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THE DYNAMICS OF VARIABLE-DENSITY TURBULENCE 

by 

Donald L. Sandoval 

ABSTRACT 

The dynamics of variable-density turbulent fluids are studied by direct numerical 
simulation. The flow is incompressible so that acoustic waves are decoupled from the 
problem, and implying that density is not a thermodynamic variable. Changes in 
density occur due to molecular mixing. The velocity field is, in general, divergent. A 
pseudo-spectral numerical technique is used to solve the equations of motion. Three-
dimensional simulations are performed using a grid size of 1283 grid points. Two 
types of problems are studied: (1) the decay of isotropic, variable-density turbulence, 
and (2) buoyancy-generated turbulence in a fluid with large density fluctuations (such 
that the Boussinesq approximation is not valid). 

In the case of isotropic, variable-density turbulence, the overall statistical decay 
behavior, for the cases studied, is relatively unaffected by the presence of density 
variations when the initial density and velocity fields are statistically independent. 
The results for this case are in quantitative agreement with previous numerical and 
laboratory results. In this case, the initial density field has a bimodal probability 
density function (pdf) which evolves in time towards a Gaussian distribution. The 
pdf of the density field is symmetric about its mean value throughout its evolution. 
If the initial velocity and density fields are statistically dependent, however, the decay 
process is significantly affected by the density fluctuations. For this case, the pdf of 
the density becomes asymmetric about its mean value during the early stages of its 
evolution. It is argued that these asymmetries in the pdf of the density field are due 
to different entrainment rates, into the mixing region, that favor the high speed fluid. 

For the case of buoyancy-generated turbulence, variable-density departures from 
the Boussinesq approximation are studied. Also, Reynolds number effects are investi
gated using initial density fields with moderately large initial density variations. An 
important parameter that characterizes buoyancy driven flow is the initial value of 
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the ratio of the rms density fluctuations to the mean density. If this quantity is less 
than approximately 0.1 than the resulting buoyancy-driven flow is within the Boussi
nesq approximation. It is shown that the mean pressure gradient, which is constant 
in the Boussinesq limit, varies with time and is a function of magnitude of the density 
fluctuations and the acceleration. Vorticity dynamics for this flow are also studied. 

The results of the buoyancy-generated turbulence are compared with variable-
density model predictions. Both a one-point (engineering) model and a two-point 
(spectral) model are tested against the numerical data. Some deficiencies in these 
variable-density models are discussed and modifications are suggested. 
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Chapter 1 

INTRODUCTION 

1.1 Motivation 

A large body of work exists on the topic of turbulence in constant-density fluids [38]. 
Theoretical, experimental and numerical methods have been used to gain an under
standing of such flows. The study of turbulence with large density variations is still in 
its infancy, however, and the understanding of such flows is far from complete. Many 
industrial and engineering applications involve variable-density fluids. Most chemical 
reactions, e.g., in engine combustion, involve the turbulent mixing of two or more flu
ids of different densities. In nuclear reactors one can find fluids of different densities 
(e.g., water and steam) that are mixing due to turbulence. Natural phenomenon in
volving variable-density flows are quite diverse, ranging from turbulent mixing driven 
by buoyant convection in the oceans, the atmosphere, and the Earth's mantle, to 
turbulence found on Jupiter or the turbulent mixing of gases from an exploding nova. 
Turbulence affects the environment in many ways, from the natural phenomenon of 
the turbulent mixing of plumes of smoke and ash rising from a volcano, to the man-
made phenomenon of the turbulent transport and mixing of pollutants from a power 
plant into the atmosphere. 

Because of the importance of turbulence mixing in industrial applications, a num
ber of turbulence mixing models (with and without chemical reactions) have been 
proposed for variable-density flows. One approach that describes the transport of 
two fluids consists of the so-called multi-phase (field) models [41]. Stewart and Wen-
droff [83] give a good review of such models. In these models there are two or more 
distinct fluids (or phases) separated by a discontinuous interface. Each fluid has a 
smoothly varying composition with steep gradients of properties close to the interface 
[29]. The continuum field equations of motion are employed for each fluid with ap
propriate boundary conditions between the fluids. Kataoka [46] has developed local, 
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instantaneous field conservation equations for density, velocity, and energy that ac
count for discontinuous changes at the interface between the two fluids. In his model, 
if the interfacial force and energy discontinuity are neglected, the two-field model re
duces to that of a single-fluid. From this two-field model, Kataoka and Serizawa [47] 
develop a transport equation for turbulent energy using averaging techniques (for a 
discussion of averaging techniques see Appendix A). An attribute of two-field models 
of this nature is that they do not take into account molecular mixing [83] across the 
interface. The mixing that occurs is at a macroscopic level and obtained through 
averaging procedures. The advantage, here, is that this approach can account for 
de-mixing when the two fluids are set to an acceleration. 

There is a great deal of interest in modeling variable-density turbulent mixing, 
which accounts for molecular mixing (e.g., in Britain, France, Russia and the United 
States). Therefore, several single-field turbulence transport models for variable-
density compressible flow have been developed (see, e.g., Andronov et al. (1982) 
[1], Besnard et al. (1987) [8], Cranfill (1992) [27]). These engineering models (one-
point statistical models) typically include the transport of the turbulent kinetic energy 
and the turbulent energy dissipation rate (i.e., k-e models). The model presented by 
Besnard, Harlow, Rauenzhan and Zemach (1992) [10] (herein referred to as the BHR 
model) is a one-point model that describes variable-density turbulent flows. Trans
port equations for the Reynolds stress tensor and the turbulent energy dissipation 
rate are derived, as well as transport equations for the density-velocity correlation and 
the density-density correlation. This model was developed employing techniques and 
concepts from incompressible, constant-density turbulence modeling and incorporates 
ideas from two-phase flow models. 

In order to aid in the closure of such models, multi-point models are also de
veloped. For example, two-point models for constant-density incompressible turbu
lence are of interest because they account for the spectral character of turbulence 
and predict nonequilibrum flows more accurately [33]. Clark and Spitz (1994) [23] 
present a two-point model (herein referred as the CS model) for variable-density tur
bulence. Their derivation is based on the two-point generalization of the Reynolds 
stress tensor, and the derived equations are Fourier transformed with respect to the 
separation distance between the two points. Transport equations are derived for the 
generalized Reynolds stress tensor, the fluctuating density-velocity-specific volume 
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correlation, and the density-specific volume correlation. These models contain many 
terms, ad-hoc assumptions and unknown model constants that need to be determined 
by comparison with experimental and numerical data. 

1.2 Previous work 

Knowledge of constant-density turbulence has increased throughout the years due to 
much theoretical, numerical and experimental research [38], The extension of this 
work to include variable-density effects is experimentally (and theoretically) more 
difficult. This is partially due to the fundamental problems associated with how 
the density and velocity fields are dynamically coupled. Some research has been 
carried out to address this issue. The experiment of Brown and Roshko [15] was 
one of the first designed to isolate the importance of the density fluctuations on 
turbulent flow. They were interested in examining the effects of the density ratio 
between two streams of different gases on the growth of a plane mixing layer. Their 
interest in this problem was due to observations in a supersonic jet that, as the Mach 
number increased, the growth of the mixing layer between the jet and the external gas 
decreased. This inhibition was originally attributed to the increasing density ratio 
between the jet and the external gas. If this was the case, then the trends seen in 
the growth rate of a subsonic mixing layer would be similar to that of a supersonic 
layer for the same density ratio. To isolate the question of whether the growth rate 
suppression was due to increasing density rations or compressibility effects, Brown 
and Roshko performed experiments of a plane turbulent mixing layer between two 
different gases. The Mach number of both fluids was low enough that the flow was 
effectively incompressible. They controlled the walls of their experimental apparatus 
to obtain near zero pressure gradients, and examined density ratios of 1/7, 1 and 7. 
Their results showed that, even though there was an effect of a change in the density 
ratio on the growth rate of the mixing layer in this subsonic flow, these changes 
were small when compared to previous supersonic results. Using Reynolds-averaged 
equations for incompressible and for supersonic flow, Brown and Roshko showed that 
the pressure-velocity correlations accounted for the observed differences in growth 
rates, and not density ratio changes. Spark shadow photographs of the flow also 
showed that, for all ratios of density difference between the two streams, the mixing 
layer is dominated by large, coherent quasi-two-dimensional structures. It has also 
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been observed (see, e.g., Dimotakis (1986) [28]) in these spatially growing shear layers 
that the flow entrains an unequal amount of fluid from each of the freestreams, which 
results in a mixed fluid that favors the high-speed fluid. 

In many other experiments to investigate the effects of scalar mixing in turbulence, 
the scalar field was effectively passive (see, e.g., Lesieur (1990) [52]), i.e., not affecting 
the velocity field. From an experimental viewpoint the simplest case of a scalar in 
a turbulent flow is that of decaying passive scalar (e.g., temperature) fluctuations in 
approximately isotropic, grid-generated turbulence. For example, Warhaft and Lum-
ley (1978) [88] reported on the decay of temperature fluctuations in grid-generated 
turbulence. In their experiments the flow was incompressible with a Prandtl number 
of order unity, since the fluid was air. Temperature fluctuations were small enough 
that the corresponding density fluctuations did not affect the flow field, i.e., temper
ature fluctuations were acting as a passive scalar. Warhaft and Lumley also reported 
that the velocity characteristics for a heated grid remained the same as for an un-
heated grid, again an indication of the scalar being passive. This work was followed 
up by the experiments of Jayesh and Warhaft [42, 43], who studied the probability 
density distributions of the scalar and velocity in grid-generated turbulence. More 
recently, Jayesh et al., (1994) [44] report on passive temperature spectra from wind 
tunnel, grid-generated turbulence. Robey (1990) [73] presented results on the spec
tral density of passive temperature fluctuations in a turbulent channel flow. Some 
new, remarkable experimental techniques have recently been developed by Dahm et 
al., (1991) [89]. In an axisymmetric, incompressible turbulent jet with a Schmidt 
number much greater than 1, using laser-induced fluorescence, they were able to cap
ture highly resolved, four-dimensional measurements of the fine-scale structure of a 
conserved scalar and showed that mixing occurs in sheet-like layers. 

Another large area of research where variable-density effects are being studied is 
mixing in stratified flows, both stable and unstable, e.g., in oceanic and atmospheric 
turbulence. Hopfinger (1987) [39] gives a good review of the experimental, numerical 
and theoretical developments in turbulence in stably-stratified flows. Stratified tur
bulent shear flows have been studied in the laboratory and the results demonstrate 
that stable stratification inhibits the turbulence mechanisms, thus decreasing mixing. 
Shy and Breidenthal (1991) [80] studied the effects of buoyancy reversal in a strati
fied interface between two fluids. Their experimental observations suggest that the 
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entrainment rate at the stratified interface depends on the Schmidt, Reynolds and 
Richardson numbers. A number of laboratory experiments have been performed to 
quantify the effect of buoyancy forces on mixing (see, e.g., Lienhard and Van Atta 
(1988) [54], Yoon and Warhaft (1990) [90], and Itsweire, et al (1986) [40]). Barrett 
and Van Atta (1991) [2] studied the decay of velocity and density fluctuations in 
buoyancy influenced turbulence generated by a grid, towed horizontally through a 
stably stratified fluid. They showed that immediately behind the grid (i.e., at an 
early time in the flow), the turbulence was unaffected by buoyancy forces. At late 
times, buoyancy forces have significant effects on the decay of the turbulent flow. 

Other experiments have been reported involving the mixing across an interface 
between two fluids induced by Rayleigh-Taylor instability due to an acceleration of 
the interface (see e.g., Sharp (1984) [78]; Smeeton and Youngs (1987) [81]; Linden and 
Redondo (1991) [55]; and Sturtevant (1987) [84]). In these experiments large-scale 
structures grow from instabilities on the interface between the two fluids and these 
structures account for most of the mixing seen in these experiments. 

In addition to experiments, numerical methods have been extensively employed to 
further our understanding of variable-density flow. The advantages and disadvantages 
of using numerical approaches instead of experiments are given in Section 1.3. Direct 
numerical simulations (DNS) and large-eddy simulations1 (LES) have been used for 
these investigations. DNS has been employed in the study of passive scalar mixing in 
forced isotropic turbulence (e.g., Chasnov, Canuto and Rogallo (1988) [19]; Eswaran 
and Pope (1988) [30]; Ruetsch and Maxey (1991) [76]), and decaying isotropic turbu
lence (e.g., Herring and Kerr (1982) [37]; Mell, (1994) [60]). Of particular interest are 
the results of Eswaran and Pope and of Mell who show the evolution of the probability 
density function (pdf) of the passive scalar. In both forced and decaying turbulence 
the pdf, which initially is of double-delta function form, evolves towards a Gaussian. 
LES have also been used to study passive scalar mixing in decaying isotropic tur
bulence (see, e.g., Lesieur and Rogallo (1989) [53]). DNS and LES have also been 
used to investigate turbulence in stably stratified flows (see, e.g., Riley et al. (1981) 
[72]; Metais and Lesieur (1992) [61]). Finite difference techniques are often used in 
the study of mixing due to Rayleigh-Taylor instability (see, e.g., Glimm et al. (1990) 

1 Large-eddy simulations are like direct numerical simulations, but the sub-grid scale effects not 
resolved by the mesh are accounted for using a sub-grid scale model 
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[35]; Youngs (1991) [91]). Batchelor, Canuto and Chasnov (1991) [7] presented DNS 
and LES results of homogeneous, buoyancy-generated turbulence. This type of flow 
is generated by an 'active' scalar since it is through the density field, which represents 
a source of potential energy, being accelerated by a body force (e.g., gravity) that 
kinetic energy is created. As the scalar field decays so does the source of potential 
energy; what remains is a decaying turbulent flow. Using the Boussinesq approxima
tion (assuming small density fluctuations) in their numerical scheme, Batchelor et al. 
present (along with analytical results) a description of the birth, life and "lingering 
death" of buoyancy-generated turbulence. 

1.3 Current work 

We are interested in understanding the turbulent interactions of two miscible, in
compressible fluids of different densities. By the terminology incompressible fluid we 
mean a fluid whose compressibility coefficient and thermal expansion coefficient are 
both zero (see, e.g., Panton [67], Chapter 2). This decouples acoustic waves from 
the problem, implying an infinite sound speed and that density is no longer a ther
modynamic variable and therefore not a function of the pressure. For a flow to be 
incompressible, the main criterion is that the Mach number be low (M —> 0). In our 
study, the Mach number is assumed to be zero. Note that this definition of incom
pressible flow is slightly different than that sometimes given in the literature. For 
example, Panton (chapter 10, page 237) defines "incompressible flow" as a flow where 
changes in the density are negligible, leading to a non-divergent velocity field, i.e., 
V • u — 0. However, it has been shown [45] that the velocity field for the mixing of 
two miscible, incompressible fluids is not in general divergence free, i.e.,V • u ^ 0. 
Herein, we refer to the flow in our study as being incompressible due to the low Mach 
number criterion and this reference does not imply that the divergence of the velocity 
field is zero. 

With this in mind, we are interested in the effects of variable-density on turbulence 
at a fundamental level. That is, we are interested in the nonlinear processes of turbu
lence and the influence of variable density on this process. Therefore, we restrict our 
fluids and flow to be incompressible (as described above) such that compressibility 
effects do not complicate the flow. To further isolate the effects of variable-density 
on the turbulence we restrict our flow to be statistically homogeneous and initially 
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isotropic. This requirement eliminates the study of flows with large-scale coherent 
structures (e.g., plane mixing layers arid flows generated by Rayleigh-Taylor insta
bilities). With these requirements we investigate the effects of variable density on 
turbulence by studying two types of flows: (1) isotropic decay of variable-density 
turbulence and (2) homogeneous buoyancy-generated turbulence. The study of such 
flows using experimental techniques is difficult. To avoid these difficulties, and fol
lowing our desire to obtain a complete description of the flow, we resort to numerical 
techniques, using direct numerical simulations to investigate these two types of flows. 
The simulation procedure is analogous to an experiment and is sometimes referred 
to as a 'numerical experiment'. The main advantages of using a numerical simula
tion over laboratory experiments are that (a) since the entire flow field is known at 
every step in time and every point in space, much more (statistical) information of 
interest can be obtained, (b) the parameters can be easily varied and (c) the external 
conditions are more controllable so that we can simulate the conditions of the two 
problems of interest more easily. The disadvantage of a numerical simulation is that 
the temporal and spatial resolution is limited. The spatial resolution limits the range 
of scales that can be computed, and, thus, the maximum Reynolds numbers that can 
be treated. A review of the literature suggests that the state-of-the-art resolution for 
DNS of a passive scalar in isotropic turbulence is with a mesh size of about 1283 grid 
points having a maximum initial Taylor Reynolds number around 65 for Sc < 1. In 
Chapter 2 of this dissertation is discussed the formulation of the equations of motion 
that are used in the research presented. In Chapter 3 is discussed the numerical 
solution procedure used to solve the equations of motion. 

For the case of isotropic turbulence, only small, passive density variations have 
been treated. It is our intention to investigate how variable-density affects the decay 
of isotropic turbulence (presented in Chapters 4 and 5). It is known that in isotropic 
turbulence a single-point scalar-velocity correlation is zero (see, e.g., Lesieur (1991) 
[52]). Intuitively, as density fluctuations change there must be some effect of this 
change on the turbulence. With the lack of correlation between the density and 
velocity field, the question that arises is: Where and how do density changes affect 
the turbulence? 

Previous work for the case of turbulence that includes buoyancy effects has been 
for cases of (a) stably stratified flows or (b) flows within the Boussinesq approximation 
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(or both). We are interested in the generation of turbulence due to buoyancy effects 
in an unstably stratified field not within the Boussinesq approximation. To our 
knowledge there has not been any research reported for this problem. The results 
of Batchelor et al. [7], using the Boussinesq approximation, will provide a basis to 
study the limits of this approximation for buoyancy-generated turbulence. This is 
addressed in Chapter 6. 

It is our hope that the knowledge gained from this numerical study will be in
valuable in the development of variable-density models, such as the BHR and CS 
variable-density turbulence models. In Chapter 7 are described some comparisons 
between the predictions of the BHR and CS models with the results of direct numer
ical simulation taken from this study. Some deficiencies in the models are identified 
and modifications to these models are suggested. 



Chapter 2 

FORMULATION 

In this numerical study of variable-density turbulence, the most general approach 
is to use the single-field representation of variable-density flow and to perform a 
direct numerical solution of the Navier-Stokes equations [67] for variable-density flows. 
This is what is done for the research presented in this dissertation. In this chapter 
are described the equations of motion used in this study. A constraint equation is 
developed for the velocity divergence using the conservation equations for two miscible 
fluids and assuming mixing according to Fick's law. The equations of motion are also 
rewritten in nondimensional form in preparation for their numerical solution. 

2.1 Equations of Motion 

In this study consider the flow of a viscous, Newtonian fluid at zero Mach number. 
The conservation of mass is 

The equations for the conservation of momentum are the Navier-Stokes equations 
[67], here given as 

dt dxj dxi dxj 

with the viscous stress tensor defined by 

{ dui duj 2 dun 1 
dxj dxi 3 tj dxn J ' 

Here p(xj, t), p(xi, t) and Ui(xi, t) are the density, pressure and velocity fields, respec
tively, dependent on the spatial coordinate Xi and on time t, Qi is an acceleration 
(e.g., gravity), and \x the fluid viscosity. 

These equations require specified boundary and initial conditions. A condition 
for a mean pressure gradient is also required to correctly specify the problem of 
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a variable-density fluid subjected to an acceleration. The most common approach 
to study variable-density flows is to use the Boussinesq approximation [69]. This 
approximation is valid when the actual density and pressure fluctuations vary only 
slightly from their respective means, the vertical scale of motion is small compared 
with the scale height, and the Mach number of the flow is low. 

In this work we consider a low Mach number flow with large density variations. 
The Boussinesq approximation is not valid as the density and pressure vary sig
nificantly from their mean. Because the Mach number is low acoustic waves are 
suppressed, making the flow incompressible [52] and decoupling the energy equation 
from the problem. Variations of the density field are due to the mixing of two fluids 
with different reference densities. The densities of these two fluids are assumed to be 
constant and not equal to each other. Fluctuations in the temperatures of the two 
fluids are assumed to be small, however the temperatures of the two fluids are not 
necessarily equal. For a single fluid, incompressibility usually implies that V • u = 0. 
It has been shown [45] that this equation is inexact for the diffusion of two miscible, 
incompressible liquids. To account for this, equations for the concentration of mass 
for each species are employed. 

2.2 Description of Mass Diffusion 

To study variable-density flows we consider flow consisting of two miscible fluids of 
different microscopic densities. The conservation of mass for species a, assuming 
Fick's law [12, 10] with with a constant diffusion coefficient, V, is 

dpCQ d(mnCa = _d_ ( vdCa\ 
dt dxn dxn \ dxn) ' 

where Ca(x,t) is the local mass fraction, i.e., the local mass of species a {— 1 or 2) 
divided by the local total mass. Using the conservation of mass [eq. (2.1)], equation 
(2.3) can be rearranged giving 

^.i-l^j. (2.4) 
Here 

Dt dxn 1 dxn 

D d d 
= 7C7 + « 7 Dt dt Jdx 
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is the substantial (material) derivative. 

The local mass fractions and the specific volume satisfy [12] 

Q + C 2 = 1 (2.5) 

and 

i = ̂  + £k. (2.6) 
P Pi P2 

Here, pQ (a = 1 or 2) is the local microscopic density, i.e., the local mass of each 
species divided by the local volume occupied by that mass. It follows directly that p 
can be uniquely described in terms of C\ or C^: 

I.OL + ft_(I_±)Cl + i . (2.7) 
P Pi P2 \Pl Pi) P2 

The microscopic densities, pa (a = 1 or 2), are assumed constant and not equal to one 
another. This assumption implies both small temperature fluctuations and that the 
Mach number is low, and we conclude that the density is only a function of the mass 
fraction, i.e., p = p{C\). With the relationship between Ci and p, the conservation of 
mass for a specie, eq. (2.4), can be written in terms of the density, p. If the constant 
F is defined as 

then, using eq. (2.7), 

Likewise 

Pi 

1 
P2 

DCX 1 Dp 
Dt p2F Dt' 

dCx 1 dp 
dxn p2F dxn 

Substituting (2.9) and (2.8) into eq. (2.4) for a = 1 gives 

(2.8) 

(2.9) 

£R = ?E + U.dp- = pJLlUdE-) (2.io) 
Dt dt j dxj dxn \ p dxn J 

Equation (2.10) can be used instead of eq. (2.4) for incompressible mixing. This equa
tion, along with (2.1) and (2.2), comprise the complete system of equations which, 
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given the appropriate initial and boundary conditions, describe the time evolution of 
variable-density, zero Mach number flows. 

Comparison of eq. (2.10) with (2.1) leads to the following result for incompressible 
mixing flows: 

^ = - A J ^ M (2.ii) 
dxn dxn \ p dxn J 

Thus, the incompressible velocity field is divergent. 

2.3 Nondimensionalization of the equations of motion 

The principle of dynamical similarity can be expressed in our equations of motion by 
considering the following nondimensionalization: 

Ui 

V 
p = 

9iF, 

P=^ 
Po, 

-2 _ 9i 
r =Jfuyl' 

Here U is a characteristic velocity, L a characteristic length, p0 a characteristic density, 
LjU2 a characteristic time and p0U2 is twice the characteristic dynamic pressure 
head. Substituting the nondimensionalizations into eqs. (2.10) and (2.2) gives the 
nondimensional equations of motion (dropping the hat notation and assuming p, is 
constant). The density equation becomes 

dp dp _ p d (1 dp \ 
dt J dxj ReScdxj \pdxjj' 

or 
d lnp d l n p _ 1 d2\np 

dt + j dxj ~ ReSc dx) • [ ' 

file:///pdxjj'
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and the momentum equation becomes 

dpui dpujUj _ dp I dm F - 2 ( 9 1 4 x 
dt dxj dxi Re dxj 

with 

_ J dui duj 2 <9wn 

t J ' ctej drr, 3 y <9arn J ' 

Substituting the nondimensionalizations into the equation for velocity divergence, eq. 
(2.11), gives 

dxn ReSc dxn\pdxnj' 

The solutions of these equations, (2.13), (2.14) and (2.15), depend on the following 
dimensionless groups: 

and 

U T, 
RP V 

V 

s c 
= V' 

u2 

F} gL 

Re is a Reynolds number formed from characteristic length and velocity scales, and 
represents the ratio of inertial forces to viscous forces. Sc is the Schmidt number 
which depends on the properties of the fluids, v and V, and is the ratio of momentum 
diffusion to mass diffusion. FT is the Froude number and is the ratio of inertial to 
buoyancy forces. 



Chapter 3 

NUMERICAL SOLUTION M E T H O D 

In this chapter is described the solution method for the equations of motion used in 
this study. A numerical algorithm is developed to study the decay of isotropic turbu
lence experienced by two miscible fluids as well as the mixing of two fluids subjected 
to a constant acceleration. Spectral methods are used to approximate the spatial 
gradients; for temporal discretization an Adams-Bashforth method is employed. The 
solution procedure consists of first solving for the density at the next time step; then 
the half-step momentum (the momentum not including pressure effects) is solved for 
and finally the next time step density is used in a projection step to solve a Poisson 
equation for the pressure and thus the next time step momentum. 

3.1 Temporal Discretization 

A numerical algorithm for solving eqs. (2.13), (2.14), and (2.15) is developed here. 
It is based on the algorithm of McMurtry [58] for low Mach number, variable-density 
reacting flows. Here it is modified for the incompressible mixing of two miscible fluids 
subject to a constant acceleration. This method is related to the projection method 
[68] but takes into account the fact that the velocity field is divergent. The equations 
are temporally discretized using an Adams-Bashforth scheme, except for the initial 
time step in which is a forward Euler scheme is used. 

3.1.1 Density Equation 

A useful simplification to the nondimensional equation for the density p [eq. (2.10)] 
is to rewrite it in terms of lnp, i.e., eq. (2.13), repeated here 

Dlnp _ 1 d2lnp 
Dt ~~RJ5C dx2 ' 

(3.1) 
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It is useful to rearrange this into the form 

dlnp 1 d2lnp dlnp 
dt ReSc dx2 l dxi 

In order to time-step this equation a 3rd-order Adams-Bashforth scheme is used. The 
integral on the right side is approximated as 

ftn+i dlnp, 1 / ( dlnp)n [ dlnp)n~ \ A _ A ,. ,„ „. 

As will be shown below in discussing the approximation of spatial derivatives using 
spectral methods (section 3.2), that the time-derivative and the diffusion terms can 
be combined together using an integrating factor. 

3.1.2 Momentum Equation 

The momentum equation, eq. (2.14), is rewritten as 

dpuj = dp 1 dTjj dpUjUj F _ 2 , = _^P_ + A . + F-2 ( 3 3 ) 
dt dxi Re dxj dxj r l dxt

 l r 

Using the Adams-Bashforth philosophy, we integrate eq. (3.3) from tn to tn+i = 
tn + At to give: 

f ?££.& = - ?rdt+ Ai(it+ F-2

P9idt 
Jtn Cft Jtn OXi Jtn Jtn 

The term on the left side immediately integrates to give: 

f*n+l dpUi I —^rdt = {pUi)n+l ~ {pUi)n-
Jtn Ot 

In the first term on the right side, the gradient operator commutes with the integration 
to give 

rtn+i Qp Q rtn+i dp 
/ W~dt = ~fiT. / p d t = 

dx. 

where 
1 rt+At 

•At 

P 
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is the average pressure over the integral t to t + At. Using the trapezoid rule, 

a = J- fA* ^ * I W M « . €l±£. (3.4) 
H AtJt At 2 2 v y 

is the density averaged over the same interval. Finally, the second term on the right 
side is evaluated with a second-order accurate expression 

ftn+1 Adt = ]- (3,4? - AT1) At + 0(At3). 

