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ABSTRACT

We study the response to a static electric field (charge stiffness) and the frequency-

dependent conductivity of the Hubbard model in a resonant-valence-bond-type paramagnetic

phase. This phase is described by means of a charge and spin rotational-invariant approach,

based on a mixed fermion-boson representation of the original strongly correlated electrons.

We found that the Mott transition at half filling is well described by the charge stiffness

behavior, and that the values for this quantity off half filling agree reasonably well with

numerical results. Furthermore, for the frequency-dependent conductivity we trace back the

origin of the band which appears inside the Hubbard gap to magnetic pair breaking. This

points to a magnetic origin of the midinfrared band in high-Tc compounds, with no relation

to superconductivity.
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I. INTRODUCTION

In experimental studies of the optical conductivity <r(w) in high-Tc materials it is observed

that, upon doping, weight appears inside the charge-transfer gap of the undoped compounds.

[1] The origin of this so-called midinfrared band is not completely clear yet, being related

for some compounds to trapped holes near dopant atoms, or to the Cu-0 chains in the

YBaaCuaOe+i family. [2] On the other hand, numerical studies suggest that the midinfrared

band may be caused, at least in part, by the spin excitations that surround hole carriers.

Moreover, these studies seem to imply that the unusual behavior of cr{w) might be a general

feature of strongly interacting electron systems, bearing no connection to the presence of

superconductivity. [3]

The 2D single-band Hubbard model is a drastic simplification of realistic multiorbital

models proposed to explain the physics of the high-Tc materials. Even so, it contains a great

deal of the essential physics of correlated electrons, for which both charge and spin degrees of

freedom are relevant. For this reason, most of the numerical studies above mentioned have

been performed on this model and its strong-repulsion descendent, the so-called t — J model.

[3] These studies have been carried out on finite lattices of up to 4 x 4 sites, and show clear

indications of the appearence of states inside the Hubbard gap. The energy scale of these

states should be of the order of the antiferromagnetic coupling J ~ 4t2/U to substantiate

the claims that they are associated to magnetic fluctuations, but this does not appear so

clearly from the numerical results.

Although numerical methods are usually far more reliable than approximate analytical

techniques, they suffer from severe limitations related to the small system sizes which can

be considered. Consequently, it is of interest to give alternative evidence for the existence

of the midinfrared band and to investigate its origin by using less-controlled methods that

can access the thermodynamic limit. For the t — J model, an attempt in this direction [4]

found that the inclusion of magnetic fluctuations are essential for these properties. We have

recently developed a spin and charge rotational-invariant approach to the Hubbard model,

[5,6] based on a mixed fermionic-bosonic representation of the original electrons. It gives



a fairly good account of different properties in a paramagnetic phase with only short-range

RVB-type magnetic correlations, which might correspond to the real situation at T = 0+.

In the present work we apply this method to study the static response (Drude weight) and

optical conductivity of the Hubbard model, and trace back the origin of the midinfrared

band to the interplay between charged bosons and spin fermions used in our description.

This confirms the subtle connection of the midinfrared band to magnetic fluctuations, and

its appearance as a general feature of strongly correlated electron systems.

In the next section (Sect. 2) we introduce the method and set up some notation, in

Sect. 3 we describe the calculation of the Drude weight (or charge stiffness), and in Sect.

4 we consider the system response to a homogeneous frequency-dependent electric field and

obtain the optical conductivity. Finally, in Sect. 5 we present some conclusions.

II. MIXED BOSON-FERMION DESCRIPTION OF CORRELATED ELECTRONS

We consider the Hubbard Hamiltonian, [7]

H = -t E cl<> + U E (nntm - in,-) - ti E m (1)
<ij><r i V £ ' i

where c]a creates an electron at site i with spin <r, nI<T = c^c^, and n; = n^ + tin,. We have

included an on-site energy U/2 so that the chemical potential fi is zero for the half-filled

case, and in the following we will measure the energy in units of t — 1.

As in [5], we replace the original fermion operators according to c,-ff = ejs,o + ad{S^ and

the corresponding dagged expressions for their Hermitian conjugates. Here e, d are bosonic

operators associated to the charge degrees of freedom which destroy empty and double

occupied sites respectively. The sa 's are fermionic operators that take care of the spin degrees

of freedom by destroying single occupied sites with the corresponding spin projection. In

order for this to be a faithful representation of the original Fermi algebra, the configuration

space must be restricted to have exactly one particle per site, i.e., e]ei + d\di + Y^<r s\csio — !•

This constraint is enforced by introducing Lagrange multipliers A,- at every site.

