
STUK-YTO-TR 112 FI9600182

A theoretical and numerical
consideration of rock mass
behaviour under thermal loading
of radioactive waste repository
M. Reivinen, J. Freimd, E. Eloranta
AUGUST 1996

SATEILYTURVAKESKUS
Stralsakerhetscentralen

,ryy Finnish Centre for Radiation and
'uvi Nuclear Safety

2 3 li 0 I



STUK-YTO-TR 112
AUGUST 1996

A theoretical and numerical
consideration of rock mass
behaviour under thermal loading
of radioactive waste repository

M. Reivinen, J. Freund
Helsinki University of Technology
Department of Mathematics and Systems Analysis,
Laboratory of Computational Dynamics

E. Eloranta
STUK, Nuclear Safety Department

This study was conducted by order of
the Finnish Centre for Radiation and Nuclear Safety

FINNISH CENTRE FOR RADIATION AND NUCLEAR SAFETY
P.O.BOX 14, FIN-00881 HELSINKI, FINLAND
Tel. +358-0-759881
Fax +358-0-75988382



ISBN
ISSN

Oy Edita Ab
Helsinki 1996

951-712-141-5
0785-9325



FINNISH CENTRE FOR RADIATION
STUK-YTO-TR 112 AND NUCLEAR SAFETY

REIVINEN, Mika, FREUND, Jouni (Helsinki University of Technology), ELORANTA, Esko
(STUK). A theoretical and numerical consideration of rock mass behaviour under thermal loading
of radioactive waste repository. STUK-YTO-TR 112. Helsinki 1996. 57 pp + Appendix 3 pp.

ISBN 951-712-141-5
ISSN 0785-9325

Keywords: rock mechanics, heat conduction, radioactive waste, spent fuel disposal

ABSTRACT

The aim of this study is to model the geodynamic response of a ground rock block under horizontal
stresses and also consider the thermal fields and deformations, especially on the ground surface,
caused by the heat produced by nuclear waste. The geometry of the rock block which includes the
repository is a vertical, circular cylinder, the radius and height of which are both 5000 m. The
repository, i.e. the heat source, is at the centre line and at a depth of 500 m below the upper face of
the cylinder. The heat source is approximated as a circular disk or cylinder the radius of which is 260
m. The heat production is approximated by exponential law with decreasing power as a function of
time. The whole heat source is started at the same moment.

The numerical simulations are based on the finite element method. The temperature and stress state
fields in time and space are presented as grey tone figures. The stress state is characterised by a
parameter called the octahedral shear stress. Two simplified problems with the known analytical
solutions are used to verify the numerical model. The displacements are compared with results
published in the international literature although the cases dealt with in the literature are somewhat
different from the ones presented in this paper. Despite this, the orders of magnitude of the
displacements are coincident.

The maximum vertical displacements on the earth's surface are about 0.08 m after 1000 years from
the start of the heat source.
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TIIVISTELMÄ

Käytetyn ydinpolttoaineen loppusijoitustilan termo-mekaaninen analyysi on tehty elementtimene-
telmällä. Tavoitteena on ollut tutkia (1) erityisesti maanpinnan muodonmuutoksia sekä (2) lämpöti-
lakentän yleistä luonnetta lähi- ja kaukoalueella tektonofysiikan kannalta. Loppusijoitustilan sisäl-
tävää kalliolohkoa kuvataan pystyasentoisella ympyräsylinterillä, jonka säde ja korkeus on 5000 m.
Loppusijoitustila eli lämpölähde kuvataan sylinterin keskiakselilla 500 m syvyydellä olevalla ym-
pyräkiekolla tai sylinterillä, jonka säde on 260 m. Lähteen teho pienenee ajan funktiona eksponen-
tiaalisesti. Koko lämpölähde käynnistyy samalla ajanhetkellä, mikä vastaa loppusijoitushetkeä.

Tuloksina saadaan paikan ja ajan funktiona lämpötilakenttä sekä jännitystilaa kuvaava parametri
oktaedrinen leikkausjännitys. Lämpötilakenttiä verrataan myös analyyttisesti saataviin ratkaisuihin
yksinkertaistetussa tapauksessa. Yhteensopivuus todetaan hyväksi. Lisäksi verrataan saatuja siirty-
miä eräisiin kirjallisuudesta löydettäviin tutkimuksiin. Nämä tilanteet eivät tosin vastaa täysin tässä
työssä olevia, mutta siitä huolimatta voidaan todeta tulosten olevan suuruusluokaltaan sopusoin-
nussa.

