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Abstract :The main purpose of this article is to show that, in many physical situ-

ations, the spinodal decomposition of unstable systems can be correctly described by

stochastic mean-field approaches. Such theories predict that the occurrence of spinodal

instability, leading to the multifragmentation of an expended nuclear system, can be

signed through the observation of time scales for the fragment formation of the order

of 100 fm/c and of typical fragment size around A=20. We will finally discuss the fact

that these fragments are formed at finite temperature and so can subsequently decay

in flight. Finally, we will give some hints about possible experimental signals of such

first order phase transitions.

I) Introduction: Stochastic One-Body Descriptions

In this contribution we will show that the recently developed stochastic (or Brown-

ian) one-body (BOB) approaches give a good description of spinodal decomposition for

many different physical conditions. We will discuss the fact that these conditions are

realized in the case of liquid-gas phase transitions in nuclear matter at least far from

the critical point. Therefore, we will show that the occurence of spinodal instabilities,

leading to the multifragmentation of the system, can be signed through the observa-

tion of time scales for the fragment formation of the order of 100 fm/c and of typical

fragment size around A=20. We will finally discuss the fact that these fragments are

formed at low but finite temperature and so can subsequently decay in flight. Finally,

we will give some hints about possible experimental signals of such first order phase

transitions.

Let us first briefly explain what we mean by a stochastic one-body description of



spinodal decomposition.

The term "one-body" refers to any description of the nuclei and/or the nuclear

dynamics in terms of the one body density or any reduced set of one-body observables.

Therefore, this may include liquid drop models, macroscopic approaches, ... and mean

field theories from Hartree-Fock and time dependent Hartree-Fock to Boltzmann-like

approaches. In particular it has been shown that mean-field approaches provide a

good description of many nuclear properties. These approximations have mainly been

justified invoking the quantum nature of the nucleons[l]: i) their zero point motion

related with the Heisenberg uncertainty principle, which imposes that the nucleons

are delocalized and so can interact with many other nucleons leading to the concept of

mean-field; ii) and also the Pauli exclusion principle which blocks the collisions between

nucleons.

The word "stochastic" refers to the fact that the dynamics is not fully deterministic

but contains some fluctuation sources. This is usually justified by saying that the

ignored degrees of freedom are acting on the dynamics of the retained variables like

the molecules of a heat bath on the Brownian particles. These stochastic one-body

approaches have already been widely used in nuclear physics. A lot of studies are

dealing with the dynamics of collective motions and have been applied to problems

such as the induced fission or the deep-inelastic reactions.

Recently, a fully microscopic stochastic mean-field theory have been developed [2,

3]: the so-called Boltzmann-Langevin dynamics, in which the mean-field evolution is

complemented by a fluctuating collision term. In the past four years many studies have

been devoted to this novel dynamical approach. In particular, it has been shown that

this approach correctly describes the thermal fluctuations of a Fermi gas[4, 5, 6]. This

approach has also been applied to the clusterization of unstable nuclear matter [7]. If

we are considering a liquid gas phase transition, inside the coexistence region we can

distinguish two regions: i) A metastable region where the liquid (or the gas) is still

a local minimum of the considered thermodynamical potential but not the "minimum

minimorum". This means that a finite fluctuation of the density, for example, is needed

in order to induce the transition from the metastable phase towards the stable one;
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Figure 1: Left part: the two-body interaction considered, in the calculation. Right part:
The spinodal region,as predicted from the mean-field approximation (solid lines).
The points represent the limits of the spinodal region observed in the numerical

experiments. The inserted figure shows a sketch of the complete phase diagram in order
to stress the presence of the solid phaseand of the associated triple point.

ii) Deep in the coexistence region, an unstable zone (or spinodal zone) in which the

system is not a local minimum of the thermodynamical potential. This means that it is

mechanically unstable against infinitesimal fluctuations of the density. The dynamics

of phase transition of a system suddenly quench in this unstable region is the spinodal

decomposition.

The main purpose of this article is to show that, provided that some specific criteria

are fulfilled, the spinodal decomposition can be correctly described by stochastic mean-

field approaches. To our knowledge, this is the first demonstration of the validity of

these approaches in the context of unstable systems. To achieve this demonstration

we will consider classical systems for which the dynamics can be exactly solved and we

will compare the exact evolution with the prediction of the BOB approach.

