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ABSTRACT

The analysis of the longitudinal spin structure functions of the proton, neutron and deuteron re-
quires the use of a large number of formulas and numerical inputs taken from various unpolarised
experiments. The aim of this report is to collect this information which is usually scattered in
many textbooks, Ph.D theses and publications.

1. Introduction

In order to observe the internal structure of elementary particles, it is necessary to
use a probe which has a wavelength smaller than the size of the object to be studied.The
smaller the wavelength,( the better the space resolution will be.Since the wavelength of a
particle is proportionnal to the inverse of its momentum, the probe must be very energetic.
To understand the internal structures of hadrons and more particularity those of the
nucleon, two probes are provided by Nature: the electromagnetic one (the photon) and
the weak one (the W's and the Z°). In fixed target experiments,these probes are generated
by electron beams of about 30 GeV and by muon and neutrino beams of a few hundred
GeV. In muon interactions,with a maximum momentum transfer of the order of 100 GeV2,
the contribution of the weak interactions can be neglected since the ratio Q2\M\ is of
the order of 10"2. We will thus approximate the deep inelastic scattering of muons by the
exchange of a single virtual photon. In the interaction this photon breaks the nucleon and
generates multiple hadronic fragments.

Deep inelastic scattering experiments measure the double differential cross sections
dg,°dn for lepton-nucleon interactions on an unpolarised or a polarised target as a function
of the outgoing lepton energy (E1) and the solid angle (dQ, = d(f>dcos9).

In the first part, we define kinematic variables. Then, we show how these cross
sections can be expressed in terms some functions describing the internal structure of the
nucleon. We present also the relation between cross sections and structure functions for
unpolarised and polarised charged lepton-nucleon scattering in the most general case and
in the scaling limit of large quadri-momentum transfer (Q2) and large energy transfer
[v). In the next section, we define the spin asymmetry in terms of polarised structure
functions g^, g2 or of virtual photon-nucleon asymmetries.
In the following section, we determine the first moment of the spin dependent structure
functions and their interpretations in the parton model. In the last section,we discuss the
differents sum rules.
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Fig. 1. The basic diagram for deep inelastic lepton hadron scattering. The virtual photon mo-
mentum is q. The final hadronic state is not measured and is denoted by X.

2. The kinematic variables

Figure 1 shows the deep inelastic scattering of a muon off a nucleon at the lowest
order of the Feynman graphes. The four-momenta of the incoming and the outgoing muon
are defined in the laboratory frame by the relations:

k = (t/, kx, ky, kz) k = (hi , kx, ky, kz)

whereas those of the nucleon and the virtual photon are given by :

p = (M, 0,0,0) q = (v,qx,qy,qz)

where M is the target nucleon mass which is supposed to be at rest. From energy-
momentum conservation at the vertex, the four-momentum of the virtual photon is given
by:

q = k-k' Q2 = -q2 = 2££'(1 - cosfl) = 4EE'sin2$/2

where 0 is the muon scattering angle in the laboratory frame with respect to the direction
of the incoming muon. The energy of the virtual photon is defined by :

pq
v = E-E' = M

Here again from energy-momentum conservation, the mass of the hadronic residual is
known :

W2 =

It is related to the kinematic variables of the virtual photon :

W2 = M2 + 2Mu-Q2. (1)

We define then the Bjorken dimensionless variables by the relations :

V = p~k = ~E

Q2 Q2 Q2

X =
2Mv 2pq 2MEy'

We can now separate the deep inelastic scattering of a muon on a nucleon in two parts :



• the leptonic part which consists in the emission of a virtual photon of energy v and
momentum q by a muon of momentum k;

• the hadronic part which consists in the absorption of this same virtual photon by a
nucleon of momentum p.

3. The differential cross-section

Usually, the cross section for a scattering process in which we have :

• Initial state : 2 incoming particles (a,b)

• Final state : N outgoing particles (1,2,..,N)

is defined by :

ft+$ 1;2,..., JV) = «| (/ | M | i) \2(2n)<S*(pa+pb - £ » ft
7 " ^ ' * ' j-l > = 1

with the flux factor defined by

In deep inelastic scattering of polarised muons on a fixed nucleon target (see fig l),we get
for this factor :

(2E)(2M)

where M is the mass of the target nucleon and E the energy of the incident muon in the
laboratory frame. The cross section becomes:

The scattering amplitude M for a given X state is defined by :

iM = (-ze)2 {^-) (k's'i\ #(0) \k,st)(Xs'x\JW) \p,sn)

where

• si(s'i) is the polarisation of the incoming (outgoing) muon

• sn(s'x) is the polarisation of the initial (final) nucleon (hadrons) and can be choosen
to be the value of the spin along an arbitrary quantisation axis, usually the muon
axis, so that sn = ±^ .