Putting these all together gives a time approximation to eq. (3.3): 

At 
= ~ ( J | ~ Fr~2~P9) + \ ̂  ~ AT') + °{At2)- (3'5) 

The solution procedure for this equation is related to the projection method [68]. 
This momentum equation is solved in two steps, the first step taking account of 
the viscous and nonlinear effects and the second step including the pressure and 
acceleration effects. The first step is 

(fntiY = (pui)n + y [ 3 ^ - AT1] (3-6) 

and the second step is 

{pUiT+l = (my - At f J | - F-2p9l) . (3.7) 

Equations (3.6) and (3.7) sum to give (3.5). Equation (3.6) is solved to obtain the 
half-step momentum field (pui)*. This is then used to find the pressure using a 
Poisson equation for p, which is obtained by taking the divergence of (3.7), i.e., 

3 - s t e ^ - s ^ ' h £(***)• (3-8) 

An estimation for 

^o*.r' (3.9) 
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is needed in order to solve for p since (pui)n+1 has not yet been calculated. One 
method, developed by McMurtry [58], for determining this is to employ the conser
vation of mass at time-step n + 1, i.e., 

i - « " + , = - g r (3-io) 

At this point in the numerical solution pn+1 has been obtained using the mass equa
tion. Thus a backward difference of (3.10) can be used to estimate (3.9), 

(dp\n+l _ 3p" + 1 - 4pn + p " - 1 

\dt) ~ 2At • ^ l l j 

Equation (3.11) is substituted into (3.10) and an estimation for (3.9) is obtained. 
This estimation has been found to work well if the fluctuations in density are not too 
large. If the fluctuations are large (i.e., |p'|/p < 0.4), however, we have found that 
this approximation can cause the numerical scheme to breakdown. A more robust 
estimation is 

obtained by expanding (3.9). Here, pn+1 is known and an estimation for u^+1 is 
needed and is derived below. Consider the Taylor series representation of w" + 1 based 
on «" 

^ - « J + ( g ) ( * ) + ( ^ ) ^ + 0 ( A, . , (3,3) 
along with the Taylor series representation of w" _ 1 based on wf 

Equation (3.14) and (3.13) are used to solve for uf+1: 

< + 1 = 2 < - < - x + 0{M2) (3.15) 

where w" and u " _ 1 are known from previous time-steps. Equation (3.15) is substituted 
into (3.12), then eq. (3.12) is substituted into the Poisson equation, eq. (3.8). 
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Recently, Najm [63] has proposed a predictor-corrector projection method which 
increases the stability of the projection method of McMurtry [58]. The use of this 
predictor-corrector method may be helpful in the numerical scheme presented in this 
study. However, we have not investigated this. 

The solution procedure for the momentum consists of first solving for the half-step 
momentum using (3.6). Then the next-step momentum is solved using (3.7). The 
pressure p is solved using (3.8) , (3.12) and (3.15) and p is found using eq. (3.4). 
This projection method ensures that the pressure is computed so as to "project" the 
velocity vector into the space of u\s satisfying 

dun _ d (T> dp 1 
dxn dxn \ p dxn J ' 

3.1.3 Mean Pressure Gradient in Accelerated Case 

The case of a statistically homogeneous turbulence [7, 23] subjected to a constant 
acceleration (e.g. gravity) will also be examined in this dissertation. The flow is 
generated by an acceleration acting on a fluctuating density field, which represents 
a source of potential energy. The kinetic energy, initially near zero, is created as 
the heavy and light fluids are set into motion. The mean pressure gradient in the 
direction of acceleration (i.e., the z-direction) is not periodic. As discussed below, 
the use of Fourier transforms in the spatial discretization of the equations of motion 
restrict the computational mesh to be periodic. To take this periodicity into account 
we start by considering the momentum equation 

dpuj dpujun _ dp drin 

dt dxn dxt dxn 

Letting a tilde denote a mass-weighted (or Favre) average and an overbar denote 
a volume-weighted (or Reynolds) average (see Appendix A), we have 

Ut = Ui + u\ =Ui+ u". 

As a consequence, u" = eij -f u[ where a,i = u"i. We shall choose the frame of motion 
to be one in which the volumetric mean (Reynolds-averaged) velocity is zero, so 
Ui = 0 = Ui + di. A useful analogy for the use of this reference frame is the case of a 
gravitational acceleration. The effects of gravity and acceleration can be interchanged 
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using a change of reference frames following the well-known "Elevator" principle [85] 
(see for example, G. Birkhoff [11] or Synge and Griffith [85]). Prom Birkhoff [11]: 
"The effect of an acceleration G(t) relative to the laboratory frame is the same as 
an apparent gravity g(t) = —G(t), relative to an accelerated frame moving with the 
fluid." An advantage of this reference frame is that, for an incompressible fluid, there 
is no net volumetric flux of fluid, i.e., w, = 0. Using the momentum equation above, 
and exploiting homogeneity, the averaged equation for the turbulence mass flux a* 
(see Appendix B) is 

0* +ur M = -t?L+vi?lk _ v>^_. (3.16) 
dt ndxn pdxi dxn dxn 

where 

inyl b _ /_ 1 \ _ (p v — 1) pfv 

Again, exploiting homogeneity, the mass-weighted mean velocity is given (see eq. 
(B.20) in Appendix B) by 

dUi I dp 
"57 = --^—+9i- ( 3 - 1 7 ) 
at pdxi 

We have chosen the frame of motion to be one which the mean (Reynolds-averaged) 
velocity is zero, so TZj = 0 = Ui + a;. As a consequence, 

-(ui+ai) = 0. (3.18) 

Then from eqs. (3.16) and (3.17) we have 

, du'i I b dp ,dr'i ,dpf\ I dp 
dxn \ poxi dxn oxij poxi 

Solving for the pressure gradient and rearranging the velocity-velocity gradient cor
relation and exploiting homogeneity gives 
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In the limit of vanishing density fluctuations the last three terms on the right side 
of eq. (3.19) vanish and the mean-pressure gradient is pg, which is the hydrostatic 
mean pressure gradient. 

This condition is implemented into the numerical scheme as follows. Consider the 
momentum equation 

dpui dpUiUn dp drin 

+ - ^ T — = —SIT + "HZ- + P9i-dt dxn dxi dxn 

Splitting the right side into mean and fluctuating parts gives 

dpui dpuiUn dP dp' dr[n , ( , 
-w+~dxV' = ~dx-i-dx-i

+^:+pgi+pgi (3-20) 

Substituting eq. (3.19) into (3.20) gives 

ag, + asp*. _ i ( p, _ M _ & p, + 
at oxn v [ oxn axn) axi axn 

where b is defined as b = pv — 1 (see Appendix A). It can be shown by averaging 
eq. (3.21) and exploiting homogeneity, that the term in brackets on the right side 
is the mean momentum (p'uj) contribution from the mean pressure gradient. The 
remaining terms are the contribution to the fluctuating momentum, p'u^. In the 
numerical scheme, the mean momentum equation is computed separately from the 
fluctuating momentum equation. Defining the mean pressure gradient contribution 
to the mean momentum as 

* - * * - « & - ' & • ( 3 ' 2 2 ) 

then the equation for p'w- is 

dp'K = B 

dt 
Therefore, the mean momentum is computed using the Adams-Bashforth scheme as 

(AS)"" - {W)" - £ (SBT - Br1) . (3.23) 
This scheme ensures that the momentum flux evolves properly due to the mean 
pressure gradient and ensures that the mean (Reynolds-averaged) velocity remains 
zero. 
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3.1.4 Simplification for Isotropic Turbulence 

For the case of the decay of isotropic turbulence without a gravitational acceleration, 
the numerical scheme presented here can be simplified. The gravity terms in eqs. 
(3.7) and (3.8) are set to zero since g = 0. Also, the mean momentum, p'u^ is always 
zero since the density and velocity fields are uncorrelated in isotropic turbulence. 
Thus, eqs. (3.22) and (3.23) do not need to be computed. 

3.2 Spatial Discretization 

The spatial discretization utilized is a spectral technique [17] in which the equations 
of motion are represented as a truncated series of orthogonal functions. The three 
main types of expansion functions that are usually used in numerical simulations 
are trigonometric polynomials (Fourier series), Chebyshev polynomials, and Legen-
dre polynomials. The choice of expansion functions used in the solution procedure is 
dependent on the boundary conditions of the physical problem being studied. Cheby
shev and Legendre polynomials are typically used for problems where the boundaries 
are rigid with no-slip. Fourier series expansions are used for problems where the 
boundaries are periodic or free-slip. 

In this study we consider flows that are periodic with, say, period L. Thus, 
our equations of motions are transformed to wave number space using the following 
discrete Fourier transform (see, e.g., Bracewell [13]) 

F(kn,t) = ±i:nxj,t)e-ik^. 
1 3=1 

and the inverse discrete transform: 

f(xj,t) = JTF(kn,t)eik^. 
n = l 

Here, F(kn,t) are the expansion coefficients, kn = ^ , and e±lhnXj are the linearly 
independent expansion functions. f{xj,t) is the representation of / at the discrete 
points Xj. In our use of the discrete Fourier transform / represents a continuous 
property of the flow, say e.g., velocity or density. N is the number of collocation 
points used to discretely represent the continuous function f(x,t). The expansion 
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coefficients are the quantities that are time-advanced in this numerical scheme. By 
expanding the individual terms in the equations of motion, the spatial derivatives are 
easily computed by multiplying each of the expansion coefficients in the finite series 
by ik (where i = y/—T). It can be shown that the error in the approximation of the 
spatial derivatives decreases to zero faster than any finite power of N as N gets large 
[17]. Thus the accuracy of the spatial derivative is increased as the number of modes, 
N, of the expansion is increased. 

As a result of expanding the equations of motion using discrete Fourier trans
forms, the nonlinear terms of the equation become convolution sums over all pos
sible wavenumbers, fc*. The direct summation operation of the convolution sum 
takes 0(N6) operations for a quadratic term in three dimensions. This is compu
tationally expensive considering that, for finite-difference algorithms, the nonlinear 
term takes 0(N3) operations. To avoid this computationally expensive operation 
the variables in the nonlinear term are individually transformed to physical (real) 
space using highly efficient Fast Fourier Transforms (FFT's). The variables are then 
multiplied in physical space and the product is transformed back to Fourier space. 
This is known as a pseudo-spectral method and enables the nonlinear product to 
be computed in 0(Nz\og2N) operations. This solution procedure for the nonlin
ear products introduces aliasing errors (see, e.g., Rogallo, 1981) [74] into the com
putational results. Aliasing errors occur when the product of two (or more) data 
points (with wave numbers, say, n and m) that have a given wave number span, k 
(where 1 — N/2 < k < N/2), produces a wave number span greater than N (say 
n + m = M > N) so that the affected wave, M, is aliased to wave M — N. The 
aliasing is partially removed using spherical truncation where the upper part of the 
wave number spectrum is set to zero. For a quadratic product, alias free results are 
produced in the lowest 2iV/3 modes [65]. For the product of three terms this cutoff 
is more severe, a truncation [93] is needed at N/2 to produce alias free results. In 
the simulations described here a 9N/10 truncation is used, allowing some aliasing to 
occur. This aliasing effect will be small, however, as long as the various fields are well 
resolved. 
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3.2.1 Solution of the Density Equation 

The density equation, eq. (2.13), is Fourier transformed and evolved in Fourier space. 
Introducing an integrating factor the transformed density equation can be written as 

| - | ( m 7 ) e x p ( ^ ) | = - e ( ^ ) r i . 

where 

{ oxn J 

and F.T.Q is a Fourier transform of (). 
As mentioned previously, this is solved using an Adams-Bashforth discretization, 

written as 

( lM n + 1 = e^&A\hTp)n - ^ {3e^fcAt7T - e ^ T T 1 } • (3.24) 

During the first time step , T f - 1 is not known, so that the Adams-Bashforth 
n+l 

scheme is not adequate for the solution of (In p) . For the initial time-step a forward 
Euler time discretization is used, 

( M = e^At {(Inpf - (At)T?} 

3.2.2 Solution of the Momentum Equation 

In the solution procedure, eqs. (3.6)-(3.8) are Fourier transformed and the equations 
of motion are time advanced in Fourier space using an Adams-Bashforth scheme (a 
forward Euler is used for the first time step). The procedure is as follows: eq. (3.6) 
becomes, upon transformation 

~ „ At mi =m,i + — 
- n -j n—1 

oAi Ai (3.25) 

where m, is (put). The pressure is solved from the Poisson equation, eq. (3.8), 
transformed to Fourier space, i.e., 

k2(At) k2 
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Here 

T 2 = F . T . { V - m n + 1 ( £ ) } . 

Next V • mn+1(x) is found from the transform of (3.12) and (3.15). P is then substi
tuted into the transform of eq. (3.7) to obtain the momentum at n + 1: 

rh^ih) = m*{h) -^{T2~ ikrnlih) - At (ihf) ftF"2} + A ^ F " 2 . (3.26) 

The numerical solution procedure consists of solving for the density pn+l(ki) using the 
discretized diffusion equation, eq. (3.24). Then the momentum equation is solved, 
neglecting pressure effects using eq. (3.25). Knowing pn+1(ki) and the two previous 
step values of p(fcj), T% can be found using the transform of eqs. (3.12) and (3.15). 
Knowing this and the half-step momentum, the momentum at n+1 is found using eq. 
(3.26). The mean momentum is time advanced using (3.23). 

For the computation of isotropic decay of turbulence without acceleration, gi is 
zero in eq. (3.26) and the mean momentum time-advancement using eq. (3.23) is not 
needed. 

3.3 Initial Conditions 

There are two types of flows of interest in this study: the mixing of two miscible fluids 
due to the isotropic decay of turbulence and the mixing due to a constant acceleration 
of a variable-density fluid. The initial velocity and density fields used in this study 
are described in the chapters 4 and 6. Appendices C and D describe the initialization 
procedures for the velocity and density fields respectively. 

3.3.1 Initialization of the Velocity Field 

In the study of isotropic turbulence using direct numerical simulations, since the mean 
velocity ut is constant in time, it is common to use a Galilean transformation to choose 
a coordinate system such that it is zero, i.e., Ui — 0. In the work presented in this 
thesis, the initial fluctuating velocity field is initialized using two methods depending 
on the problem: (a) the method of Orszag [64] suitably modified to account for the 
divergent aspect of the velocity [eq. (2.11)], and (b) the method of Mell [60]. These 
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methods are described in Appendix C. The choice of method depends on the problem 
under study and is discussed in conjunction with the results of the problem. For the 
isotropic decay case, the mean momentum, pfu^ is zero initially and remains zero 
throughout the simulation. 

In the study of a variable-density fluid subjected to a constant acceleration, a 
reference frame is chosen such that the mean velocity, Ui is zero. In this case the 
initial velocity is nearly zero (as the initial density fluctuations are increased, so to 
does the velocity that accounts for the divergent aspect of the velocity field). Here, 
the correlation between the initial velocity field and the initial density field is initially 
nearly zero. This correlation will quickly grow as the high density field is set into 
motion in the direction of the acceleration and the low-density fluid is set into motion 
in the opposite direction. Thus there is a strong correlation between density and 
velocity fields in the accelerated case. 

3.3.2 Initialization of the Density Field 

In this study, there are two type of initial density fields utilized. The first (and most 
frequently used in this study) is the bimodal density field initialized using the method 
of Eswaran and Pope [30]. This method creates an initial density field that conforms 
approximately to a double-delta function probability density function (pdf), where 
the initial fluid consists of regions of either high or low density fluid typified by an 
integral length scale of lp = 0.53 (see Section 4.3) which is roughly half the velocity 
integral scale (see Section 4.2). In order for the field to be well resolved they are 
smoothed to avoid sharp gradients. Following Eswaran and Pope, the initial scalar 
field is initialized such that the two scalar values of the initial double-delta function 
pdf are 4-1 and —1. A linear transformation from this scalar field to a density field, p, 
is made such that the two density values of the initial double-delta function correspond 
to positive values of the density with a nonzero mean. The details of this initialization 
scheme can be found in Eswaran and Pope [30] and are presented in Appendix D. 
This density field represents the early stages in the mixing of two fluids of different 
densities. 

The second type of initialization used is an initialization which creates a random 
density field that has Gaussian statistics. The details of this initialization scheme 
are also presented in Appendix D. In this case the most probable value is the mean 
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density. This initial density field represents the late stages of the mixing of two fluid 
of different densities. 

3.4 Implementation of Numerical Scheme 

Computer programs to solve the system of equations described above have been de
veloped for both the Cray (Y-MP and C90) and the Connection Machine (CM-2, 
CM-200). These codes have been tested, developed and used at the Los Alamos Na
tional Laboratory's Cray Y-MP, Cray M-98 and CM-200 as well as on the Pittsburgh 
Supercomputer Center's Cray C90 and CM-2 (no longer active). Comparative testing 
of this algorithm amongst the different machines and CPU time availability has led 
us to exclusively use the Cray computers. A great deal of effort was put into the CM 
version of our numerical scheme, however; thus it will be described briefly. 

To solve the system of equations a pseudo-spectral technique is employed, whereby 
spatial derivatives are computed in Fourier space and nonlinear products in physical 
space. The transformation of the real physical data field into Fourier amplitudes is 
accomplished with Fast Fourier Transforms (FFT). The numerical solution involves 
numerous transformations per time-step. These transformations are the most costly 
part of the simulation, comprising roughly 80 percent of the total CPU time of the 
simulation. Thus it is essential that the FFT algorithm used has been optimized for 
the specific machine on which the computations are being made. 

The three-dimensional nature of the physical problem we are studying coupled 
with the parallel nature of the spectral scheme makes the massively parallel archi
tecture of the Connection Machines (CM-2, CM-200, or CM-5) highly attractive for 
these types of problems. Currently, state-of-the-art simulations of constant-density 
turbulent flow using spectral techniques are computed on Connection Machines [79]. 
A version of our code has been developed using the CM Scientific Software Library 
(CMSSL) FFT complex-to-complex algorithm. An efficient FFT driver has been 
written [20] and optimized to ensure that all of the cyclic operations are executed in 
parallel. The code was written in CM FORTRAN, a derivative of FORTRAN 90. 

A version of the code written in FORTRAN 77 is employed on the Cray Y-MP, 
M-98 and the C90. The code utilizes the Cray scientific library FFT package. This is 
a highly optimized FFT algorithm written in assembly language specifically for the 
Cray computers. Comparisons between the Cray results and the CM results revealed 
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disagreements which have not been resolved. The results of a test problem using the 
algorithm on the CM-200 agreed with those of the Cray Y-MP for the identical test 
problem. However, results for the same test problem using the CM-2 did not agree 
with the results of the CM-200. The initial conditions of the test problem and the 
numerical code were identical in the CM comparisons, yet the numerical solution on 
the CM-2 became unstable while the solutions on the CM-200 did not. 

This discrepancy of CM-2 and CM-200 results, coupled with the vanishing of our 
CM-2 resources directed us to dedicate our efforts towards the well established Cray 
architecture. A numerical code was developed in FORTRAN 77 to solve the equations 
of motion. This code requires approximately 120 Mwords of memory to execute a 
1283 simulation, and a typical simulation takes 10 to 30 hours depending on whether 
the problem being solved is an isotropic decay or a constant acceleration problem. 
The main cycle routines (excluding the FFT package) run at about 300 Mflops, while 
the FFT package runs at about 306 Mflops on a Cray C90. 80 percent of the CPU 
time is spent in the FFT package; thus it is crucial to have an optimized FFT package 
for this type of problem. 

3.4-1 Computational Mesh 

Using pseudo-spectral techniques to solve the equations of motion limits the type of 
boundary conditions considered. As mentioned in section (3.2), the use of Fourier 
series in the numerical scheme implies that the computational domain is periodic. 

The numerical scheme takes advantage of the complex-conjugate symmetry of the 
data field in spectral space. The arrays in the computational code are defined such 
that the Fourier amplitudes, which are complex, are loaded as follows: in the kx 

(corresponding to the physical space x direction) the complex data is loaded from 
kx = —(kmax — 1) to kx = 0, while in the ky and kz direction the data is loaded 
from — (kmax — 1) < k < A;maa.. In physical space this data corresponds to a three-
dimensional box that has periodic boundaries. The smallest nonzero wavenumber 
in the simulation is 1 and the wavenumber spacing, Ak, is also 1. Therefore the 
nondimensional box length is L = 2ir/Ak = 2n. 

For direct numerical simulations of isotropic constant-density turbulence, the lim
itations of the initial Taylor microscale Reynolds number due to mesh size are well 
known. Mell [59] has given the relationship between the mesh resolution requirements 
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and the initial Taylor microscaie Reynolds number in order that the passive scalars 
are well-resolved. For variable-density simulations of turbulence the relationship be
tween the mesh resolution requirements and the initial Taylor scale Reynolds number 
is not well established. It is expected, however, that the Taylor scale Reynolds num
ber that can be achieved in simulations that are well resolved should be similar to 
that reported in the literature for constant-density and passive scalar simulations. 



Chapter 4 

ISOTROPIC DECAY OF STATISTICALLY 
I N D E P E N D E N T INITIAL TURBULENT VELOCITY 

AND DENSITY FIELDS 

4.1 Introduction 

In our study of isotropic, decaying, variable-density turbulence the density and ve
locity fields approximately satisfy the conditions of statistical isotropy; the various 
fluctuating quantities can be considered as random functions that are statistically 
invariant under translations, rotations and reflections. Therefore, a property of this 
isotropic turbulence is that there is no net momentum, i.e., the correlations between 
a scalar and velocity field are zero [52], or pfu^ is zero. 

There are many ways to characterize the initial conditions of the flow fields used 
in the study of isotropic, decaying turbulence. One characterization is that the initial 
velocity field is statistically independent on the initial density field. This character
ization implies that we impose on a velocity field a density field that is independent 
of this velocity field. This characterization is one that is analogous to that typically 
used in the numerical study of passive scalars. This chapter examines the behavior 
of isotropic, decaying, variable-density turbulence using initial velocity and density 
fields that are statistically independent. 

An alternative characterization is that the initial velocity field is statistically de
pendent on the initial density field. This characterization is studied in the following 
chapter. There are two types of statistical dependence studied. One type is where 
the high velocities are associated with the positive density fluctuations and the other 
is where the high velocities are associated with the negative density fluctuations. 

There has been considerable work reported on the isotropic mixing of passive 
scalars (scalars that have no influence on the velocity field) [30, 52, 53, 60]. To 
date there has been no work reported on the isotropic mixing of scalars that are 
not passive. The numerical scheme presented here allows for scalars (the density) to 
effect the time development of the velocity field and thus permits the study of the 
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effect of "active" scalars on the velocity field. Of course, in the limit as the density 
fluctuations go to zero the behavior should be like that of a passive scalar. 

Below are described the initialization of the statistically independent velocity and 
density fields used in this numerical study of isotropically decaying variable-density 
turbulence and the results of simulations using these initial fields. 

4.2 Initialization of the Velocity Field 

The initial velocity field used for this study of isotropically decaying variable-density 
turbulence is the velocity field "3u" used by Mell [60] in his study of passive scalars. 
This velocity field is in "full spectrum decay" at an initial Taylor-scale Reynolds 
number of 55. [The term "full spectrum decay" means that the velocity spectrum is 
decaying at all wavenumbers in an approximately self-similar fashion.] This initial 
velocity field is statistically independent of the initial density field and is a "Navier-
Stokes" velocity field. This means that the initial velocity field does not have random 
Fourier amplitudes and phasing. The procedure for establishing this velocity field is 
as follows. First, a random velocity field is computed using the method of Orszag 
and Patterson [65], which gives random Fourier amplitudes and phasing. Then this 
random field is evolved using a numerical Navier-Stokes solver until the initial random 
velocity field has reached full spectrum decay. The resulting velocity field is rescaled 
to give a desired initial Taylor-scale Reynolds number and then used as the initial 
velocity field in this study. The main advantage of this procedure is that it avoids 
the early time adjustment period of the spectral evolution that occurs using only 
the method of Orszag and Patterson. This velocity field initialization method was 
developed by Mell [60] and is described in more detail in Appendix C. The use of 
velocity field "3u" in this study will thus also provide a comparison with the numerical 
results of Mell. This comparison is made to validate the numerical method used in 
our study of variable-density turbulence. 

Table 4.1 lists the simulations and the initial velocity statistics for the variable-
density isotropic decay simulations reported here. N3 is the number of computational 
grid points, Re\ is the Reynolds number based on the Taylor microscale, v is the 
kinematic viscosity, I, A and % are the integral, Taylor and Kolmogorov velocity 
length scales, respectively. From Tennekes and Lumley [87] the integral velocity scale 
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is 

E°E(ktt)/kdk 

the Taylor microscale is 

where 

/ = ( 3 ? r / 4 ) CE(k,t)dk ' 

A = U(lhvjt)ll\ 

/-T~r\ x/2 

is the root-mean-square velocity. The Kolmogorov velocity length scale is 

% = (*Ve) 1 / 4 , 

and a characteristic strain rate of the largest eddies is 

5 = U/l. 

The initial energy per unit mass is \u\u\ and the initial total energy (Favre energy) 
is \pu\u\. 

Runs 55 and 55a use the initial velocity field "3u" created by Mell for his study 
and which is statistically independent of the initial density field. 

Runs Iso3, Iso4, Iso5, Iso6, Iso7 and Iso8 have initial velocity fields that are 
statistically dependent on the initial density field. The initialization processes and 
results for these cases are discussed in Chapter 5. 

4.3 Initialization of the Density Field 

The density field is initialized using the method of Eswaran and Pope [30]. This 
method creates an initial density field that conforms approximately to a double-delta 
function probability density function (pdf), where the density values of the initial field 
corresponds closely to either the high density or low density value. The pdf is not 
an exact double-delta function because the density field is smoothed to avoid sharp 

file:///u/u/
file:///pu/u/
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Table 4.1: List of initial velocity statistics for isotropic decay simulations 

Run No. N 3 Rex V I A Vk S \KK Ifm'iU'i 

55 1283 55.0 .005 1.12 .30 .0207 0.81 1.245 1.245 
55a 1283 55.0 .005 1.12 .30 .0207 0.81 1.245 1.245 
Iso3 1283 54.9 .005 1.07 .29 .0201 0.87 1.245 1.32 
Iso4 1283 58.2 .005 1.13 .29 .0195 0.87 1.480 1.32 
Iso5 1283 52.4 .005 1.02 .29 .0204 0.87 1.205 1.32 
Iso6 1283 58.2 .005 1.13 .29 .0195 0.87 1.480 1.32 
Iso7 1283 54.9 .005 1.07 .29 .0201 0.87 1.245 1.32 
Iso8 1283 52.4 .005 1.02 .29 .0204 0.87 1.205 1.32 

gradients so that it is well resolved in the simulation. Following Eswaran and Pope, 
the initial scalar field is created such that the two scalar values of the initial double-
delta function pdf are +1 and —1. A linear transformation from this scalar field to 
a density field is made such that the two density values of the initial double-delta 
function correspond to desired values. 

The details of this initialization scheme can be found in Eswaran and Pope [30] 
and are presented in Appendix D. Briefly, the Fourier amplitudes of the scalar field 
are assigned random values corresponding to an initial spectral shape. This random 
field represented by Fourier amplitudes is inverse transformed to physical space and 
the positive values in this random field are given the value of pmax and the negative 
values are given a value of pmin. This adjusted field is then transformed into spectral 
space and the Fourier amplitudes are multiplied by a filter function that "smoothes" 
the physical-space density field, thus producing a physical density field that is well-
resolved in the simulation. 

This initialization procedure creates a fluid with regions of high and low density 
typified by an integral length scale 

" roo "I roo 
lp = (TT/2) / Ep(k,t)/k dk\ / J Ep(k,t) dk. 

Here, Ep is the spectra of the variance of the isotropic density field. For all the sim
ulations presented in this study lp = 0.53, which is roughly half the initial velocity 
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Figure 4.1: Typical 2-D slice of the 3-D initial density field 

integral scale. Figure 4.1 shows a typical two-dimensional slice of the three dimen
sional density field. The solid contours represent density values that are larger than 
the mean density, while the dashed contours represent values smaller than the mean. 
Visible are regions of high density, pmax-, surrounded by regions of low density, pmin, 
which can represent the two fluids. In between the high and low density regions are 
smooth gradients of the density field which represents a "premixed" interface between 
the two fluids. Figure 4.2 shows the corresponding initial probability density function 
of the 3-D density field. This shows high probability for the density to be either pmax 

c*r Pmin, and also the "U-shaped" lower probability region in between the two peaks 
representing the premixed interface. 

Table 4.2 lists the initial density field statistics for the variable-density isotropic 
decay simulations reported in this study. The cases with the density ratio of 1.02 are 
nearly constant-density cases performed to provide comparisons with the variable-
density cases, which have a density ratio of either 2.33 or 4.0. The quantity B(t) = 
p'p'/'p2 is the mean-square-fluctuating density (i.e., the variance) divided by the mean 
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Figure 4.2: The initial PDF of the 3-D density field 

density squared, and the quantity 

b { t ) = ~P' ( p ) ( 4 ' 1 } 

is the negative of the correlation between the fluctuating density and fluctuating 
specific volume. Both of these quantities are a nondimensional measure of the density 
variations in the flow. In the limit as the density fluctuations tend to zero b(t) ss B(t). 

