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ABSTRACT

We examine implications of semi-local invariance in Ising models with multi-

spin interaction. In ergodic models all spin-spin correlation functions vanish and

the local symmetry is the same as in locally gauge-invariant models. The d = 3

model with four-spin interaction is nonergodic at low temperature but the magnetic

symmetry remains unbroken. The d = 3 model with eight-spin interaction is ergodic

but undergoes the phase transition and most likely its low-temperature phase is

characterized by a nonlocal order parameter.
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While the physics of Ising models with two-spin interaction is relatively well

understood, much less is known about the behaviour of models with multi-spin

interactions. When the Ising model is considered as a lattice gas then such terms

reflect the multi-atom interactions and in many systems they are likely to play a

very important role.

Only in very few cases models with multi-spin terms are exactly solvable[l].

In these particular cases the multi-spin terms are responsible for the nonuniversal

critical behaviour.

In the present Letter we consider a certain class of Ising models defined on the

cartesian d-dimensional lattice. First, let us consider the d = 2 model with four-spin

interaction. This model is described by the Hamiltonian:

H = -Jj2SiSiSkSl (1)

where S — 1/2 spin operators 5,- = ± are placed at sites of the square lattice of the

linear size L. Summation in (1) is performed over elementary plaquettes formed by

the sites i,j,k,l.

Results obtained in the present Lettter are related to the following property:

Hamiltonian (1) is invariant with respect to a semi-local group of transformations

which flip the entire row (or column) of spins. This group of transformations in the

following will be referred to as G. Immediate proof follows from the structure of the

Hamiltonian (1).

Now, let us calculate the correlation function < SjSj >:

<SiSj>=Y,SiSje-'3"/Z, Z = ^ e - ^ , (2)

where i ^ j and (5 = ^ . To calculate (2) let us notice that there must be a row

or a column which contains the site i but does not contain the site j . With each

configuration {Sk} in which St = 1 let us associate a configuration {Sk}' which

is obtained from {Sk} by flipping all spins along this row or column. Since the

contributions to < S{Sj > coming from {Sk} cancel with those from {Sk}' (both

configurations have the same energy) we obtain that < SiSj >= 0.



Since all spin-spin correlation functions vanish we obtain that the system is a per-

fect paramagnet with the susceptibility x = jpf an<^ n o spontaneous magnetization

defined as

m2 - lim < SiSj > . (3)

Let us notice that the vanishing of < SiSj > is a consequence of the fact that

the operator SiSj is not invariant with respect to G. It is easy to see that e.g.

the product of four operators around an elementary plaquette is invariant and such

correlation function does not vanish (at least not due to this symmetry). Other

invariant quantities will be discussed later.

The above analysis suggests some connection with Elitzur's theorem [2] in the

lattice gauge theory [3]. This theorem states that quantites which are noninvariant

with respect to local gauge symmetry vanish. However, the proof of this theorem

is restricted to the local gauge-symmetries. This locality ensures that when the

thermodynamic limit is taken in the proper way (first L —> oo and then the external

field h —» 0) then the noninvariant quantity vanishes. Nonlocal character of G means

that the above 'derivation' of the vanishing of < SiSj > is not strictly correct and

requires important reconsideration.

This problem is related with the ergodicity [4] of the model (1). Let us illustrate

this problem by the simple example. The d = 2 Ising model with bilinear interaction

has global up-down invariance. The operator SiSj is invariant with respect to this

transformation while £; is noninvariant. The simple argument, as presented above,

thus suggests that < SiSj >=^ 0 and < Si >= 0. However, we know that only the

former statement is correct since at low temperature the model breaks ergodicity

and has spontaneous magnetization. But this simple argument is correct at high

temperature where ergodicity is restored and, as required by symmetry, the system

has no magnetization.

Thus, if the model is ergodic then our results concerning the correlation functions

in model (1) are correct. Although we cannot provide rigorous analysis of the

ergodicity properties of model (1) we can present some reasonable, in our opinion,

arguments that model (1) is indeed ergodic.

Let us consider one of the ground states of (1) with S< = 1 at every site. Let

us also assume that all spins are kept rigid except spins along a certain row. But

the evolution of spins in this row closely resembles the dynamics of the d = 1

Ising model with bilinear coupling. Indeed, let us flip a single spin on this row

thus creating an excitation which consists of four 'broken' squares. Flipping one of

the nearest neighbours of the already flipped spin does not increase the energy but

merely shifts the 'broken' squares and exactly the same dynamics governs the d = 1

Ising model. But this model is known to be disordered at any temperature. Since

freeing the remaining spins can only speed up the escape from this ferromagnetic

ground state we thus conclude that the model is ergodic at any positive temperature

(evolution starting at any other ground state will proceed with the same energetics).