• j / \ j% are the leptonic and hadronic electromagnetic currents.



The differential cross section is obtained from M. by squaring and multipling by the phase
space factor. The polarisation of the final lepton is not determined. Final state hadrons
are not measured and we have to sum over all possible states. This gives the following
differential cross section :

W tf(0) \k,st) (p,5n| ^ ( 0 ) \X,Sx)(X,Sx\jyk(0) \p,sn)

From the equation (2), we can define the leptonic tensor :

As the muon is a pointlike fermion, we can write :

(k,si\J:(0)\kiSl) = u ( M i ) 7* «(*,*/)

Using several properties of the 7 matrices, the leptonic tensor can be written as :

= 21 (1 (jfc'MJfc" + fc"/Jb") - (k • jfc' - it*"""7

where g^ is the metric tensor, t*"'"' Levi-Civita's antisymetric tensor and sl
a is the in-

coming muon spin four-vector. We see immediately that this tensor can be separated into
symmetric and antisymmetric parts. The antisymmetric part is the only one containing
information about the incoming muon spin.

The hadronic tensor can be defined from the hadronic current j£ by the following
relation :

\X,S'X)(X,S'X\J!(0) \p,sn)]

where the sum runs over all hadronic states X of spin s^ that we do not measure. The
hadronic tensor has to be defined as a function of all available Lorentz vectors which are
present in the absorption process of a virtual photon by a polarised nucleon, i.e. pM, <jM, s£.
The general form of this tensor is a linear combination of all the tensors built from these
Lorentz vectors, from the metric tensor gut/ and from the Levi-Civita tensor t^vap. The
coefficients of this combination will be Lorentz invariants, i.e.functions of v et Q2. Several
constraints such as parity conservation, time reversal invariance, hermiticity, translation
invariance and conservation of the hadronic current allow to write in a conventionnal way
the tensor in the form1 :

iMGx W * 9 A < + JjGtt^q* {p-qsl-s-qp") (3)



where the coefficients W\, W2, G\ et G2 are the so-called structure functions. They depend
on v and Q2 and contain all our ignorance of the nucleon structure. Again, this tensor
can be divided in a symmetric part, where appear the unpolarised structure functions W\
and W2 and an antisymmetric part where occur the spin-dependent structure functions
Gi et G2.

Substituting L^and W^in the equation (2) gives :

dE> dn - I W Q * \ E > L W/u> { '

The contraction of both tensors allows to compute the cross section in terms of the
nucleon structure functions. Knowing that the contraction of a symmetric tensor with an
antisymmetric one is null and that the information on the nucleon spin is contained in
the antisymmetric part of the hadronic tensor, we see that a polarised muon beam and a
polarised nucleon target are both needed.2

The contraction of the symmetric parts of L"" and W^ gives the spin independent
cross section which in its most general form is written as :

(Pa 4 Q 2 £2 £ " 2

(5)

The contraction of the antisymmetric parts gives the spin-dependent cross section, i.e. the
difference between the cross sections where leptons and hadrons are polarised antiparallel
( a n ) and parallel (crn) :

cPAa cPan

dQdE' dUdE'

d2Aa \
E'COS0j -Q2G2

(6)

Wi, W2, G\, G2 are four structure functions depending on Q2 and v which can be expressed
in terms of the dimensionless variable 1 by the relations :

Fx(x,(?2) = MWi{u,Q2) (7a)

F2(x,Q2) = vW2(v,Q2) (7b)

9l(x,Q2) = M2uG,{u,Q2) (7c)

92(x,Q2) = M//2G2(^Q2) (7d)

Now we define the hadronic tensor versus the kinematic variables x and Q2 :

tnvXeqsn + g7, )



The spin independent and spin dependent deep inelastic cross sections from eqs.(5) and
(6) become :

dxdQ2 Q4x

W \(n Q2 Q2\ 2Mx
\ 9[XQ }

MExQ2

(8)

(9)

Sometimes these cross sections are defined in terms of the Bjorken variables x and y.
Using
Q2 = -q

2 = 2EE'{ 1 - cos 0) = AEE' sin2 f = 2MxyE,
one gets :

2 2 E f l / > 4 E £ ' V ;

- y ) - M x y

tg2\ Mxy

and

The differential cross-sections are related by

cP... 2irMv d2 ... . trri . d2 ...