4.4 Isotropically decaying turbulence with small density variations 

Consider first the case of a freely-decaying, isotropic, variable-density flow. The initial 
statistically independent velocity field is field "3u" described in the previous sections. 
The bimodal density field is setup using the scheme of Eswaran and Pope. The pdf 
of the initial density field is symmetric about its mean (p = 1.0). A result of the 
condition of isotropy is that any vector correlation between a scalar field and the 
velocity field will be zero [38, 52]. In these isotropic problems it is anticipated that 
the effect of the density field (the active scalar) on the evolution of the total energy 
will be small. It will be shown in Section 4.4.1 that the total turbulent kinetic energy 
density is made up of three terms: p u{u^ p'u'^ and pa^i where a* = —p'u'^/'p. In 
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Table 4.2: List of initial density field statistics for isotropic decay simulations 

Run No. Pmax Pmin Pmax/ Pmin P'p'/f -1* (1/P> 

55a 1.01 0.99 1.02 7.53e-5 7.53e-5 
55 1.60 0.40 4.00 0.4530 .498 
Iso3 1.01 0.99 1.02 7.55e-5 7.55e-5 
Iso4 1.40 0.60 2.33 0.1209 .149 
Iso5 1.40 0.60 2.33 0.1209 .149 
Iso6 1.01 0.99 1.02 7.55e-5 7.55e-5 
Iso7 1.01 0.99 1.02 7.55e-5 7.55e-5 
Iso8 1.01 0.99 1.02 7.55e-5 7.55e-5 

isotropic turbulence, p'u'i is zero for all times. It will also be shown that because of 
the lack of statistical dependence of the initial velocity and density fields pX*4 ^ 0 
for all times. So the velocity self-correlation is the dominant term in the energy 
evolution. Also, because the Taylor-scale Reynolds number and \p'\/~p are low, the 
statistical dependence between the velocity and density fields will not develop in a 
manner such that pu^ will effect the energy decay behavior. 

The first velocity field (Mell's field "3u") used in this study of isotropic decay of 
variable-density turbulence has an initial Taylor-scale Reynolds number of 55. This 
is fairly low compared to laboratory flows and implies that almost all the scales of 
motion are significantly influenced by viscous forces. This initial velocity field is 
statistically isotropic and undergoing full spectrum decay. The first simulation using 
this velocity field is Run 55a. The initial density field has a density ratio {pmax/Pmin) 
of 1.02, nearly constant density (pmax = 1-01 and pmin = 0.99). The initial energy 
spectrum for this simulation (and Run 55) is shown in Fig. 4.3. Here, < () > refers 
to the spectrum of (). An explanation of how the energy spectra is computed is 
given in Appendix E. The initial velocity integral scale is 1.19. The domain size 
is L = 2n/Ak = 2-K (AA; = 1) so that l/L m 1/5. This suggests that there are 
initially approximately 5 large eddies in one direction and thus 5 3 large eddies in the 
computational box. 
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Figure 4.3: The initial velocity spectra for Runs 55 and 55a 

There are two reasons for using this initial velocity field with an initial density 
field that is nearly constant. The first is to provide a direct comparison with the 
numerical results of Mell [60]. In the limit as the initial density variations goes to zero 
the numerical scheme used in this study should reproduce constant-density turbulence 
results. An agreement with Mell's results will give us confidence that, within the limit 
as the density fluctuations go to zero, the numerical scheme is reproducing known 
results. Second, this simulation will provide results for comparison with a simulation 
with large density variations (Run 55, discussed below). 

This section describes the results of the numerical simulation, Run 55a, with 
the initial conditions described above. A direct comparisons will be made with the 
results of Mell. Also, results will be presented that demonstrate consistency (i.e., in 
quantitative agreement) with constant-density results and expectations. 

4-4-1 Decay of turbulent kinetic energy 

The total turbulent kinetic energy density, which is half of the trace of the Favre-
averaged Reynolds stress tensor for variable-density flow, eq. (A.6), is given as 

1--Ru(t) = -pu'-u" = -p u'^ + -pu'^ -paidi (4.2) 
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where 

ai = jm = _7K ( 4 3 ) 

p p 

is the turbulent mass flux divided by the mean density. Here the () represents a 
volume average over the entire computational domain. For this case an should be 
identically zero since there is no scalar-velocity correlation in isotropic decay. Figure 
4.4 shows the evolution of Ru as a function of t for this nearly constant-density 
case (Run 55a). The time, t, used in plotting the DNS data is the actual time 
nondimensionalized by the initial large eddy turnover time, l0/u0. The pa^ai term 
is zero due to isotropy. The triple correlation term, pu^, is initially zero since the 
initial velocity and density fields are statistically independent, and it remains small 
since the density fluctuations are very small. Thus the total turbulent kinetic energy 
density is approximately the mean density multiplied by the mean squared velocity, 
i.e., 

1 
g-foW = 2P u'iUi-

This figure also shows the result of Mell's simulation for the term u^ (note that 
Mell's simulation was carried out to a time of 5). This can be directly compared to 
the p u^ul term of Run 55a since in this case (as with all the cases in this study) 
~p = 1.0. This figure shows that the two numerical schemes give the same mean-
velocity-squared decay for the same initial velocity field. 

To gain insight into the flow energetics, we can write the decay of the total tur
bulent kinetic energy, eq. (B.14), for an isotropic, decaying turbulence field (without 
body forces), employing homogeneity, as 

For a complete derivation of this equation see Appendix B. The first term on the right 
side of eq. (4.4) is the pressure-work term and represents a production/destruction 
of energy due to dilatation effects. For the immiscible problem and constant-density 
flows this term is zero. The second term on the right side is the viscous dissipation rate 
term and represents the rate of decrease in kinetic energy due to viscous dissipation. 
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Figure 4.4: Evolution of Ra for Run 55a 

Figure 4.5 shows the evolution of each term of eq. (4.4). This clearly demonstrates 
that kinetic energy decay follows the viscous dissipation rate term. Evolution equa
tions for each term of the total turbulent kinetic energy density, given by eq. (4.2), 
are derived in Appendix B. Since the behavior of p «•«• is the same as the behavior 
as Ra(t), its decay is solely due to viscous dissipation. 

As previously mentioned, the decay of isotropic turbulence has been extensively 
studied using laboratory experiments and direct numerical simulations. In all these 
studies a common characteristic is a power-law decay of the mean-square of the 
fluctuating velocities, 

Ku(t) KK = K0 

1 - 7 
1 + (4.5) 

where K0, t0 and 7 are constants and t0 is called the virtual origin. K0 is the energy 
at time t = 0 and 7 is the power-law exponent. (Note that Ku = Rn/2p). The power 
law exponent has been determined from many experimental and numerical studies 
[24]. These studies have been inconclusive in this regard. The numerical studies are 
limited by the turbulence Reynolds number that can be obtained. Thus the flows 
studied are at least moderately viscous dominated, and the study of the dynamics of 
flows that are primarily due to nonlinear interactions cannot be made using direct 
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Figure 4.5: Terms in the evolution equation [eq. (4.4)] for the total kinetic energy 
density for Run 55a 

numerical simulations. In the simulations here, the power law decay of the turbulence 
is found to be consistent with previous laboratory experiments. 

A characteristic time scale for the decay of isotropic turbulence is 

TK = 
Ku(t) 1 

{dKii(t)/dt} 7 
(t + t0). (4.6) 

Following Mell [60], substituting eq. (4.5) into (4.6) and solving for the power-law 
exponent gives 

7(*) = - ( * + *o) 
{dKu(t)/dt} 

Kuit) • 
(4.7) 

In order to use this equation to determine the 7(£), the virtual origin, t0, must be 
found using curve-fitting. The virtual origin was found to be t0 = 1.82. In Mell's 
results, the virtual origin was found to be 2.074. This difference is probably due to 
the fact that the DNS simulations in this study were carried out twice as far in time 
as that of Mell's. If we curve-fit over the time range used by Mell the virtual origin 
is found to agree with that found by Mell. Thus the power-law exponent can be 
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evaluated from 

{dKu(t)/M} 
T f f l — ( t + l - f f l ) ' ^ » - . (4.8) 

Here, 7(t) is referred to as the "average" value (not volumetric average as previously 
defined) of the power-law exponent computed from the DNS. The term "average" 
(adopted by Mell) is used because of the curve fitting involved in obtaining t0. 

Another determination of the power-law exponent can be made by taking the time 
derivative of eq. (4.6) to get 

*>~{i{a§wr ^ 
Here, ^(t) is referred to as the "instantaneous" value of 7. This method has the 
advantage of not having to compute a virtual origin. 

Figure 4.6 shows rK (+ curves), 7(f) (• curve) and *y(t) (x curve) as functions 
of time for this nearly constant-density case. The solid lines are the results of Mell 
and this figure again shows good agreement between Mell's results and this nearly 
constant-density case. The value of 7(£) varies quite a bit at early times but at late 
times this "instantaneous" power-law exponent is very nearly the same value as the 
"average" power-law exponent -y(t). It is also seen that 7(i) grows slightly at early 
times but then remains nearly constant at a value of about 1.65 at late times. 

This value is larger than the bulk of the experimental data from grid experiments. 
In the initial period of decay, 7 is found to range from 1.2 to 1.35 [38]. However, 
Mohamed and LaRue [62], surveying experimental data, argue that this variation 
in 7 is due to the selection of the virtual origin, t0. Their analysis shows that if t0 

is selected in a consistent manner then 7 = 1.3. For a more detailed discussion of 
this see, for example, Clark [22]. For a discussion on the relationship between the 
power-law exponent and the low wavenumber exponent see Section 4.4.5. 

4-4-2 Velocity-derivative skewness 

The velocity-derivative skewness is defined as (see, e.g., Tavoularis et al. [86]) 

(£0 
Si(t) = — 3- , no summation on i (4-10) 

(§2L\ 
\dxij 

22 

file:///dxij
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Figure 4.6: Time scale and power law exponents for Run 55a and comparison to 
Mell's results (solid lines) 

where U\ is any component of the velocity (i = 1,2 or 3). The velocity-derivative skew-
ness would be zero if the velocity derivative were Gaussian. The velocity-derivative 
skewness represents the average rate of production of the mean-square vorticity (en-
strophy) by vortex stretching [86]. If the velocity-derivative skewness is positive 
there is an increase in enstrophy due to vortex stretching [52]. Figure 4.7 shows the 
velocity-derivative skewness as a function of time for all three components of the ve
locity. For this case, Si(t) « 0.5, which agrees with Orszag and Patterson [66], and 
falls within the range of nearly-isotropic grid experiments, Si(t) « 0.32 — 0.6 reported 
in Tavoularis et al. [86]. 

4-4-3 Length scales and Taylor Reynolds number 

There are three characteristic length scales that are often used in turbulence. The 
largest is the velocity integral scale, I, and is a measure of the size of the most 
energetic eddies in the flow. The Taylor microscale, A, is the second characteristic 
length and is smaller than the integral scale, but does not typify the smallest scales 
in turbulence. The smallest scales are typified by the Koimogorov scale, %, which is 
a measure of the smallest eddy that can be expected in a turbulent flow. It is at this 
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Figure 4.7: Velocity-derivative skewness for the three components of velocity for Run 
55a 

scale that viscous and convective forces are in balance, so that the local Reynolds 
number is unity. Figure 4.8 show these length scales as functions of time for this 
nearly constant-density case. Comparisons of the integral length scale, the Taylor 
length scale and the Kolmogorov length scale are made with the results of Mell (dots, 
diamonds and triangles) and are in good agreement. This figure also shows that for 
t > 0.5 all the length scales are growing in time. 

The Taylor Reynolds number, R\, is a Reynolds number based on the Taylor 
microscale. Figure 4.9 shows the evolution of this quantity as a function of time 
for the nearly constant-density case (Run 55a) and also shows the results of Mell. 
Again, there is good agreement between the two simulations. Mell [60] compared the 
behavior of the Taylor Reynolds number found in his simulations with grid turbulence 
experiments of Comte-Bellot and Corrsin [25] and Sreenivasan et al. [82], and found 
that the results of his numerical simulations are in qualitative agreement with the 
grid turbulence experiments. 
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Figure 4.8: Length as a function of time comparison with Mell's result and Run 55a 
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Figure 4.9: Evolution of R\ comparison with Mell's result and Run 55a 
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4-4-4 Energy spectrum 

The spectral data are obtained in Fourier space by averaging the dependent variables 
of interest over spherical shells creating a spectrum over the entire wavenumber range. 
The usefulness of this data is that it gives an understanding of the length scales of 
the computed quantity. The energy spectrum is a decomposition of the energy into 
fluctuations at different wavelengths, and the value at a given wavelength is the energy 
associated with that wavelength. 

Previous researchers have studied the energy spectrum in detail using laboratory 
experiments, numerical simulations and theory. Analyzing the spectrum from the 
DNS is a good way to determine (a) if the simulation is well resolved and (b) how 
well the simulation represents "real world" turbulence by qualitative comparison with 
experimental data. Appendix E describes the binning procedure used to compute the 
velocity spectra. 

As mentioned before, the initial velocity field used in this study is in full spec
trum decay. This means that the velocity spectrum is decaying at all values of the 
wavenumber, k. Figure 4.10 shows the energy spectrum for a sequence of times for 
this simulation of nearly constant-density flow. As time proceeds the spectrum is 
decaying at all wavenumbers. The values of the spectrum of energy are largest at 
the low wavenumbers, so that the large eddies in the flow contain the majority of 
the energy. Only integer wave vectors are resolved in our numerical simulations. The 
energy spectrum values decrease nearly 4 decades from the low wavenumbers to the 
high wavenumbers at the initial time. This decrease gets larger with time, so it is 
observed that in this simulation the energy is well resolved since high wavenumber 
contributions are small compared with the low wavenumber contributions. 

4-4-5 Wavenumber ranges of the energy spectrum 

There are several characteristic ranges in the one-dimensional energy spectrum of tur
bulence. The first range, called the "energy containing range", is in the low wavenum
ber part of the spectrum, and contains the large-scale energetic eddies of turbulence. 
At these scales the turbulence receives energy from the mean-flow reservoir of kinetic 
energy through coupling to the mean-flow shear, and from the reservoir of potential 
energy, through differential acceleration from an externally applied pressure gradient. 
At these scales the effect of viscosity is small if the Reynolds number is high enough. 
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Figure 4.10: Energy spectrum for a sequence of times for Run 55a 

In a second range of the energy spectrum (the so-called "inertial range"), energy cas
cades from the energy-containing range to the third range (the so-called "dissipation 
range"). Using turbulent length scales we can propose self-similar expressions for the 
energy spectrum as (see, e.g., Lesieur [52]) 

E(k,t) = KLF(kL). (4.11) 

Here K is typical kinetic energy, L a typical length scale and F is a dimensionless 
form function that characterizes the spectral shape. 

In the energy containing range where the effects of viscosity is small, a typical 
kinetic energy may the mean-squared velocity, i.e.,K — U2 and a typical length scale 
may be the integral length scale, i.e., L = I. Then the self-similar expression [eq. 
(4.11)] becomes (see, e.g., Tennekes and Lumley [87]) 

Using this normalization for scales of motion where viscosity is not important, the 
energy spectra should collapse onto a self-similar curve. 

To emphasize self-similarity of the energy containing range, Fig. 4.11 shows the 
entire energy spectrum normalized by UH plotted as a function of kl. The scales of 

T 1 1—i—i—i—| 1 1 r——i 1—i—i—r** 

i-11 i i i i i i i i I i i i i i i i L 



46 

Figure 4.11: Large-scale normalization of the energy spectrum evolution for Run 55a 

motion for kl < 6 are developing in a self-similar manner. 
There has been considerable work with the goal of understanding the low wavenum-

ber power-law exponent, n, and its relationship to the energy decay exponent, 7, (see, 
e.g., Saffman [77] and Clark and Zemach [24]) i.e., 

\imE(k,t) = C(t)kn, 

and 

K{t) = K0 1 + t„ 

- 7 

The simulations of this study are inconclusive regarding the relationship between 
n and 7. The reason for this is two-fold. First, the Reynolds number is low and, 
second, there is inadequate resolution of the low wavenumber portion of the flow. 
There do exist two limits for the relationship between the low wavenumber power-
law exponent, n, and the decay exponent, 7. In the limit of infinite Reynolds number 
this relationship is [24] 

7 
2 ( n + l ) 

n + 3 : 
(4.12) 
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and in the limit of the "final period of decay" [6], where the turbulent motions are of 
an entirely viscous nature, 

7 - ^ . (4.13) 

At late times in the simulation, the energy decay exponent, 7, is 1.65. Assuming 
the flow is in the final stages of decay then the low wavenumber power-law exponent 
is found from eq. (4.12) to be 2.3. However, due to insufficient low wavenumber 
resolution in the simulation, the low wavenumber exponent cannot be determined 
accurately as it appears in Fig. 4.10 that there is no region where E(k,t) « C(t)kn. 

It is hypothesized that, in the limit of infinite Reynolds number, there exists 
a subrange (the "inertial" range) in which the energy spectrum is independent of 
viscosity and also independent of the energy-containing range. This inertial range is 
in the "equilibrium" range at scales between the "energy-containing" range and the 
"dissipation" range. Dimensional analysis applied to this hypothesis gives the A; - 5/ 3 

law of Kolmogorov [38, 50]. Due to an inadequate resolution in this simulation the 
Reynolds number is low, and therefore, there is an absence of this inertial range. 

The third range, the "dissipation" range, which characterizes the smallest scales of 
motion is also in the "equilibrium" range. Kolmogorov [48] hypothesized the existence 
of this "dissipation" range where, for a sufficiently high Reynolds number, there exists 
statistical equilibrium such that the energy flux into this range is balanced by viscous 
dissipation. Therefore the energy spectra can be uniquely determined by the energy 
dissipation rate, e, and viscosity, v. In this range the time scales of motion are so short 
that the mean flow coupling to turbulence (i.e., energy transfer from the mean flow to 
turbulence) is not important. Thus, the strain rate of the mean flow is not relevant 
and energy cascades from large scale to small scale at the energy dissipation rate. 
At the smallest scales, kinetic energy is finally dissipated into heat by viscosity. At 
these small scales the kinetic energy is typified by the Kolmogorov velocity squared, 
i.e.,K = v2 = {ve)1?2 and a typical length scale is the Kolmogorov microscale, i.e., 
L = r]k- Then the self similar expression [eq. (4.11)] becomes (see, e.g., Tennekes and 
Lumley [87]) 

v2Vk 



48 

10' 

IO- 1 

<F ,0-3 

10-7 

Iff"9 

0.01 0.1 1 10 

Figure 4.12: Small-scale normalization of the energy spectrum evolution for Run 55a 

To address self similarity of the dissipation range, Fig. 4.12 shows the energy 
spectrum normalized by t>2% plotted as a function of kr)k. At high wavenumbers 
there is self-similar collapse, consistent with the assumption that, at these small 
scales, the energy transfer is dominated by the dissipation rate and viscosity (note 
that v2

Vk = i / 5 / 4 e^ 4 ) . 

4-4-6 Discussion 

The results presented above for the nearly constant-density simulation, Run 55a, 
shows quantitative agreement with constant-density results of Mell [60]. Thus, when 
the initial density fluctuations are small the results of the numerical scheme used in 
our study approach the constant-density limit. The comparison with Mell's results, 
and the fact that the results of Mell qualitatively agree with actual grid turbulence 
experiments gives us confidence in the numerical scheme used in our study. 

4.5 Decaying, isotropic turbulence with large density variations 

Consider now the case where the initial density variations of the flow are somewhat 
large. The initial density field used in this case has the same spatial distribution 
as that for the nearly constant-density field used in Run 55a; here the fluctuations 
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are scaled by a factor of 60 so that pmax = 1.6 and pmin = 0.4 and the density ratio, 
Pmax/pmin, is 4. The initial velocity field used here is similar to that used in the nearly 
constant-density case, the difference being the adjustment to the velocity field due 
to condition (2.11). The initial Taylor Reynolds number is 55. The initial velocity 
spectrum is shown in Fig. 4.3. This section describes the isotropic decay of this 
variable-density flow simulation, Run 55. 

4-5.1 Decay of turbulent kinetic energy 

For isotropic decay the total turbulent kinetic energy per unit mass is given as (see 
eq. (A.7) in Appendix A) 

K{t) = ^ r 1 = ^ + ~7~- (4-14) 

Initially, this variable-density case has nearly the same total energy as the nearly 
constant-density case for two reasons. The mean density, p, is the same for both, 
and, there is a lack of statistical correlation between the initial density and velocity 
fields, i.e., p'u^ = 0. Figure 4.13 shows K(t) as a function of time for the case 
with the density ratio of 1.02 (nearly constant-density) and the case with the density 
ratio of 4 (variable-density). From this plot it is seen that the total kinetic energy 
per unit mass decay is nearly unaffected by the large density variations. Figure 4.14 
shows the evolution of Ra as a function of t for this variable-density case. Due to 
isotropy, the paja; term is zero. The triple correlation term, p't^wj, is initially zero 
since the initial velocity and density fields are statistically independent. As the flow 
develops this triple correlation term becomes slightly negative (discussed in more 
detail below) then decays to a negligibly small positive value. Therefore the behavior 
of the total turbulent kinetic energy for this variable-density case is governed by the 
evolution of u'^, which decays with time in the same manner as the total energy for 
the constant-density case. 

To gain insight on the behavior of various terms of importance to the process of 
energy decay, we plot the various terms in the total kinetic energy evolution equation 
[eq. (4.4)] for the present case. Figure 4.15 shows the evolution of each term in eq. 
(4.4). This shows that the energy decay follows the behavior of the viscous dissipation 
term, as the pressure-work term has little effect. Since the triple correlation, pu'^, 
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Figure 4.13: Decay comparison of the total kinetic energy per unit mass for the nearly 
constant-density case and the variable-density case 
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Figure 4.14: Evolution of Ra for Run 55 
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Figure 4.15: Contributing terms in the evolution equation for total fluid kinetic energy 
density [eq. (4.4)] for Run 55 

does not grow to an appreciable amount, the decay of p u^ is nearly the same as 
that of Ru{t)/2. 

It is seen in Fig. 4.14 that the triple correlation term, pu^, is initially zero, grows 
to a small nonzero value and then decays to a negligibly small value. This behavior 
can be understood by observing the spectral distributions for pu'iu'i/2, ~p w-Wj/2 and 
p'ulul/2. Figure 4.16 shows the initial spectrum for pu'iu'i/2 and ~puiuij2. Initially 
these two spectrum are slightly different. The small difference is due to a nonzero 
initial spectral distribution of puiuj2^ which is shown in Fig. 4.17. The initial 
spectrum of p u^/2 is small compared to the spectra given in Fig. 4.14 and integrates 
over all wavenumbers to a zero value for p'u'iu'i/2. Figure 4.17 also shows the spectra 
of pu^fa for a sequence of early times. As this spectrum evolves in time, the 
values within the spectrum are redistributed such that its spectrally integrated value 
becomes nonzero. Also, as time evolves the spectrum is decaying so that its spectrally 
integrated value also decays. 
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Figure 4.16: Initial spectrum for p < u'^ > /2 and < pv!ivli > /2 for Run 55 
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Figure 4.17: Spectral evolution of < p'u'^ > /2 for Run 55 
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4-5.2 Decay of density field 

In section 4.3 the negative of the correlation between fluctuations of density and those 
of specific volume is defined as 

Kt) = -p> P) = -Jv1, 

where v = 1/p is the specific volume. This can be written as (see Appendix B) 

b(t) = p u - l . 

This can also be written [10] as 

M-J-L- -1-)=W). 
H \ P + P' p) \pp) 

From this latter result, it can be seen that b(t) is nonnegative, and in the limit as the 
density fluctuations tend to zero, b(t) fa p'p'/'p2. This quantity is important since it 
arises in the modeling of variable-density flow [10, 23]; thus its behavior is described 
here. Figure 4.18 shows b(t) as a function of t for the nearly constant-density case, 
Run 55a (dashed curve), and this variable-density case, Run 55 (solid curve), plotted 
to different scales. The left axis is for the nearly constant-density case, while the right 
axis is for the variable-density case. Note that the large difference in values is due to 
the difference in the initial density fluctuations. For both cases this quantity decays 
rapidly for t < 1.5 and more slowly thereafter. Also note that b(t) decays slightly 
differently for the two cases. 

Another measure of the decay of the density fluctuations is the variance, or the 
second (central) moment [56]. The variance is the mean-square departure from the 
mean value, and is defined as 

/•OO 1 M 

«J = / (P')2P(P'W = W*jjT,(P-tf, 
J-°° i V n=l 

where P(p') the probability density of the fluctuating density and the summation is 
over all mesh points. The square root of the variance is the standard deviation (rms 
amplitude), op>. Figure 4.19 shows the evolution of the variance for the fluctuating 
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Figure 4.18: Comparison of the evolution of b(t) for Run 55 and Run 55a 

density field for both the nearly constant-density and variable-density case to different 
scales. The decay of the two density fields are quite similar, indicating that the density 
field in the case with the large density fluctuations is behaving approximately as a 
passive scalar. 

As previously mentioned, in the limit as the density variations tends to zero, b(t) 
should tend to p'p'/'p2. It is convenient to employ the same nomenclature used in 
Besnard, et el. [10], i.e., 

B(t) = J$lf. 

Figure 4.20 shows a comparison of the decay of b(t) and B(t) for Run 55. Initially b(t) 
is almost twice as large as B(t). For t < 2, when the density fluctuations are large, 
b(t) decays faster than B(t). For t > 2, as the density fluctuations become smaller, 
b(t) tends towards B(t). Figure 4.21 shows the same results on a log-log plot. For 
t < 0.5, convective mixing occurs and the decay rate is small; thereafter, molecular 
mixing occurs and the decay rate is larger. For t > 2, the curves decay as a power 
law. Curve fitting gives a power law exponent of about 2.29. The "average" value 
of the power law exponent can be computed for the decay of b{t) and B(t) using an 
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Figure 4.19: Evolution of f/p? for Run 55 and Run55a 

equation similar to eq. (4.8), written here as 

wm/dt} 
7{(<) = - ( * + **)- m 

Here ^ is either b(t) or B(t) and t0 is the virtual origin. Another estimate of the 
power-law exponent is the "instantaneous" value. An equation similar to eq. (4.9) is 
used, i.e., 

Figure 4.22 shows the "instantaneous" and "average" values for the power law expo
nent of b(t) and B(t) for Run 55. At early times when b(t) and B(t) are different 
the "average" value of the power law exponent is different. At late times, when b(t) 
tends towards B(t), the power law exponents become nearly the same value of about 
2.3. 

The characteristic time scales of decay for K{t) and b(t) are written as 

TK = 
K(t) 

dK{t)/dt 
(4.15) 
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and 

n 
b(t) 

db{t)/dt 
(4.16) 

Figure 4.23 shows the time evolution of the time scales for K(t) and b(t) for this 
variable-density case. After a time greater than 1 the curves are approximately 
straight lines with positive slopes, characteristic of power law decay behavior. As
suming power law decay, 

K{t) = K0 

the characteristic time scale for the decay can be written as 

K{t) l u . 

Thus if the characteristic time scale is growing linearly, then the power law coefficient 
is the slope of this curve. Another interesting feature seen in Fig. 4.23 is that the time 
scale for the decay of the total turbulent kinetic energy density is larger than that 
for b(t), implying that K{t) is decaying slower than b(t). This can also be seen by 
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Figure 4.23: Time scale evolution of K{t) and b(t) for Run 55 

comparing Fig. 4.18 with Fig. 4.13. For laboratory experiments with decaying grid 
turbulence the scalar (usually a temperature field) and velocity fields decay according 
to power laws [88]. Here the velocity and density decay (at late times) nearly as power 
laws, with a corresponding mechanical-to-density time-scale ratio 

r = IK 
n 

that varies slowly [30]. Figure 4.24 shows r for Runs 55 and 55a. In both cases 
this ratio becomes nearly constant with a value of almost 2 for t greater than 2. 
Warhaft and Lumley [88] and Sreenivasan et al. [82] have shown that this time-scale 
ratio in grid turbulence has values that range from 0.6 — 2.4 depending on the initial 
conditions. In our study the time-scale ratio is near the upper limits of their range. 

An evolution equation for b(t) can be derived (see Appendix B), assuming statis
tical homogeneity and isotropy, and is 

dt dxn 

(4.17) 

Note that if the divergent velocity field condition, eq. (2.11), is substituted into eq. 
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Figure 4.24: Mechanical-to-density time-scale ratio for Run 55 and 55a 

(4.17) this leads to (assuming V is constant) 

9b(t) n^ , d -±l = -2Vpv'- 1 dp 
dxn \ p dxn 

For a fixed Schmidt number Sc — v/T), as the Reynolds number increases the molec
ular diffusion of b(t) decreases. Therefore, b(t) will decay slower at higher Reynolds 
numbers because the length scales at which diffusion is relevant decrease. The decay 
rate for b(t), 

£b -2p v'-^, 
onn 

is plotted in Fig. 4.25 as a function of t, showing behavior similar to what Mell 
[60] reported in his study of passive scalars. The increase in e& is due to convective 
mixing which increases the density gradients, while the decay of e& is due to molecular 
mixing. The time at which convective mixing occurs corresponds to the time that 
b(t) decays rapidly (see Fig. 4.18) . During this time period, the time scales for the 
decay of K(t) and b(t) are also decreasing (see Fig. 4.23). 