This can be also described in the following way. Model (1) has 22t-degenerate

ground state. However, these ground states are not well separated: each ground

state is connected with other 2L ground states by the interface of dimension d = 0

(2L is the total number of columns and rows). A standard argument [4] shows

that such interfaces are low energy barriers and cannot trap the system and at any

positive temperature the system will visit the entire phase space.

But model (1) is actually a particular case of the symmetric eight-vertex model

and its properties are already known exactly [1]: the model is paramagnetic and thus

ergodic at any temperature. This confirms our analysis. Let us notice, that in a very

simple way we obtained a physical insight into the problem which is solvable but

only through quite a sophisticated technique. (Let us also notice that we calculated

all spin-spin correlation functions for the eight-vertex model outside the free-fermion

case.)

The above considerations easily can be generalized to some other d = 2 models.

Namely, the same invariance property holds for model (1) expressed in terms of



spin operators of arbitrary spin S. One can also add to the Hamiltonian the one-

ion anisotropy D Y, Sf or biquadratic (but not bilinear) interaction K £ Sf S?. Since

the invariance property determines also the structure of the ground state the further

analysis proceeds in the same way.

How do the above considerations generalize to the d = 3 case (simple cubic

lattice). It is easy to see that in this case the Hamiltonian (1) is invariant but only

with respect to the flipping of whole planes of spins. Using the same arguments as in

the d — 2 case, we obtain that if the model is ergodic then all spin-spin correlation

functions vanish. But the situation now is much different. Namely, to go from

one ground state to the other the system has to flip an entire plane of spins and

thus it has to overcome much higher energy barriers. Free energies of such barriers

most likely will increase linearly with the system size L (since the interface is one-

dimensional) and should be capable to break the ergodicity and trap the system

at sufficiently low temperature. Thus we expect that < S{Sj >= 0 but only at

sufficiently high temperature.

To confirm this scenario we performed the standard Monte Carlo simulations.

Simulations on lattices with L = 6, ..16 show that there are pronounced histeresis

effects and almost discontinuous behaviour of order parameter (i.e. magnetization if

we start from the ferrmagnetic configuration) and internal energy. Our rough esti-

mation of the first order phase transition is Tc ~ 3.75J. For T >TC the simulations

confirm the perfect-paramagnet behaviour of susceptibility x = j^f- We have also

found good evidence that the system is trapped for T < Tc. Qualitative indication

of the broken ergodicity is the fact that, provided we start simulations from the

ferromagnetic configuration, the magnetization persists up to the transition point

even after long simulations. Quantitative confirmation is obtained by measuring at

T = 3.5 J the decay time r of magnetization starting from the ferromagnetic config-

uration. This quantity should be related with the escape time from a given ground

state. Our simulations suggest that r increases exponentially with L which con-

firms the breakdown of ergodicity. Since these measurements were obtained only for

small lattices L = 4,6,8 we cannot exclude, however, that asymptotic exponential

increase is not exactly linear in L but might be a little modified e.g. r ~ eaL with

a > 0 , 6 ~ 1.

Let us emphasize that although the ergodicity is broken at the low temperature

in this d = 3 model, the (magnetic) symmetry remains unbroken. However, since

the ground state is degenerate it is not immediately obvious in which sense the

symmetry remains unbroken. The point is that although there are magnetic ground

states (e.g. perfectly ferromagnetic one) the majority of ground-state configurations

is nonmagnetic. To prove it, first let us consider the d = 2 case. The ground state

is uniquely specified by fixing the configuration of spins on a certain row and a

column. In the remaining rows the configurations of spins are obtained by repeating

the already fixed row or its mirror image depending on the spin in a fixed column.

But since there are I £ I ways to distribute k positive spins among L sites of the fixed

row and since I ̂  I has a strong maximum at k = L/2, dominant configurations are

composed of nonmagnetic rows. This is sufficient to prove that the whole dominant

ground-state configurations are composed of such rows but it might suggest certain

directional anisotropy of ground state. This is not the case: the same mechanism

works along the columns and as a result dominant configurations are those which

are disorderd also in the vertical direction i.e. a given row and its mirror image are

repeated more or less the same number of times. For d = 3 similar considerations

can be made.

