is desired to rely only on phase
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measurements, rather than amplitude measurements. After propagation through the plasma, the
output polarization s is given by

s = M'S0 (16)

where M is the transition matrix, which contains all the plasma polarimetric informations (see
[1])-

3 2. - Using VI, U2 or V3 as input

Using for the input So in eq.16 the Stokes vectors souj with j=l , 2, 3 (see eqs. 9) which refer
to Ul, U2, and U3, we have the corresponding outputs suj, namely

suj = M'[Ry(Drf2)] + M'[Rj'(D4'f4)]

= Mj-(D2-f2) + Mj-(Z>4-f4) = [Mj-D2]-f2 + [Mj-D4]-f4 (17)

= G 2 r f 2 + G 4 r f 4

where we have put

j=M-Rj , G2j=Mj-Z>2 , G4j=Mj-D4 (18)

It can be seen that Mi =M, while M 2 is obtained from M by exchanging columns 2 and 3 and
then changing sign of column 3, M3 is obtained from M by exchanging columns 1 and 2 and
then changing sign of column 1, so that Mj, M2 and M3 contain the same elements, in absolute
value, as M, but in changed positions.

From eqs. 6 and 17, the k-th component of suj is given by
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(suj)k=(G4j)ki + (G2j)k2 c«s2a + (G2j)k3 sin2a

+ (G4j)k2 cos4a + (G4j)k3 sin4a (19)

= Pujk + Quj2k sin(2co0t+<Duj2k) + Quj4k sin(4co0t+0>uj4k)

where we have put

(G2j)k2 (^j)km(^2)m2 (Mj)k2tan<E>ui2k = = — = (20)
J (G2j)k3 ( « j ) k ( ^ 2 ) 3 (p /q) (^ j )k3-(^ j )k l

(Mj)k2

Here, and in the following, a repeated index on matrix elements indicates summation over this
index. In these expressions, (Mj)ki, (Mj)^ and (A/j)k3 are not independent; they are related
(see [1]) by

(22)

The expressions for Pujk, Quj2k and Quj4k are easily found.

Using a very simple output analyser, as discussed in ref.[l], it is possible to obtain a signal
proportional to Sj, s2 or s3, i.e. in the present case to (suj)k for k=l, 2 or 3. By a convenient

filtering of such a signal (see eq.19), one can measure both the phase ^ u j 2 k of the 2co0

component and the phase <I>uj4k of the 4co0 component. Therefore from eqs. 20-22, it is
possible to determine (Mj)kl, (Mj)^ and (Mj)k3 and if this is repeated for k=l, 2, 3 the entire
matrix Mj, and hence M, is determined. This procedure can be repeated for j=l, 2 and 3, i.e.
for input configurations Ul, U2 and U3, and so, selecting one of these, a transposed matrix M}

is selected and the roles of the elements of M in the expressions for Ouj2k and <£uj4k can be
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exchanged. The value of a>0 should always be sufficiently large that 7i/2co0 is small compared to
the characteristic time of variation of M.

3 3. - Using VI, V2 or V3 as input

Using now for the input s0 in eq.16 the Stokes vectors sovj with j=1,2,3 (see eqs. 15) which
refer to VI, V2, and V3, we have the corresponding outputs svj, namely

svj =M-[R}'(D-f)] = (M-Rj)'(Dyf)

=[(M-Rj)'D]'f = [Mj'D]-f = Gj-f (23)

where we have put

(24)

and Mj is given by eq. 18. Then, using eqs. 13, the k-th component of svj is given by

(svj)k=(Gj)ki + (Gj)k2 cosSoot + (Gj)k3 sin8cot

=Pvjk + Qvjk sin(8cot + Ovjk) (25)

where we have put

Vjk (Gj)k3

(26)
(M;)k2 (M;)kl

= J K cos4cort-
 J t c lsin4co rt

(Mj)k3 (M)
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The expressions for PVjk and Qvjk are easily found. The quantities Pvjk , Qvjk and <E>vjk, in

eq.25, are all functions of time since they contain the elements of D, however, if 4o>r«8a>, they

change very slowly compared to the 5o) modulation and, for short times, they are approximately
constant.

Using a very simple output analyser, as mentioned above, it is possible to obtain a signal
proportional to s^, S2 or S3, i.e. to (svj)k for k= 1,2 or 3 in the present case. On such a signal it

is possible to measure the (slowly varying) phase ^yikC*)' which tends to be independent of any
amplitude changes due to fluctuations of the input intensity or to refraction. From the
measurement of <I>vjk> using eqs.26 and 22, it is possible to determine (Mj)ki, (Mj)k2 and
(M;)k3 and if this is repeated for k=l, 2, 3 the entire matrix Mj, and hence M, is determined.
This procedure can be repeated for j=l, 2 and 3, i.e. for input configurations VI, V2 and V3,
and again, selecting one of these, a transposed matrix Mj is selected and the roles of the

elements of M in the expression for <£vjk again can be exchanged.