The right side and the left side of eq. (4.17) can be computed individually and 
compared. This is a useful numerical check to determine whether the decay of b(t) 
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Figure 4.25: Dissipation rate of b(t) as a function of t for Run 55 

is being accurately computed in the simulation. Figure 4.26 shows each term of eq. 
(4.17) plotted as a function of time, indicating that indeed the simulation is accurately 
computing the decay of b(t). 

4.5.3 PDF evolution 

In this section, the evolution of the pdf of density and of velocity are presented. 
Comparison between the nearly constant-density case (density ratio = 1.02) and the 
variable-density case (density ratio = 4) will be made. Again, the initial velocity 
fields used for both cases are nearly the same with modifications to take into account 
the divergent velocity condition. 

Evolution of the density PDF 

Knowledge of the pdf of the density field is important in helping to understand the 
mixing behavior of the density field. It has been observed that, in the mixing of 
passive scalars which have been initialized with a bimodal distribution [60, 30], the 
scalar pdf's evolve toward a Gaussian distribution. As the fluids continue to mix the 
final state of the scalar field should be a delta function at the mean of the initial 
scalar field, representing a completely mixed fluid. 
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Figure 4.26: db(t)/dt evolution equations terms as a function of t for Run 55 

Figure 4.27 shows the evolution of the density field pdf for both the variable-
density (solid curves) and nearly constant-density (dashed curves) cases. The plot 
show the probability of a given pdf as a function of the fluid density. The horizontal 
axis is labeled with two density values, one for the variable-density case and the 
other for the nearly constant-density case. The initial pdf's for both cases have the 
same shape because the two initial density fields are similar, the difference being 
that the fluctuations have been scaled to give a variable-density field in one case, 
and a nearly constant-density field in the other. As a result, axes of the plot for the 
nearly constant-density field can be scaled and compared with the variable-density 
case. Initially the two pdf's are the same. As time evolves the bimodal distribution 
approaches a Gaussian distribution as the initially separated fluids become more 
thoroughly mixed. The time increment between curves is 0.5. By t = 1.0 the density 
field has lost its bimodal distribution, and the pdf has a nearly semi-circle distribution. 
From this plot it is seen that the evolution of both density fields are nearly identical, 
the only noticeable difference being that the pdf for the variable-density is slightly 
skewed positive to the mean density value of 1. 

Defined in section 4.5.2 is the variance of the density field. The square-root of the 
variance is the standard deviation and is a measure of the width of the probability 
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Figure 4.27: Density pdf evolution for Run 55 and Run 55a 

density. Figure 4.19 shows that the variance for these density fields decays rapidly for 
t < 2. Thus, the standard deviation also decays rapidly during this time. This is seen 
in the pdf as it is during this time the bimodal distribution approaches a Gaussian 
shape. 

A measure of whether or not the pdf is Gaussian is the third and fourth moments of 
the fluctuating density field. The third moment nondimensionalized by the standard 
deviation is known as the skewness, and is a measure of the lack of symmetry of the 
pdf. The skewness is defined as 

^ = h r WWW "jrijrtiP-tf 
Up> J-°° °> I i V n=l 

For a probability density function that is Gaussian, the skewness is zero. The fourth 
moment nondimensionalized by the standard deviation is known as the kurtosis, some
times referred to as the flatness factor, and is a measure of the broadness of the 
probability density. The kurtosis of the fluctuating density field is defined as 

N 

°p< J~°° ap' l N n= l • p' " ~ " p' 

For a probability density function that is Gaussian, the kurtosis is three. Figure 
4.28 shows the skewness and kurtosis of the fluctuating density field as functions of 
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Figure 4.28: Evolution of the skewness and kurtosis of the density field for Run 55a 

time for the nearly constant-density case. The density field has very little skewness 
and the kurtosis is very nearly three at late times, indicating that the fluctuating 
density field is indeed nearly Gaussian. Figure 4.29 shows the skewness and kurtosis 
of the fluctuating density field as a function of time for the variable-density case. The 
density field indeed has some skewness to it, though it is small. Also, the kurtosis is 
very nearly three for late times, again indicating that the fluctuating density field is 
approaching a Gaussian form. 

Evolution of the Velocity PDF 

In this case where the initial velocity and density fields are statistically independent 
the statistical behavior of the flow is nearly the same for the nearly constant-density 
field and the variable-density field. Figure 4.30 shows the evolution of the pdf of 
the velocity magnitude at three times, where the velocity magnitude is defined as 
\u\ = {un +v'2 +w'2)l/2. Att = 0 the pdf is the same for the two cases. At t = 3 (the 
last time shown), the velocity field pdf is still essentially the same. The case with the 
density ratio = 4 is slightly skewed to the positive side of the mean. This skewness is 
so small, however, that it is not clear whether it is due to statistical error or whether 
it is a true effect of variable density. 
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Figure 4.29: Evolution of the skewness and kurtosis of the density field for Run 55 
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Because there is a difference in the momentum fields between the nearly constant-
density case and the variable-density case, it is anticipated that the pdf of the mo
mentum magnitude divided by ~p for the two cases will be quite different. Figure 4.31 
shows the evolution of the pdf of the momentum magnitude divided by ~p for the same 
three times that are given for the velocity field. The momentum magnitude divided 
by p, \pu\/p, is defined as \pu\/p = {{pu'f + {pv')2 + (p«/) 2 } 1 / 2 /P- Clearly, at t = 0 
there is a difference for the two cases. For the nearly constant-density case (dashed 
curve) the initial momentum divided by ~p pdf is very nearly Gaussian and in fact is 
the same as the initial pdf for the velocity field for that case. For the variable-density 
case there is a larger peak about the mean momentum, and "tails" that are of larger 
value than that of the nearly constant-density case. As time evolves the pdf's become 
nearly the same as the density variations tend to zero. At t = 3 (an early time in the 
simulation) the pdf's are essentially identical. 

4.5.4 Spectral Statistics 

In this section are discussed spectra of B(t) = p'p'/'p2, b(t) = —p'v' and of the square 
of the velocity divergence, i.e., (du'n/dxn)2. For the nearly constant-density case the 
spectra of B(t) and b(t) should be the nearly same as the density fluctuations are 
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Figure 4.32: Density self-correlation and negative density-specific volume correlation 
spectra for Run 55a 

small about the mean density. Figure 4.32 shows the spectral evolution of B(t) and 
b(t) at four different times for Run 55a. The initial spectrum for b(t) is not shown 
as it is negative at some wavenumbers. At all the other times shown, the spectra for 
these two quantities are essentially the same. 

It has already been shown the b(t) and B(t) for the variable-density case start out 
different, but, as the density fluctuations decay, these two terms become nearly the 
same. This may also be seen in the spectra of these quantities because, as the density 
fluctuations tend to zero, b(t) can be approximated by B(t). Figure 4.33 shows the 
spectral evolution of B(t) and b{t) for the variable-density case for the same times as 
for the nearly constant-density case. Again the initial spectrum for b(t) is not shown. 
However, at t = 1.25 and t = 2.5 there are clearly differences in the spectra. These 
differences are small by t = 3.75 as the density fluctuations are becoming small about 
their mean. 

Figures 4.34 and 4.35 show the spectral evolution of (du'n/dxn)2 for the nearly 
constant-density case and the variable-density case, respectively. From these two 
figures it is seen that the velocity field divergence is largest at the small scales (high 
wavenumbers) as the spectra have a maximum at a wavenumber of about 23 for 
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Figure 4.33: Density self-correlation and negative density-specific volume correlation 
spectra for Run 55 

t > 1.25. Between t = 0.0 and t ~ 1.25 there is a build up at the higher wavenumbers. 
After this time there is full spectrum decay at all wavenumbers. From Figs. 4.34 
and 4.35, it appears that the spectral evolution of (du'n/dxn)2 for the two cases are 
nearly the same within a constant factor. This may be expected as the velocity field 
divergence is related to the density field through the compressibility condition given 
by eq. (2.11). As the initial density fluctuations are larger, so also is the velocity field 
divergence. Figure 4.36 shows the spectra for the two cases, with the nearly constant-
density case scaled by the ratio of the spectrum of b(t) (defined here as < b >) for 
the two cases. With this scaling the spectra for the two cases are almost identical. 

4.6 Summary 

Presented in this chapter are the results of the isotropic decay of a nearly constant-
density (Run 55a) turbulent flow and a variable-density (Run 55) turbulent flow. For 
each case the initial velocity and density field are statistically independent. Com
parisons are made between the results for the nearly constant-density case and the 
results of Mell, who used the same initial velocity field to study closure models for 
nonpremixed turbulent reacting flows. This comparison shows that, in the limit as 
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Figure 4.34: Spectra of the square-divergent velocity field condition for Run 55a 
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Figure 4.35: Spectra of the square-divergent velocity field condition for Run 55 
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Figure 4.36: Spectra of the square of velocity divergent field for Run 55 and scaled 
for Run 55a 

the density fluctuations tend to zero, the numerical scheme used in this study is able 
to produce results that are consistent with known results. It was also shown by Mell 
[60] that his results are consistent with laboratory isotropic grid-turbulence. This 
comparison gives us confidence in our numerical scheme. 

Comparisons are also then made between the nearly constant-density results and 
the variable-density results. This comparison shows that, for this case in which 
the initial velocity and density field are statistically independent, the presence of 
variations of density has little effect on the overall statistical decay behavior of the 
flow. For the case with large initial density fluctuations, the decay of the total 
turbulent kinetic energy density closely follows the decay of the mean-square velocity. 
This is due to the fact that p'u^u'i is initially zero and, for the conditions of the 
flow, remains small such that it has little effect on the decay processes. It is seen 
that, in the variable-density case, the triple correlation term does grow to a small 
amount. However, because the flow is at low Reynolds number and dominated by 
viscous effects this triple correlation remains small. It has been seen in the course 
of this study (described in the following chapter) that, if this triple correlation is 
nonzero, the decay of the turbulent velocity and density fields are affected by the 
fluctuations in density. The statistics presented are all averaged quantities of second 
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order moments or higher. And though the results showed that the decay processes 
are almost unaffected by the presence of variable-density , this does not prove that 
on a pointwise basis the turbulent field showed no effect of the variations in density. 
To test differences on a pointwise basis we computed correlation coefficients between 
the two turbulent flows for the three components of the velocity, the density and the 
pressure. The correlation coefficient for a given quantity is given as 

^ _ QssQssa 
^a — K =s i 

;2 12 
a 5 5 a55a 

where 55 is the quantity a from Run 55 (variable-density case) and 55a is the quantity 
a from Run 55a (constant-density case). Figure 4.37 shows the correlation coefficients 
of three components of the velocity field (solid line curves), the density field (dashed 
curve), the fluctuating density field (solid line with x's), and the pressure field (solid 
line with «'s). At t = 0 the correlation coefficient for the velocity and fluctuating 
density fields are equal to one. For early times, t < 3, the correlation coefficients 
rapidly change. During this time the velocity and fluctuating density fields for the two 
cases quickly become uncorrected. The correlation coefficient for the initial density 
field is 0.9, and as the fluctuating density field rapidly decays, the two density fields 
become highly correlated. 

For times t > 3, the correlation coefficients vary more slowly. This corresponds 
to the times when the density fields of the two cases are highly correlated. The 
decorrelation of the velocity field must be due to density differences as the initial 
density is the only difference between the two cases. These coefficients show that the 
flow behavior, on a pointwise basis, is affected by the density changes. The question 
is then: how can variable-density effects be felt on the averaged statistics of the flow? 
It will be shown in the next chapter that if f/u^Ui is allowed to develop, statistical 
differences occur. The next chapter describes an initialization scheme that imparts a 
statistical dependence between the initial density field and the initial velocity field, 
producing fields that have flv!^ initially nonzero. The effects of p't^t^ initially 
nonzero on the decay behavior of variable-density turbulence is studied. 
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Figure 4.37: Correlation coefficients for the velocity, density and pressure fields be
tween Run 55 and Run 55a 
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Chapter 5 

ISOTROPIC DECAY OF STATISTICALLY D E P E N D E N T 
INITIAL VELOCITY AND DENSITY FIELDS 

5.1 Introduction 

Two characterizations of the initial velocity and density fields were discussed in Chap
ter 4. In the first, the initial velocity and density fields are statistically independent. 
Results from simulations of decaying, isotropic, variable-density turbulence using this 
characterization were presented. In particular, it was shown that, when the initial 
fields are statistically independent, so that the triple correlation, p'w^i' is initially 
zero, this triple correlation remained small. It was observed that the behavior of 
statistical quantities of the flow were relatively unaffected by the density variations. 

In the second characterization, the initial velocity and density fields are statisti
cally dependent. This statistical dependence is discussed in this chapter. Also, results 
of several simulations of decaying, isotropic, variable-density turbulence using the sec
ond characterization are presented and discussed. By initializing the flow simulations 
with an initial velocity field that is statistically dependent on the density field, it will 
be shown that this triple correlation is initially nonzero and, as a result, may have 
an important effect on the behavior of variable-density turbulent flows. 

Presented in this chapter are the results of two types of initial variable-density 
fields. The first set of results are obtained using the initial bimodal pdf density field; 
these are runs Iso3 to Iso8 computed on a 1283 computational grid. The second set of 
results are obtained using an initial variable-density field having density fluctuations 
which have a Gaussian distribution about the mean density, and are computed on a 
64 3 grid. 

5.2 Initialization of the Velocity and Density Fields 

It is not possible to use velocity field "3u" (which was created and used by Mell 
[60] and used in our study presented in Chapter 4) for this study of statistically 
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dependent fields because this velocity field is statistically independent of the density 
fields we are studying. We use, however, the initial energy spectrum from velocity 
field "3u" to create, using the method of Orszag and Patterson [65], an initial random 
velocity field. This random velocity field is created such that the fluctuations have 
a normal, Gaussian distribution about the its mean and are statistically dependent 
on the initial density field (discussed briefly below in Section 5.3). By using the 
method of Orszag and Patterson, the initial velocity field has random initial Fourier 
amplitudes and phasing. A description of the procedure that initializes a velocity 
field that is statistically dependent on the density field is described briefly below in 
Section 5.3 and in more detail in Appendix C. 

There are two type of statistical dependence utilized in the study presented in 
this chapter. In the first case the large velocity magnitudes are associated with 
positive density fluctuations (and, correspondingly, small velocity magnitudes are 
associated with negative density fluctuations). Therefore, on the average the heavier 
fluid has larger velocity magnitudes and the lighter fluid has smaller ones. In this 
case the triple correlation, f^u'jU'^ will be initially positive since positive fluctuations 
in density are associated with a larger value of u'^. In the second case, large velocity 
magnitudes are associated with negative density fluctuations (and, correspondingly, 
small velocity magnitudes are associated with positive density fluctuations). Here, 
the triple correlation, p'u'^u'^ will be initially negative because on the average negative 
fluctuations in density are associated with larger values of u'jU^. Table 4.1 lists the 
initial velocity statistics for the statistically-dependent, initial variable-density fields 
used in the simulations reported here. 

For the first set of results presented in this chapter, the density field is initialized 
using the method of Eswaran and Pope [30]. This method creates an initial density 
field that conforms approximately to a double-delta pdf, where the initial fluid consists 
of regions of either high or low density typified by an integral length scale of lp = 0.53 
(see section 4.3), which is roughly half the velocity integral scale. This method was 
describe briefly in Chapter 4 and in detail in Appendix D, so it will not be repeated 
here. The second set of results presented in this chapter uses a random initial density 
field created such that the density fluctuations have a Gaussian distribution about 
the its mean value of one. The details of this initialization scheme can be found in 
Appendix D. Table 4.2 lists the initial density field statistics for the statistically-
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dependent, initial variable-density fields used in the simulations reported here. 

Qualitative comparison between the results of the two types of initial density 
fields will be discussed. The case of the bimodal density distribution represents 
approximately two unmixed fluids, whereas the Gaussian distribution could represent 
the late stages of flow development of the bimodal (unmixed) pdf case. It will be 
shown that, due to the statistical dependence of the initial velocity on the initial 
density field, for the bimodal case the pdf becomes asymmetric. As the density 
fluctuations become smaller the asymmetry is reduced and the pdf's evolve to a 
nearly Gaussian form. It will be found for the case with initial Gaussian distribution 
that, due to the Gaussian statistical nature, the effects of the fluctuating density are 
not strongly felt (at least for the cases presented in this study). 

5.3 Creating statistically dependent initial velocity and density fields 

This section describes briefly how a velocity field is created that is statistically depen
dent on the initial density field. For more detail the reader is referred to Section C.3 
in the appendix. The first step in the initialization procedure is to use the method 
of Orszag and Patterson [65] to create a vector field, A, that has random Fourier 
amplitudes and phases. The initial energy spectrum from velocity field "3u" [60] is 
used with the method of Orszag and Patterson in order to determine A. This random 
vector field is then multiplied in real space by some function of the density, / (p) , to 
give A' = f{p)A. A' represents the non-divergent part of the initial velocity field and 
is now directly dependent on the initial density field. To obtain an initial velocity 
field with large velocity magnitudes associated with low densities, the function f(p) 
is defined to be f(p) = CA/P, where CA is a constant (chosen to be 1 in this study). 
This is referred to as Method A. To obtain an initial velocity field with large ve
locity magnitudes associated with high densities, the function f(p) is defined to be 
f(p) = CBP, where CB is a constant (chosen to be 1 in this study). This is referred 
to as Method B. As the initial density fluctuations increase, so also does the initial 
statistical dependence. The next step in this procedure is to rescale the velocity field 
such that it has the desired energy spectrum. Finally, the velocity field is modified 
to account for the non-divergent condition given by eq. (2.11). 
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5.4 Results for the case with the initial bimodal pdf 

5.4-1 Introduction 

We now consider the case of a freely decaying, isotropic, variable-density flow where 
the initial velocity field is statistically dependent on the initial bimodal density field. 
As mentioned in a previous section (Section 5.2) there are two types of dependence 
studied, one where large velocity magnitudes are associated with low densities (Run 
Iso4) and the other where large velocity magnitudes are associated with the high 
densities (Run Iso5). Because of this dependence, there will be nonzero values for the 
triple correlation, f^u'^. The two variable-density problems (Iso4 and Iso5) each are 
examined with an initial density ratio of 2.33. 

To compare these cases (Iso4 and Iso5) to nearly constant-density results, a third 
case (Run Iso3) is simulated with a density ratio = 1.02. In all of these cases, the 
initial total turbulent kinetic energy, p^u-/2, will have the same value of 1.32, which 
is achieved by rescaling each initial velocity field by a constant value. This is discussed 
in more detail in Section 5.4.3 below. Studied will be the decay processes and the 
density pdf evolution. For these three cases the grid resolution is 1283. 

Finally, two other cases are presented in order to examine the effect of statisti
cal dependence when the initial density fluctuations are very small. In both cases, 
the density ratio is 1.02. In one case (Run Iso6), the high velocity magnitudes are 
associated with negative density fluctuations, while in the other (Iso8), high velocity 
magnitudes are associated with positive density fluctuations. For these two cases the 
grid resolution is 1283. 

5.4-2 Nearly constant-density case 

To provide a result for which the variable-density cases can be compared, a nearly-
constant density case (Run Iso3) is simulated using an initial density ratio of 1.02. 
By using Method A for this case, the initial density fluctuations and kinetic energy 
(per unit mass) are positively correlated. Because the initial density fluctuations are 
small, the triple correlation P'M^W'J is initially nearly zero. In this case the density field 
should act as a passive scalar. 

Because the initial energy spectrum and viscosity used in this study are the same 
as for the statistically independent fields reported in Chapter 4, the initial Taylor 
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Reynolds number is Rx — 54.9. The initial velocity field is nearly in full spectrum 
decay, although there is a small build-up phase where there is growth of energy at 
the high wave numbers prior to decay at these wave numbers. 

Decay of the turbulent kinetic energy 

In this section the decay behavior of the total turbulent kinetic energy density is 
investigated. The terms of the total kinetic energy density is described by eq. (4.2). 
For isotropic decay the p a n a n / 2 term is zero since scalar-velocity correlations are 
zero. Figure 5.1 is a plot of the components of the generalized Reynolds stress tensor, 
Rnn, (twice the total kinetic energy density) as a function of time, t. Here t is the 
computational time divided by the initial large eddy turnover time, u0/l0 (where 
u0 = {u'iu'i/2,)1/2 at t = 0 and l0 is the initial velocity integral scale). For this 
nearly constant density case, /o'w-w- is initially small compared to p u'^ and remains 
nearly zero throughout the evolution of the flow. Thus, as seen in the results of 
Chapter 4 for nearly constant-density flows, the total turbulent kinetic energy density 
is approximately equal to p w'jtt-/2 as the p / ^ti /

i /2 is nearly zero. The decay of the total 
turbulent kinetic energy density is given by eq. (4.4) written here for homogeneous 
flow as 

dt{2^}=^+<^;-
The first term on the right side is the pressure-work term due to dilatational effects. 
The second term represents changes in the total turbulent kinetic energy due to the 
viscous dissipation rate. Figure 5.2 shows the evolution of each term of this equation. 
The pressure-work term is small for this case so that the decay of total kinetic energy 
density is due to viscous dissipation. 

Figure 5.3 shows the time scale for the decay of the total kinetic energy density, 
given by eq. (4.6), as a function of time. For times later than 1, the time scale is 
growing nearly linearly, indicating that the decay of the energy is following a near 
power-law behavior. Curve fitting suggests that the power-law exponent in this case 
is 1.7. 

Figure 5.4 shows the velocity-derivative skewness [given by eq. (4.10)] for all three 
directions as a function of time. Initially it is zero, reflecting the fact that the spectral 
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Figure 5.2: Terms in the evolution equation [eq. (4.4)] for the total kinetic energy-
density for Run Iso3 
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Figure 5.3: Time scale of decay for the total kinetic energy density for Run Iso3 

energy transfer is initially zero [72], due to the initialization method, which forces 
the wave number amplitudes to be statistically independent. The transfer spectrum 
quickly builds up as the initial velocity field properly adjusts, and hence the velocity-
derivative skewness builds up to values typical of laboratory grid turbulence, and are 
consistent with the results reported in Chapter 4. 

Decay of the density fluctuations 

In this section is described the decay of the density fluctuations for this nearly 
constant-density case. For this case, the evolution of b(t) = —p'v' should be nearly 
the same as the evolution of B(t) — p'p'/p2. Figure 5.5 shows the evolution of these 
quantities as a function of time, demonstrating that these two quantities evolve nearly 
identically. As in the results shown in Chapter 4, the decay of the density field is fast 
for early time, and by t = 2 the variance of the density field is about 10 percent of 
its initial value. Figure 5.6 shows the dissipation rate for b(t). The increase in e& for 
time less than 0.5 is due to convective mixing, which increases the density gradients. 
For times larger than 0.5 the decay of e;, is due to molecular mixing. 

Figure 5.7 shows the skewness and kurtosis for the density field. The density field 
is not skewed at early times and becomes slightly skewed at late times. The kurtosis 
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Figure 5.4: The velocity derivative skewness for the three components of velocity for 
Run Iso3 

Figure 5.5: Evolution of b(t) = —p'v' and B(t) — p'p'/p2 for Run Iso3 
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Figure 5.6: Dissipation rate evolution for b(t) = —pfv' for Run Iso3 

starts out at 1.5 and grows to a nearly constant value of 3.5. With the density field 
slightly skewed and its kurtosis not equal to 3, the field is not quite Gaussian. Figure 
5.8 shows the evolution of the pdf of the density field from t = 0 to t = 4 in steps 
of 0.5. The pdf evolves in a nearly symmetric manner towards a nearly Gaussian 
form. The evolution is very similar with the results presented in Chapter 4 for the 
statistically independent initial fields, which also show the evolution of the pdf of the 
density field towards a nearly Gaussian distribution. 

Energy Spectrum evolution 

Figure 5.9 shows the evolution of the energy spectrum (i.e., energy per unit mass, 
u'nu'n/2) in time increments of 1 from the initial time to t = 10. The initial spectrum 
is the same as for the simulations presented in Chapter 4. The evolution of the spectra 
for this nearly constant-density case is very similar to the energy spectrum evolution 
for the statistically independent case. This is expected since the initial energy spectra 
for the two cases are the same. 
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Figure 5.7: Skewness and Kurtosis of the density field for Run Iso3 

0.014 

0.012 

o.oi 

0.008 -

0.006 

0.004 -

0.002 
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Figure 5.9: Energy spectrum evolution, t = 0.0 to 10.0 by 1.0, for Run Iso3 

Conclusions of this nearly constant-density case 

It has been seen that the decay process of this nearly constant-density case, where 
the initial velocity and density are statistically dependent, are similar to the results 
for the statistically independent initial fields. The reason for this is two-fold; first, 
these simulations have the same spectral shape for the initial velocity and density 
fields, and second, the initial density fluctuations are small. By using of the initial 
spectral shape of Mell's velocity field, "3u", we are able to create an initial velocity 
field that is dependent on the density field, and with initial statistics similar to the 
initial velocity fields used in the study of Chapter 4. The nearly constant-density case 
presented here provides a comparison for the variable-density, statistically-dependent 
cases studied in the following sections. 

5.4-3 Cases with large initial density fluctuations 

In this section, two decaying, isotropic, variable-density turbulence cases will be pre
sented. Both have initial density ratios of 2.33. In the first case, Run Iso4, the 
velocity field has large magnitudes where the density is low (i.e., where the density 
fluctuations are negative) and in the second case, Run Iso5, the velocity magnitude is 
large where the density is high (i.e., where the density fluctuations are positive). The 
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initial total turbulent kinetic energy density for these two cases is the same as for the 
nearly constant-density case presented in the previous section, which is achieved by 
rescaling the initial energy per unit mass for each case. The effects of this rescaling 
can be seen in the initial spectrum of u'nu'n/2 for Runs Iso3, Iso4 and Iso5, shown in 
Fig. 5.10. For Run Iso4, the initial spectrum has slightly higher values than for the 
other two cases, while for Run Iso5, the initial spectrum has slightly lower values than 
for the other two cases. Figure 5.11 shows the initial total kinetic energy spectrum, 
< pu'nu'n > /2, for these three cases. All three of these initial spectra integrate to give 
the same initial value for pu'nu'n/2. For Run Iso4 the initial spectrum is slightly larger 
than for the other two cases at the small wavenumbers and slightly smaller than the 
other two cases at the higher wavenumbers. For Run Iso5 the initial spectrum is 
slightly smaller than for the other two cases at the small wavenumbers and slightly 
larger than the other two cases at the higher wavenumbers. Figure 5.12 shows the 
initial spectrum of p'u'nu'n/2 for all three cases. For the nearly constant-density case, 
Run Isom3, the initial spectrum is small compared to the other two cases. For the 
case with large initial density fluctuations, where the large velocity magnitudes are 
associated with the negative density fluctuations, Run Iso4, the initial spectrum is 
negative. For the case with large initial density fluctuations, where the large velocity 
magnitudes are associated with the positive density fluctuations, Run Iso5, the initial 
spectrum is positive. 

The results for these simulations will be presented first as a comparison between 
all three cases, and then each of the variable-density cases will be studied individually. 

Decay of the turbulent kinetic energy for the three cases 

The total turbulent kinetic energy density for the two variable-density cases and the 
nearly constant-density case, given by eq. (4.2), is plotted as a function of time in 
Fig. 5.13. The nearly constant-density case is shown by the solid line curve, the 
variable-density case Iso5 is shown by the "small" dashed curve, and cases Iso4 is 
shown by the "large" dashed curve. Initially all three of these cases start with the 
same turbulent kinetic energy density. At very early times, the turbulent kinetic 
energy decays fastest for case Iso4 and slowest for case Iso5 (i.e., for t < 0.2). The 
reason for this observed behavior is due to the difference in the initial dissipation 
rates for the three cases. To ensure that the initial total turbulent kinetic energy 
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Figure 5.11: Initial spectrum of pu'nu'n/2 for Run Iso3, Iso4 and Iso5 
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Figure 5.12: Initial spectrum of p'u'nu'n/2 for Run Iso3, Iso4 and Iso5 

for all three cases is the same, the initial velocity fields need proper re-scaling. For 
case Iso5, the initial velocity field needs to be re-scaled downwards to a lower mean-
squared velocity, p u'iU'i/2, value so that the total turbulent kinetic energy density, 
pu'iu'i/2, is initially the same as that of the nearly constant-density case. For case 
Iso4, the initial velocity field needs to be re-scaled upwards. This can be seen in Fig. 
5.14 which shows p u'nu'n/2 as a function of time for all three cases. Initially, ~p u'jU'i/2 
is the largest for case Iso4 and smallest for case Iso5. As the result of this re-scaling of 
the initial velocity field, the initial dissipation rates for these three cases are different. 