Suurimmat pysty siirtymät maanpinnalla ovat noin 8 cm 1000 vuoden kuluttua lämpölähteen käyn-
nistymisestä.
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NOTATION

a radius of the equivalent thermal disc source [m]

x, y, z Cartesian co-ordinates [m]

z, r, (p cylindrical co-ordinates [m], [m], [-]

R radius of the domain [m]

H height of the domain [m]

F boundary

Q. spatial or spatio-temporal domain

t? temperature [K]

W specific free energy [J]

c c specific heat capacity [J/kgK]

e internal energy per unit mass [J/kg]

k thermal conductivity [W/mK]

<2 heat production [W]

K thermometric conductivity [m2/s]

/ time [s]

u. displacement field [m]

£.. strain tensor [-1
i] L J

a. stress tensor [N/m2]

f. specific body force [N/kg]

A, fx Lame's constants [N/m2]

E Young's modulus [N/m2]

v Poisson's ratio [-]

q. heat flow [W/m2]

a coefficient of thermal expansion [1/K]

p density [kg/m3]

T octahedral shear stress [N/m2]

/,, I2 stress invariants [N/m2], [N2/m4]

Derivatives are marked with a comma. For example & a, where a e {z, r, q>}, means partial derivatives
of temperature with respect to the spatial co-ordinates. The reference quantities are denoted by an
underbar and the initial and the boundary conditions by a superimposed bar. For example, the notations
for the reference and initial temperatures are ^ and ^ , respectively.
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1 INTRODUCTION

In this study the ground rock response under ther-
mal and tectonic loads is considered. The reposi-
tory is approximated as a cavern (length 850 m,
width 250 m and height 5 m), which also deter-
mines the dimensions of the thermal source. The
cavern is in bedrock 500 m below the earth's sur-
face and it will contain about 1200 spent fuel
canisters. Each of them will contain 1600 kg ura-
nium [Teollisuuden Voima Oy, report YJT-92-
31E].

The thermo-hydro-mechanical (THM) analysis
of the repository area concerns either the near
field or the far field. The aim of this study is to
explain the thermo-mechanical phenomena in the
far field area using both analytical and numeri-
cal methods. A simplified problem having a
closed form solution is used first to study ad-
equate thermal and mechanical boundary condi-
tions for the coupled thermo-mechanical model
and to adjust the dimensions of the domain large
enough to cover the whole repository area. Sim-
plified problems are also used to verify the code
used in the numerical calculations and to esti-
mate the accuracy of the numerical results.

Physical and thermal properties of granite

In the following the Si-system is used. The rock
material is assumed homogeneous and isotropic.
The material properties of the granite rock are

Young's modulus
Poisson ratio
Density
Thermal conductivity
Coefficient of thermal
expansion
Specific heat capacity

£ = 50-109N/m2,
v=0.2,
p = 2700 kg/m3, (la)
k = 2.7 W/mK,

a = 9 - 106l/K,
c = 800 J/kgK.

Knowing Young's modulus and Poisson's ratio,
it is possible to determine Lame's constants A,
and \i from equations

VE E

~( l -2v) ( l + v) ' ^ ~ 2 ( l + v)' ( l b )

The numerical values are A = 13.9 • 109 Pa and fi
= 20.8 • 109 Pa.

Geometry of the domain and the initial state

The geometry of the model domain is a cylinder
with radius R and height H. A typical radius of
the cylinder is 5-6 km and height is 5 km, which
covers well a typical rock block [Salmi, Vuorela,
Kuivamaki]. Figure 1 shows the solution domain
and the mechanical boundary conditions. Rota-
tional symmetry is assumed throughout the text,
i.e., all quantities are assumed to be independent
of the angular position. Thus it is enough to con-
sider only the plane (p = 0. The cavern, having its
centre at the z-axis, is modelled in two different
ways. In model A the cavern is assumed to be a
void with three rigid supports. In model B the
cavern is taken to consist of a material having
the same mechanical material properties as the
surrounding rock. The true setting is assumed to
be somewhere between these limiting cases.

The horizontal and the vertical stress components
in the rock block in cylindrical co-ordinates are

q_rr = -(5,400,000 + 51,000—) Pa,
m

(2)
a = -27,000—Pa.

m

The possible glacial ice load on the upper face of
the block is not accounted for in (2). The
geothermal constant flux (the geothermal gradi-
ent) through the lower face of the cylinder is given
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by dft/dz = 0.03 KAn. The constant temperature
i}0 on the earth's surface is 277 K. Thus the refer-
ence temperature distribution is

ft =(277+ 0.03— )K.
m (3)

The power of the thermal source obeys the law

Q = Qoe^!, (4)
where /3 = 7.29 -1011 • 1/s (/3 = 0.0023 • I/year).