2) Validity of Stochastic One-Body Descriptions of Spinodal Decompo-

sitions.

To perform this demonstration we will consider a classical gas of particles interacting

through a Van der Waals type of interaction. Figure 1 displays the two-body interaction



that we have considered. This force was built in order to keep some important features

of the nucleon systems. It presents a repulsive hard core of radius about 0.5 fm and

an attractive part with a longer range. The range of the attractive part was chosen

to be a few fm, in order to take into account the nucleon-nucleon attractive potential

and the fact that nucleons are delocalized as it can be seen from the deuteron radius

or from the saturation density. The energy scale has no real importance since it can

be compensated by a suitable renormalisation of the temperature. We have tested

that the conclusion we will draw about the validity of the mean-field approaches are

independent of this energy scale.

For numerical reasons and also in order to be able to easily display the results

we will consider systems in two dimensions. It must be noticed that spaces with

small dimensions provide a stronger test for approaches based on mean-field concepts.

Indeed, the higher the dimension, the more numerous the possibilities of interactions

(e.g. the number of closest neighbours) and the more averaged the force. In particular,

for many phase transition problems the mean field approach may even well describe

the critical point if the dimension is greater or equal to 4. In the present investigation

we will not address the problem of the critical point and we will stay far from it in

order to study pure first order phase transitions.

The important feature of classical systems is that we can solve the exact many-

body problem. Therefore we can define the phase diagram shown on figure 1. The

critical temperature happens to be around 40 MeV while the critical density is around

.7 fm~2. In the following we will always use reduced variable by taking the critical

parameters as a scale. It should be noticed that the phase diagram of a classical

system is very different from the one expected for a Fermi liquid. Indeed, a classical

system is presenting a solid phase and also a triple point. Therefore since we want to

address the validity of the mean-field description of liquid gas phase transitions we will

keep the considered systems far below the triple point density.1 As a typical point we

will consider p = pc and T = Tc/2.

1It should be recalled that the ground states of nuclei are indeed liquid and not solid. In particular

a piece of solid presenting a rotational spectrum while many nuclei are known to be spherical[8].



The mean-field calculations have been performed using a Skyrme like density-

dependent effective interaction: U = Ap + Bp*. The parameters of the force have

been fitted in such a way that the predicted critical point is equal to the one obtained

using the Van der Waals approximation. In order to have a third equation to define

the three parameters A, B and a we have required that dU/dp measured in the middle

of the spinodal is equal to the one measured in the molecular dynamics simulations.

Moreover, we know that the dynamical properties of the system are very sensitive to

the range of the considered interactions. In order to introduce this range in the mean-

field calculations we have folded the local potential U with a gaussian. The variance

of this gaussian was simply fitted by requiring that the energy associated with a sharp

surface is the same as the one measured in the molecular dynamics simulation.

We will consider now a piece of uniform matter in a box with periodic boundary

conditions (at p = pc and T = Tc/2). We will perform two kind of calculations:

i) a molecular dynamics calculation which gives the exact evolution and which will

be referred as the numerical experiment ii) a Vlasov propagation supplemented with

a Boltzmann-like collision term and "a ia Langevin" noise term which provides the

stochastic mean field predictions. The temperature of the system can be kept constant

through the introduction of a heat bath, i.e. of an auxiliary infinite ideal gas colliding

randomly with the particles of the system.

Let us first discuss how fluctuations are propagated or amplified. Because of the

periodic conditions the normal modes are plane waves. Therefore we can introduce

sinusoidal density fluctuations and study the time evolution of the system. We observe

on the numerical experiment that only some wave lengths are exponentially amplified.

Figure 2 shows the deduced amplification coefficient. We can now study analytically the

linear response of our classical Vlasov equation. This leads to the mean-field dispersion

relation shown on the same plot. We can observe a very good agreement between the

exact dispersion relation and the mean-field prediction. It should be noticed that the

linearized mean field theory predicts the existence of a most unstable mode and of an

ultraviolet cut-of related to the scale introduced by the range of the interaction. These

features are fully confirmed by the exact simulation.
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Figure 2: Dispersion relation: the inverse of the instability time as a function

of the wave number k. The point are the results measured on the molecular dynamics
simulations while the line corresponds to the mean-field prediction.
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Figure 3 Left part: the distribution of particles as a function of time for the spinodal
decomposition as predicted by the molecular dynamics, (the diameter of the particles

correspond to the hard core radius). The right part: correspond to the ensemble average
Fourier transform of the density.
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Figure 4 Same as Figure 3 for stochastic mean-field simulation.