The condition 5CD»4(B[. can be satisfied readily. Indeed 5co/27r=3MHz has been produced using a

rotating grating [8] and Sco/27:=14MHz with dual lasers [9], while CO/27C can be of the order of

1kHz [7]. However % should be sufficiently large that nl2(i^ is small compared to the

characteristic time of variation of M.

3 4.- Configurations Ul and V2. The case of small Cotton-Mouton and Faraday effects

Here we consider, for the two alternative configurations Ul and V2, the use of an output
analyser which selects the corresponding S2, namely (sui)2 and (sV2)2- From eqs.19, 20 and 21
we have

(sui>2= pui2 - Qul22 cos(2co0t+02) + Qui42 sin(4co0t+04) (27)

where

; t a n O 4 t a 4 u j 4 k
tan<J>uj2k M2 2 qM 2 2

 u j4k M2 2

and M2i, M22 and M23 are elements of M. From eqs.25 and 26 we have

( 2 8 )
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(sv2)2 =PV22 + Qv22 sin(8cot + O) (29)

where

—cos4(ort +—21sin4a)rt (30)
M22 ^

All the analysis up to this point is valid for plasma effects of arbitrary size and, in general, M2 i ,
M22 and M23 are related to plasma properties through differential equations which must be
integrated numerically. However it was shown [1] that, when plasma effects are small,

M2 1 » W3 = W3 + W12 » W3

M2 3 = -Wi = -Wj +W3 2 ~ -Wj (31)

M22«l-[(Wi)2+(W3)
2]/2 = l

where

= Cj J n(z)(B2 - Bl )dz « Q J n(z)B2dz (32)

z l

W3=C2Jn(z)Bz(z)dz (33)
zo

z i

W12«-2C2Jdz n(z)B2(z)]dz1 n(z')Bx(2')By(2;) (34)
zo zo
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W32 = -2CA Jdz n(z)Bz(z) Jdz1 n(z' )Bx(z' )By(z
1) (35)

Z0 20

Here C 1 = 2.42X10'20 X3 (m2/T2), C3= 5.23xlO"19 >.2 (m2/T), the wavelength X of the
radiation is in mm, n(z) is the plasma density, Bx , By and Bz are the components of the
magnetic field; z is the propagation direction and Zo and Zj are the extremities of the plasma
chord. For propagation in a tokamak along a vertical chord, taking y in the toroidal direction, so
that By is the toroidal field, we have By

2»Bx
2. The condition of small plasma effects

corresponds to Wj2 , W3
2 « 1 and hence also W12, W32 « 1 It can be seen that W3 represents

the Faraday effect and Wj the Cotton-Mouton effect.

Then eqs. 28 become

tan 4*2 = W3 +^Wj , tan<D4 = W3 (36)

and eq. 30 becomes

tan4>(t)= W3 sin4(0rt+ W^ cos4co,.t (37)

Therefore, either by using the input configuration Ul and measuring the phases <I>2 and <J>4 or

by using the input V2 and measuring 4>(t), we can determine both W3 and Wj, i.e. both the

Faraday effect and the Cotton-Mouton effect, as discussed in ref. [6].

4 - CONCLUSIONS

For plasma polarimetry the maximum obtainable plasma information consists in the full
determination of the transition matrix M, as discussed previously [1] and the elements of this
matrix can be used in the reconstruction of the MHD equilibrium. We have now shown that M
can be determined from purely phase measurements, which are preferable to amplitude
measurements since they are less sensitive to noise. Such phase measurements require that the
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input state of polarization be given a convenient modulation and this can be provided in either
one of two kinds of basic configurations, the U configurations and the V configurations (see
§ 2.1 and 2.2), which are all well feasible with present techniques. At present higher
modulation frequencies can be obtained with the V configurations and so these can provide a
better time resolution than the U configurations, but the latter are simpler to realise.

In particular, when plasma effects are small, the Cotton-Mouton and the Faraday effects can be
measured together from phase measurements (see also ref. [3]) and used to determine the
plasma density and the electric current density.

In this work we have considered the option where modulation is applied to the polarization of
the input radiation. This is especially convenient when many channels, i.e. lines of
measurement, in parallel are required and then a single modulator can be used for all the
channels. It should be noted that it is also possible to obtain phase measurements by modulating
the output polarization (see Appendix 4), but in this case as many modulators as channels are
required and the system can become very complex.

If one accepts to modulate at the same time both the input and the output polarizations, the entire
transition matrix M can be determined without changing configurations (see [10]).

APPENDIX 1 - The fundamental configurations Cl, C2 and C3

The three fundamental configurations, Cl , C2 and C3, having single modulation were
introduced in ref [1] and their Stokes vectors, sci, sC2 and sC3, were defined as follows:

g

h cos Scot

h sin Scot

. s c 2 =

h cos Scot

h sin Scot

- g

. sc3 =

- h cos Scot

g

h sin Scot

On the Poincare sphere (see fig.4) each of these can be represented by a point moving on a
minor circle, perpendicular to one of the axes (sj, S2 or S3). Configuration C2 has a constant
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Fig. 4 - Representations of configurations Cl, C2 and C3 on the Poincare sphere.
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F/g. 5 - Representation of configuration V2 on the Poincare sphere.

ellipticity (%= const) and a linearly increasing azimuth (2¥=8cot). Configuration Cl, for g=0,

has linearly increasing ellipticity (2x=5cot) and \|/=±n/4.