This approximation slightly overestimates the
heat production. A more accurate approximation
would be achieved by dividing the time range
into intervals with different values for /3. Sup-
posing that the initial heat production is Qo =
0.740 W/kg and that the mass of uranium is m0 =
1,920,000 kg, the total initial heat production is
Wo = 1,420,800 W. The radius of the equivalent
heat disc source a can be derived from equation
iza2 = 850 m x 250 m which gives a = 260 m.

Figure 1. Solution domain and the mechanical boundary conditions.
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2 THERMOMECHANICAL PROBLEM

The starting point here is the basic balance laws
for momentum and energy. The particular form
the equations take in the present case is discussed
next.

Balance laws

In what follows, the summation convention with
respect to the repeated indices i,j,k e {z,r,q>} is
used. The local form of the balance law for mo-
mentum is

puitt = pfi+or • , (5)

where u. u is the acceleration, p the density,/! the
specific body force and <J. the stress tensor. In
this study the acceleration is assumed to be neg-
ligible. The local form of the first fundamental
law of thermodynamics for continuous media is

Pet =® ifiij t ~ Qi ii (6)

where e is the specific internal energy, £.. the strain
tensor and q. the heat flow vector. The strain ten-
sor expression £.. = (u.. + u. )/2, valid for small
displacements, will be applied.

Constitutive equations

The stress relation of an isotropic material can
be written as [Ziegler H., pp. 117]

(7)
where A and /I are Lame's constants, a is the co-
efficient of thermal expansion and the underbar
denotes the reference state (the state about which
the constitutive relations are expanded in trun-
cated power series). The internal energy per unit
volume is given by [Ziegler H., pp. 118]

2$

where c is the specific heat capacity. This equa-
tion shows that the internal energy cannot be con-
ceived as the sum of the strain energy and a 'ca-
loric energy'. The third constitutive equation
needed is Fourier's law

<fc=-*fl,,-. (9)

where k is the thermal conductivity.

Stress measure

The octahedral shear stress criterion is used to
produce a measure of the stress state of the ma-
terial. The expression is [Jaeger JC, Cook NGW,
pp. 24]

/ I Z • " T (10)

where the first and the second invariants 1^ and 72

of the stress tensor are defined by [Ziegler H, pp.
12]

(11)

The stress criterion is actually the root mean
square shear stress multiplied by ^5 /3 . Assum-
ing that shearing is the mechanism leading to a
fracture, the criterion can be used to locate the
areas where fracturing is likely to take place.
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Boundary and initial conditions

In what follows, the superimposed bar means a
given quantity if not otherwise noted. The bound-
ary conditions to be applied are either of the
Dirichlet or the Neuman type, i.e.,

0-0 = 0

qtnt -q=0

M,.-«,=0

nO

onF ,

onF?,

onF",

onF',

(12)

where the sets satisfy F*5 n Tq = 0 ,

f* u H = 3 Q . P n P = 0 , F" u T ' = 3Q a n d

n. is the unit outward normal vector to the bound-
ary (in this context the overbar means closure).
The superscript of the boundary notation P with
z e {1},q,u,t} indicates the quantity—tempera-
ture, heat flow, displacement or traction—speci-
fied. A somewhat more general condition, where
either the traction or the displacement compo-
nent is given, will also be needed. The initial state
is given by conditions

M, - Mf = 0 on F ,

onF",

where P = O I ̂ =0 means the spatial domain at
the initial time (assumed zero). Under the sub-
sidiary conditions above, one may expect that a
unique solution to the problem exists.

Cylindrical co-ordinate system

Since all quantities are assumed independent of
the angular co-ordinate, the reduced problem is
considered instead of the model in three spatial
dimensions. In two dimensions the problem in-
cludes 9 unknowns wrf £ „ aap a,/?e {z,r} and
0. After substituting the constitutive equations
into the balance laws the result is, however, a
closed equation system for the primary unknowns
u and 0. Let us finally remark that the displace-
ment vector ua is measured from the reference
state which is the displacement of the cylindrical
domain without the imperfection of Figure 1 re-
presenting the cavern.