Is there a d = 3 model which is invariant with respect to flips along a line?

One can easily check that the Ising model with eight-spin interaction satisfies this

requirement; interacting spins are placed in the corners of a cube. Since in analogy

with the d = 2 model ground states in this model are again only weakly separated, we

expect that the system is ergodic at any positive temperature and thus < SiSj >— 0

(it is not the dimension of a model but the dimension of symmetry invariants that



is decisive!).

We also performed Monte Carlo simulations for this model [5]. Simulations

confirm that x = ;pf but at low temperature considerably longer simulations are

needed. What might be at first sight surprising is the strong specific-heat peak

around T ~ 1.15J, where J is the eight-spin coupling. Does it mean that our argu-

ments that the system is ergodic even at low temperature are somehow incorrect?

More detailed study of the low-temperature phase suggest, however, that this phase

is probably ergodic. Namely, for T < 1.15 we found that magnetization slowly

but steadily decreases to zero (Fig. 1). It confirms the ergodic character of the

low-temperature phase but the question on the nature of the phase transition still

remains.

To shed some light on this problem once again we have to refer to the lattice

gauge theory. More than twenty years ago it was shown by Wegner [6] that the Ising

model with four-spin interaction is locally gauge invariant and thus there is no local

order parameter. (Let us notice that in Wegner's model spins are placed on the links

of the lattice. This is somewhat uncomfortable from the point of view of statistical

mechanics because then the interacting plaquettes form a checkerboard pattern.)

However, Wegner's model undergoes the phase transition but with a nonlocal order

parameter defined as a certain average on closed contours. This order parameter

plays a very important role in the lattice gauge theory since it is related with the

string tension governing, in turn, the behaviour of quarks [3].

It seems to us that the behaviour of our eight-spin model is related to that in

Wegner's model. However, some minor technical modifications are needed since not

every closed contour is invariant with respect to the semi-local transformations but

only those which contain even number of spins in each row and column. In d = 2

the simplest way to obtain such contours is to draw them changing direction by 90

degrees at each step (an elementary square is the simplest contour of this kind).

In d — 3 the similar modification is needed. Having such invariant contours we

can proceed in a standard way [3]. Making high- and low-temperature expansion

(only to the lowest orders) for the eight-spin model we obtain that the asymptotic

behaviour of nonlocal order parameter is indeed the same as in Wegner's model.

Namely, it decreases exponentially with an area (perimeter) of the closed contour in

the high- (low-) temperature phase. In the lattice gauge theory these are confining

and unconfining phases, respectively.

We want to emphasize that although both Wegner's model and our eight-spin

model have the same local symmetry (i.e. canonical averages of local operators

vanishes), their dynamics differ considerably. While in Wegner's model ground

states are locally connected, in our model whole chains have to be flipped to jump

to another ground state. As a result, the dynamics of eight-spin model for large

system size gets very slow (see Fig. 1) especially in the low-temperature regime. The

dynamics of Wegner's model should be similar to the d = 3 Ising model because

both models are related by duality [3]). Let us also emphasize, that the Hamiltonian

of the eight-spin model is not locally-gauge invariant. However, thermal excitations

invoke the same local symmetry as in the locally gauge-invariant (Wegner's) model.

The main result of the present Letter is to show the importance of semi-local

invariance in determining the properties of Ising-type models. These studies, moti-

vated rather by statistical mechanics, revealed certain relations with models studied

in the lattice gauge theory. One of the important questions is how our results will

change if multi-spin interaction is perturbed by semi-local symmetry breaking in-

teractions (e.g. bilinear). In such models, which would be certainly more relevant,

only the global invariance would be present and the low-temperature phase most

likely would have the broken ergodicity and conventional long-range order (with

e.g. magnetization as an order parameter). Particularly interesting might be the

existence of the low-temperature (unconfining) phase which appeared in the model

with eight-spin interaction. If it survives such a perturbation, most likely it is only

an intermediate-temperature phase. Interpreting the low-temperature, convention-



ally ordered, phase as a crystal and the high-temperature phase as a liquid one is

tempted to interpret the unconfining phase as a d = 3 analog of so-called hexatic

phase [7] but clearly further studies are needed to establish such a link.
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Figure caption

Fig. 1: Time evolution of magnetization for eight-spin model for T = 1.1 and L = 10.

During the run the internal energy remain all the time extremely close to the

ground state energy. Each point is an average of 5000 M.C. steps. For lower

temperatures basically the same behaviour is observed but longer simulations

are needed.
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