Figure 5.15 shows the dissipation rate for the turbulent kinetic energy per unit 
mass for variable-density flows, defined for homogeneous flows [87] as [10] 

where v is assumed constant, and Sy is the fluctuating rate of strain, defined by, 

13 ~ 2 \dXj

 + dxi) ' 

This figure shows that the initial dissipation rates of the turbulent kinetic energy per 
unit mass are different for the three cases. The dissipation rate for Iso4 is the largest 
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Figure 5.13: Total turbulent kinetic energy density evolution for Runs Iso3 (nearly 
constant-density), Iso4 (light fluid moving fast) and Iso5 (heavy fluid moving fast) 
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Figure 5.15: Total kinetic energy density dissipation rate for Runs Iso3 (nearly 
constant-density), Iso4 (light fluid moving fast) and Iso5 (heavy fluid moving fast) 

due to the initial velocity field having the largest mean squared-velocity. Likewise, 
for Iso5, the dissipation rate is smallest due to the initial velocity field having the 
smallest mean squared-velocity. The dissipation rate for Iso4, however, quickly (for 
t < 0.2) becomes smaller than for the other two cases. As a result, the total kinetic 
energy density for this case decays slightly slower than for the other two cases (see 
Fig. 5.13). The dissipation rate for Iso5 quickly (t < 0.2) becomes largest. As a 
result, the total kinetic energy density for this case decays faster than for the other 
two cases (see Fig. 5.13). This can be seen more clearly in Fig. 5.16 which shows the 
time scale for the decay of the total kinetic energy density for these three cases. At 
times less than 0.2 the time scale is largest for Iso5 and smallest for Iso4. After this 
time and up to a time of about 2.4, the time scale of decay is largest for Iso4 and 
smallest for Iso5. After a time of 2.4 the nearly constant-density case, Iso3, has the 
largest time scale of decay. 

Figure 5.17 shows the decay of p'u'nu'n/2 as a function of time. In the nearly 
constant-density case, this triple correlation, f/u'nu'n/2, is nearly zero due to the small 
density fluctuations. In the variable-density cases the triple correlation terms are 
initially nonzero, being positive for Iso5 and negative for Iso4. This triple correlation 

T r 1 . 1 1 1 1 i | I i i i | i i • i 1 i . i r 
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Figure 5.16: Total kinetic energy density time scale for decay for Runs Iso3 (nearly 
constant-density), Iso4 (light fluid moving fast) and Iso5 (heavy fluid moving fast) 

decays faster for case Iso5 than for Iso4. When these triple correlations have decayed 
away, the mean squared-velocity term is equal to the total kinetic energy density [see 
eq. (4.2)]. 

Fast moving, light density case 

In this section is discussed in more detail the energy decay for case Iso4. Equation 
(4.4) is the evolution equation for the total kinetic energy density, pu'nu'nj2. Figure 
5.18 contains plots of each term of this equation as a function of time for Run Iso4. 
This plot shows that the decay of total kinetic energy density is due to viscous 
dissipation, as dilatation effects are negligible. 

To study the evolution behavior of the total kinetic energy in more detail, evolu
tion equations can be written for each term of the total kinetic energy density, i.e., 
for each term on the right side of eq. (4.2). The evolution equation for p u^/2 is 
given as (for statistically homogeneous flow) 
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Figure 5.18: Terms in the evolution equation [eq. (4.4)] for total kinetic energy 
density for Run Iso4 
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Figure 5.19: Contributing terms in the evolution equation for p v!iv!ij2 [eq. (5.1)] for 
Run Iso4 

The first term on the right side, B, represents production/destruction of the mean-
squared velocity due to dilatation/contraction effects and vanishes in an immiscible 
problem. The second term, C, is a modified pressure-work that acts against the 
turbulence. The third term, D, represents the destruction of turbulence due to viscous 
effects. Figure 5.19 plots each term of eq. (5.1) as a function of time. The decay 
of p u'iu'i/2 is mostly due to viscous dissipation. The modified pressure-work term 
slightly dampens the decay of p u'nu'n/2 and there is a small increase in the energy 
decay rate from term B. 

The evolution equation for p'u'nu'n/2 is 

d_ 
dt ( T ^ X X ) = • P u>'n 

du'j p'u'ndP | pfu'ndr'nj 

dx p dxn p dxj 
(5.2) 

B D 

Figure 5.20 plots each term of eq. (5.2) as a function of time. The decay of p'unun/2 
is, again, mostly due to viscous dissipation. The decay is dampened by the pressure-
work term and there is an enhancement from dilatation effects. 

Figure 5.21 shows a two dimensional slice of the x-y plane for run Iso4 at t = 0.75. 
The horizontal axis is the x-direction and the vertical axis is the y-direction. The 
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Figure 5.20: Contributing terms in the evolution equation for p^u'iu'i/2 [eq. (5.2)] for 
Run Iso4 

color field represents values of density with the orange being the heaviest and the 
purple being the lightest. The other colors represent a mixture of the two fluids with 
the green being the mean density. The contours are of the fluctuating pressure field 
with the solid lines representing positive fluctuations and the dashed lines represent
ing negative fluctuations. The vectors give the magnitude and direction of the x-y 
velocity. The scale difference between the initial density field and the initial velocity 
field is evident, as it appears that the eddy size is somewhat larger than the density 
"blob" size. In this case, where the large velocity magnitudes are initially associated 
with the negative density fluctuations, the regions of higher velocities are to some 
extent associated with the low density regions and regions of the mixture of the two 
fluids (i.e., the interface between the heaviest and lightest fluids). Jetting occurs along 
the interface because the interface is being squeezed by motion of the heavy and light 
regions. The pressure field does not appear to be correlated with the density field, 
though there does appear to be regions of mixed fluid that are associated with smaller 
pressures. There are also regions between the heavy and light fluid where shearing 
and entrainment occurs. The length scales of the larger density "blobs" appear to be 
statistically similar to the length scales associated with the lower density "blobs". 
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Figure 5.21: Two Dimensional slice of the x-y plane for Run Iso4 
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Fast moving, heavy density case 

In this section is discussed in more detail the energy decay for case Iso5. Figure 5.22 
contains plots of each term of the total kinetic energy density evolution equation [eq. 
(4.4)] as a function of time for this case. The decay of total energy is mostly due to 
viscous dissipation, although, the pressure-work term acts also as a small source for 
decay at early times. 

Figure 5.23 contains plots of each term of the evolution equation for ~p u'nu'n/2 [eq. 
(5.1)] as a function of time. This shows that the decay of p u'nu'n/2 is also mainly due 
to viscous dissipation. The modified pressure-work term acts to dampen the decay at 
early times and there is a small source for decay due to dilatation/contraction effects 
from term B. For times greater than 1.5 all the decay is due to viscous dissipation. 

Equation (5.2) describes the evolution of the triple correlation, f/u'nu'n/2 and Fig. 
5.24 contains plots of each term for this triple correlation as a function of time. This 
shows that, for times less than 0.25, the decay of this quantity is due to contributions 
from the modified pressure-work, viscous dissipation and dilatation/contraction ef
fects, the modified pressure-work term being the largest contribution. The decay due 
to the modified pressure-work term occurs because there is a larger loss of energy due 
to the decay of the density field in this case (where the large velocity magnitudes are 
associated with the positive density fluctuations) than there is in the previous case 
(where the large velocity magnitudes are associated with the negative density fluctu
ations). More specifically, as the negative fluctuations decay, there is a dampening of 
total energy decay because the decay of negative fluctuations represents an increase 
in the density associated with that negative fluctuation. 

Figure 5.25 shows a two dimensional slice of the x-y plane for run Iso5 at t = 0.75. 
The horizontal axis is the x-direction and the vertical axis is the y-direction. The 
color field represents the density with the orange being the heaviest and the purple 
being the lightest. The other colors represent a mixture of the two fluids with the 
green being the mean density. The contours are of the fluctuating pressure field, with 
the solid lines representing positive fluctuations and the dashed lines representing 
negative fluctuations. The vectors give the magnitude and direction of the x-y ve
locity. This case, where the larger velocity magnitudes are initially associated with 
positive density fluctuations, the configurations appear to be quite different than for 
the Iso4 case (see Fig. 5.21). The initial density fields for these two cases are the 
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Figure 5.22: Terms in the evolution equation [eq. (4.4)] for total kinetic energy 
density for Run Iso5 
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Figure 5.23: Contributing terms in the evolution equation for p ulu'i/2 [eq. (5.1)] for 
Run Iso5 



97 

0.05 

0 

-0.05 

-0.1 

-0.15 

-0.2 
0 1 2 3 4 5 

t 

Figure 5.24: Contributing terms in the evolution equation for p'v!iv^ij2 [eq. (5.2)] for 
Run Iso5 

same so, in general, the structure is similar at this time for the two cases. For run 
Iso5, however, the length scales associated with the density field are smaller. Also, 
there are larger regions of mixed fluid. For this case (run Iso5), it appears that the 
lower pressure is predominantly associated with higher densities. Again, there are 
shear regions between the two fluids where entrainment appears to occur. 
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Figure 5.25: Two Dimensional slice of the x-y plane for Run Iso5 
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Decay of the density fields 

It was shown that the decay of b(t) = — p'v' and of B(t) = p'p'/~p2 were approximately 
the same for the nearly constant-density case. For the cases where the density fluc
tuations are large, the decay of these two quantities are different. Figure 5.26 shows 
the decay of these quantities for case Iso4: here b(t) is decaying faster then B(t) at 
early times. At a time of t = 1.5 in the simulation, however, the two quantities are 
nearly the same, which is expected in the limit as the density fluctuations tend to 
zero. In case Iso5, the decay behavior of b{t) and B{t) is similar and is not presented 
here. Figure 5.27 compares the decay of b(t) for both cases Iso4 and Iso5, showing 
that b(t) decays slightly faster for case Iso4. This is because the dissipation for b(t) 
is larger (at early times) for case Iso4, due to the larger initial mean square-velocity. 
Recall that the decay of b(t) is driven by a correlation between the fluctuating specific 
volume and the velocity divergence [see eq. (4.17)]; therefore, as the initial velocities 
increase, so too does the initial dissipation rates of the density field. The decay of 
B(t) for these two cases shows similar behavior and is not presented here. Figure 5.28 
shows the evolution of the dissipation rate for b{t) as a function of time for these two 
cases. At early times the dissipation rate for case Iso4 is larger, while at intermediate 
times the dissipation rate for case Iso5 is larger and at late times the dissipation rates 
are similar. For case Iso4, the dissipation rate peaks at an earlier time than case Iso5, 
indicating that molecular mixing occurs sooner in that case. 

Figures 5.29 and 5.30 show the evolution of the pdf of the density field for cases 
Iso4 and Iso5. Comparing these two figures, the feature that immediately stands 
out is the skewed behavior of the pdf's as they evolve. For Run Iso4, the pdf is 
skewed to the negative side of the mean density of 1. For Run Iso5, the pdf is 
skewed to the positive side of the mean density of 1. The physical explanation for 
this behavior possibly lies in the entrainment rates of the heavy and light fluid into 
the mixing region. It has been observed (see, e.g., Dimotakis (1986) [28]) that, in 
spatially growing shear layers, an unequal amount of fluid is entrained from each 
of the freestreams, resulting in a mixed fluid that favors the high-speed fluid. The 
first experiments to show this were the incompressible, variable-density shear layer 
experiments of Brown and Roshko [15]. Brown showed [16] that the fluid associated 
with the higher velocities had higher entrainment rates into the mixing layer. If the 
low density fluid has higher velocity magnitudes (a case where p'u'nu'n is negative) 
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Figure 5.28: b(t) dissipation rate evolution for Runs Iso4 and Iso5 

then the low density fluid will entrain faster into the mixing region than the high 
density fluid. Likewise, if the high density fluid has higher velocity magnitudes (a 
case where 0u'nu'n is positive) then the high density fluid will entrain faster into the 
mixing region than the low density fluid. This behavior in variable-density shear 
layers can explain the behavior of the skewed pdf's of the density field shown here. 
In case Iso4, the low density fluid has relatively larger velocity magnitudes so that 
the triple correlation is negative and the entrainment rate of the low density fluid into 
the mixing region (the interface between the two fluids) is larger then that for the 
high density fluid. As a result the pdf of the density field evolves in a skewed manner 
with the skew to the negative of the mean density. Likewise, in case Iso5 the high 
density fluid has relatively larger velocity magnitudes so that the triple correlation is 
positive and the entrainment rate of the high density fluid into the mixing region is 
larger then for that of the low density fluid. As a result the pdf of the density field 
is evolving with a skew to the positive side of the mean density. 
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Figure 5.29: Density pdf evolution, t = 0.0 to 1.5 by 0.25, for Run Iso4 
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Figure 5.30: Density pdf evolution, t = 0.0 to 1.5 by 0.25, for Run Iso5 
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Figure 5.31: Spectral evolution ol~pu'nv!n/2 for Run Iso4 

Spectral evolution of the components of the kinetic energy density 

The total turbulent kinetic energy density is given by eq. (4.2) as 

for decaying, isotropic variable-density turbulence. Given in this section is the spec
tral evolution of each term of this equation for runs Iso4 and Iso5. Figures 5.31 and 
5.32 show the spectral evolution o{~pu'nu'nj2 for these cases at a sequence of times from 
t = 0 to 3.5 in increments of 0.5. For run Iso4, the spectrum of ~pu'nv!n/2 is decaying 
at all wavenumbers (i.e., full spectrum decay). For run Iso5, energy is building up the 
high wave numbers for times less than 1 before the spectrum reaches full spectrum 
decay. 

Figures 5.33 and 5.34 show the spectral evolution of p'u'nu'n/2 for runs Iso4 and 
Iso5 for a sequence of times from t = 0 to 3.5 in increments of 0.5. For run Iso4, the 
spectrum of p'u'nu'n/2 is negative at all wavenumbers. As this spectrum evolves the 
values at each wavenumber decreases with time just as the spectrally integrated value 
of this spectrum, plv!nv!nl2, decays in time. For run Iso5, the spectrum of p'u'nu'n/2 
is positive at all wavenumbers except at k = 2 where it is slightly negative. At the 
next time given, t = 0.5, the maximum of the spectrum has decreased and there has 
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Figure 5.32: Spectral evolution of ~pu'nu'n/2 for Run Iso5 

been a slight increase at the high wavenumbers. Also, the minimum in the spectrum 
is at a larger negative value that at the initial time given. After this time the values 
of the spectrum are decaying to zero at all wavenumbers. 

5.4-4 Case with a nearly constant density initially strongly dependent on the velocity 
field 

In this section are described the results of two nearly constant-density cases with an 
initial density ratio of 1.02. The initial density fields for both cases are the same. 
The first case is Run Iso6. The initial velocity field used in this case is the same 
velocity field used in Run Iso4, so that the velocity is weighted such that the large 
velocities are associated with the negative density fluctuations and the statistical 
dependence is strong between the initial velocity and density fields. This is the same 
as initializing the velocity fields using Method A (see Section C.3 in the appendix) 
with A' = Aj{fi + 60//) where p is the mean density and p' are fluctuations about the 
mean. In the second case, Run Iso8, the initial velocity field is the same that is used 
in Run Iso5 and has a strong statistical dependence on the initial density field and 
weighted such that the large velocities are associated with positive fluctuations of the 
density. This is the same as using Method B (see Section C.3 in the appendix) with 
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Figure 5.33: Spectral evolution of p'u'nu'n/2 for Run Iso4 
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108 

1.5 

1 

0.5 

0 
0 1 2 3 4 5 

t 

Figure 5.35: Total energy evolution for Runs Iso4 (large initial density fluctuations) 
and Iso6 (small initial density fluctuations). Both cases have strong initial statistical 
dependence such that the large velocities are associated with the negative density 
fluctuations 

A' = (p + 6O/9') A The initial velocity field and density field statistics are given in 
Table 4.1. Comparisons of the total turbulent kinetic energy evolution will be made 
between runs Iso4 and Iso6 and runs Iso5 and Iso8. The evolution of the pdf's of the 
density field for runs Iso6 and Iso8 are also examined. 

Because the density fluctuations are small in runs Iso6 and Iso8, the density field 
should behave as a passive scalar and not have strong effect on the energy decay 
processes of the flow. Figure 5.35 shows the evolution of the kinetic energy density, 
K(t) = pu'nu'n/2p> for runs Iso4 and Iso6 and the evolution of u'nu'n/2 for run Iso4. 
K(t) is not the same for both cases since the density fields are initially different. Also, 
K(t) for case Iso6 and u'nu'n/2 for case Iso4 are initially the same since the velocity 
fields are initially nearly the same and the density fluctuations are small for case Iso6. 
From this figure is seen that, as the flows evolve K(t) for case Iso6 approaches that 
of case Iso4. This occurs at a time at which the large density fluctuations in run Iso4 
have decayed appreciable (approximately t » 2). 

Figure 5.8 shows the evolution of the pdf of the density field for run Iso3, which 
has an initially weak dependence between the velocity and density fields. In this 
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Figure 5.36: Total energy evolution for Runs Iso6 (large initial density fluctuations) 
and Iso8 (small initial density fluctuations). Both cases have strong initial statistical 
dependence such that the large velocities are associated with the positive density 
fluctuations 

nearly constant-density case, where the initial velocity and density fields had only a 
small statistical dependence, the pdf evolves nearly symmetrically about the mean 
density. Figures 5.37 and 5.38 show the evolution of the pdf's of the density fields 
for runs Iso6 and Iso8, which initially has a strong dependence between the velocity 
and density field, though the initial fluctuations are small. These figures show that 
there is a significant effect on the evolution of the pdf due the the dependence of the 
velocity on the initial density field. The pdf for the case where the large velocity 
magnitudes are associated with the negative density fluctuations (Iso6) is strongly 
skewed negative of the mean value. For the case where the large velocity magnitudes 
are associated with the positive density fluctuations (Iso8), the pdf is strongly skewed 
positive of the mean value. The evolution of the pdf's of these density fields, which 
are essentially passive, looks remarkably similar to the analogous evolution for runs 
Iso4 (see Fig. 5.29) and Iso5 (see Fig. 5.30), which initially have large density 
variations. Since the density fluctuations are small in runs Iso6 and Iso8, the triple 
correlation terms, f/u'nu'n, are also very small. The statistical dependence is such that, 
for run Iso6, the large velocity magnitudes are associated with the negative density 
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Figure 5.37: Density pdf evolution, t = 0.0 to 1.5 by 0.25, for Run Iso6 

fluctuations (i.e., the low density field) so that the triple correlation term, pfu'nu'n, 
is slightly negative (though very small). It has been argued in the previous sections 
that, for this situation, the skewness seen in the pdf is due to a higher entrainment 
rate for the low density fluid into the mixing region than for the high density fluid. 
Likewise, for run Iso8, the statistical dependence is such that the large velocities are 
associated with the positive density fluctuations (i.e., the high density fluid) so that 
the triple correlation term, p'u'nu'n, is slightly positive (though also very small). It 
has also been argued that for this situation the skewness seen in the pdf is due to a 
higher entrainment rate for the high density fluid into the mixing region than for the 
low density fluid. This same explanation appears to hold, even though the density 
fields are basically passive. This is not surprising as the this entrainment behavior is 
seen in spatially evolving constant density mixing layers [16, 28]. 

5.5 Results for initial Gaussian pdf's 

In this study, the effects of using initial density fields that have a Gaussian distribution 
(see Appendix D for initialization procedure) instead of a bimodal distribution are 
also addressed. The results of this work are not presented, however, because no new 
conclusions are contributed. The effects observed using the bimodal distribution are 
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Figure 5.38: Density pdf evolution, t = 0.0 to 1.5 by 0.25, for Run Iso8 

also present in the results using the Gaussian distribution. The effects of large density 
fluctuations seen in the results with the initial bimodal density pdf distribution are 
not as strong when the Gaussian distribution is used. When the density field has 
a Gaussian distribution, the most probable density is the mean density itself. The 
mean density in this study corresponds with a completely mixed fluid, and the density 
field is at a constant density. The bimodal distribution is different in that the most 
probable density is either a high density or a low density, or some value in between 
depending on the stage of the flow in the mixing process. At late times, the initial 
bimodal distribution evolves to a nearly Gaussian form, and it can be argued that 
a Gaussian distribution represents the late stages of the mixing of a bimodal scalar 
field. 

5.6 Summary 

The results presented in this chapter clearly identify the importance of the triple 
correlation term, f/u'nu'n, on variable density flow. In Chapter 4, cases where the 
initial velocity and density fields were statistically independent were examined. It 
was shown that the triple correlation was initially nearly zero and did not grow to a 
large enough value to effect the statistical behavior of the decay. In this chapter, a 
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statistical dependence was initially imparted between the velocity and density fields 
and flow was examined. The triple correlation term is initially nonzero, its sign 
dependent on the type of statistical dependence. A positive sign indicates that the 
higher velocity magnitudes are associated with the larger density, while a negative 
sign indicates that the higher velocity magnitudes are associated with the smaller 
density. 

Some conclusions can be drawn from this study of the isotropic decay of variable-
density turbulence when compared with a decaying, isotropic constant-density turbu
lent flow. If, for both cases, the initial total turbulent kinetic energy densities are the 
same, the initial energy dissipation rates are different and depend on the statistical 
dependence between the velocity and density fields. If the triple correlation, p?u'nu'n, 
is initially negative, the energy dissipation rate is the highest, while the case where 
the triple correlation is positive has the smallest energy dissipation rate. 

It has also been seen that the pdf of the density field is not symmetric about the 
mean density and it is argued that this is due to different entrainment rates for the 
high and low density fluids into the mixing region (the mixed interface between the 
two fluids). This conclusion is based on analogy to numerous shear layer results (see 
e.g., Dimotakis (1986) [28]), the first of which are the results of Brown [16] in his study 
of the Brown and Roshko [15] variable-density mixing layer experiments. These shear 
layer studies showed that a spatially-growing shear layer entrains an unequal amount 
of fluid from each of the free streams, which results in a mixed fluid composition 
that favors the high-speed fluid. It has been seen in the results presented in this 
dissertation that the sign of the triple correlation, f/u'nu'n, reflects this entrainment 
rate behavior. 

Another important result has implications for passive scalar problems. If the 
velocity field is statistically dependent on density field but the density fluctuations are 
small so that the density field is passive, the pdf of the density field is not symmetric 
about its mean value. It is easily imagined that one could create a passive scalar 
experiment where there is a statistical dependence between the velocity and density 
fields. 

Finally, it has been observed that, if the initial density field has a Gaussian dis
tribution instead of a bimodal distribution, the same general effects as described in 
this chapter hold. However, for the cases studies, the Gaussian distribution results 
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observed are not as strong as in cases which have a bimodal distribution, even though 
the maximum density fluctuations were nearly equivalent in both cases. This has im
plications regarding the modeling of variable-density turbulence because inherent in 
most turbulence models is the assumption that the various quantities are Gaussianly 
distributed. It has also been seen that the pdf of the initially bimodal density field 
evolves towards a nearly Gaussian form (skewed and non-skewed depending on the 
statistical dependence on the velocity and density fields). So it could be argued that 
a Gaussian distribution for the density field occurs at late stages in the mixing of a 
bimodally distributed density field. 



Chapter 6 

BUOYANCY-GENERATED TURBULENCE 

6.1 Introduction 

The case of a variable-density fluid subjected to a constant (or gravitational) accel
eration is also studied in this dissertation. The fluid is initially at rest, and, in the 
presence of the acceleration, the variations in density act as a source of potential 
energy for the flow. The potential energy is converted into kinetic energy as the fluid 
is set into motion. The velocity and density fields are directly correlated since it is 
the presence of the fluctuations in the density fields that create, through accelera
tion, motion of the fluid. This motion is resisted by drag and the variable-density 
field is smoothed by molecular diffusion. As the flow develops and mixing occurs, 
the source of potential energy diminishes as the density field tends toward a constant 
mean value. Through the action of viscosity, the kinetic energy is dissipated to heat 
and the flow eventually comes to rest. 

In the case studied here, the gradient of the mean density is zero. Neglecting 
viscous and diffusion effects, since the extent of the fluid in the direction of the 
acceleration is unlimited, the acceleration would cause any fluid element to wander 
an unlimited distance in that direction. Thus, there is an infinite source of energy. In 
this problem, the potential energy is (1) eroded by diffusion and (2) converted into 
kinetic energy. 

There are several parameters associated with the fluid and its flow that determine 
the subsequent motion caused by buoyancy forces. The potential energy is repre
sented by statistical parameters that specify the initial random spatial distribution 
of the density field, e.g., the initial variance of the density. The molecular transport 
coefficients, the viscosity and diffusivity of the fluid, create sinks for the energy. An
other parameter is the body force, i.e., the acceleration. Prom these parameters the 
initial state of the flow can be specified. In particular, a Reynolds number can be 
formulated (discussed below in Section 6.3.2) which characterizes the flow. Higher 
Reynolds number flows are of greatest interest because it is in these flows that the 
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motion of the fluid will be the most turbulent, as inertial forces dominate viscous and 
diffusive forces. 

We are aware of only one other attempt to study a spatially homogeneous, buoyancy-
driven flow. This is the work of Batchelor, Canuto and Chasnov [7] in which they 
assumed small density variations and invoked the Boussinesq approximation. Their 
work is discussed briefly in this chapter. A study of the variable-density problem, 
without the Boussinesq approximation, is also presented in this chapter. This prob
lem has not previously been reported in the literature. In this dissertation the effects 
of different initial density ratios at a given Reynolds number are studied, as well as 
Reynolds number effects at a fixed initial density ratio. Departures from the Boussi
nesq limit are shown and discussed. For these cases, it is also demonstrated that the 
mean pressure gradient is not constant in time, and is dependent on the magnitude 
of the density difference and the Reynolds number. 

6.2 List of Buoyancy-driven simulations 

Specific conditions for the simulations are chosen in order to study (1) the effects of 
an increasing initial density ratio and (2) the effects of changing the initial "pseudo-
Reynolds" number, i? 0, (discussed in Section 6.3). The maximum initial density ratio 
used in this study is 4. At this density ratio, the numerical results are well resolved; 
however, for larger initial density ratios the numerical scheme becomes inaccurate at 
the maximum resolution utilized. 

Table 6.1 lists all the simulations of buoyancy-driven turbulence reported in this 
dissertation. The runs with "Ace" in the run name are for the cases where the 
Boussinesq approximation (see section 6.4) has not been made. The run with "Bos" 
in the run name is a case where the Boussinesq approximation has been made (see 
section 6.3). For all the cases reported the Schmidt number, a, is unity. For run 
Acc3c the grid size is 64 3, while for all other "Ace" simulations the grid size is 1283. 
For the Boussinesq approximation case, run Bos9, the density field statistics are not 
given (i.e., pmax, Pmin, Pmax/Pmin and 60) because the initial density distribution is 
created using the method given by Batchelor, et al. (discussed below in section 6.3) 
and these parameters are not relevant in that case. For the "Ace" cases the initial 
density field is created using the method of Eswaran and Pope, discussed in Chapter 
4. This procedure creates an initial fluid with regions of high density, pmaXi a n d low 
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Table 6.1: List of initial statistics for buoyancy-driven cases 

Run No. R0 
V a 9 Prnax Pmin Pmax 1 Pmin do 

Ace la 256 7.800e-3 1.0 10. 1.05 0.95 1.105 0.0434 
Acclc 256 8.543e-3 1.0 1.0 1.60 0.40 4.000 0.5206 
Acc2c 512 4.272e-3 1.0 1.0 1.60 0.40 4.000 0.5206 
Acc3c 64 3.423e-2 1.0 1.0 1.60 0.40 4.000 0.5206 
Acc4b 714 2.500e-3 1.0 1.0 1.40 0.60 2.333 0.3480 
Bos9 64 1.562e-2 1.0 1.0 

density, pmin, typified by an integral length scale lp = 0.53. The parameter 0O, defined 
i 

as 80 = p'p'/Po 2 lt=o> is a nondimensional measure of the initial density variations in 
the flow. As the initial density variations increase so too does 0o, while as 60 decreases 
the variable-density flow approaches the Boussinesq limit. 

Runs Accla and Acclc are made at a Reynolds number (defined below) of R0 = 
256. Run Acclc has moderately large initial density variations (such that the density 
ratio, Pmax/Pmin, equals 4) and in Run Accla the initial density variations are small 
(such that the density ratio equals 1.105) and, as will be shown below, is within the 
Boussinesq limit. These two simulations are made in order to study the effects of 
the initial density variation on the subsequent buoyancy-driven motion. Runs Acclc, 
Acc2c and Acc3c all have the same initial density variations, a density ratio of 4, and 
the effects of different R0 are examined. Run Acc4b is made at a Reynolds number of 
R0 = 714 with an initial density ratio of 2.33. At this density ratio, R0 = 714 is near 
the largest Reynolds number that can be computed accurately. Run Bos9 is made to 
compare with the Boussinesq results of Batchelor, et al. [7]. 

6.3 Boussinesq Case 

Batchelor, Canuto and Chasnov (1992) [7] presented the case of statistically homo
geneous, buoyancy-driven turbulence. They assume small density fluctuations in the 
flow and, therefore, use the Boussinesq approximation in the equations of motion. A 
brief discussion of their results is presented in this section. We expect that, in the 
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limit as the density fluctuations tend to zero, the non-Boussinesq variable-density 
results approach the Boussinesq limit. 