The summation convention with respect to the
repeated indices (X,f5,Y is applied over the reduced
set {z,r}. In the cylindrical co-ordinate system
the governing equations of the previous sections
take the form (the divergence operator is defined
Vu = r1 (rua)a)

/ a +r~ 1 ( r a a p )p - a w r - 1 8 ( X r =0 in Q,

pci3 , + (3A, + 2jj,)aO£/;, +r'\rqa)a = 0 inQ.

(14)
Here the dimension of Q is three (the co-ordi-
nates etrez,r,t). The stress tensor, the strain tensor
and the heat flow vector are defined by

u -(3A, + 2(x)ocAi^]5n(1 +2(j.eap in fi,

Mpa), e w = r~ Mr in fi,

i n Q ,

(15)

where A0 = 0 - 0 . The given functions of the
boundary conditions (12) assumed on the differ-
ent parts of dCl = u P are (see Figure 1):

(13) _
M.

K
K

h
t

= 0,

= 0,

= 0,

= 0,

ur

tr

ur

K

= 0,

= 0,

= 0,

= 0,

= 0,

0 = 0

0 = 0

0 = 0,

q=0,

q = -qo>

onP,

onF2,

onF3,

onF4,

onF5,

(16)

where q0 = Q/A • exp(-j8f) and £ = -r30 +-&'QZ. The
values of the constants 0O, #Q, Q and )3 for the
present problem are given in equations (3), (4)
and A = 27Ca2 is the equivalent area of the cavern
illustrated schematically in Figure 1.

The selections above correspond to model A
where the distributed heat source with the total
power Q is replaced by an equivalent surface
source. In model B the heat source is distributed
evenly in the volume occupied by the cavern and
taken into account as the volumetric heat source
with density Q/V in the energy equation. Then
the conditions on P5 are omitted and the defini-
tion P={(z,r):r=0,0<z<5000m} is used instead.

10
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ANALYTICAL METHOD

Two simplified versions of the problem of the
previous section were studied to find out the time
and space-scales of the effect of the heat source
and to verify the code used to solve the original
problem numerically. The problem by [Ziegler
H, pp. 120] is presented in Appendix A.

Simplified model

The simplified model consists of a time depend-
ent disc source in half space. The mechanical
behaviour is not accounted for. Due to the ther-
mal boundary condition at the surface of the do-
main, i.e. constant temperature 277 K on the sur-
face of the earth (z = 0), the thermal disc source
at the given depth z = 500 m must have the
corresponding disc sink with the same intensity
at the same distance (zsnk = -500 m) upon the xy-
plane (Figure 2).

The temperature distribution of the instantane-
ous disc source in the plane z = 0 with radius a
(?ta2qpc heat units are liberated at t = 0) has an
analytical solution in an infinite domain [Carslaw,
Jaeger, pp. 260],

2K t

Qa e'z2/4iale'K

1J%Kt
(17)

where q = Q/iuxLpc and the thermometric con-
ductivity (or the diffusivity of the substance) is
K = k /pc and IQ, JQ, Jx are Bessel functions. It
should be noted that the integral (17) cannot be
expressed in terms of tabulated functions except
on the axis r = 0, where it becomes

(18)

The temperature at the given point of space-time
is obtained by replacing q—>qdx and integrat-
ing the source and sink contributions over the
interval [0,t],

Figure 2. Thermal disc source and sink of analyti-
cal model.

(19)

A constant temperature, 277 K in this case, can
be added to solution (19) to obtain the tempera-
ture wanted at the earth's surface.

The temperature distributions given by the ana-
lytical model (19) after 100 and 200 years from
the moment of waste disposal into the rock were
evaluated using Mathematica program [Wolfram
S.]. The parameters of the analytical model were

11
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chosen to correspond to the present problem.
Thus the radius of the disc source is a = 260m,
the power of the heat source is given by equation
(4) and the material parameters are the ones given
in equation (1). The temperature was calculated
on 9x9=81 regular grid of points in square (r,z)
e [0,400m] x [0,400m]. The results are presented
in Figure 3 in the form of level curves t?= 27 8 K,
•& = 278.5K and # = 279.5K. Numerical results
by the finite element method are given in Figure
4.

The temperature distributions of the analytical
and the finite element solutions seem to be con-
sistent after 100 years and 200 years from the

moment of nuclear waste disposal. Actually the
analytical solution, as presented in the figure, is
just an interpolant on a relatively coarse grid.
Thus the curves are not smooth and the solution
is somewhat smeared compared to the numeri-
cal solution with a rather dense mesh.

The temperature distributions on the z-axis (r =
0, 0 < z < 475) are plotted using formula 19 in
Figure 5 after 20, 50, 100, 200, 500, 1000, 2000
and 5000 years. The darkness of the curves de-
creases with time and thus the temperature dis-
tribution after 20 years is totally black and the
temperature distribution after 5000 years is plot-
ted using the lightest grey level.