Refering to § 2.2, it can be seen that each one of the configurations VI, V2 and V3, whose
Stokes vectors are given by eqs. 10-12, alternates successively between two of the
configurations Cl, C2 and C3, apart from an inessential phase. For instance the configuration
V2 alternates between configurations Cl and C2 and, on the Poincare' sphere, it is represented
(see fig. 5) by a point moving (rapidly) on a minor circle perpendicular to a rotation axis lying in
the (Sj, S3) plane and making an angle 4|3 = 4a)rt with the Sj axis, so that the rotation axis itself
rotates (slowly) around the S2 direction.

APPENDIX 2 - The effect of a retarder on the polarization

Let us consider here a retardation plate having a relative delay p and the retardation axis at an

angle T| to the x axis (see fig. 6). Then (see ref. [2]), if s and s' are the Stokes vectors of the

radiation before and respectively after the retarder, we have s'=F(p,T|)<s where the matrix

F(p,T|) is given by
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Fig. 6 - Retardation plate having its axis at an angle rj to the x axis.

F(p,vi) =

0

cos
0

in 2T|cosp (l-cosp)sin2T|cos2Ti

(1 - cosp)sin2ricos2T|

— sinpsin2t| sinpcos2T|

sinpsin2Ti

| + cos22T|cosp -sinpcos2T|

cosp

The following special cases are important

F(n,r\) =

(1 + COS4TI)/2 (sin4ri)/2

-sin2T| COS2TJ

sin2r|

(sin4r|)/2 ( 1 -COS4T | ) /2 -COS2T|

0

F(TC/2,TI) =

sin4rj 0

sin4ri -COS4TJ 0

0 0 - 1

and also, F(n/2, 0) = R2 and F(n/2, TC/4) = R3, (see eqs. 5 ) .
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APPENDIX 3 - The production of configurations Cl, C2 and C3 using a
monochromatic source and rotating retarder.

The configurations Cl, C2 and C3 can also be produced by using a source at frequency co,
together with a rotating half-wave retardation plate. Indeed it can be verified that, if we send
linearly polarized monochromatic radiation (whose electric field is oriented at an angle 0 to the x
axis) first through a fixed quarter-wave retardation plate having retardation axis aligned with the
x axis and then through a second rotating half-wave plate whose retardation axis makes an angle
y=coit with the x axis (see fig. 7), the resulting radiation has So=sc2 with Sco=4coi, g=cos28
and h=sin20, i.e. configuration C2 is produced. By adding a fixed quarter-wave plate at 0 or
45° to the x axis, configurations C3 or Cl respectively are produced (apart from an inessential
phase).
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Fig. 7 - Production of configurations Cl, C2 and C3 using a monochromatic source.
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APPENDIX 4 - Modulation of the output polarization

It is also possible to obtain phase measurements of the elements of M by using a constant input
state of polarization and modulating the output polarization [8]. In order to illustrate this, let us
consider the constant input Stokes vector so=(0, 1, 0), corresponding to linearly polarized
radiation oriented at 45° to the x axis. Then, after crossing the plasma, we have
Si=M*so=(Mi2, M22> M32). Let us consider an analyser consisting of a rotating quarter-wave

retarder (whose retardation axis makes an angle a=(flot with the x axis), followed by a fixed
quarter-wave retarder (having retardation axis aligned with the x axis), followed in turn by a
fixed linear polarizer at an angle 8 to the x axis. Then, if the input radiation intensity is Io, it can
be shown (see [2]) that the intensity Ij after the polarizer is given by

4Ii/l0 = 2 + pM12 + p(M22 sin4<oot + M12 cos4o)0t)

- 2q[M22 cos2co0t - (Mi2+pM32/q) sin2o)0t]

where p=cos28, q=sin28, and 6 can be chosen so as to optimise the measurement. (The
expression for l\ is similar to eq.27 with eq. 28, where M2i is replaced by M^2 and M23 by

-M32). We see that, by measuring this intensity, from the phases of the components at 4co0 and

2a>o, one can determine the quantities M22/M22 and (Mi2+pM32/q)/M22, i.e. Mi2/M22 and

M32/M22- For small plasma effects (see[l]), Mi2~ -W3, M ^ l , M ^ - W j and so again one

determines W3 and Wj.

By using as input So=(l, 0,0) or so=(0, 0, 1) the other elements of M are determined.

When modulation of the output polarization is used, one needs as many modulators as the
measurement lines operating in parallel. Therefore for a multichannel system the instrument
becomes very complex.
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