6.3.1 Navier-Stokes equations with the Boussinesq approximation 

Following Batchelor, et al. [7], the equations of motion are derived for the Boussinesq 
approximation by first starting with the usual equations for the conservation of mass 
and momentum [eqs. (2.1) and (2.2)], written here as [7, 52] 

^ + u - V p + p V - u = 0, (6.1) 

p (-£ + u • V u j = pg - Vp + pV2u, (6.2) 

where p, p and u are the fluid density, pressure and velocity. 
The Boussinesq approximation is valid [69] when the actual density and pressure 

fluctuations vary only slightly from their respective means, the vertical scale of motion 
is small compared with the scale height, and the Mach number is low. Separating the 
density and pressure into their mean and fluctuating parts gives 

P = Po + P' (6.3) 

and 

P = Ph+p' (6.4) 

where p0 = p is the uniform and constant mean value of the density, p' is the variation 
about the mean density, Ph is the hydrostatic pressure corresponding to p 0 and p' is 
the fluctuation about the hydrostatic pressure. Assuming low Mach number and 
small heat or mass transfer, eq. (6.1) becomes 

V • u = 0. (6.5) 

Thus, the velocity field is non-divergent. 
Using the Boussinesq approximation, eq. (6.2) becomes 

^ + u . V u = ^ - V ( ^ g - x )

+ , V V (6.6) 
dt p 0 p 0 
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where v — p,/p0- The first term on the right side represents changes in the velocity 
due to the buoyancy force per unit volume. It is the primary source [34] for fluid 
motion in buoyancy-induced flows. The second term on the right side is the gradient 
of the pressure change that produces the fluid motion. The pressure difference, called 
the "motion" pressure [34], can be written as 

p' = V ~ Pog • x = p - ph, 

where p is the actual pressure and p^ is hydrostatic pressure. Thus, the hydrostatic 
pressure has been removed from the problem in eq. 6.6. The hydrostatic balance can 
be demonstrated by considering the momentum equation [eq. (6.2)] for a fluid at rest 
the instant the acceleration is applied, which is 

pg - Vp = 0 

or 

Vp = pg. (6.7) 

Thus, in the absence of velocity (at the instant the acceleration is applied), the 
gradient of the pressure is due to the buoyancy force. 

A conservation equation is also needed to describe the evolution of the density 
variations. This equation is derived from a species concentration equation or the 
internal energy equation (see, e.g., Lesieur [52]), assuming low Mach number, to be 

^ + u • Vp' = P V V , (6.8) 

where V is the diffusivity of the density. Equations (6.5), (6.6) and (6.8) govern the 
motion of a buoyancy-driven flow within the Boussinesq limit. 

6.3.2 Nondimensionalization 

The equations of motion are here solved in nondimensional form. As previously 
discussed, there are several dimensional parameters associated with the fluid and its 
flow that determine the motion generated by buoyancy forces. These are the fluid 
viscosity, diffusivity and the acceleration. Also, a statistical measure of the initial 
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density variations is used; 60 is a measure of the dimensionless density variations 
defined as 

Oo = {77M)i=0 = P*/PO, (6.9) 

where 

P* = (77)l=0 (6.10) 

is the rms value of the initial density fluctuations. A characteristic length scale is 
also needed. Here, we choose the length scale, l0, which characterizes the wavelength 
at which the initial spatial spectrum of p' has its maximum. That is, l0 = 27t/km, 
where km is the wavenumber at which the density spectrum is a maximum. For the 
density fields studied here, km = 3 so that l0 = 2-7r/3. 

It should be noted here that the nondimensionalization proposed in Chapter 2, 
which is suitable for the study of decaying, isotropic variable-density turbulence, is 
not suitable for the study of buoyancy-driven turbulence. For a buoyancy-driven 
problem, within the Boussinesq limit, a careful choice of dimensionless variables are 
defined in Batchelor, et al. [7], as 

(6-11) 

X = f, (6.12) 

U = —H-J- , (6.13) 
\2 

and 

(logOoY-

P=P f ° S ; X , (6-14) 

POQOO P 
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Using this nondimensionalization, the equations of motion in the Boussinesq approx
imation can be rewritten as 

V • U = 0, (6.16) 

w+uve' = ?k v 2 e' <" 7> 

^ + U • VU = 0 - VP + i - V 2 U , (6.18) 

where j is the unit vector in the direction of the acceleration. The so-called "pseudo-
Reynolds number", R0, is defined from the characteristic length and velocity scales 
as 

Ro = V ' , (6.19) 

and 

v 

is the Schmidt number. Equations (6.16), (6.17) and (6.18) are the nondimensional 
equations of motion in the Boussinesq approximation. In these equations the key 
independent, nondimensional parameters are R0, 0o and a. In the Boussinesq ap
proximation, 0o does not arise as a separate nondimensional parameter as it does in 
the general problem (see Section 6.4), but only in the combination g0o. 

6.3.3 Comparison to Batchelor, et al. 

Batchelor, Canuto and Chasnov [7] computed numerical solutions of eqs. (6.16), 
(6.17) and (6.18). Their results are presented here and a comparison is made using our 
numerical scheme in order to validate our numerical code. Also, an understanding of 
these Boussinesq results will help to identify non-Boussinesq effects which are studied 
in the following sections. In their study the initial velocity field is zero and the initial 
random density field is approximately statistically homogeneous and isotropic. This 
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initial density field is generated from the initial density spectrum G(k, 0) = 6(k — 2TT) 
[7], where 8 is the Dirac delta-function. This spectrum can be approximated [7] by 

G<*-°) = S ( S ) " « P [ - 5 » ( S ) ' 

where n = 64 and An is given as 

n\(n+l) 

l - 3 - . . . - ( n - l ) ' 

The normalization constant An is chosen so that the condition Q'Qf^=0 = 1 [which 
arises from (6.10) and (6.15)] is satisfied. Batchelor et al. [7] presented dimensionless 
mean-square velocity in the direction of the acceleration and buoyancy histories as 
functions of R0, for direct numerical simulations and large eddy simulations using 64 3 

and 1283 grid sizes. 
Figure 6.1 shows the time history of the mean-square dimensionless velocity, in 

the direction of the acceleration, for various values of R0 with a = 1. The Boussinesq 
results of Batchelor et al. are the solid lines and the results of our numerical scheme 
(run Bos9) solving the equations of motion with the Boussinesq approximation are 
given by the dots. From this figure we see that the velocity increases rapidly as the 
fluid is set into motion through acceleration. The mean-square velocity reaches a 
maximum and begins to decrease as the density field mixes and diffuses towards its 
constant mean value, and as viscous dissipation becomes appreciable. In this case, 
the velocity is directly correlated with the density field. The density field corresponds 
to a source of potential energy; when the acceleration is applied the fluid is set into 
motion and a conversion of potential energy to kinetic energy takes place. As the 
density field diffuses and mixes towards its mean value the source of potential energy 
decays and the remaining kinetic energy decays away through drag. The kinetic 
energy will eventually go to zero as the density field is uniformly mixed and there 
is no available potential energy. The results of our numerical scheme are computed 
using a mesh size of 1283. Our Boussinesq numerical code produces results that agree 
with Batchelor, et al. It is seen from this figure that as R0 approaches infinity (a cases 
computed by Batchelor et al. as a large eddy simulation) the mean-square velocity 
approaches a limiting curve with a maximum at T = 1.8. 

Sir, 
7T 
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Boussinesq results of Batchelor, Canuto and Chasnov 
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Figure 6.1: UiUi vs. T as a function of R0. Dots are Boussinesq limit of variable-
density case, solid curves are results of Batchelor, et al. 

Figure 6.2 shows nondimensional mean-square of the density fluctuations as a 
function of the nondimensional time. For this quantity our numerical results again 
agree well with the results of Batchelor et al. The mean-square density also ap
proaches a limiting curve as R0 approaches infinity. As pointed out in [7], at large 
values of R0 the mean-square buoyancy is conserved for small times, after which it 
cascades to smaller scales where it is diffused away. 

6.4 Non-Boussinesq, variable-density nondimensionalization 

Next we consider the case of a statistically homogeneous, buoyancy-driven turbulence 
with large density variations such that the Boussinesq approximation is not valid. 
Section 6.3.2 presents a nondimensionalization that is suitable for the buoyancy-
driven problem. To discuss differences between the Boussinesq and non-Boussinesq 
cases we apply this nondimensionalization to the Navier-Stokes equations of motion 
which are non-Boussinesq. In addition to using the nondimensionalization (6.11), 
(6.12), and (6.13) we use the following for the pressure and total density 

P = P 
Poi0gQo' 

(6.20) 
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Boussinesq results of Batchelor, Canuto and Chasnov 
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Figure 6.2: 0'G' vs. T as a function of R0. Dots are Boussinesq limit of variable-
density case, solid curves are results of Batchelor, et al. 

and 

Po 

The nondimensionalization for the fluctuation density is 

0 ' 
P* 

(6.21) 

(6.22) 

Applying this nondimensionalization, the divergent velocity condition given by eq. 
(2.11) becomes 

dUn 1 d (1 de 
dXn aRodXnledXnj' 

the mass conservation equation [eq. (2.1)] becomes 

de deun 

+ = o, dT dXn 

and the momentum equation [eq. (2.2)] becomes 

dSUi dSUjUj _ dP 1 dTjj 0 ^ 

(6.23) 

(6.24) 

dT dXj dXi R0dXj 90g 
(6.25) 
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where Yjj is the nondimensional viscous stress tensor. The term gijg is a unit vector 
that points in the direction of the acceleration. Eqs. (6.23), (6.24) and (6.25) are the 
nondimensional equations of motion without the Boussinesq approximation. Prom 
these equations it is clear that the adjustable parameters are R0, a and 0o. Recall 
that 90 is a nondimensional measure of the initial density variations and is defined by 
eq. (6.9). This measure did not appear as an independent nondimensional parameter 
in the Navier-Stokes equations with the Boussinesq approximation (it appears in 
conjunction with g) because its effects are absorbed into the nondimensionalization 
of the equations. However, in this non-Boussinesq case, nonlinearity does not allow 
its effects to be so simply scaled. 

6.5 Variable density effects for R0 = 256 

In this section is studied the results of two simulations, Accla and Acclc. Both sim
ulations are made with the Navier-Stokes equations of motion where the Boussinesq 
approximation has not been made. Both are at a Reynolds number, R0, of 256, a 
Schmidt number of o = 1, and at a grid size of 1283. The effects on the developing 
flow of increasingly larger initial density variations are examined. Both cases have an 
initial bimodal density distribution that is initialized using the method of Eswaran 
and Pope. The density ratio in the case with the initially small density fluctuations 
(Run Accla) is 1.105. As will be shown, at this ratio, the solution is within the 
Boussinesq limit (but solved with the non-Boussinesq equations of motion). Run 
Acclc has the same statistical distribution for the density field but the fluctuations 
are scaled such that the density ratio in this case is 4.0, which will be shown to be 
outside the Boussinesq limit. By comparing the results of these two simulations we 
can examine density effects on buoyancy-driven flows at this given Reynolds number. 

For these buoyancy-driven cases the initial velocity field is set to zero, then slightly 
modified to account for the divergent velocity [eq. (2.11)] condition. Because the 
initial velocity field is nearly zero, density-velocity correlations are initially nearly 
zero; through the action of an acceleration, however, this correlation grows to a 
nonzero value. The acceleration is applied in the vertical (z-) direction and the 
developing flow is statistically axisymmetric about the vertical axis. 
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6.5.1 Energy evolution 

We begin the study of variable-density effects at R0 = 256 by first examining at the 
time evolution of the total turbulent kinetic energy per unit mass as a function of 
time. Recall from Chapter 4 that the total turbulent kinetic energy per unit mass, 
which is half the trace of the generalized Reynolds stress tensor divided by the mean 
density [eq. (A. 7)], is given as 

K(t\ - -fy™^) - ^ n < _ u'nu'n , Pu'nu'n _ ^ n 
[ ) ~ 2p 2-p 2 + 2p 2 

where 

= Wi = 7K 
P P 

is the negative of the turbulent mass flux per unit mass. Figure 6.3 shows the evolution 
of the total turbulent kinetic energy per unit mass evolution for the two cases (Run 
Acclc with an initial density ratio of 4 such that 90 = 0.52 and Accla with an initial 
density ratio of 1.105 such that 90 = 0.04). This shows the effect of increasing initial 
density fluctuations. The results for run Accla, given by the solid line curve, are 
within the Boussinesq approximation. That is to say, a flow within the Boussinesq 
approximation is on where the mean flow statistics match that of the Boussinesq 
approximation. The dashed curve shows the results of run Acclc. The total turbulent 
kinetic energy is initially nearly zero. At T = 0, the acceleration is initiated and the 
fluid is set into motion. The buoyancy force decays in time due to molecular diffusion. 
As a result the velocity reaches a maximum (at T = 1.8) and, through viscous effects, 
begins to decay. At T = 4 there is still a significant amount of kinetic energy in the 
flow. At later times, the total turbulent kinetic energy would eventually tend to zero 
as the thoroughly mixed fluid comes to rest due to the dissipation of kinetic energy 
into heat by viscous stresses. As the initial density fluctuations becomes larger, the 
growth rate of the nondimensional kinetic energy lowers. Likewise, the peak of the 
nondimensional turbulent kinetic energy is larger for the case with the smaller initial 
density fluctuations. As explained below, this result is due to the fact that the second 
and third terms on the right side of eq. (A. 7) grow to larger values, which contribute 
to make the nondimensional total turbulent kinetic energy lower as R0 increases. 



126 

0.35 

0.3 

0.25 
IQ. 

^"1 0.2 

0.1 

0.05 

0 
0 0.5 1 1.5 2 2.5 3 3.5 4 

T 

Figure 6.3: Total nondimensional turbulent kinetic energy per unit mass vs. T for 
R0 = 256 for the initial density ratio = 1.105 case (Run Accla) and the initial density 
ratio = 4 case (Run Acclc) 

Figure 6.4 shows the dimensionless mean-squared velocity as a function of di-
mensionless time. As the initial density fluctuations are increased the mean-squared 
velocity grows faster. For the initial density ratio of 1.105 case, the nondimensional 
mean-squared velocity reaches a peak at the same time as for the Boussinesq results 
[7], shown in Fig. 6.1. Figure 6.4 shows that, as the initial density fluctuations 
become larger, and the Boussinesq approximation is no longer valid, the nondimen
sional time at which the mean-squared velocity peaks decreases. In the limit as the 
initial density ratio becomes very large (much larger than 4), the time at which the 
mean-squared velocity reaches a maximum should approach a limiting value. This is 
because, as the initial density ratio increases, the time shift must be bounded but the 
t = 0 axis. This limit cannot be examined in this study due to resolution limitations 
of our numerical code. 

Figure 6.5 shows the three components of the mean-squared velocity as functions 
of nondimensional time for both cases. This figure shows the axisymmetric nature of 
these buoyancy-generated flows, as the component in the direction of the acceleration 
(i.e., the vertical component, W) contains the largest amount of the kinetic energy, 
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Figure 6.4: U[U[ vs. T for R0 = 256 for the initial density ratio = 1.105 case (Run 
Accla) and the initial density ratio = 4 case (Run Acclc) 

whereas the two off-diagonal components are planar isotropic with each having nearly 
the same amount of energy. The difference between U'U' and V'V' can be attributed 
to statistical scatter in the simulations. Comparison with this figure and Fig. 6.4 
shows that the vertical component, WW, reaches a maximum at a time less than 
that for the total mean-squared velocity. Figure 6.6 shows the ratio 

7 
2 WW 

U'U' + V'V' 
(6.26) 

as a function of T. 7 is a measure of the large-scale anisotropy [7] of the velocity 
field. For isotropic flow this quantity is unity. The discontinuous slope seen in the 
curve for the initial density ratio is 1.105 cases is due to the method of extracting the 
data from the numerical simulations and not physical. Predictions of the linearized 
equations with the Boussinesq approximation made by Batchelor et al. [7] give a 
value of 7 at early times of eight. For the case where the initial density ratio is 1.105, 
the density fluctuations are small enough that the value of 7 is the same as predicted 
by Batchelor et al. It is observed that as the initial density variations become larger, 
the anisotropy parameter, 7, decreases (at least for the early times). This measure 
of anisotropy at early times is a function of initial density ratio and becomes nearly 
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Figure 6.5: Nondimensional mean-squared velocity components for the initial density 
ratio = 1.105 case (solid lines) and the initial density ratio = 4 case (dashed lines) 

the same constant value as the density fluctuations tend to zero. At the end of the 
simulations 7 is approximately 2.5. The result for the case with the initial density 
ratio of 1.105 is a good indication that the initial density variations for that case 
allow the flow within the Boussinesq approximation limit, since the early time results 
agree well with the analytical predictions of Batchelor et al. 

The total turbulent kinetic energy per unit mass, given by eq. (A.7), as a function 
of time for case with the initial density ratio of 1.105 is shown in Fig. 6.7. Initially 
each term in eq. (A.7) is nearly zero because the initial velocity is small. At this 
initial density ratio, the energy is made up almost completely from the mean-squared 
velocity since the triple correlation term, f/u'nu'n/2p^ and the turbulent mass flux per 
unit mass, an, remain small. 

An evolution equation for pt4«-/2 is derived in Appendix B and written here as 

iO =S +S +^' (6,27) 

A B C 

The first term on the right side, term B, is a pressure-work term that represents 
a conversion of kinetic energy into internal energy. For the compressible case this 
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Figure 6.6: Measure of anisotropy of the mean-squared velocity for the initial density 
ratio = 1.105 case (solid lines) and the initial density ratio = 4 case (dashed lines) 
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Figure 6.7: Terms of the total turbulent kinetic energy per unit mass for the initial 
density ratio = 1.105 case (Run Accla) 
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term is reversible; here it is not because the divergent velocity field is a result of the 
diffusion of mass. The second term, C, is the dissipation rate and the third term, 
D, is the buoyancy force term which represents a source of kinetic energy from the 
conversion of potential energy through the mass flux p'w-. In the limiting case of 
vanishing molecular effects (i.e., zero viscosity and diffusivity) this equation reduces 
to 

In this limit the only source of kinetic energy is from potential energy, and occurs 
through buoyancy effects. Figure 6.8 shows each term of this evolution equation [eq. 
(6.27)] as a function of time for the initial density ratio of 1.105 case. We see that 
the generation of kinetic energy is through the buoyancy term. The buoyancy term 
reaches a peak at a time of T = 1 and then decays away as the density field, which 
represents the source for potential energy, decays to a uniform density. The growth 
of the kinetic energy is impeded by viscous and drag effects. In the final stages of 
the flow, viscosity is the sink for which the kinetic energy is lost to heat and the flow 
reaches its final resting state. In this problem, where the initial density fluctuations 
are small with respect to its mean value, the pressure-work term does not affect the 
evolution of the kinetic energy. 

To gain insight on the differences in the energy evolution between the case with the 
initial density ratio of 1.105 and that with the initial density ratio of 4, we show in Fig. 
6.9 the total turbulent kinetic energy per unit mass and its components given by eq. 
(A.7) as a function of time for the case with the initial density ratio of 4. Comparison 
of this figure with Fig. 6.7 immediately highlights differences in the two cases. For 
the larger initial density ratio case, the triple correlation term, p'u'nu'n/2p, and the 
term associated with the mass flux, anan/2, which are initially nearly zero, grow to 
negative nonzero values with a minimum at approximately, T = 1, then decay to zero. 
In the smaller initial density ratio case these terms are small. The main contribution 
to the total turbulent kinetic energy is from the mean-squared velocity term, u'nu'n/2, 
while the other two terms act to impede the growth of the total turbulent kinetic 
energy. By the time of approximately T = 2.5, the contributions from p'u'nu'n/2p and 
anan/2 are small so that the total turbulent kinetic energy is just u'nu'n/2. 

Evolution equations for each term shown in Fig. 6.9 are derived in Appendix B. 
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Figure 6.8: Terms in the evolution equation [eq. (6.27)] for ^ M - / 2 for initial density 
ratio of 1.105 case (Run Accla) 
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Figure 6.9: Terms of the total turbulent kinetic energy per unit mass for the initial 
density ratio = 4 case at R0 — 256 (Run Acclc) 
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The evolution equation for p u'jU^ is given by eq. (B.15), and written here as 

d f1 -r-7-1 P , , du\ u'i dp u'i dr'^ 

D 

The first term on the right side represents production/destruction due to dilatation 
effects. The second term on the right side, term C, can be rewritten as 

where p is the hydrostatic pressure. A more complete discussion of the mean pressure 
gradient term is given below in section 6.5.4. The third term, D, is the viscous 
dissipation rate. Figure 6.10 shows the contribution of each term of eq. (6.28) as a 
function of nondimensional time. The growth of jo wJwJ/2 is due to the mean pressure 
gradient term, C\. This term has incorporated into it the contribution from the 
buoyancy flux (see Section 3.1.3), which is the source for the kinetic energy. The 
viscous stress term, D, acts strongly to damp the growth of jo w-w-/2 and is the main 
impedance to the growth of the mean-squared velocity. The dilatation term, B, and 
the fluctuating pressure (i.e., the motion pressure) gradient term, C^, also act to 
slightly impede the growth of the mean-squared velocity. As the density fluctuations 
decay and the fluid mixes, the driving term for the growth (i.e., the mean pressure 
gradient) of p w ^ / 2 reaches a maximum and tends to zero. The time rate-of-change 
of ~p u'iU'i/2 is positive up to a time of approximately T = 1.5. For times greater 
than 1.5, the contribution from the buoyancy flux is smaller than the effects due to 
viscosity and as a result the total turbulent kinetic energy is decaying as it is being 
converted into heat through viscous dissipation. 

The evolution equation for the triple correlation term, p'«-w-/2, is given by eq. 
(B.16), written here as 

- ! - ^ w \ - - l u ' u ' ^ - ^ ^ - ( ^ \ ^ + ^?^+V^a- (630) dt\2pUiUi)r 2UiUidXj ^pjx^ \p Jdx^ p dx,+C^- [b-i0) 

A B Ci c2 D 

Each term of this equation is plotted in Fig. 6.11 as a function of nondimensional time. 
The growth of p'u'iu'if2 is being driven by the mean pressure gradient. The buoyancy 
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Figure 6.10: Terms of the evolution equation [eq. (6.28)] for p «-w-/2 for initial 
density ratio of 4 case (Run Acclc) 

flux term, term E, acts strongly to oppose the growth of this triple correlation term. 
Viscous effects also act to impede the growth of this triple correlation and ultimately 
are responsible for the dissipation of p'u-u-/2 into heat. At late times, when the 
density variations are small, the mean pressure gradient and the buoyancy flux terms 
nearly balance and the time rate-of-change of this triple correlation is nearly zero. 

6.5.2 Evolution of the mass flux 

For the case of isotropic decay the fluctuating density-velocity correlation, p'w-, is 
zero. For the buoyancy driven case this correlation is initially zero when the fluid is 
at rest and grows because the induced velocity is highly correlated with the density 
fluctuations. The evolution of the negative of the mass flux per unit mass, an, for 
both cases is given in nondimensional form, i.e., for 

A a" 
n {lo90o)l'26o 

in Fig. 6.12. For the case with the initial density ratio of 4, An grows to a larger 
value than for the other case even though this quantity is nondimensionalized. This 
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Figure 6.11: Terms of the evolution equation [eq. (6.30)] for p'w^w-/2 for initial density 
ratio of 4 case (Run Acclc) 

is due to the available potential energy for the larger initial density ratio case being 
larger and, thus, having a larger buoyancy flux. 

An evolution equation for a* is derived in Appendix B, and written here, for 
homogeneous flow, as 

- \v pi dxn dxn 

(6.31) 

c D 

Figure 6.13 shows each term of this equation as a function of time for run Acclc. 
The first term on the right side, term B represents production/destruction of the 
turbulent mass flux due to dilatation effects. The second term on the right side of 
this evolution equation is a contribution to the growth of the turbulent mass flux 
due to the mean pressure gradient multiplied by the factor v — 1/p = b/~p. It has 
been shown in the case of isotropic decaying turbulence (and also is shown below in 
the context of this buoyancy-driven problem) that b is a time dependent variable. 
Since the mean density, ~p, is fixed in time, this equation shows that v is also a time 
dependent variable (An evolution equation for this quantity is derived in Appendix 
B). The mean pressure gradient term is responsible for the majority of the growth of 
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Figure 6.12: Turbulent mass flux for initial density ratio of 1.105 case (Run Ace la) 
and the initial density ratio of 4 case (Run Acclc) 

the turbulence mass flux. The dilatation term, term B, also adds a small contribution 
to the growth of the turbulence mass flux. The third term on the right side of eq. 
(6.31), term D, represents a correlation between the fluctuating specific volume and 
fluctuating stress gradient. This term is discussed in more detail in the Section 6.5.4 
in relation to the mean pressure gradient. At the instant an acceleration is applied, 
and prior to the onset of fluid motion, the evolution equation [eq. (6.31)] reduces to 

** = -i®L _ ̂ /S. = -A. Sbg.+^S\ 
dt p dxn dxi ~pv\ l dxi J 

The initial growth of the mass flux is therefore due to the acceleration. The second 
term on the right side is a correlation between the fluctuating specific volume and 
fluctuating pressure gradient. Initially this term is nonzero and it acts to impede the 
growth rate of the turbulence mass flux. This term is has similar effects in the flow 
as virtual mass. Just as virtual mass impedes the acceleration of a bubble rising in a 
liquid, t/af- impedes the acceleration of one fluid into the other. 
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Figure 6.13: Terms of the turbulent mass flux evolution equation [eq. (6.31)] for 
initial density ratio of 4 case (Run Acclc) 

6.5.3 Velocity derivative skewness 

The velocity derivative skewness is a measure of the strength of the nonlinear effects in 
the spectral transfer of energy and characterizes the rate at which enstrophy increases 
by vortex stretching [52]. The velocity derivative skewness is defined as [eq. (4.10)] 

Si(t) \ ^ i ) no summation on i 
\dxij 

22 

where ut is any component of the velocity (i = 1,2,3). Tavoularis et al. [86] report 
that for moderate Reynolds numbers Si(t) « 0.32 — 0.6 for nearly-isotropic grid ex
periments. The larger the value of Si the greater the effect of nonlinearity on the 
spectral energy transfer. Figures 6.14 and 6.15 show the velocity derivative skewness 
for the initial density ratio of 1.105 case (Run Accla), and the larger initial density 
ratio case (Run Acclc), (both at R0 = 256), respectively. The subscripts % = 1,2 
represent the x- and y-directions (horizontal direction) and % = 3 is the z-direction 
(the direction of the acceleration). These two figures display that overall behavior 
that is similar for both cases. The initial values are different between the two cases 

file:///dxij
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Figure 6.14: Velocity derivative skewness for each component for the initial density 
ratio of 1.104 case (Run Ace la) 

due to the differences in the initial conditions. Planar isotropy is seen in the hori
zontal components, as they have nearly the same value. In the horizontal direction 
the velocity derivative skewness is driven negative, and reaches a minimum value at 
a time that roughly corresponds with that for the maximum turbulent mass flux. 
As the mass flux decays it is observed that the velocity derivative skewness in the 
horizontal plane increases to a nearly constant value of 0.35 which is characteristic 
for laboratory experiments of isotropic turbulence. The vertical component grows to 
a large positive value and decreases to a nearly constant value that is roughly twice 
that for the horizontal components. This shows that nonlinear effects on the energy 
transfer are stronger in the the direction of the acceleration than in the horizontal 
direction. This also reflects that there is a strong growth of enstrophy in the direction 
of the acceleration due to vortex stretching (see Section 6.5.5). Figure 6.16 shows the 
average of the velocity derivative skewness over all three components for both cases. 
This shows that by a time of T = 2 the average velocity derivative skewness is a 
constant value of about 0.5 for both cases. 

i . . . . i . . . . i . . . . i . . . . i . . . . i . . . . i . . . . 
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Figure 6.15: Velocity derivative skewness for each component for the initial density 
ratio of 1.104 case (Run Accla) 
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Figure 6.16: Average velocity derivative skewness for the initial density ratio of 1.104 
case (Run Accla) and for the initial density ratio of 4 case (Run Acclc) 
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6.5.4 Mean pressure gradient evolution 

It has been shown that the mean pressure gradient drives the growth of the turbulence 
mass flux. Because of this important feature it will be studied in detail in this section. 
Our goal here is to investigate departures from the Boussinesq approximation in the 
mean pressure gradient. This will have much significance for the modeling of variable-
density flows. 

