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1 Introduction

In this paper we resume a numerical study of the global stability of plasmas with helical
boundary deformation and non null net toroidal current. The aim was to see whether
external modes with n = 1,2 (n toroidal mode number) can be stabilized at values oi (3
inaccessible to the tokamak. L=2,3 configurations with several aspect ratios and different
numbers of equilibrium field periods are considered. A large variety of toroidal current
densities and different pressure profiles are taken into account. Mercier stability is also
investigated.

2 Equilibrium and stability codes

The 3D equilibria with nested magnetic surfaces and single magnetic axis are generated
with the VMEC code [1] [2]. Input parameters are : Nper the number of equilibrium
field periods, e the inverse aspect ratio, J'(s) the toroidal current density profile, p(s)
the pressure profile and $(a) the toroidal flux function. Here s represents the radial
coordinate which is chosen proportional to $, i.e. d$/ds = cst. The plasma boundary is
kept fixed and its shape is specified by choosing the Fourier amplitudes Rm^,, and ZmbTlb

where the subscript & stands for boundary and u and v are the poloidal and toroidal
coordinates. The Fourier amplitudes of the inverse coordinates R (the distance from
major axis) and Z (the distance from midplane) obtained from VMEC together with
$'(5) and ^'(s), which are the radial derivatives of the toroidal and poloidal magnetic
flux functions, form the input to the stability code TERPSICHORE [4]. The variational
formulation of the linear MHD stability of 3D plasmas on which TERPSICHORE is based
is described in detail in [3]. The variational equation is written as:

6WP + SWV - uaSWk = 0'p
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with

where £WP, Ww , 8Wk and wa represent the potential energy in the plasma, the magnetic
energy in the vacuum region, the kinetic energy and the eigenvalue of the system. The
perturbations have been assumed to evolve as exp(iurt) and the system is unstable to MHD
modes when u>2 < 0. ( is the displacement vector, Q stands for the perturbed magnetic
field and A represents the perturbed vector potential. TERPSICHORE reconstructs the
MHD equilibrium and maps it to the Boozer coordinate system (s, 0, $). The displacement
vector expressed as [3]:

with (£*,T7,/i) the (radial,binormal,parallel) components. By imposing the incompress-

ibility constraint V • £ = 0 to get rid of the positive definite term Fp(V • £)a from 8WP, the
parallel component /* is eliminated as a variable from the problem and the two remaining
components of the perturbation are expanded in truncated Fourier series,

-m<f>)
i i

where mi and nj are the poloidal and toroidal mode numbers, I being the index of an
(m,n) pair.

3 Studied configurations

Configurations of the type L — 2 and 3 have been studied i.e. the plasma boundary has

been prescribed according to the following equations

. f R(s = 1, u, v) = Ro + cosu + 6 (coa(u) + cos(u — 2Nperv))
~ \ Z(s = 1,«, v) — sinu — S (sin(u) -f sin(u — 2N))

T _ n j -RC5 = 1, t*i v) = Ro + cosu + 8 {coa(2u — N^v) + cos{2u —
~ y Z(s = 1, u, v) = sinu — 6(sin(2u — N^v) + sin(2u — ZN

8 being a measure of the boundary deformation.
In a geometry with Np^. field periods the configuration repeats itself Nj^ times when
going in the toroidal direction. It follows that modes with toroidal number n are only
coupled to modes with n, n± iV^, n ± 2^,^., etc. There are a total of Nfam — Nverf2

families ( Nfam = (JVpe, — l)/2 families) of modes for configurations with an even (odd)
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number of field periods [5], [6]. If k labels one of these families the modes belonging to it

will have a toroidal mode number given by

n = ni(k,Nper) = iNper±k i = . . , -1 ,0 ,1 , . . k 6 {1, Nfam}.

The following remarks can be made: 1) Nfam increases with the number of field periods.

If Nper < 3 there is a single family (with all n 's), if Npa- = 4,5 there are two families and

so on. 2) The coupling between modes with close values of n is restricted to configurations

with small Nper. 3) If JVp«. is even the familiy k — Nfam = Nper/2 contains less modes

than the other families. For practical reasons which result from the observations above,

we have limited the computation to configurations with Nper = 4,5 and 7 (NpeT = 2,3,6

and greater values were left aside).