Figure 3. Temperature distribution (a) after 100 years and (b) after 200 years from the start of heat
source obtained from the analytic disc model.

12
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Figure 4. Temperature distribution (a) after 100 years and (b) after 200 years from the start of heat
source obtained by the finite element method.
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4 NUMERICAL METHOD

The space-time finite element method was used
to solve the problem of Chapter 2 numerically.
The variational problem and the finite element
space are presented next with only some notes
how to proceed in practice. We refer to [Johnson]
for the basic concepts of the finite element
method and discussion on the solution method
properties.

Variational problem

The variational problem for the problem of Chap-
ter 2 can be derived in the usual manner. For sim-
plicity the time-reduced version of the time-dis-
continuous Galerkin finite element method writ-
ten only for a typical time-slab with thickness At
will be applied. The method can be taken as the
refined version of the well-known implicit Taylor
scheme. To keep presentation concise, integrals
over the spatial solution domain and its bound-
ary are denoted by (• )Q and { • )r, respectively.

The finite element space will be denoted by the
superscript h. The finite element method reads:

find U(x -nua e V* X Vv
h and ft -

that
G v£, such

pa

)a +

e,. JATV )Q = 0,

(20)

Vva e Vu
h X Vv

h and \/p G \$. In the formulation
above,nua and n$ stand for the element
interpolants of ua and $ , respectively. In this
context the functions of the boundary conditions
are to be interpreted as smooth extensions, i.e.,
any functions defined on the whole Q. that take
the prescribed boundary values. The terms

H ft ]] = # - -6- and[[£, ;I multiplied by the inverse
of the time-step can be interpreted as the partial
derivatives with respect to time. Let us note that
in connection with (20) the solution domain Q is
purely spatial.

If the boundary conditions are not accounted for,
the finite element spaces for the unknown u,v, •&
are chosen to be similar:

= {v:v\K e P,(K)\/K <E K and veC°(Q)
(21)

and vlr J=0},
where z e {u, v, •&} and K denotes the element
set, i.e., division of £2 into subdomains so that
OK = 0 , (j^ - Q and P ;(K) denotes polynomi-
als of degree / in K (in this context the overbar
means closure). The simplest possible choice / =
I will be applied. Then the approximation in
space-time consists of functions that are
piecewise linear and continuous in the spatial co-
ordinates in each time slab. With respect to the
temporal co-ordinate, the approximation is con-
stant inside each slab and it may undergo jumps
at the slab interfaces.

On the solution method

The basic solution scheme for problem (20), (21)
is the following: first the approximations are sub-
stituted into the variational form to get an ordi-
nary non-linear equation system for the unknown
function nodal parameters. Then the solution to
the non-linear problem is sought by iteration.
After that the known solution is substituted into
the jump terms J$]] = $ - # and

II e,-,-1 = £;,• - e,.,- as the quantity with the overbar,
time is incremented by At and the solution for
the next slab is sought by repeating the same
steps.

14
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It turned out after some preliminary calculations
that the mechanical and thermal parts of the prob-
lem are almost uncoupled. Thus the temperature
field was solved first by keeping the deforma-
tion fixed. After that the displacement field was
calculated by keeping the temperature field fixed.
Finally, the known temperature and displacement
fields were used to calculate the stress measure
as the third separate problem. For simplicity, the
terms needed at the third phase, i.e., in the stress
calculations, are not included in (20).

A FORTRAN code, called FEAP (a Finite Ele-
ment Analysis Program), written in the Labora-
tory of Computational Dynamics (by the second
writer of this report) was applied in the numeri-
cal calculations. The preliminary version of the
program is documented in [Freund, Lempinen].
The program consists of an interpreter for a script-
ing language used to combine the data genera-
tion and solution phases of problem solving. The

interpreter includes the common structures of the
high level programming languages and a set of
predefined functions for automatic mesh and in-
put data generation. The Delaunay method was
used in the present problem.

The finite element solver of the code (being just
a function of the scripting language) implements
the space-time finite element method and is writ-
ten to solve problems of type (20) without re-
strictions for the number of physical dimensions
(<4) or the number of the unknown functions.
The solver includes most common methods for
non-linear equation solving and methods of lin-
ear equation system solving. In the present case,
the so-called segregated solution method was
used for the non-linear problem as noted above.
The arising linear equation systems were solved
by using the biconjugate gradient method with
diagonal pre-conditioning.