Thus we can rewrite the spin independent and dependent differential cross sections as :

£,(5)
dxdy MEx2y2\\ * 2E

(12)

The equations (8) and (9) link the structure functions to the deep inelastic cross
sections. In a perfect world, we could imagine an experiment performing an absolute mea-
surement of these cross sections. Unfortunately, in a real experiment,where the systematic
and statistical errors are not negligeable, this task turns out to be impossible. Therefore
we have to introduce another quantity, the spin asymmetry.



4. The asymmetry and the structure function

The difficulty to obtain polarised deep inelastic cross sections with enough
accuracy to provide a meaningful measurement of the spin structure function is avoided
by using the cross section asymmetry :

_
Air O2) - dxdQ2 dxdQ2

dxdQ2 + dxdQ2

We get from the equations (8) and (9) :

A( _2. Aa ( y ^ ) g i ( , Q ) g2(,Q)
A(x,Q ) = —- = xy-. -.—r (14)

2a y(i-y.M*x) F2{XI Q2) + 2 p ( g 2 )

Assuming that the unpolarised structure functions can be derived from another
experiment, we obtain one equation with two unknowns.

The probe used here is a virtual photon. The incoming lepton is only required for
the creation of this probe. If we could build a virtual photon factory, muon beams and
leptons beams in general would no longer be needed. It is therefore of interest to define
the spin dependent structure functions from the virtual photon-nucleon cross sections.

4-1. Virtual photon-nucleon asymmetry A\

As previously mentionned, we consider deep inelastic scattering as a process com-
posed of two parts. The upper arm of Fig.l, completely described by Q.E.D, consists in
the emission of a virtual photon by the incident muon. The lower arm consists in the
absorption of this same virtual photon by the nucleon. Using the optical theorem, we can
express the absorption cross section of the photon by the hadronic target as the imaginary
('absorptive') part of the forward virtual photon-nucleon Compton scattering amplitude.

These amplitudes Mab,cd, where a, b, c and d represent the helicities of the in-
cident virtual photon, incident nucleon, scattered virtual photon and scattered nucleon
respectivly, are derived from the hadronic tensor W^u through :

^ (15)

where eM(AJ is the polarisation vector of the virtual photon.3

Due to different conservation laws, among the scattering amplitudes for photons with
three polarisation states and nucleons with two polarisation states, only four independent
helicity amplitudes contribute to the forward Compton scattering. We have chosen :

Substituting the expression of the hadronic tensor given by the equation (3) and applying
the optical theorem, we get for the virtual photon-nucleon cross sections the following
relations :



( f + ^ < 1 6 b )

(I6d,

where /^ is an arbitrary factor representing the incoming photon flux. For a real photon
beam (Q2 —¥ 0), the flux is equal to u. If we consider the invariant mass of the final state
X as given in the equation (1), we have for a real photon where K = v and Q2 = 0 :

W2 = M2 + 1MK

The Hand's convention for K requires that this relation remains verified for a virtual
photon, i.e.:

_ W2-M2 Q2

2M ~ V IM

The quantity cr ,̂2(<r3
r
/,2) is the virtual photoabsorption cross section when the projection

of the photon-nucleon system spin along the virtual photon axis is 1/2 (3/2).
The total transverse cross section aT is defined by

aL is the corresponding cross section for the longitudinally polarised photon. aTL is a
term arising from the interference between transverse and longitudinal amplitudes.
Now we can introduce the virtual photon-nucleon asymmetries. The first one is the trans-
verse asymmetry :

Substituting the cross sections ajj2 and a^/2 defined by the equations (16a) and (16b),
the asymmetry becomes :

A (r O2) gi(*,<?2) -!292(x,Q2)
•4^'«) = F^Ql)

where 7 is a kinematic factor given by

l2Mx
7 = ,/ =

V v

which goes to 0 in the Bjorken limit where v goes to the infinity at a fixed x.
The so-called "second asymmetry" is defined by :

aT



Here again, with the same substitutions, we obtain :

.OT + *(»•<?') 1

The ratio /? of the longitudinal to transverse cross sections, denned from the equations
(16c) and (17), is given by :