Several values have been taken for the aspect ratio 1/e = 5,8,10,13,17. The toroidal

current density was prescribed with

\o«

the six parameters alt..|6 offering a large choice of profiles; 04, a5 and as were taken nonzero

only for hollow J'(s) profiles. All the computations were made with pressure profiles given

by p(a) = Po[(l - s)2 + (1 - s2)2] ( p# l ) and p(s) = j * ( l - s2) (p#2) at 0 = 0.3, 1 and 2%

The following procedure was used ; for a given configuration with fixed L,Nper,ei a se-

quence of equilibra Si ( i — 0,1,.. ) was generated so that :

- all Si resulted from the same current density J'(s) profile .

- each Si was computed with an increasing boundary deformation parameter Si = Sttart +

i AS. In general S,tart = 0 such that So corresponds to the circular tokamak equilibrium.

- the shape of the pressure profile was the same (p# l or p#2 ) but po was adjusted to

keep /? constant.

This basic procedure was repeated for other J'(s) and p(s) profiles and all studied com-

binations of L, Nper, e- For each equilibrium thus obtained TERPSICHORE was called

to calculate the global stability and the Mercier criterion.

4 Results

As mentioned above that we tried to start sequences of equilibria with the circular toka-

mak. The reason was that we wanted to see the effect of a helical boundary deformation

on the n = 1,2 modes, in the cases in which these modes are unstable in the circular

tokamak. However, combinations of input parameters were considered (in general low,

peaked currents, high 1/e), for which the circular equilibrium did not exist (VMEC did

not converge, Shafranov shift inacceptably large at S = 0,..). In those cases the sequence

was started with a S,tart ^ 0 which ensured a proper equilibrium.
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The numerical study has shown that it is possible to stabilize the n — 1,2 global modes.

In fact we are meaning the (m,n) = (2,1) and (3,2) modes but the (3,1), (4,1) ,(4,2),

etc were also included in the calculations. The results can be summarized as follows (the

given numerical values are related to the (2,1) mode) :

- when 8 is increased q is lowered; qedge is lowered much more rapidly than qaxi, (for X — 3

Qaxii is barely changed). Increasing 8 causes u;2 to rise and plasma becomes less unstable.

If qedge < 4re* — m/n the mode (m, n) is strongly destabilized. As 8 is further increased u2

attains a minimum after which it starts increasing again. A stability window [8min, 8ma3]

may then appear (see Fig. 1,2). Stabilization is lost when the minimum of the security

factor qmin is less than one somewhere in the plasma. This happens at 8 ~ 8max.

- if the equilibrium is such that qmin is already low at 8 = 0 then increasing 8 may not

stabilize the plasma.

- increasing/decreasing J'(s) but keeping it's profile the same ( by changing only aj),

new stability windows are obtained. The representation of these stability windows in a

(qaxi», qedge) plane gives a stability area (see Fig.8,4). It's left (small qaxit) and lower

(small qedge) margins are limited by the condition qmin > 1.0, and the upper margin cor-

responds to 8 ~ 6min- The right limit (large flow.) is not well defined; this topic will be

discussed below.

- in general the stability area is situated under the diagonal qedge = 9ar»« and in the region

limited by qedge < 1-5 but for strong and peaked currents, stable plasmas are obtained

with qaxi, < qedge- Small currents require more deformation for stabilization (bigger £m;n)

than large currents. Peaked current profiles (02 < 1.5) yield compact areas, situated

mostly in the 1.0 < qaxi, < 1.5 region and broader currents (a2 > 5) give areas elongated

in the qax%$ direction. Hollow currents (sign(a\) ^ aign{a^) produce stable areas shifted

towards large qaxi,.

- -Nper = 7 produces the least extended stable zones. Although beeing different in details,

Nper = 4 and Npe? = 5 give comparable stability zones (iVper = 4 is slightly better).

- configurations with L = 2 give better results than those with L = 3 but require much

larger values of the deformation parmeter: 8j^ > 0.2 compared with 6j£% ̂  0.1 - 0.15.

- with respect to the aspect ratio, the best results were obtained for 1/e = 8 and 10. The

largest 1/e — 17 and the smallest 1/e = 5 gave reduced stability zones.

- a different pressure profile (p#2 instead of p # l ) does not bring major changes to the

size or position of the stability area. At 0 = 1% stable areas were obtained for a large

variety of combinations of L, Nper, c and current profiles. At 0 — 2% calculations were

done only for 1/e = 10 and we found that it is still possible to find stable areas but they

are strongly diminished and exist only for a reduced set of combinations of equilibrium

parameters.