15
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NUMERICAL RESULTS

As the main interest of the calculations is focused
on the far field results, the outer boundary of the
solution domain with co-ordinates z, r (z directed
upwards from the ground level) was approxi-
mated by a simple polygon. This introduces geo-
metrical inaccuracy at the cavern but should not
affect the results some distance away. Triangular
linear elements were used to allow automatic
mesh generation. A rectangular bilinear element
type was also considered, but it turned out that
obtaining a mesh with reasonable properties is
rather tedious with that selection.

As noted in Chapter 1 the repository was mod-
elled in two different ways. In the first model, A,
the repository is a 5 metre high cylindrical cav-
ern with radius a. The thermal flux correspond-
ing (4) through the walls of the cavern was given
as the heat source. The cavern was supported by
a rigid column at the z-axis (r = 0) and by a rigid
wall at the point r = 100m. In model B the re-
pository was considered as a volume heat source
with the same material properties as the surround-
ing rock.

The domains and meshes for models A and B
used in the numerical calculations and magnifi-
cations near the repository place are shown in
Figure 6. In both cases, generated by the
Delaunay method, the desired number of ele-
ments was set to 2000 [Barry, Joe]. The actual
number of triangular elements is 2050 and the
number of nodes (i.e. vertices) is 1120 for model
A and 2060 elements and 1126 nodes for model
B.

time. The plot includes the whole modelled block
and a magnification of the near area of the heat
source. The highest temperature (427K at the
bottom) corresponds to white and the lowest tem-
perature (277 K on the earth's surface) is shown
in black. The results for model A and model B
indicate that the difference in the treatment of
the mechanical part of the problem near the cav-
ern does not have much effect on the thermal part.

The solution shows a rather steep gradient (nar-
row grey region) for small time values, which
can be resolved only by using a mesh with ele-
ment size comparable to the thickness of the
boundary layer near the depository area. Although
a rather dense mesh was used near the deposi-
tory area, an adaptive remeshing may still be
needed if accurate modelling of the boundary
layer is wanted.

5.2 Displacement of the ground
surface

Figures 16-24 show the vertical displacement at
the ground level from the reference state. As the
reference state used in the calculations for model
A corresponds to a domain without the void, the
displacement field is not initially zero as it would
be without the void (model B). Both models show
that the maximum vertical displacement of the
ground surface occurs approximately 1000 years
after the start of heat production and the displace-
ment is then about 0.08m.

5.3 Stresses of the ground rock

5.1 Temperature distribution T n e previously defined octahedral shear stress
of equation (10) [Jaeger J.C and Cook N.G.W] is

Figures 7-15 at the end of this chapter show the used as a measure of the stress state. The stress
temperature field at some selected instants of varies from OMPa (on the earth's surface) to 60.3
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Figure 6. The domain and the mesh used in the numerical calculations and the magnification near the
repository place for models A & B.

MPa (on the bottom surface of the model, Fig-
ures 25-33). Model A yields in the vicinity of
the supports of the cavern local stress peaks which
remain throughout the time interval considered.
In model B the stresses, caused totally by the heat
production, vanish after about 2000 years. This
is natural since the reference state for the stress
corresponds to a cylinder without a void subjected
only to the geothermal flux.

5.4 Horizontal stress of the
ground rock

Figures 3 4 ^ 2 show the development of the ra-
dial stress component, which can be interpreted
as the horizontal stress, of ground rock during
10,000 years. The results are plotted on the z-
axis. Model A yields near the cavern supports
local stress peaks which are cut at the stress level
160 MPa (the horizontal stress at a depth of 3000

m). Model B gives a stress distribution which
returns to the reference stress state after about
2000 years from the start of the heat production.

5.5 Comparison with other
studies

Results for exactly the same problem are not
available. There are, however, studies concern-
ing nuclear waste disposal at 500 m depth with
approximately the same magnitude of heat pro-
duction and repository area dimensions, and they
are therefore to some extent comparable to the
present study.