^•«2» = f; = s t e 2 J r F ^ ( ? 2 ) - 1 (20)

This equation provides another link between the two unpolarised structure functions
F,(i,<32) et F1(x,QJ) :

4-2. The spin dependent structure function g\(x,Q2)

In a first step the structure functions gt et gi are expressed as a function of the
asymmetries A\ et A2 using the equations (18) and (19):

S2(I, OT = % ^ L ( 4 - A ) = . , f f / > , ( ^ - A ) (23)
1 + 7 v T y 2i( l + R(x,Q2))v 7 '

Subtituting the previous relations in equation (14), we get :

From the above equation, we can express the asymmetry in the form :

A = V(Ax + nA2) (24)

where V is the depolarisation factor of the virtual photon. In polarised deep inelastic
scattering, we align the spins of the incoming muons and the nucleon spins. The virtual
photon spin is parallel or perpendicular to its propagation axis which is not necessary
parallel to the incoming muon propagation axis. The depolarisation factor takes this
particularity into account. The full expressions of the kinematic factors V and 77 are :



n =
2 7 ( 1 - y - h
(2 - y ) (1 + |

(26)

As previously mentionned, the kinematic factor 7 goes to 0 in the Bjorken limit. In this
case, we get the approximate expression of the depolarisation factor T> :

V ~
y{*- (27)

and the factor TJ becomes equal to 0. Therefore, the lepton-nucleon asymmetry of the
equation(24) becomes :

A ~ VAX ~ V

or

F2(x,Q2)
9i(x,Q2) a

4-3. Additional functions

As shown by the previous equation, in order to compute the spin dependent struc-
ture function gi, we have to measure A. In addition, we need to know some external
parameters such as the unpolarised structure functions F2(x,Q2) and R(x,Q2) and the
errors generated by the neglect of A2(x, Q2)

4.3.1. The structure function F2(x,Q2)

The unpolarised structure function F2(x,Q2) has been the first one to be measured in
the late seventies, at a time when the technology of large polarised targets was not yet
under control. This structure function gives the momentum distribution of the quarks
inside the nucleon. The first experiments were performed at SLAC5 then at CERN by
the EMC,6-7 BCDMS8-9 and NMC10-11 collaborations. The following parametrisation was
obtained from a fit to all available data sets except those of the EMC :

[ln(Q2/A2)l B ( r )

1 +
C(x)

Q2 (28)

A ( x ) = x a i [ l - a3 + a4(l - x) + a5(l - x)2 + a6(l - a7
(l - x) |

B(x) = &! + b2x

C{x) = c,i + c2x
2 + c3x3 + c4x

10



F7(x,Q2) fit
Parameters

a2

as
a4

as
a&
a7

proton
-0.1011
2.562
0.4121
-0.518
5.967

-10.197
4.685

deuton
-0.0996
2.489
0.4684
-1.924
8.159

-10.893
4.535

Parameters
bi

62

63

64
C\

C2

C3

C4

proton
0.364
-2.764
0.0150
0.0186
-1.179
8.24

-36.36
47.76

deuton
0.252
-2.713
0.0254
0.0299
-1.221
7.50

-30.49
40.23

Table 1. The fitted parameters of the SLAC, BCDMS et NMC data on the unpolarised structure
function F2(x,Q2) published by the NMC .

1 ) :

The kinematic range covered by the combined data sets corresponds to (see table

0.006 < x < 0.6 and 0.5 <Q2 <

New results coming from the HERA experiments on the unpolarised structure function at
very low x are now published and compatible with the previous parametrisation. These
data are very useful for the SMC since they are the first ones in its low x range (x < 0.005).
New parametrisations taking into account these measurements will be soon published.

4.3.2. The ratio R{x,Q2)

We can derive from eqs.(5),(7a) and (7b), the unpolarised deep inelastic scattering cross
section in terms of the unpolarised structure functions Fi et F2 :

.2 T?n

dQdE' Q4
2_

~M'

,6,
' 2 '

We have also defined in the section 4.1, the ratio of the longitudinal over transversal cross
sections of nucleon photoabsorption by the relation :

= ̂  = OT
Thus, we can rewrite the unpolarised cross section as :

where the virtual photons flux $-, is given by the relation

and :

c —

4^ME\x)\-e

Q''

- 1

11



X n

- D fotitiiityconditionA'jx)<Rla(x)

Fig. 2. The structure function R(x,Q2) parametrised from the measurements of deep inelastic
scattering cross section of electrons on protons and deuterons at SLAC,and the spin asymmetry
Ap

2 measured in muon-proton deep inelastic scattering on a transversely-polarised target.