- Mercier stability at 6 — 0 depends on the equilibrium parameters. Configurations have

been found for which the Mercier criterion can be satisfied for 8 between zero and a max-
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imun value 8M- For 6 > 6M more and more surfaces become Merrier unstable. The aim

was to have 8M > f>min which, in general, was not the case. The highest values for 6M

were obtained with low, peaked currents and p # l profiles.

The Mercier criterion was satisfied only for configurations with L — 3, Nper = 4,5 1/e > 8

and small currents. Unfortunately this corresponded to the points at the right limit of

the stable zone in the (qaxitt qedge) plane i.e. at large A,& (more than 15%).

In the cases when stable areas are still open at their right side for values of qaxi. > 2,

the continuation of calculations for higher qaxi, (lower currents) may become difficult.

The following remarks can be made with respect to this problem :

- the p # l profile produces equilibria with large Shafranov shifts A,j» ~ 10 — 18% and

for low, peaked currents at high apect ratio the circular tokamak equilibrium does not

even exist. However, increasing the helical deformation diminishes the Shafranov shift;

for L — 2 configurations A,& is diminished by a factor of 2 and more when going from

8 = 0 to 6 > 6min.

- working with currents which are lower and lower causes VMEC to produce equilibria

with inacceptable A,* i.e. > 15 — 20%. When these values are encountered stability in-

vestigation for smaller currents is stopped. For peaked currents at high 1/e such problems

may appear for qaxit > 1.6 — 1.8, whereas for hollow currents it is possible to continue

beyond qaxi, > 2.2 — 2.5.

- the p#2 parabolic pressure profile was introduced with the aim of reducing the Shafra-

nov shift. It effectively brought down these large A.h to more acceptable values of 6 — 9%

and pushed the above mentioned limits of qaxi*- However, we still could not continue with

lower currents, because the null pressure gradient at the flux surfaces near the axis caused

increasing problems in computing the equilibrium.

- convergence studies have shown that the points of the (qax%t, qedge) plane which are sit-

uated in the stable area with q^^, > 2 tend to be marginaly stable, independently of the

pressure or current profile.

Stable areas associated to the (m, n) = (3,2) mode suffer from an important reduction

in size comming from the fact that this mode is destabilized for values of qedge around and

inferior to 1.5. This shrinks the stable area under qedge — 1-3 and does not look promissing

if we try to imagine what will be the stble area produced by modes with higher n's ((4,3)

for example).
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Fig.l Study of the (2,1) mode : J'(s) profile, q profile and the most unstable eigenvalue u2

as a function of 8 for a configuration characterized by L = 3, Npa- = 5,1/e = 10 at /3 = 1%,
pressure profile p#2 and toroidal current density given by J'^Y/J^ = 0.440 * (1 — s2s)2. q
decreases with 8\ the three curves in the middle plot represent q at 8 = 0.01, 8 = 0-115 (last
unstable w2) and 8 = 0.145 (first unstable w2 after the stability window). For this last value

= 9edge < 1- 9ox»# barely changes with 8.
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Fig.2 The same as above for L = 2, N^ — 5,1/e = 5, /9 = 1%, pressure profile p # l and
toroidal current density given by J'(s)/J^orm = 0.9 * (1 - s10)2 - 0.4 * (1 - s2*)2. q is repre-
sented for 8 = 0.010, 8 = 0.180 and 8 = 0.230; ?«„.„ decreasses with 8. For £=0.010 and 0.040
the (3,1) mode dominates, at £=0.070 the (3,1) and (2,1) modes have comparable amplitudes,
for 0.100 < £ < 0.180 the (2,1) mode dominates and finaly for £ > 0.230 (last two points) the
(1,1) mode sets off.
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Fig.3,4 Left plot: stability area for the (2,1) mode for equilibria with L = 2iNper =
5,1/c = 10, /S = 1%, pressure profile p#2 and toroidal current densities having the form
J'(s)/ J'nor— = oi * (1 — a20)8. Each oblique line corresponds to a fixed a\ value and represent
(?axt«> Qedge) pairs at different 6's. Unstable points are represented with the labels x, stable
points byo and * correspond to the circular tokamak 8 — 0. The stable zone gets narrower and
probably will close for a smaller current. The "." marker represent a positive eigenvalue close
to marginal stability. Right plot: all equilibrium parameters are the same with the exception
of the toroidal current densities which have the form J'{s)lJ'noTfn = a\ * (1 — s12)2 .
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