In a coherent-state path integral formulation of the problem we decouple the charge

and spin degrees of freedom by means of a Hubbard-Stratonovich transformation. The
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saddle-point approximation to the resulting path integral is equivalent, for homogeneous

Hubbard-Stratonovich fields and A's, to a self-consistent diagonalization of the following

spin and charge Hamiltonians:

(2)

and

He = E [(4 + A) 4ek + (4 + A) 4 4 ] - E ^_ (3)
k ' " k

Here the operators with subindex k are the Fourier transform of site operators, ek = — 2A~/k —

(7/2, #k = 2£?7k for fermions, ek = -2C7k + /x, e£ = 2Cik — fi, 9k = 2Dfk for bosons, and

7k = EQ COS ka , with ka the a -component of the wave-vector k. The parameters A, B, C and

D are obtained from the self-consistency equations A = (ejej) — {d]dj), B = (eidj) + {ejdi),

C = E , ( s l v > . a n d D - (S4sit> + (sHs't)-

The spin and charge Hamiltonians can be diagonalized by standard Bogoliubov trans-

formations. In the fermionic case we obtain the quasiparticle dispersion relation ££ =

+ A)2 + (tjrj)2- The corresponding result for the charge bosons is u>^ = ££ ± (e£ — e^),

where ££ = /̂A2 - (gk)
2. At half filling fi = 0 = C, so that ek = 0 = eR and u>+ = £?£ = w~.

For (/ larger than a critical value t/c ~ 2.7 these degenerate bosonic dispersion relations have

a gap and the bosons do not condense, which corresponds to the insulating phase. When

U < Uc the gap closes, the bosons condense, and the systems becomes a conductor. In

this case the ground-state wave function is a mixture of a condensate and paired zero-point

excitations:

|*GS> = e*"'k=°+';<";k=o e'Sk^'k^-k e-T,k'*'U'-u\Q) . (4)

Here e0 and d0 are the condensate values and 6k, /k can be obtained in terms of the coefficients

of the Bogoliubov transformations in the usual way. Notice that in (4) the zero-point

excitations above the condensate are paired, so that they contain the same number of e and

d and of s-f and 54. quanta. This is a reflection of the fact that the approximation preserves

the rotational and particle-hole symmetries. Off half filling, however, either the u)+ or the

4



CJ~ branch become gapless, and there is always a condensate with eo ^ do which breaks

the particle-hole symmetry. Their relative values depend on whether we are doping with

particles or holes, and, as expected, the system is always a conductor.

In the next section we will characterize the change in the system behavior (from metallic

to insulating) by considering the charge stiffness as a function of doping for U > Uc.

III. CHARGE STIFFNESS

Here we examine the current response to a vector potential of wave vector q = 0 and

frequency u> in the x direction, Ax(t) = Axe~'"'. [8,9]In the presence of the vector potential,

the kinetic energy is modified by the Peierls phase factors: t —» te"x''A'^\ where Xij =

Xi — Xj = ±1 in units of the lattice spacing. The total current density is j x = ie[Px, H], with

Px = Hi X{Tii the polarization operator. Expanding the phase factors to order A2, the usual

paramagnetic and diamagnetic contributions to the total current are obtained:

= ejx e2TxAx . (5)

Here j x = it J2<ij> xijAacio ' s the x component of the paramagnetic current density, and

Tx = —t ]C<.j> xljciacjc ls the kinetic energy associated with the x-oriented links. The

frequency-dependent uniform electric conductivity <rxx{u) characterizes the linear response

of the current to the electric field Ex{ui) = iu>Ax(w). Its real part is given by

(pc6(u>) - (6)

where

(7)

The Drude weight of the J-function contribution is given in terms of the charge stiffness

(8)

(9)

where the last line can be obtained directly from second-order perturbation theory. [8]

By using the slave-boson constraint the polarization operator can be written Px =

^ZiXi(d}di — e<e,). In this way we assign (opposite) charges only to the bosons, and the

paramagnetic current operator becomes

j x = '%2(2tCsmkx(el.ek-dtkd-k) + 2tDs\nkx(ekd-k + eldlii)) . (10)

k

This procedure is arbitrary and reflects the gauge invariance introduced in the theory by

splitting the original fermion operators. [10] Using this freedom one can transfer the effects

of the Peierls phase factor entirely to the bosons, which is physically motivated by their

interpretation as charge operators.

The evaluation of (9)-(10) shows that the paired zero-point excitations give no contri-

bution to the charge stiffness, which could be expected since the pairs do not carry charge.

The charge boson condensate contributes only to the kinetic energy, so that the stiffness

becomes

Pc = tC (el -<%)+ 2tDeodo . (11)'

In Fig. 1 we show the behavior of pc as a function of doping for different values of U.

The inset gives a comparison to exact numerical results for the charge stiffness obtained on a

4x4 lattice at U = 8. [3] Notice that the extrapolation to half filling of the numerical results

would give a negative stiffness, which is related to the small size of the lattice and explains

in part the small discrepancies with our result. As expected, pc is zero in the insulating

phase (S = 0), and has a steep rise for small doping that becomes more pronounced as we

increase U. This is in agreement with numerical results, and is related to the decreasing of

the RVB singlet binding energy with U in our picture (which is analogous to the decreasing

of J in the short-range antiferromagnetic phase of the t — J model).