Starting from the results of eight deep inelastic scattering experiments performed at
SLAC between 1970 and 1985, L.W. Whitlow et al. have determined a parametrisation
of R(x, Q2) for the proton and the deuteron4 which is valid for Q2 greater than 0.3 GeV2

(This is unimportant here since the Bjorken lower limit is fixed at 1 GeV2).
The parametrisation used is an arithmetic mean of three differents fits of these data

and is therefore defined by the relation (see fig 2) :

fl1990(z, Q2) = I (Ra(x, Q2) + Rb(x, Q2) + Rc(x, Q2))

with

ln(Q2/0.04)
(x,Q2) + a2

Rc(x,Q2) =
ln((52/0.04)

(*,Q2) (Q2 - Q2
hr)

2 +
1-1/2

(29)

(30a)

(30b)

(30c)

The threshold energy transfer is defined by Q2
hr = 5H — x) and the function

(x,Q2) given by :

(*,Q2) = 1 + 12
Q2 0.1252

Q2 + l'0.1252 +

12



The coefficients used in eqs.(30a), (30b),(30c) are given by :

ax = .0672 a2 = .4671 a3 = 1.8979
6i = .0635 62 = -5747 63 = -.3534
cx = .0599 c2 = .5088 c3 = 2.1081

4.3.3. The upper limit over A2

The asymmetry A2(x,Q2) is given by the ratio of the cross section coming from the
interference term between the absorption for virtual photons of longitudinal and transverse
polarisation and the absorption cross section for virtual photons of transverse polarisation
(see §4.1) :

A2(x,Q') =
Of

The virtual photon-nucleon asymmetry is defined by the equation (24) :

A A A

Ax = - - r\A2

with

27(1-y-hV) , /2M7
77 = -7—-—r—. i- and 7 = \/ (31)

( 2 ) ( l + I 2 ) V uThe kinematic term 77 is small in high energy experiments. For the SMC data, the lowest
energy transfer is u = 20GeV and the upper value of the Bjorken variable x is 0.7.
Therefore, the upper value of the kinematic term 7 is of the order of 3.10"2. The upper
limit of rj is smaller than this number. We may then consider two possibilities:

• We are not able to measure the asymmetry A2 and we use the limit given by the
positivity condition |J42(;E)| < JR(x).X2 Thus we assume that the contribution of
A2 is small enough to be included in the systematic error.

• We are able to measure this quantity and we take it into account in the determination
of gi(x,Q2) (see fig 2). In this way, we reduce the systematic error on the spin
structure function gi(x,Q2) .

The contribution of the asymmetry A2 is extracted from the equation (22) where we use
the previous definition of A\ This equation becomes :

9i(*,Q2) = Y^Y \£ (32)

We can apply here the same assumption as for the asymmetry. If we do not measure A2,
we neglect the (7 — rnA2 term which we take into account in the total systematic error.

Knowing the kinematical factor X>, the two unpolarised structure functions F2 and
R which have been measured by previous experiments, we are able to determine the spin
dependent structure function. Using a simple model, we will now give an intrepretation
of the spin dependent structure function which provides a better understanding of the
internal dynamics of the nucleon.

13
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Fig. 3. In the infinite momentum frame, the deep inelastic scattering of virtual photons off
nucleons is equivalent to an incoherent sum of elastic scatterings of virtual photons off free
partons.

5. The first moment of the spin dependent structure function

Theory does not predict the spin dependent structure function itself but only its
first moment. In this section , we will develop the formalism of the sum rules concerning
the first moments of the spin dependent structure function of the nucleon.

5.1. Interpretation of the structure functions in the parton model

First of all, the simplest picture of the nucleon is given by the parton model de-
velopped by Feynman at the end of sixties. The nucleon is described as a particle made
of pointlike objects : the partons. At the time, these objects were not identified to the
quarks and the gluons. Neglecting the interactions between these partons, the deep inelas-
tic scattering of virtual photons off nucleons is equivalent to an incoherent sum of elastic
scattering of a virtual photon off a parton(see fig 3). A very pedagogical approach can be
found in ref.(13).