The equation for the gradient of the mean pressure is derived in Section 3.1.3 for 
the case where there is zero volumetric mean motion, Tii = 0, and given by eq. (3.19), 
and repeated here 

^ = l f t + l „ , ^ _ I B ^ + I u ! | < . ( 6. 3 2 ) 

axi v v qxn v oxi v axn^ 
A B a C2 D 

The first term on the right side is the contribution to the mean pressure gradient 
from the acceleration. The other three terms are due to fluctuating specific volume 
correlations with the fluctuating stress terms and a contribution from a correlation 
between the fluctuating velocity and the dilatation term. The last three terms on the 
right side represent a departure from the Boussinesq and hydrostatic limits. In the 
limit as the density variations tend to zero, these terms tend to zero and the mean 
pressure gradient becomes 

dp _ 
-dx~r~pgu 

which is the hydrostatic balance. In the absence of fluid motion (e.g., at time equal 
to zero) the mean pressure gradient is 

i?E = i / . _ v / £ ^ l (633) 
dxi v \ l dxi J 

This shows that, in the absence of motion, the correlation between the fluctuation 
specific volume and fluctuating pressure gradient is a non-Boussinesq departure from 
the hydrostatic pressure gradient. As previously mentioned, this term has similar 
effects as virtual mass on a bubble. This correlation impedes turbulence mass growth 
rate just as virtual mass is attributed to impede the acceleration of a bubble rising 
in a liquid. 
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Figure 6.17: Evolution of terms in the mean pressure gradient [eq. (5.32)] for initial 
density ratio of 1.105 case at R0 = 256 (Run Accla) 

Figure 6.17 shows each of the terms in the equation for mean pressure gradient for 
the case with the initial density ratio of 1.105 (Run Accla). In this case g = 10 and 
p = 1 so that ~pg = 10. For this case the mean pressure gradient is comprised mostly 
of the acceleration term g/v, which is approximately equal to ~pg. The second and 
third terms are initially nearly zero and remain small compared to g/v. The fourth 
term, the correlation between the fluctuating specific volume and fluctuating pressure 
gradient starts out at a small nonzero value and represents less than one-percent of 
the contribution. This figure is consistent with the conjecture that the behavior of 
the buoyancy generated flow for this case is within the Boussinesq approximation 
limit, since the mean pressure gradient has the Boussinesq limiting value of ~pg. 

Figure 6.18 plots each of the terms in the equation for the mean pressure gradient 
for the case with the initial density ratio of 4 (Run Acclc). In this case g = 1 and p = 1 
so that, in the limit as the density variations tend to zero, the mean pressure gradient 
tends to the value ~pg = 1. Initially, the mean pressure gradient is approximately 0.75 
and the acceleration term, g/v, is approximately 0.67. The correlation v'(dp'/dxi) is 
approximately 0.08 and represents 11 percent of the initial mean pressure gradient. 
All other terms are initially nearly zero since the flow is nearly motionless. As the 
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Figure 6.18: Evolution of terms in the mean pressure gradient [eq. (5.32)] for initial 
density ratio of 4 case at R0 = 256 (Run Acclc) 

flow develops the mean pressure gradient increases to a value slightly larger than 1.0 
and at the last time shown has very nearly a constant value of 1.0. For this case the 
Boussinesq approximation implies the mean pressure gradient is constant in time with 
a value of 1.0. Therefore, the Boussinesq approximation is not valid in this case since 
the mean pressure gradient, which is partially responsible for the fluid motion, varies 
in time and differs significantly from the Boussinesq approximation limit. As the flow 
develops the second and third terms in the equation for the mean pressure gradient 
grow slightly from their nonzero values and contribute only a few percent to the total 
mean pressure gradient. The correlation v'(dp'/dxi) remains a large contribution to 
the mean pressure gradient up to late times. 

The departure from the Boussinesq limit shown here increases as the initial density 
fluctuations are increased. This is due to the fact that fluid of different density is 
accelerated differently as the density variations are increased. As a result, as the initial 
density fluctuations increase, so also does the magnitude of the correlation between 
the fluctuating specific volume and the fluctuating pressure gradient. Figure 6.19 
shows the negative of this correlation as a function of nondimensional time (on a semi
log plot) for the cases with both large and small initial fluctuations. The magnitude of 
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Figure 6.19: —v' dp'/dx^ evolution for initial density ratio of 1.105 and 4 cases 

this correlation increases as the initial density fluctuations are increased. As a result, 
the mean pressure gradient deviates further from the Boussinesq approximation, and 
the mean pressure gradient becomes more non-uniform in time. This plot shows that 
this correlation has the same trends at this Reynolds number of 256 for large and 
small initial density fluctuations. The nonzero value at the initial time represents 
a "rapid" part of this correlation. The use of the term "rapid" implies that the 
correlation takes on a nonzero value the instant that the fluid feels an acceleration 
because it is an instant linear response of the mean pressure. As the flow develops 
this correlation increases due to the "slow" part which is a source of drag for the 
mass flux. At late times this correlation is decaying and represents a drag for the 
turbulent mass flux (see below in this section). 

This correlation, v'(dp'/dxi), is postulated by modelers (see, e.g., Besnard, et al., 
[10]) to behave as a "drag" term which impedes the growth of the turbulent mass 
flux. It has already been shown that the presence of this correlation indeed acts to 
impede the growth of the turbulent mass flux. These results, however, suggest that 
this correlation behaves as both a "drag" term and as a "rapid" term. The instant 
that the fluid is accelerated, this correlation immediately takes a nonzero value, even 
though the mass flux is zero. If this correlation behaved as only a "drag" on the 
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Figure 6.20: Nondimensional —v' dp'/dxs vs. nondimensional a3 for initial density 
ratio of 1.105 and 4 cases at R0 = 256 

mass flux, it would grow with the mass flux. When the mass flux is zero so too 
would be this correlation. However, it has a nonzero value the instant the fluid is 
accelerated and thus is a "rapid" term. To understand how this correlation behaves 
as a function of the mass flux, it is plotted in nondimensional form as a function of 
the nondimensional mass flux in Fig. 6.20. This figure shows that indeed v'(dp'/dxi) 
does not behave as drag term at early times. At the initial time, the negative of the 
nondimensional v^dp'/dxi) correlation is approximately 0.32 for the case with the 
initial density ratio of 1.105 and approximately 0.56 for the larger density ratio case. 
At T = 0, when the acceleration is applied, the dominant part of v'(dp'/dxi) is the 
"rapid" part. As the flow evolves, the "rapid" part vanishes as the density fluctuations 
decay resulting in the decay of this correlation. Also as the flow evolves, the "drag" 
part increases causing an increase in v^dp'/dxi). Ultimately, at late times, the "drag" 
part is dominant as the "rapid" part has vanished so that v'(dpl/dxi) decays nearly 
linearly with the mass flux. At late times in this buoyancy-driven turbulent flow this 
correlation represents a "drag" on turbulent mass flux. 

Figure 6.21 shows a cross-section of the three-dimensional density field in the x-z 
plane for Run Acc4b. The horizontal axis corresponds to the x-direction and the 
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vertical axis is the z-direction. The color field represents the density with the orange 
being the heaviest fluid and the purple being the lightest. All other colors represent a 
mixture of the two fluids and the green corresponds to the mean density. The contours 
correspond to the fluctuating pressure field and the vectors indicate the direction and 
magnitude of the velocity. The acceleration is in the positive z-direction so that the 
heavy fluid is moving in the positive z-direction and the light fluid is moving in the 
opposite direction. This figure shows that the largest velocities are associated with the 
lighter fluid. The maximum pressures occur at the leading edges of the heavy fluid 
"blobs" and the smallest pressures are at the trailing edges (i.e., the wake region) 
of the heavy blobs. On the vertical interface between the heavy and light fluids 
are regions of high shear which create regions of large vorticity along the vertical 
interface. Gradients of pressure and gradients of density are perpendicular to each 
other along the vertical interface and, therefore, produce regions of large vorticity 
due to baroclinic torque. Also visible are regions where the light fluid is penetrating 
into regions of the heavy fluid and the breakdown of the large "blobs" into smaller 
ones occurs. 
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Figure 6.21: x-z cross section at the y midplane for an accelerated case at an early 
time 
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6.5.5 Vorticity dynamics 

It is important to examine the vorticity dynamics in order to provide interpretations 
of the behavior of the developing flow. The vorticity equation is derived by taking 
the curl of the velocity equation 

Out dui _ 1 dp 1 drij 

dt 3 dxj p dxi p dxj 

to obtain (see, e.g., Lesieur (1990) [52]) 

dui dm d^ duj 1 d2^ 

-af=u'>arrUi'tej~u"si + 7 p Vp+"W ( 3 ) 

where u is the vorticity. The first term on the right side represents the creation or 
destruction of vorticity through vortex distortion and rearrangement. The second 
term represents the advection of vorticity, while the third term represents produc
tion/destruction of vorticity due to dilatation. The fourth term is the baroclinic term 
and the last term accounts for the viscous dissipation of vorticity. The mean-squared 
vorticity equation is obtained by multiplying the vorticity equation [eq. (6.34)] by 
Ui, rearranging and averaging, which gives 

(6.35) 1 dwiUi 
2 dt 

* v ' 

dui 

B 

Uj du)iUii duj Ui„ _ d2u>i 
2 dx UiUidx- + ^ V p X WP + UUJi

 dx2 • 
A 

dui 

B C D E F 

The enstrophy is the variance of the vorticity [52]. Thus eq. (6.35) is an evolution 
equation of the enstrophy. The first term on the right side, term B, represents the 
stretching of the vorticity and is related to the velocity derivative skewness [52]. The 
last term on the right side, term F, can be written as 

^i^=ud^\riUi\-udx-jdx-- ( 6 - 3 6 ) 

The first term on the right side of (6.36) is the viscous transport of enstrophy and is 
zero in the present case because of statistical homogeneity. Thus, 

OXj OXj OXi 
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Figure 6.22: Enstrophy evolution for initial density ratio of 4 case (Run Acclc) 

The right side is the viscous dissipation of enstrophy and is related to the palinstrophy, 
V, for homogeneous flow. 

Figure 6.22 shows the enstrophy as a function of time for the case with the initial 
density ratio of 4 (Run Acclc). The enstrophy, being initially small due to the 
fluid being initially nearly motionless, grows, reaches a maximum at approximately 
T — 1.8, and begins to decay through viscous effects. To understand the underlying 
physics each term in eq. (6.35) is plotted as a function of nondimensional time in 
Fig. 6.23. This shows that term E, the baroclinic term, is the one most responsible 
for the initial growth. The baroclinic term reaches a maximum and tends to zero 
as the density fluctuations decay towards zero. Term F, viscous dissipation, acts to 
damp the growth and eventually is responsible for the decay of the vorticity. After 
a time of approximately T — 0.5, nonlinear effects develop and the stretching of 
vorticity increases and acts to slow its decay. The other two terms which represent 
the advection of vorticity and the dilatation effects remain small in this case. 

For further insight into the enstrophy development we look at the behavior of 
each component. Figure 6.24 shows these components as functions of time for the 
case with the initial density ratio of 4 (Run Acclc). The axisymmetric aspect of this 
problem is seen in this figure as the components of vorticity in the horizontal (x and 
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Figure 6.23: Terms of the enstrophy evolution equation [eq. (6.35)] for initial density 
ratio of 4 case (Run Acclc) 

y directions) are nearly the same and differ significantly from the vertical component. 
The difference between the two horizontal components can be attributed to the sta
tistical scatter in the simulation. The main vorticity production is in the horizontal 
direction and is due to baroclinic generation of vorticity. The production of vorticity 
in the vertical direction is due to vortex turning and then stretching. The enstrophy 
reaches a maximum and begins to decay through viscous dissipation. Figure 6.25 
shows each term of the enstrophy equation [eq. (6.35)] for the x-component. The 
behavior of the y-component contribution is similar to that for the x-component and 
is not shown here. Consistent with the interpretation of the overall enstrophy, this 
figure shows that the enstrophy production at early times for the horizontal compo
nents is due to baroclinic production. As the nonlinear effects of the flow develop the 
enstrophy is maintained by production through vortex stretching and it is surmised 
that it is decreased due to turning (into the vertical component). The viscous effect 
slows the growth of enstrophy and eventually is responsible for its decay. Figure 6.26 
shows each term of the enstrophy equation [eq. (6.35)] for the z-component. This 
figure shows that, in the direction of the acceleration, the production of vorticity is 
due to vortex stretching and turning from the horizontal components. The baroclinic 
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Figure 6.24: Contributions from each direction to the enstrophy for initial density 
ratio of 4 case (Run Acclc) 

production in this direction is small. Again, viscous effects act to slow the growth of 
vorticity and is responsible for its decay. 

6.5.6 Evolution of the density field 

In this section is discussed the evolution of the density field in these buoyancy-
generated cases. The evolution of the variance of the density, of the quantity b(t) — 
—p'v', of the time scales of decay of b(t), and of the pdf of the density field are 
examined. 

Figure 6.27 contains plots of the variance of the nondimensional density for both 
initial density ratio cases. For this case at R0 = 256, the decay behavior of the 
nondimensional density is only slightly affected by the magnitude of the initial den
sity fluctuations. The decay behavior is similar to that of the Boussinesq results of 
Batchelor, et al. for R0 = 256. The decay of the variance is slow and nearly linear 
for T < 1. For intermediate times, 1 < T < 2, it is slightly more rapid and begins to 
slow again at T ~ 2. For the late times, the decay process is slower. At these times 
the density fluctuations are smaller than 5 percent of their initial value. 

Figure 6.28 compares, for the case with initial density ratio of 1.105 (run Accla), 

1 ' I ' ' ' ' I ' i i i A - <- J ' ' | i i i i | i i i i | — • • • " ! • • • • 
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Figure 6.25: Terms of the x-direction contribution to the enstrophy evolution equation 
[eq. (6.35)] for initial density ratio of 4 case (Run Acclc) 
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Figure 6.26: Terms of the z-direction contribution to the enstrophy evolution equation 
[eq. (6.35)] for initial density ratio of 4 case (Run Acclc) 
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Figure 6.27: Variance of the nondimensional density at R0 = 256 for initial density 
ratio of 1.105 case (Run Accla) and 4 case (Run Acclc) 

the evolution of the quantity B(t) = p'p'/~p2 with the quantity b(t) = — p'v'. In the 
limit as the density fluctuations tend to zero, b(t) PS B(t), and this figure shows that, 
at this small initial density ratio, b(t) is nearly equal to B(t). 

Figure 6.29 shows the same quantities as plotted in Fig. 6.28 for the case with the 
initial density ratio of 4 (Run Acclc). At this larger initial density ratio, b(i) is not 
equal to B(t). At early times, b(t) is larger than B(t) and is decaying faster. After 
a time of approximately T = 2.75, b(t) « B(t). Also, it is seen in Fig. 6.18 that, 
after this time, the mean pressure gradient is very nearly ]5g, which is the Boussinesq 
approximation limit for the mean pressure gradient. It has also been shown that after 
this time the total turbulent kinetic energy per unit mass is equal to v!iv!iJcl as the 
terms p,u'iu'i and <Zj are nearly zero. Therefore, these are good indications that the 
flow behavior is within the Boussinesq approximation limit of the flow. At a time of 
2.75, the quantity (p'p'/P 2) 2 = 0-13- Therefore, a possible rule of thumb for studying 
buoyancy-driven flows with an initial bimodal density distribution is that, if 0o < 0.1, 
then the flow is within the Boussinesq approximation limit, whereas, if 0O > 0.1 the 
flow is not within this limit. For the initial density ratio of 1.105 case (Run Accla), 
0o — 0.0434 and all the results shown for that case are consistent with Boussinesq 
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Figure 6.28: Comparison of b(t) and B(t) evolution for initial density ratio of 1.105 
case at i? 0=256 (Run Accla) 

approximation limit expectations. 

Figure 6.30 shows the time scale for the decay of b(t), given by eq. (4.16), for 
both cases studied at R0 = 256. The decay time scales of the variance of the density 
field show the same trends and, therefore, are not presented here. Figure 6.30 shows 
that the time scale for decay for the case with the initial density ratio of 4 is much 
smaller for all times when b(t) is larger than B(t) (see Fig. 6.29). This means that 
b(t) is decaying faster for the case with initially larger density fluctuations than for 
the case with small initial density fluctuations. The time scales grow slightly and 
then decrease to a value of 1.5, remain at the value for some time, then begin to 
increase indicating a change in the decay behavior. A linear increase in time scales 
correspond to a power-law decay, and a constant value for the time scale indicates an 
exponential decay. For the case with the initial density ratio of 4, from T of 1.5 to 
2.75 the time scale of decay for b(t) is nearly constant suggesting exponential decay. 

Figure 6.31 show the evolution of the pdf of the density field for the case with 
the initial density ratio of 1.105 (Run Accla). At the initial time the pdf resembles a 
double-delta function with a "U"-shaped region in between, which represents regions 
of large and of small density separated by a thin interface in which there is a mixture 

+-P-+*^ 
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Figure 6.29: Comparison of b(t) and B{t) evolution for initial density ratio of 4 case 
at fl0=256 (Run Acclc) 
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Figure 6.30: Comparison of the time scale of decay for b(t) at R0 = 256 for initial 
density ratio of 1.105 case (Run Accla) and 4 case (Run Acclc) 
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Figure 6.31: PDF evolution, for T=0.0 to 2.0 by 0.125, of the density field at R0 = 256 
for initial density ratio of 1.105 case (Run Accla) 

of the two fluids. As time evolves and the flow develops, the density field is mixing 
through convective and molecular effects, and the bimodal pdf evolves towards a 
nearly Gaussian function whose maximum is at the mean density of 1.0. For this 
case the pdf is slightly skewed to the lower side of the mean density. A Boussinesq 
approximation of this problem would give symmetric pdf because of the symmetry 
of the problem. The asymmetry seen in this non-Boussinesq case is similar to those 
presented in the results for isotropic decay where there was a statistical dependence 
of the velocity field on the density field (see Chapter 5). In buoyancy-driven flows 
the velocity field is inherently statistically dependent on the density field. The lower 
density fluid has the larger velocities associated with it so that the triple correlation, 
p'u'iu'i, is negative. Therefore, the lower density fluid is entrained in the mixing region 
at a greater rate than the high density fluid, causing this slight skewness. As the initial 
density ratio increases (with R0 fixed) so too does the maximum value of p X w i and 
the skewness observed in the pdf of the density field also increases. Figure 6.32 shows 
the evolution of the pdf of the density field for the case with the initial density ratio 
of 4 (Run Acclc). As the initial density fluctuations increase so too does the skewed 
behavior seen in the pdf, as expected from the entrainment argument. 
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Figure 6.32: PDF evolution, for T=0.0 to 1.75 by 0.125, of the density field at 
R0 = 256 for initial density ratio of 4 case (Run Acclc) 

Two-dimensional cross-sections of the three dimensional density field are here 
presented for an accelerated case (Run Acc4b) at T = 1. Figure 6.33 shows the x-z 
cross-section at the y-midplane. The horizontal axis is the x-direction and the vertical 
axis is the z-direction. The orange color represents the heaviest fluid while the purple 
represents the lightest. All other colors are a mixture of the two fluids with the green 
representing the mean density. The acceleration is applied in the positive z-direction. 
Therefore, the heavy fluid is moving in the positive z-direction and the light fluid 
is moving in the opposite direction. At this time, the flow still exhibits some of 
the random nature of the initial conditions. However, there are several identifiable 
features that can be seen. The length scales of the density "blobs" are axisymmetric. 
At the leading edges of the heavy fluid, the interface between the heavy and the 
light fluids is very narrow. In the wake regions, at the trailing edges of the heavy 
fluid, the interface is more diffuse. There are narrow regions where the heavy fluid is 
jetting around the light fluid. Some of the smaller light fluid "blobs" are "U" shaped 
because drag between the heavy and light fluids is causing some of the light fluid 
particles to trail the main body of the light "blobs". Some of the light density fluid 
appears to have coalesced and formed an elongated "tube" in the direction of the 
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acceleration (seen near the horizontal center of the figure). Along the interface of this 
"tube" structure a Kelvin-Helmholtz-like shear layer has formed and entrainment 
regions are visible. Also visible are the "mushroom-like" features that are seen in 
Rayleigh-Taylor instabilities. 
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Figure 6.33: x-z cross-section of the density field near the y-midplane for an acceler
ated case at T — 1. Heaviest fluid is orange and the lightest is purple. 
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Figure 6.34: x-y cross-section at z=0.1 of the density field for an accelerated case at 
T = 1. Heaviest fluid is orange and the lightest is purple. 
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Figure 6.34 shows the x-y cross section at z=0.1. The horizontal axis is the x-
direction and the vertical axis is the y-direction. This cross section is perpendicular 
the direction of acceleration (z-direction). The large nearly circular low density blob 
to the left of the center of the figure is a cross section of the elongated low-density 
"tube" discussed in the previous figure. The center of this tube contains low density 
fluid. This core is surrounded by a region of heavier fluid which in turn is surrounded 
by a region of light fluid. This show the entrainment behavior between the two fluids 
which is possibly due to a Kelvin-Helmholtz instability. This figure shows planar 
isotropy in the direction perpendicular to the acceleration and that the interface 
between the light and the heavy fluids is quite sharp. In regions where the heavy 
fluid is not well represented the interface is more diffuse. 

Figure 6.35 shows the y-z cross section at x=0.25. The horizontal axis is the 
y-direction and the vertical axis is the z-direction. The low density "blob" at the 
bottom-center of the figure is a cross section of the elongated low density "tube" seen 
in Fig. 6.33. This figure shows similar features as seen in Fig. 6.33. 
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Figuxe 6.35: y-z cross-section at x=0.25 of the density field for an accelerated case at 
T = 1. Heaviest fluid is orange and the lightest is purple. 
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6.5.7 Length scales 

In this section we examine the behavior of length scales. It is useful to discuss the 
anisotropy in terms of length scales, and hence to address the longitudinal and lateral 
microscales. The longitudinal microscale is denned as (see, e.g., Riley, et al. [72]) 

\ \ = • % % i = l,2, 3, no summation on % (6.37) 

while the lateral microscale is defined as 

u'M X2

g.. = % % i ^ j , no summation on i or j . (6.38) 
fdu\y 
{duj) 

It can be shown that the various microscales are related to the slopes of the cor
responding correlation functions [4, 57] (i.e., related to the second derivative of 
the correlation function at zero separation distance). For isotropic turbulence all 
three longitudinal microscales are equal, and all the lateral microscales are equal. 
Also, for isotropic turbulence the lateral and longitudinal microscales are related by 
*/* = V2Xgi<j [75]. 

Figure 6.36 is a plot of the longitudinal microscales for the two cases. The discon
tinuity in slope at the early times is due to an insufficient number of output times to 
obtain a continuous curve. The microscales in the vertical direction (i.e., the direction 
of the acceleration) are larger than the microscales in the horizontal direction. For 
these cases, the flows are highly nonisotropic. The effect of increasing initial density 
fluctuations is to decrease the microscales at early times. By a time of 2, when the 
density fluctuations have decayed to a small value, the microscales are nearly the 
same for both cases. The vertical microscales are larger than the horizontal partly 
because the vertical component of the kinetic energy is larger. This behavior is differ
ent from the case of stably stratified flow where the horizontal microscales are larger 
than the vertical microscales because the effect of stable stratification is to decrease 
the vertical component of the kinetic energy (see, e.g., Riley et al. [72]) and increase 
the scales in the horizontal. 

Figure 6.37 is a plot of the lateral microscales for the two cases. Here, the horizon
tal microscales are averaged, assuming planar isotropy. The lateral microscales in the 
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Figure 6.36: Longitudinal microscales for the initial density ratio of 1.104 case (Run 
Accla) and for the initial density ratio of 4 case (Run Acclc) 

vertical direction are smaller at early times than and the microscales in the horizontal 
direction. At later times, the microscales in the vertical direction are larger. Again, 
the effect on increasing initial density fluctuation is to decrease the microscales at 
early times. By a time of 2, when the density fluctuations have decayed to a small 
value, the microscales are nearly the same for both cases. 

6.5.8 Spectral Evolution 

One-dimensional spectra 

In this section we present one-dimensional spectra for the fluctuating density and the 
three components of velocity. The one-dimensional spectra is extracted [72] as, (e.g., 
for the u-velocity component transformed in the x-direction), 

l NyNZ 

Exu(k) = N N A k J2 M(fc,2/i,2jX(fc,2/i.*j)> 

where Ny and Nz are the number of grid points in the y and z directions, respectively. 
Figure 6.38 shows the one-dimensional spectra for the u-velocity at T = 0.5 for all 

three directions for the case with the initial density ratio of 4. Exu(k) is the longitudi-

1 • i ' ' ' ' i ' > > ' i i ' ' ' i • ' ' > i ' 

Density ratio = 1.105 (Accla) 
Density ratio = 4 (Acclc) 

[ . . . . i . . . . i . . . . i . . . i , . . . 
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Figure 6.37: Lateral microscales for the initial density ratio of 1.104 case (Run Accla) 
and for the initial density ratio of 4 case (Run Acclc) 

nal spectrum of the u-velocity, Eyu(k) is the lateral spectrum in the y-direction, and 
E2U(k) is the lateral spectrum in the z-direction. At this time, the length scales are 
larger in the horizontal direction, as indicated by the larger low wavenumber values 
for Eyu(k) compared to Ezu{k). This is consistent with the results seen in Fig. 6.37 
which shows that, at early times, the lateral microscale is larger in the horizontal 
direction. It is observed (not plotted here) that Exu{k) and Eyv(k) have the same 
shape and Eyu(k) and Exv(k) have the same shape, which is due to the isotropy 
condition on the longitudinal and lateral correlation functions. Figure 6.39 shows 
the one-dimensional spectra for the u-velocity at T — 2.0 for all three directions for 
this case. At this time, the lateral microscale is larger in the vertical direction. This 
behavior is not as apparent in the spectra of these correlation functions. 

Figure 6.40 shows the one-dimensional spectra for the fluctuating density field at 
T = 0.0,1.0, and 3.0 for the case with an initial density ratio of 4. This shows that 
initially the fluctuating density field is isotropic. As time evolves, the density field 
becomes anisotropic. In the direction of the acceleration, the density field has more 
small scales associated with it, while, in the horizontal direction, the density field is 
planer isotropic. By a time of T = 3.0, when the density fluctuations have decayed 

- ] r — i i i j -

Density ratio = 1.105 (Accla) 

Density ratio = 4 (Acclc) 
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Figure 6.38: One-dimensional spectra for the u-velocity for the initial density ratio 
of 4 case (Run Acclc) at T=0.5 
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Figure 6.39: One-dimensional spectra for the u-velocity for the initial density ratio 
of 4 case (Run Acclc) at T=2.0 
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Figure 6.40: One-dimensional spectra for the fluctuating density field for all three 
directions for the initial density ratio of 4 case (Run Acclc) at T=0.0, 1.0, and 3.0 

to small quantities, the density field has returned to a nearly isotropic state. 

Three-dimensional spectra 

This section is presents the evolution of the spectra for various quantities for the 
case with the initial density ratio of 4 (Run Acclc). The binning procedure for 
computing the spectra is discussed in Appendix E. The spectra for these simulations 
are computed for wavenumbers up to 64. We begin by examining the evolution of the 
spectrum of pu'nu'n/2 for run Acclc. Figure 6.41 shows the evolution for a sequence 
of times from T = 0 to 3.75 by increments of 0.25. At T = 0 there very little 
energy because the initial velocity field is nearly zero. At early times, the spectrum 
increases at all wavenumbers shown, with a maximum at k = 3 which corresponds 
to the wavenumber at which the initial density field has a maximum spectral value. 
In this figure we see spectral values for the early times that do not range the entire 
wavenumber span in the simulation. The reason the spectra are plotted in this manner 
is because, at wavenumbers greater than those that are plotted, the spectrum has 
small negative values and, therefore, cannot be plotted on a log-log plot. It is observed 
that, as the flow develops, the cut-off for which the spectra become negative increases 
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Figure 6.41: Spectral evolution of pu'nu'n/2 at R0 = 256 for initial density ratio of 4 
case (Run Acclc) 

in wavenumber as energy is cascaded from low to high wavenumbers. After the 
spectrum has built up at the large wavenumbers, and cascade has been established, 
it begins to decay as the source of potential energy in this problem has been exhausted 
and viscous effects become dominant. 

Figure 6.42 shows the evolution of the spectra for ~pu'nu'n/2 for the same times given 
in Fig. 6.41. This shows that, during early times, the spectral energy for ~pu'nu'n/2 
is transferred to higher wavenumbers at a greater rate than the spectral energy for 
pu'nu'n/2. The maximum also occurs at k = 3. At late times the spectrum is decaying 
at all wavenumbers. The difference between the spectra of pu'nu'n/2 and ~pu'nu'n/2 are 
due to the spectrum for p'u'nu'n/2. This is shown for early times in Fig. 6.43. At the 
initial time the spectra of p'u'nu'n/2 is nearly zero because the initial velocity field is 
nearly zero. As the flow develops, the magnitude grows to a maximum then decays 
away as the density fluctuations decay. The spectrum of p'u'nu'n/2 is negative since in 
this case the largest velocities are associated with the negative density fluctuations. 