The two-dimensional Bench-mark test BMT1
studied in DECOVALEX [Jing L, Rutqvist J,
Stephansson O, Tsang C-F, Kautsky F. 1993] is
designed to simulate thermo-hydro-mechanical
processes (THM) in a large volume of jointed
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rock mass with a repository located at a depth of
about 500 m. The model dimensions are 3000 m
(width) 1000 m (height) and it contains two per-
pendicularly intersecting sets of parallel
discontinuities. The initial value of heat source
density is 0.5 W/m3 (here 1.33 W/m3) and the
exponent of decaying thermal function is y3=0.02
I/year (/? = 0.0023 I/year here). The heat source
is located in a volume 500 m x 500 m x 60 m.
The problem was solved by using several finite
element or distinct element codes. The model has
17 monitoring points at the upper surface and at
depths of 250 m and 500 m. The temperature,
stresses, displacements, hydraulic heads and flow
velocities are compared at some of these points.
For example, the temperature of point 8 which is
250 m above the centre of the heat source starts
to increase after about 100 years linearly and af-
ter 500 years is at about 17 K higher level than
the initial temperature. The temperature of moni-
toring point 10 whose horizontal distance from
the centre of the heat source is 875m and vertical
distance is 250m is practically constant during
the first 500 years. The increase of the horizon-
tal stress component at point 8 is about 5 MPa
and the maximum occurs after about 80 years.

Shen and Stephanson have numerically modelled
a double-layer and a single-layer repository ap-
plying a distinct element code and a three dimen-
sional model [Shen B. and Stephansson]. The sin-
gle-layer repository consists of two 404m X 864m

planar areas at 200 m distance from each other,
and the double-layer repository consists of two
approximately 650m X 650m layers. The lower
layer is located 100m beneath the upper layer.
The spacing between two tunnels is 33m in the
case of the double-layer repository and 25m for
the single-layer repository. The initial heat pro-
duction is 3.74MW and the exponent of the de-
caying thermal function is a function of time. The
upper layer will be sealed 15 years later than the
lower layer. As a result, in the case of the dou-
ble-layer repository it is found that the surface
upheaving after 20 years is about 1 cm, after 200
years about 3 cm and after 1000 years about 8
cm. The horizontal stress component increases
about 12-15 MPa at the repository level and the
maximum increase occurs after about 200 years
after waste disposal. In the present study the
maximum increase of horizontal stress is about
40 MPa occurring after about 200 years (model
B). For the single-layer repository the vertical
displacement at the earth's surface is 1 cm after
20 years, 3 cm after 200 years and less than 7 cm
after 1000 years. In the present study the
displacements are about 0.5 cm after 20 years, 4
cm after 200 years and about 8 cm after 1000
years. For the single-layer repository the maxi-
mum increase of the horizontal stress is 7 MPa.
The heating and cooling periods depend not only
on the heat decay function but also on the ar-
rangement of the canisters in the repository.
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Figure 7. Temperature field after 20 years (models A & B).
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Figure 8. Temperature field after 50 years (models A & B).
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Figure 9. Temperature field after 100 years (models A & B).
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Figure 10. Temperature field after 200 years (models A & B).
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Figure 11. Temperature field after 500 years (models A & B).
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Figure 12. Temperature field after 1000 years (models A & B).
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Figure 13. Temperature field after 2000 years (models A &B).
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Figure 14. Temperature field after 5000 years (models A & B).

26



STUK-YTO-TR 112
FINNISH CENTRE FOR RADIATION

AND NUCLEAR SAFETY

- 1 0 0 0

-2000

-30 GO

-4000

-5000

a)

1000 200

-1000

-2000

-3000

-4000

-5000

b)

1000 20U

Figure 15. Temperature field after 10,000 years (models A & B).
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Figure 16. Vertical displacement on the ground surface in [cm] after 20 years (models A & B).
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Figure 17. Vertical displacement on the ground surface in [cm] after 50 years (models A & B).
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Figure 18. Vertical displacement on the ground surface in [cm] after 100 years (models A & B).
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Figure 19. Vertical displacement on the ground surface in [cm] after 200 years (models A & B).
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Figure 20. Vertical displacement on the ground surface in [cm] after 500 years (models A & B).