In this model, the Bjorken variable i represents the fraction of the nucleon momen-
tum carried by the quarks. The unpolarised structure functions are given by :

F*(x) =

(33)

(34)

where a is the charge of the parton i and fi{x) is the density of probability that the parton
i carries a fraction x of the proton momentum. We see immediately that these structure
functions are independent of Q2 (scaling invariance) which is easily understandable since
we assume the partons to be pointlike. With the three lightest quark flavours, we get :

F2
p(z) = x [| (u(x) + u(x)) + I (d(x) + d(x)) + I (s(x) + s(x))]

where u(x) (resp. u(x)) is the density of probability that the quark (resp. antiquark) of
flavour u carries a fraction x of the proton momentum. For the spin dependent structure
function, we obtain :

(35)

14



<&(*) = 0 (36)

where f*{x) {f~{x)) is the density of probability that the parton i carries a fraction x of
the proton momentum and an helicity equal (opposite) to the proton's one. Thus, we get
for the proton :

g{{x) = 1 [ }(u+(x) - u"(x) + u+(x) - ii-(x))

- d-(x) + J+(x) - d-(x)) (37)

Applying the isospin symmetry SU(2), p —• n , u = up —• dn, d = d? —• un, we obtain the
neutron spin dependent structure function :

tf (x) = I [ J (u+(x) - ti-(x) + i2+(x) - fi-(x))

) - d-(x) + d+(x) - d-(x)) (38)

5.2. The first moment of the spin dependent structure function

The first moment of the spin dependent structure function is defined as the integral
over the whole x range of g\{x). We define the spin fraction carried by a quark i of flavour
q by the relation :

Aqt = jT dx \f?{x) - f-(x) + ft(x) - f-(x)}

Computing the integral of g\ from its partonic decomposition (37), we get :

and for the neutron :

5.3. The decomposition in flavour SU(Z) matrix elements of the first moment

If we assume that the three quark fields (u, d, s) forms a flavour triplet, we can group
some baryons (p,n, E + , E~,...) and mesons ( n+,n~, K+,...) in octets13 : The triplet

* = | Vu | (39)

becomes under a transformation U of SU{Z) :

U = eta*T"

15



where the coefficients ^- are the group generators of SU(3). With the Wigner-Eckart
theorem, we can define the matrix elements of the axial-vector currents j 0 **, j 3 " and jg*1,
where :

3? = *7"7By*. (40)

We write explicitely (i,j flavour indexes)

versus two independent matrix elements : the so-called T and V constants. We will use
the three currents j ^ , a = 0,3,8 given by :

•An

Jo
•An

Js
•An

Js

_ 1
~ 2
_ l
~" 2

1
"" 2

] (41)

The eight axial-vector currents of the equation (40) (a = 1,8) form an octet. They are
the Gamow-Teller transition vectors (weak decay) in the baryons octet. The current j^*1

is an SU(3) singlet. To obtain relations with the T and V constants, we introduce the Aa

parameters :

and the notation :

AtfigS*1 = Aqs" = (ps\ ̂ 7/175^7 \PS)

where \ps) is the state vector of a a proton with a spin s. We obtain :

2sM0 = 5" [Au + Ad + As] (42a)

2s"A3 = sM [Au - Ad] (42b)

25* A8 = s»[Au + Ad-2As] (42c)

The A3 constant is determined by the (3 decay measurement :

2s"A3 = a" [Au - Ad] = gas" = {F + D) 5" (43)

where ga is the nucleon axial-vector charge. Its parametrisation in terms of T et D is
only valid if we assume that SU(3) is a good symmetry in baryon decays. Under this
assumption, the experiments on hyperon decays give a measurement of As,1415 :

/•?£ _ i \
2s"As = s» [Au + Ad- 2As] = s" (3F - D) = s»ga f -f J (44)

The nucleon axial charge E is given by :

S = AQ = Au -I- Ad + As

16



which defines in a more partonic language the spin fraction carried by the quarks u, d and
s. Now, we obtain three equations with three unknowns (Au, Ad, As):

ga = Au - Ad

ZF - D = Au + Ad - 2As

Several experiments have performed measurements of the neutron 0 decay constant
5a15 and of the antisymmetric and symmetric SU(3) couplings T and V.ie Slightly differ-
ent values of T and T> have been derived in different fits17:

gA = 1.254 ±0.006
£ = 0.631 ± 0.018 M. Bourquin et al.
T = 0.485 ± 0.010 Z.Phys C21 (1983) 27