In the next section we will discuss the system's response to a frequency-dependent applied

field.



IV. OPTICAL CONDUCTIVITY

The response of the system to a time-varying applied field is given by the optical

conductivity (6). To study the current-current response function UXX(CJ + iO+) entering

in this expression, we consider the current operator in terms of the original fermions:

jXt<l=0 = »<£,-, (ci,Ci+x<r — 4+x<,ci*)i a n d replace them by the slave fermions and bosons.

In a factorized form convenient for further manipulations, the final result is:

' V q j=± c = l V k' / \k

where k± = k ± q/2, <j^ = (el, d_k), and $1 = [sip •s-ki) • The 2 x 2 matrices B,,a and

FaiC, are defined as:

0 elk j

F,,3(k+,k_) = -
2

l
, B,3(k_,k+) = ±

2

0 - eik . (13)

(14)

where ejf = cosk , ek = sink, and B,,2(k_,k+) = fi,4(k+,k_), B,,4(k_,k+) = j?]3(k+,k_),

F3 ,(k+ ,k_) = B3,;(k_,k+) (t = 1,2) and FM(k+ ,k_) = Fa',3(k_,k+) .

Note that this expression for the current would lead to the same result for the charge

stiffness than the simpler one (10) used in the calculation of the previous section. This is

so because for a static electric field the paired chargeless fermions are not excited by the

field (the Drude weight is due only to the contribution of the condensed bosons). However,

for a dynamic field they contribute through their interactions with the zero-point bosonic

excitations. In particular, (12) reduces to (10) by simply taking its ground-state average in

the fermionic spin sector.

The dynamical part of the conductivity can now be obtained from (6)-(7) by a direct

calculation of the time-ordered products of fermions and bosons. The final result is obtained

as <Ti(w) + <J2(UJ), where <7i(u>) corresponds to the contribution of condensate and zero-point

excitation products, and <Ti{w) comes from the paired excitations-paired excitation terms.

In Fig. 2 we present the results for the optical conductivity with u> > 0. In Fig. 2a

we show (Txxiui) for (7 = 6 and different values of 5; it can be seen that upon doping a

well developed midinfrared band appears, which shifts to higher energies with 5. In Fig.

2b we give <rxx{io) for 5 = 0.1 and different values of U. In this case the midinfrared band

moves toward the origin with increasing U. The contribution ax to the optical conductivity

mentioned above can be split into two terms that involve the breaking of two spin singlet

pairs, with the energies of these processes shifted by those of the "acoustic" (gapless) and

"optical" (gapped) boson branches respectively. The transitions that contribute to the

weight inside the Hubbard gap are associated to the term with the acoustic branch, so

that the energies involved near k = 0 correspond only to magnetic pair breaking. The

second term contributes to the upper Hubbard band along with the processes involved in

<T2 (two spin pair-breaking processes plus the creation of both acoustical and optical boson

excitations).

In closing this section, we would like to comment on the sum rule fulfilled by the optical

conductivity, which relates the frequency integral of <rxx(u>) to the mean kinetic energy. In

our case, the results do not satisfy this condition due to the unphysical enlargement of Fock

space inherent to the kind of approximation we are using. This has been recognized in

previous studies of other properties, like the one-particle spectral density and momentum-

space occupation number [11]. A cure to these problems results from a proper handling of

the particle-number restriction in constrained Hamiltonian theory, [12] which is however out

of the scope of the present work.

V. CONCLUSIONS

We have performed a study of the linear response of the Hubbard model to an homoge-

neous electric field, by using a mixed boson-fermion representation of the original strongly-

correlated electrons. In a paramagnetic phase of the RVB type, with only short-range spin

singlets, the system presents a Mott transition which can be characterized by the behavior

of the charge stiffness pc, i.e., the response to a static field. In particular, the values of pc as



a function of doping for large U was found to agree reasonably well with numerical results,

and to steeply vanish when approaching the insulating phase at half filling. Moreover, its

behavior with increasing U (slightly rising with U) follows the pattern observed in numerical

studies.

The frequency-dependent conductivity shows a well developed midinfrared band, which

we related to the pair-breaking of RVB singlets. This connection highlights the importance

of magnetic processes in the appearance of weight inside the Hubbard gap, and points to

the presence of a midinfrared band as a generic feature of Hubbard and t — ./-like models,

and perhaps of most strongly-correlated electron systems.
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FIGURES

Fig. 1: Charge stiffness pc as a function of doping for U = 6 (full line), 8 (dashed line),

and 10 (point line). Inset: Comparison of our result for U = 8 with numerical results on a

4 x 4 lattice from [3].

Fig. 2: Optical conductivity exx(w) as a function of us for a) U = 6 and 8 = 0 (full line),

0.1 (dashed line), and 0.2 (point line); b) 8 = 0.1 and U = 4 (full line), 6 (dashed line), and

8 (point line).
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