32



STUK-YTO-TR112
FINNISH CENTRE FOR RADIATION

AND NUCLEAR SAFETY

Figure 21. Vertical displacement on the ground surface in [cm] after 1000 years (models A & B).
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Figure 22. Vertical displacement on the ground surface in [cm] after 2000 years (models A & B).
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Figure 23. Vertical displacement on the ground surface in [cm] after 5000 years (models A & B).
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Figure 24. Vertical displacement on the ground surface in [cm] after 10,000 years (models A & B).
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Figure 25. Octahedral shear stress after 20 years (models A & B).
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Figure 26. Octahedral shear stress after 50 years (models A & B).
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Figure 27. Octahedral shear stress after 100 years (models A & B).
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Figure 28. Octahedral shear stress after 200 years (models A & B).
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Figure 29. Octahedral shear stress after 500 years (models A & B).
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Figure 30. Octahedral shear stress after 1000 years (models A & B).
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Figure 31. Octahedral shear stress after 2000 years (models A & B).
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Figure 32. Octahedral shear stress after 5000 years (models A & B).
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Figure 33. Octahedral shear stress after 10,000 years (models A & B).
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Figure 34. Radial stress component a after 20 years (models A & B).
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Figure 35. Radial stress component a after 50 years (models A & B).
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Figure 36. Radial stress component o after 100 years (models A & B).
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Figure 37. Radial stress component G after 200 years {models A & B).
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Figure 38. Radial stress component G after 500 years (models A & B).
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Figure 39. Radial stress component G after 1000 years (models A & B).
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Figure 40. Radial stress component Gn after 2000 years (models A & B).
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Figure 41. Radial stress component a after 5000 years (models A & B).
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Figure 42. Radial stress component a^ after 10,000 years (models A & B).
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6 CONCLUSIONS

In this study the response of ground rock block
to horizontal stresses and the heat production of
nuclear waste was considered. In order to sim-
plify the problem, cylindrical symmetry was as-
sumed and a two dimensional model used. The
present problem was analysed using two differ-
ent models for the repository. In the first case,
model A, the repository was modelled as an open
cavern supported by a column and a wall. Ther-
mal flux through the walls of the cavern was di-
rected to the surrounding rock. In the second case,
model B, the repository was modelled as a cav-
ern filled by the volume heat source which has
the material properties of the ground rock.

The temperature distributions of both models at
different moments are coincidental. The maxi-
mum displacement occurred about 1000 years
from the start of heat production and the maxi-
mum displacement is about 0.08m. The stress
distributions of models A and B in the near field

of repository differs, as expected. The results are
similar to the ones presented in the references.

Since the code used in the calculations is designed
to allow fast implementation of different models
and the problem itself is standard, no particular
difficulties arose with the numerical calculations.
In fact, taking into account more physical phe-
nomena associated with the setting seems not to
be a problem from the numerical point of view.
It turned out (after some tries with structured
grids) that the use of unstructured meshes con-
sisting of triangles or tetrahedrons is the right
choice if the cavern is to be modelled within rea-
sonable accuracy. Automatic mesh and data gen-
eration schemes and parametrisation of the prob-
lem proved to be valuable tools in studies of ef-
fects of the various factors involved. These fea-
tures offered by the code are probably even more
important in connection with a problem in three
spatial dimensions.
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APPENDIX A A SIMPLE TEST CASE

The analytical solution of the actual nuclear waste
problem presented in Chapter 3 does not give
solutions for displacement and stresses. There-
fore, a simple test case with known analytical
solutions for displacements and stresses is needed
to verify of the correctness of finite element
source code. Such a test case can be found from
the reference [Ziegler, pp. 120-122]. A cylindri-
cal tube, which has a uniform heat supply q per
unit time along the interior boundary and the
exterior boundary is maintained at the constant
temperature #0, is considered (Figure Al).

The radius of the interior boundary is a = 100m
and the radius of the exterior boundary is b =
5000m. The dependent variables are assumed to
be functions of radius r alone. Figure A2 shows
the finite element mesh used in the numerical
analysis.

Figure Al. Cross section of a cylindrical tube.

Figure A2. Finite element mesh of the cylindrical tube.
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APPENDIX A
The solution for the stationary temperature dis-
tribution with the boundary conditions mentioned
is

(Al)
Ink r

the radial stress component is

and the radial displacement is

u —

(A2)

(A3)

A SIMPLE TEST CASE

The integration constants C and D can be deter-
mined from the stress boundary conditions
arr{a) = arr{b) = Q. (A4)

Figure A3 shows the plot of the temperature dis-
tribution, Figure A4 the radial displacement u,
Figure A5 and the radial stress component Cn,
Figure A6 the stress component a and finally
Figure A7 the vertical stress component a . The
continuous line represents the analytical solution
and the dots are the numerical values obtained
from the finite element analysis. All values are
plotted at the level z = -500m.

Figure A3. Temperature distribution.

1000 2000 3000 4000 5000
Figure A4. Distribution of radial displacement u.
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Figure A5. Distribution of radial stress component G^.
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Figure A6. Distribution of stress component s..
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Figure A7. Distribution of vertical stress component s .

60



STUK-YTO-TR 112 A theoretical and numerical consideration of rock mass behaviour under thermal loading...

i n

cN en
i—i O\
r— i

i m
i—I OO

CO

< 2

PQ $2 S |
5 ^