V = 0.769 ± 0.016

(45)

gA = 1.259 ±0.004
f = 0.575 ± 0.024 Z. Dziembowski and J. Franklin
T = 0.461 ± 0.014 J.Phys.G 17 (1991) 213
V = 0.798 ±0.013

With these results, we can also express the proton spin dependent structure function
as a function of As :

•*•" u D

and for the neutron :

A* (46,

(47)

As a function of the axial charge £ we obtain:

3o ~ l
 + i) + I s (48)

£ 4. 1 / 9 K '
D + l y

D

These equations are the so-called "Proton and Neutron spin sum rules".
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6. The sum rules

6.1. The Bjorken sum rule

In the parton model, we obtain a relation between the first moments of the proton
and the neutron spin structure functions by subtracting the equations (48) and (49):

- 9i(x)n}dx = ±ga (50)

This relation,the Bjorken sum rule,18,19 is a bridge between spin dependent high energies
phenomena and a low energy process, the neutron /? decay. Using ga = 1.254 ±0.006 , the
theoretical prediction of this sum rule is :

H - r ? = 0.209 ±0.007 (51)

6.2. The Ellis-Jaffe sum rule

To define the Bjorken sum rule, we only assume SU(2) symmetry. Now, let's assume
that SU(3) is a good symmetry in the hyperon j3 decay which allows us to use the equations
(44) and (43) and that the strange quark sea is unpolarised As = O.20 Starting from the
equations (48) and (49), we obtain in this way the Ellis-Jaffe sum rules for the proton
and the neutron :

r; = t\ Q TIT) 1
1 + 3 TIV + 1 .

ga\ , 5 ZT/V - 1
12 I 3 T/V + 1

(52)

(53)

Using here again ga = 1.254±0.006 and F/D = 0.631±0.018,14 the theoretical predictions
of these sum rules are :

T\ = +0.199 ±0.005 T^ = -0.009 ±0.005

Until now, we have assumed that the Bjorken limit in which we can consider a
scattering of virtual photons off free partons was valid. Experimentally, the Bjorken limit
corresponds to a Q2 > 1 GeV2. At this momentum transfer, we cannot neglect the inter-
actions between quarks and gluons. We have to switch to the theory taking these effects
into account : QCD.

6.3. The sum rules with QCD corrections

At the first order in a3 and including only the leading twist terms (twist 2),21,22,23

we get :

f ^ {\^i^ ) ^ (54)

(55)

g\{x)dx = CN^ {\

g
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with

r 33-8/a,(Q2)
0 3 3 - 2 / 7T

The number of active flavors (/) is taken equal to 4 (this is strictly valid for 1.5 < Q2 <
5.GeV2, i.e. for a large fraction of the data).
The study of the variation of a, with Q2 is the subject of Q.C.D analysis. At N.L.O, the
relation between as{Q2) and as(Mf) is :

1

*s(Q2)

as(Q
2)

bias(Q
2)

) +
Q2

1
as(M

2
z)

i /n
+

with

and

4?r

102-f/

This equation is of the type x = F(x) and has to be solved iteratively, taking into account
possible changes in the number of active flavors (f).
A recent N.L.O fit using S.L.A.C and B.C.D.M.S data in ref,24 gives

a,{M2
z) = 0.113 ±0.005 (56)

The following tables gives the values of a, corresponding to some Q2 values in the range
of the S.M.C experiment :

Q'1

1.00
1.46
2.09
2.41
3.45

<*3

0.384
0.339
0.308
0.298
0.275

Q2

4.50
5.05
7.00
9.85
14.42

oc3

0.261
0.255
0.240
0.226
0.212

As a function of the strange quark sea polarisation As, we get

9c.

12
(57)
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(58)

Normally, we have include in these definitions the terms coming from the upper twists,
but they are from a theoretical point of view very difficult to estimate,25.26 Since these
terms are powers of l/Q2, experimentaly we will measure the structure function at a Q2

as high as possible to reduce their effects.
Substracting the equations (54) and (55), the Bjorken sum rule becomes :

f g\{x)dx - I*
Jo Jo

(59)

The Ellis-Jaffe sum rule assumes that the strange quark sea is unpolarised : As = 0.
From the equations (42a)and (42c), we deduce :

£ = Ao = Au + Ad = A8 = ga

For the proton sum rule, we get :

(60)

and for the neutron :

D
(61)
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