We can now simulate the spinodal decomposition. Such an event is shown on fig. 3

together with the modulus of the Fourier transform of the density averaged over many

events. We can observe that the clusterization is dominated by the most unstable wave

length, as predicted by the mean-field dispersion relation. Moreover if we now perform

the same simulation within the stochastic mean field approach we observe exactly the

same behaviour and dynamics (see fig. 4).

3) Discussion and Conclusion

These findings clearly show that the initial partition of the system is dominated

by mean-field instabilities which are characterized by a given scale directly associated

with the range of the considered attractive potential. Moreover, the dynamics of the

clusterization can be simulated by means of stochastic mean-field approaches. These

conclusions are preserved when one considers the spinodal decomposition of an ex-

pended compound nucleus in a 3D calculation. It appears that such a system still
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Figure 5: Distribution of fragments predicted by a stochastic mean-field simulation
of the spinodal decomposition of a compound nucleus prepared at one half of the

saturation density and at T=3 MeV with an initial expending velocity .1 c.

breaks according to the most unstable wave lengths characterizing the bulk instabili-

ties. These conclusions remains valid even we consider coulomb repulsion, expansion

velocity around 0.1 - 0.2 c and centrifugal forces associated with a spin around 50 h.

For example figure 5 displays the fragment mass distribution obtained after a

stochastic mean-field calculation, over 100 fm/c, in the case of a spinless source pre-

pared at T = 3 MeV and p = po/2 expanding at a maximum velocity of .1 c and

containing about 200 nucleons. This figure clearly shows that the spinodal decompo-

sition is unable to produce small nuclei and is trying to break the system in nearly

equal mass fragments around the mass 20. It is also clear that the mass distribution

presents a tail associated with large masses. This tail is coming from both the beating

of close unstable wave-lengths and from the occurrence of final state interaction (fu-

sion) between clusters. It should also be noticed that these clusters must be considered

as primary fragments because they are still a little excited and they will decay in flight

before reaching the detectors. Therefore, the spinodal decomposition can be experi-

mentally signed through the observation of time scales for the fragment formation of

the order of 70 - 100 fm/c and of typical fragment size around A=20. As far as the



time scales are concerned, it should be stressed that the mentioned time is the time

needed to get fragments as soon as the system lies in the spinodal region and not the

total reaction time which may depend strongly upon the mechanism used to heat up

the nucleus. These times are compatible with the times measured experimentally in

particular by the NAUTILUS collaboration at GANIL.[9]

The problem of the signature given by the mass partition of the system is more

difficult, in particular because of the decay of the initially formed clusters. In this case

we can see different possibilities: i) either it is possible, for some reactions leading to

rather cool systems, to directly see some typical partition of the system (for example

in equal-size fragments with a strong lack of small fragments) [10]; ii) or we can sign the

predicted partitions through their decay products and through the various fragment-

fragment corelation; In particular it is possible that the recently observed vaporization

of the nuclei with a strong enhancement of the a production [11] might be the finger

prints of the decay of several Ne-like primary fragments. Indeed, small nuclei have a

strong tendency to break in alpha particles.

Finally we would like to stress that many studies are now aiming to observe critical

behaviours in heavy ion reactions. Therefore, one way to control if the critical behaviour

have something to do with the critical point of a liquid gas phase transition, can be to

sign the occurrence of the (non-critical) first order liquid-gas phase transition in less

excited systems. If the dynamics is fast the system may be quench in the spinodal region

and we have discussed in this article how to describe this dynamics by using the newly

developed stochastic mean-field approaches. We have also extracted the characteristic

of the associated partitions of the system and proposed possible signatures through

the occurrence of typical time and size scales. It should be noticed that the above

results are known in the theory of first order phase transitions and even experimental

results are available, in particular on binary alloys, and are showing the presented

phenomenology [12].
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