Figure 6.44 shows the evolution of the spectra of the density field for T = 0.0 
to 3.75 by increments of 0.25. At early times, during convective mixing, the high 
wavenumber content increases rapidly. Once the density transfer has reached the 
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Figure 6.42: Spectral evolution of pu'nu'n/2 at R0 = 256 for initial density ratio of 4 
case (Run Acclc) 
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Figure 6.43: Spectral evolution of p'u'nu'n/2 at R0 = 256 for initial density ratio of 4 
case (Run Acclc) 
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Figure 6.44: Spectral evolution of p'p' at R0 = 256 for initial density ratio of 4 case 
(Run Acclc) 

dissipation scale then the density fluctuations decay due to molecular mixing. Figure 
6.45 shows the spectral evolution of (du'n/dxn). This quantity is related to the density 
through condition (2.11). Therefore, at early times the maximum is at a wavenumber 
of 3. As the flow develops the maximum of this quantity shifts to a wavenumber of 
14. The length scales associated with this wavenumber are the length scale where 
dilatation effects are most prominent. At late times as the velocities in the flow decay, 
so too does the spectrum of (du'n/dxn). 

6.5.9 Summary of variable-density effects at R0 = 256 

This section has discussed variable-density effects on the behavior of buoyancy-driven 
flow at R0 = 256. It has been shown that an important parameter that characterizes 
buoyancy driven flow is 90 [eq. (6.9)], a measure of the intensity of the initial density 
fluctuations. A rule of thumb is suggested that, if 60 is less than about 0.10, then the 
resulting buoyancy-driven flow is within the Boussinesq approximation. Likewise, if 
0O is larger than about 0.10 then the resulting flow is non-Boussinesq. 

As the initial density fluctuations are increased, the flow behavior deviated in
creasingly away from the Boussinesq approximation limit. Also, the nondimensional 
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Figure 6.45: Spectral evolution of (du'n/dxn) at R0 = 256 for initial density ratio of 
4 case (Run Acclc) 

mean-squared velocity increases, while the nondimensional kinetic energy decreases. 
The nondimensional time at which the mean-squared velocity reaches a maximum 
decreases as the initial density fluctuations increase. It is conjectured that, in the 
limit as the initial density ratio becomes very large (much larger than 4), the mean-
square velocity history will approach a limiting curve since this quantity must remain 
bounded. This limiting case is not studied here due to resolution limitations in our 
numerical scheme. 

There are three terms that contribute to the evolution of the total turbulent 
kinetic energy per unit mass, given by eq. (A.7): 

K(t) = ^ " n ^ = P^rtK _ U'nU'n , Pu'nU'n _ anO-n 
U 2p 2p 2 Zp 2 

These three terms are the mean-squared velocity, u'nu'n/2, a triple correlation term, 
p'u'nu'n/2p, and a mass flux term, anan/2. Within the Boussinesq limit, this triple 
correlation and the mass flux are very small compared to the first term. As the 
initial density fluctuations are increased, these two terms grow to large values and 
their effects become more important. These two terms are negative, resulting in 
a lower nondimensional kinetic energy per unit mass. Negative values for the triple 
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correlation term, f/u'nu'n/2p, correspond to larger velocity magnitude being associated 
with negative density fluctuations and is a result of the conservation of momentum. 

A consequence of the Boussinesq approximation is that the mean pressure gradient 
(i.e., the gradient of the hydrostatic pressure) is uniform in time with the value ~pgi. 
This approximation is accurate in the limit of small density fluctuations but, as the 
initial density fluctuations increase, the mean pressure gradient becomes variable in 
time and its value is given by eq. (3.19) and written here as 

dxi v \ l dxn

 ldxn dxij 

In the limit as the density fluctuations tend to zero, eq. (3.19) gives the Boussinesq 
approximation for the mean pressure gradient. In the absence of fluid motion (e.g., 
at time equal to zero) the mean pressure gradient is 

dxi v \ l dxi J 

Here, the correlation of the fluctuating specific volume-fluctuating pressure gradient 
is a non-Boussinesq departure from the hydrostatic pressure gradient. As the initial 
density fluctuations increase so also does this correlation. The presence of this corre
lation acts to impeded the growth of the turbulence mass flux. In the absence of an 
acceleration, this term is not present but immediately has a nonzero value the instant 
that an acceleration is applied. 

The enstrophy is initially zero, grows to a maximum and then decays through 
viscous dissipation. The initial growth is due to a generation of vorticity in the 
plane perpendicular to the direction of the acceleration through baroclinic torque. 
The vorticity in this plane is much larger than the component in the direction of 
the acceleration, which receives vorticity through turning which is then enhanced by 
stretching. There is very little generation of this component due to baroclinic torque. 
The destruction of vorticity in all three directions is through viscous dissipation. It 
should be noted that, in the Boussinesq limit, the baroclinic torque only act in the 
planes perpendicular to the acceleration. 

It has been also shown that, for consistency with the Boussinesq approximation, 
the quantity b(t) = —p'v' should be equal to B{t) = p'p'/'p2. Also, as the initial 
density fluctuations increase, the pdf of the density field has an increasingly larger 
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skew (to the negative side of the mean density) associated with it. It is argued that 
this skewness is attributed to larger entrainment rates of the lighter fluid than the 
heavier fluid into the mixing region. 

6.6 Reynolds number effects 

This section describes the results of three simulations that differ only in the "pseudo-
Reynolds" number of buoyancy-driven flows, with values R0 = 256 (Acclc), R0 = 512 
(Acc2c) and R0 = 64 (Acc3c). The effect of different Reynolds numbers is studied 
using an initially bimodal density field with an initial density ratio, Pmax/Pmin, of 4 
for each case. The case with R0 = 512 is near the limit at which a density ratio of 
4 can be computed accurately without losing numerical resolution. Higher Reynolds 
numbers can be achieved by using subgrid modeling (i.e., large eddy simulations) to 
resolve the small scales (as was done for the Boussinesq results of Batchelor et al. [7]). 
As established in the previous section, at this initial density ratio, the flow is outside 
the limits of validity of the Boussinesq approximation. Therefore, these simulations 
were computed with the Navier-Stokes equations of motion without the Boussinesq 
approximation. In these simulations g = 1 and a = 1. The grid size is 1283 in runs 
Acclc and Acc2c and 64 3 in run Acc3c. A courser mesh size is used for the case at 
R0 = 64 case because at this mesh size the flow is well resolved. 

The initial velocity field is set to zero then slightly modified to account for the 
required divergence of the velocity field [eq. (2.11)] . An acceleration is be applied 
in the vertical direction and the developing flow is statistically axisymmetric in the 
horizontal planes. 

6.6.1 Energy evolution 

Consider the energetics of the flow. A quantity of interest is the time history of the 
mean-squared velocity for different R0. Figure 6.46 shows the mean-squared velocity 
as a function of time. Some of the trends that are seen in the Boussinesq results of 
Batchelor et al., (see Fig. 6.1) are also observed in these non-Boussinesq cases. As the 
Reynolds number is increased, the mean-squared velocity appears to be approaching 
a limiting curve. As was discussed in Section 6.5.1, the mean-square velocity reaches 
a maximum at T = 1.5, which is an earlier time than in the Boussinesq approximation 
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Figure 6.46: U'U' vs. T for non-Boussinesq cases with an initial density ratio of 4 at 
various R0 

limit. And for the case with RQ = 512, the shape of this curve differs somewhat from 
the corresponding curve in the Boussinesq approximation limit [Batchelor et al. [7]]. 
The progression of the limiting behavior would be more clear if the gap that exists 
between the cases with R0 = 64 and Ra = 256 were filled with results from a case 
with R0 = 128. 

A measure of large-scale anisotropy, 7, [7] of the flow is given by eq. (6.26). Figure 
6.47 contains plots of 7 for these three cases of different RQ. As the Reynolds number 
is increased the flow becomes more anisotropic at very early time and then becomes 
less anisotropic at later times. This figure also shows that the degree of anisotropy 
appears to asymptote to a constant value that is Reynolds number dependent. This 
is not so surprising as the velocity field (from which the measure of anisotropy is de
rived) evolution is dependent on Ra. Note that the flow is initially very nonisotropic. 
However, as the flows develop, they become more isotropic, as spectral energy trans
fer occurs, especially at high wavenumbers. The higher R0 cases allow more energy 
at higher wave numbers and hence are more isotropic. 

Figure 6.9 shows each term in the equation for the total energy per unit mass [eq. 
(A.7)] for the initial density ratio of 4 case at R0 = 256. Figures 6.48 and 6.49 show 
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Figure 6.47: Measure of anisotropy of the mean-squared velocity for the initial density 
ratio of 4 cases for various R0 

the corresponding information for the cases with R0 = 64 and 512. Comparisons of 
these three figures show several features that vary with the Reynolds number. As the 
Reynolds number is increased, each term in the total turbulent kinetic energy equation 
increases in value. This is due to an increase in the velocities that are generated 
through buoyancy effects. The increases in the initial Reynolds number are achieved 
by lowering the viscosity of the problem. With a — 1 held fixed for these cases, T> 
also changes. Thus, as R0 increases, both viscosity (which slows the flow down) and 
diffusion (which reduces the forcing) are weaker, so larger velocities are obtained. The 
magnitude of triple correlation term, p'u'nu'n and the term associated with the mass 
flux, ~panan, are initially nearly zero, grow to maxima and then decay to zero. These 
terms are decaying at times when the total turbulent kinetic energy is increasing (thus 
the velocities are increasing) because the density fluctuations are decaying. Also, it 
appears that, just as the mean-squared velocity is approaching a limiting curve as the 
Reynolds number is increasing, p'u'nu'n and ~panan are approaching limiting curves. 
Figure 6.50 shows the evolution of p'u^u^ for these three cases. As the Reynolds 
number increases so also does the magnitude of this triple correlation term. As R0 

increases, the magnitude reaches a peak value at a time of T = 1. For the case 

1 ' i ' ' • ' i ' ' > ' i • • ' ' i • ' ' ' i ' • ' ' i < ' < ' i • ' ' ' 

. . . . i . . . . i . . . . i . . , i , . , . i , , . 
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Figure 6.48: Terms of the total turbulent kinetic energy per unit mass for the initial 
density ratio of 4 cases at R0 = 64 (Run Acc3c) 

with R0 — 512 this quantity decays to a slightly positive nonzero value at late times. 
Since p is constant in these problems, the behavior of ~panan can be understood by 
examining the behavior of an. 

The nondimensional turbulent mass flux per unit mass, An (see section 6.5.2), is 
plotted as a function of time for these three cases in Fig. 6.51. As R0 increases, the 
growth of the mass flux increases and appears to be approaching a limiting curve 
with a maximum at about T = 0.9. 

6.6.2 Velocity derivative skewness 

Figure 6.52 shows the evolution of the velocity derivative skewness averaged over all 
three components for the three variable-density cases with an initial density ratio of 
4. The early time behavior is a result of the initialization procedure. As R0 increases, 
the viscosity and diffusivity decrease (since the Schmidt number is fixed) resulting in 
a smaller velocity divergence and smaller initial velocities. At late times the velocity 
derivative skewnesses for the higher R0 cases are nearly the same at a constant value of 
0.5, whereas, for the case with R0 = 64, the velocity derivative skewness has a nearly 
constant value of 0.2. Thus, the spectral energy transfer (and vortex stretching) is 

• ' i i i i i i i i i i i i i i i i i i i i i i ' ' 
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Figure 6.49: Terms of the total turbulent kinetic energy per unit mass for the initial 
density ratio of 4 cases at R0 = 512 (Run Acc2c) 
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Figure 6.51: Turbulent mass flux for initial density ratio of 4 cases at various R0 

larger in the higher R0 cases. The case with R0 = 64 is not very turbulent because 
the vortex stretching is small. The difference in the velocity derivative skewness 
for the case with R0 = 64 and the higher Reynolds number cases is understood by 
observing the evolution of the isotropic Taylor Reynolds number, R\ = XU/v, (i.e., 
the Reynolds number based on the isotropic Taylor scale) for these three cases shown 
in Fig. 6.53. It has been shown that these problems are highly anisotropic; however, 
the isotropic Taylor Reynolds number is used for the following discussions. For the 
case with R0 — 64, the Taylor Reynolds number increases to a maximum no larger 
than R\ < 5.0. For the other two cases, Rx grows to values larger than 20. It has 
been seen that, in numerical simulations of decaying, isotropic turbulence [66, 37, 60], 
values of the velocity derivative skewness decrease as Rx decreases for Rx < 20. In 
grid turbulence experiments [86] it is found that the velocity derivative skewness also 
decreases for decreasing Rx if R* < 5. The velocity derivative skewness in these 
accelerated cases exhibits this same dependence on Rx. 

6.6.3 Evolution of the mean-pressure-gradient 

The mean-pressure-gradient is given by eq. (3.19). Figure 6.18 shows each term of 
this equation as a function of nondimensional time for the case in which the initial 
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Figure 6.52: Average velocity derivative skewness for the density ratio of 4 cases at 
various R0 
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Figure 6.54: Evolution of terms in the mean-pressure-gradient equation [eq. (6.32)] 
for initial density ratio of 4 case at R0 = 64 (Run Acclc) 

density ratio is 4 and R0 = 256. To understand Reynolds number effects on the mean-
pressure-gradient we also plot each term in the mean-pressure-gradient equation as a 
function of time for the cases at R0 = 64 and 512. These are shown in Figs. 6.54 and 
6.55 respectively. Comparisons between these two figures and fig. 6.18 show that the 
main contribution to the mean-pressure-gradient is through the acceleration term, 
gjv. As R0 increases, the contribution from f'flte" increases. The contributions from 
the viscous and the dilatation terms are small in all three cases. This comparison 
also shows that as R0 increases the mean-pressure-gradient becomes more variable in 
time which is due to the behavior of v'^-. This increasing nonuniformity is seen more 
clearly in Fig. 6.56 which shows the time histories of the mean-pressure-gradients 
for these three cases. As R0 increases, the early time growth of the mean-pressure-
gradient is reduced due to the buoyancy flux, and the maximum mean pressure that is 
obtained (near a time of 1.4) increases. For the case with R0 = 64 the mean-pressure-
gradient becomes nearly constant near the value of 1 (as given by the Boussinesq 
approximation) at an earlier time than for the other two cases. For the higher R0 

cases the mean-pressure-gradient has larger variations in time and, for times greater 
than 3, decays quite slowly. 
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Figure 6.55: Evolution of terms in the mean-pressure-gradient equation [eq. (6.32)] 
for initial density ratio of 4 case at R0 = 512 (Run Acclc) 
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Figure 6.57: Evolution of g/v for initial density ratio of 4 cases at various R0 

The main terms contributing to this variability are the acceleration term, g/v, and 
the v'%£- correlation. Figure 6.57 shows the time history of the acceleration term, 
g/v. As R0 increases, the growth of g/v is slowed. This is due to the fact that the 
mean specific volume, v, follows the evolution of b = —p'v' = ~p v — 1 because p is a 
constant. Figure 6.58 shows the evolution of the mean specific volume for the various 
Reynolds number cases. As the density fluctuations decay away, the quantity b is 
tending to zero so that the mean specific volume is tending to a constant value of 
1. As R0 increases the rate-of-decay of the mean specific volume decreases, which 
in turn causes a slower growth of g/v. It will be shown below in the discussion 
of the density fields that the variance of the density fluctuations and b(t) approach 
limiting curves as the Reynolds number increases. Since the evolution of the mean 
specific volume follows the evolution of b(t), it also approaches a limiting curve as the 
Reynolds number increases. Likewise, so also does g/v since g is constant in time for 
these problems. 

The next largest term contributing to the mean pressure gradient in the direction 
of the acceleration is the correlation between the fluctuating specific volume and the 
fluctuating pressure gradient, i.e., — v' dp'/dx3. Figure 6.59 shows the evolution of 
this term for these three cases with an initial density ratio of 4. For these cases, 
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Figure 6.58: Evolution of the mean specific volume, v, for initial density ratio of 4 
cases at various R0 

the correlation between the fluctuating specific volume and the fluctuating pressure 
gradient has a value initially nearly 0.56. This correlation is nonzero the instant 
that the density field feels an acceleration. At this instant, it is a "rapid" part that 
impedes the growth of the turbulent mass flux. The term "rapid" is used because it 
is an instantaneous response of the mean pressure. For the case with R0 — 64 the 
starting value of this correlation is slightly lower than for the other two cases, due 
to the fact that the initial density field for that case is statistically similar but not 
identical to the other two cases. The reason for this is because the the case with 
R0 = 64 is computed on a 64 3 grid and the other two cases (which have identical 
initial density fields) are computed on a 1283 grid. As R0 increases this correlation 
grows and peaks at a time of approximately T = 1.1. The growth of this term is 
due to the "slow" part, which behaves like a drag on the growth of the mass flux. 
The decay behavior of this correlation after a time of 1.1 describes mostly the "slow" 
part of this correlation. To see this behavior more clearly this correlation is plotted 
in nondimensional form as a function of the nondimensional mass flux, shown in 
Fig. 6.60. At early times this correlation is not proportional to the mass flux. The 
early time behavior is what has been referred to above as the "rapid" part. As 
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Figure 6.59: Evolution of —v'dp'/dx3 for initial density ratio of 4 cases at various R0 

the flow develops, this correlation becomes proportional to the mass flux, behavior 
which is termed the "slow" part. At late times in all three cases this correlation is 
nearly linearly proportional to the mass flux as the "rapid" part has decayed and the 
behavior is due mostly to the "slow" part. 

6.6.4 Evolution of the Density field 

This section discusses the evolution of the density fields as functions of R0 for these 
buoyancy-driven cases with an initial density ratio of 4. It has been seen that, in 
the Boussinesq approximation results of Batchelor et al., the variance of the density 
fluctuations approaches a limiting curve as the Reynolds number is increased. It has 
also been shown, in the Boussinesq results, that the variance decays more slowly at 
early times as R0 is increased. Figure 6.61 shows the evolution of the variance of the 
density fluctuations as a function of R0 for the cases with the initial density ratio of 4. 
For these cases with large initial density fluctuations this plot shows behavior similar 
to that reported by Batchelor et al. [7] . The decay of the density fluctuations is 
slower at early times as R0 increases, and it appears that the variance is approaching 
a limiting curve as the Reynolds number goes to infinity. 

The trend for the variance to decay slower, at early times, as R0 increases, is due 
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Figure 6.60: Nondimensional —v'dp'/dxs as a function of nondimensional a3(t) for 
initial density ratio of 4 cases at various R0 

to the fact that the dissipation scales for the density decrease as R0 increases. Figure 
6.62 shows the dissipation rate histories for the density fluctuations for these three 
cases. The dissipation rate for the case with R0 = 64 has a maximum at T = 0 
and then decreases with time. As R0 increases, the initial dissipation rate decreases. 
For these three cases the Schmidt number is a fixed value of 1. R0 is varied by 
changing the viscosity and thus the diffusivity also changes, resulting in changes 
of the initial dissipation rate. For the higher R0 cases, the dissipation rate slowly 
increases, as the density is cascading to smaller scales through convective effects, and 
reaches a maximum when the density has cascaded to the dissipation scale. After 
this time the density is decaying through diffusion. In the limit as R0 goes to infinity 
it is conjectured that the mean-squared density is conserved for a small period of 
time when dissipation effects are negligible (consistent with the results of Batchelor 
et al.). During this short period of time the spectra of the density has increasing 
values at higher wave numbers (smaller scales). After this short period of time the 
spectrum of the density has reached the dissipation scales and dissipation effects 
become important. This behavior is analogous to the enstrophy blow-up phenomenon 
discussed by Lesieur [52] (Chapter 6, section 7.3). 
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Figure 6.61: 0 '0 ' vs. T as a function of R0 for non-Boussinesq cases with an initial 
density ratio of 4 
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Figure 6.63: Evolution of the time scale of decay of the variance of the fluctuating 
density field for initial density ratio of 4 case at various R0 

Figure 6.63 shows the time scale of decay for the quantity, p'p1, as a function of 
time for the three values of R0. These plots show that the decay times are larger for 
increased R0 at early times, consistent with the slower decay behavior of the density 
fluctuations. After a time of 1.5 the time scales for all three cases are nearly the same 
and slowly growing linearly. This suggests, perhaps, that the variance of the density 
fluctuations is decaying as a power-law at the late times. 

Figure 6.64 shows the evolution of the quantities b(t) = —p'v' and B(t) = p'p'/'p2 

as functions of time for the three cases. Comparison of the behavior in this plot with 
that seen in Fig. 6.50 (which shows the evolution of p'u'nu'n) suggest that, in the limit 
where b(t) ~ B(t), p'u'nu'n is approximately zero. Thus, when b(t) « B(t) the flow is 
nearly "Boussinesq". 

Figure 6.32 shows the early time evolution of the pdf of the density field for the 
case with an initial density ratio of 4 at R0 = 256. Figures 6.65 and 6.66 show the same 
kind of plot for the cases with R0 = 64 and 512, respectively. This comparison shows 
that the skewness seen in the pdf is stronger as the Reynolds number increases. This 
behavior is expected since the velocity differences between the high and low density 
fluids increase as the Reynolds number increases. Thus the entrainment rates of the 
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at various R0 

low density fluid also increase as the Reynolds number increases. The reason the 
velocity ratio increases with increasing R0 is two-fold. As R0 increases there is less 
reduction in forcing, due to less diffusion of the density and there is less dissipation of 
kinetic energy, which acts to slow the flow down. This, in turn, allows the energy to 
grow to larger values causing a larger velocity ratio between the high and low density. 
The high velocities are associated with the negative density fluctuations, which is a 
result of momentum conservation. 

6.6.5 Effects of R0 on spectral quantities 

This section shows the spectra of the energy per unit mass, of the fluctuating density 
and of the velocity divergence for different R0 at T = 1.0. Figure 6.67 shows the 
spectrum of the energy per unit mass, computed as 

Enn{k,t) < « > 1 
AkNi £<C 

As R0 increases, so also does the energy at high wavenumber values. Thus, the 
energy has smaller scales associated with it. The low wavenumber content is also 
larger, indicating that the flow is more energetic. 
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Figure 6.65: PDF evolution, for T=0.0 to 1.75 by 0.125, of the density field at R0 = 64 
for initial density ratio of 4 case (Run Acc3c) 

Figure 6.66: PDF evolution, for T=0.0 to 1.75 by 0.125, of the density field at 
R0 = 512 for initial density ratio of 4 case (Run Acc2c) 
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Figure 6.67: Spectra of u'nu'n at R0 = 256 at T = 1.0 for different R0 

Figure 6.68 shows the spectra of the density fluctuations at the same time for 
various R0. As R0 is increased, the density field has smaller scales. The dissipation 
scales for the fluctuating density decreases with R0. Thus, the decay of the fluctuating 
density is slower at early time (see Fig. 6.62) and the low wavenumber content is 
larger for the higher R0 cases. 

Figure 6.69 shows the spectra of the velocity divergence. As R0 is increased, the 
scales at which the velocity divergence is more energetic are smaller as the spectral 
peak shifts to higher wavenumbers. For the case with R0 — 512, the peak is at a 
wavenumber of 23 and there is a "tail-up" at the higher wavenumbers. These spectra 
show that, as R0 is increased, the velocity divergence becomes more difficult to resolve. 

6.6.6 Summary of R0 effects 

This section has described the results of three simulations, Acclc, Acc2c and Acc3c, 
of a buoyancy-generated turbulent flow. These simulations initially have the same 
statistical density distributions with an initial density ratio of 4. The method of 
Eswaran and Pope is employed to obtain an initial bimodal density distribution. The 
effects of varying Reynolds number, R0, are examined. 

It appears that the effects of variable density increase with 60 and R0. These 
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effects increase with R0 since the Schmidt number is held fixed both the viscosity and 
diffusivity decrease. This results in less reduction in forcing, due to less diffusion of 
density fluctuations and there is less dissipation of kinetic energy, which acts to slow 
the flow down, weaker, and thus have more of an effect on the flow. 

It is seen that, for these cases, the time histories of the mean-squared velocity ex
hibit Reynolds number behavior similar to the results of Batchelor et al. [7] employing 
the Boussinesq approximation. As R0 is increased, the mean-squared velocity appears 
to approach a limiting curve. The peak value of the mean-squared velocity occurs at 
a time of T = 1.5, which is less than the value of 1.8 obtained with the Boussinesq 
approximation. This difference is due to differences in the intensity of the initial 
density fluctuations. As the initial density fluctuations are increased, the time at 
which the mean-squared velocity reaches a peak decreases. It is conjectured that this 
time shift will reach a limiting value as the initial density fluctuations are increased 
since this behavior must be bounded. This limiting behavior has not been examined 
in this work because of the resolution limitations of our numerical scheme prevent 
us from studying the effects of larger initial density fluctuations. The limiting curve, 
towards which the mean-squared velocities are approaching, for the non-Boussinesq 
case is different than that for the Boussinesq case. Not only is the time different 
at which the maximum occurs is, but also so is the shape of the curve. Figure 6.46 
shows the mean-squared velocity histories for different R0 for the cases with the initial 
density ratio of 4. At R0 = 256 the decay of the mean-square velocity, just after the 
peak, is slower up to T = 2 than it is thereafter. This behavior is not present in the 
Boussinesq case (see Fig. 6.1). 

It is shown that the total turbulent kinetic energy and the terms that make up 
this energy increase as R0 is increased. The total turbulent kinetic energy per unit 
mass is given as 

w(+\ - R i i ^ - '^i 4. p u ' i U i - £*£* 
[ ) ~ 2p ~ 2 + 2p 2 

The first term on the right side is the contribution from the mean-squared velocity. 
The second term is due to correlations between the fluctuating density and squared 
fluctuating velocity. The third term is due to the turbulent mass flux, a* = —p'u'J'p. 
As R0 is increased each of these terms increases and also appears to be approaching 
a limiting curve. The second term is negative, thus that term and the third act to 
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decrease the total turbulent kinetic energy. 
The mean pressure gradient becomes more variable in time as R0 is increased. The 

main contributions to the mean pressure gradient are from the acceleration term, g/v, 
and —v'{dp'/dxi). As R0 is increased, larger variations in g/v occur due to the mean 
specific volume, v, changing with time. The mean specific volume follows the behavior 
of b = —pV through the relation b = ~p v — 1. It is seen that —v'dp'/dxi is nonzero 
the instant that the fluid feels an acceleration and its initial value is dependent on the 
strength of the acceleration, g, and the initial density fluctuations. The initial value 
is not Reynolds number dependent. At early times —v'dp'/dxi represents a "rapid" 
part (i.e., an instantaneous response that is proportional to the mean pressure) in 
the evolution of the turbulent mass flux, au and at later times behaves as a "slow" or 
"drag-like" part (i.e., is proportional to the mass flux). This correlation thus impedes 
the growth of the mass flux. 

The variance of the fluctuating density appears to approach a limiting curve just 
as for the Boussinesq results of Batchelor et el. [7]. It is seen that, when b(t) fa 
B(t) = p'fZ/'p2, the flow is "Boussinesq" since p'w-u- and a* are nearly zero and the 
mean pressure gradient is approximately 

dp _ 

Also, as R0 increases, the skewness in the pdf of the density field also increases. It 
is argued that this is due to a larger velocity ratio between the high and low density 
fluid, which causes a larger entrainment rate for the low density fluid into the mixing 
region than for the high density fluid. Thus, the low density fluid is entrained into 
the mixing region at greater rates than is the high density fluid. 



Chapter 7 

MODEL COMPARISONS 

In this chapter results of numerical simulations are compared to predictions of 
two variable-density turbulence models. The first section discusses the objective of 
this aspect of the study. The following section describes the models as applied to a 
statistically homogeneous, variable-density fluid subjected to an acceleration. In the 
last two sections the results and conclusions of this aspect of the study are discussed. 

7.1 Object of Study 

In the study we present in this chapter, we desire to isolate variable-density effects 
from other fluid dynamical effects to as great a degree as possible. There are many 
unanswered questions regarding constant-density turbulence which also apply in the 
variable-density case. In this study it is desirable, however, to separate the variable 
density effects from those of constant-density turbulence, which are more appropri
ately studied using constant-density simulations. The objective of the work discussed 
in this chapter is to investigate the effectiveness and suitability of the structure and 
hierarchy of the modeled equations discussed below in Section 7.2. The DNS results 
for accelerated turbulence are ideal for studying many of the major issues in modeling 
variable-density turbulence. 

We will attempt to elucidate, through DNS, modeling issues that are analytically 
difficult or even intractable, such as the nature of the pressure correlations. Specif
ically, we address (i) the effects of the v^dp'/dxn) term in the equation for an; (ii) 
the form of the "drag" term in this equation; and (iii) the efficacy of the extensions 
of traditional k-e modeling ansatz to variable-density turbulence, e.g., using a single 
e-equation. 
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7.2 Models 

7.2.1 BHR Model 

The Besnard, Harlow and Rauenzahn model (BHR) [10] is an extension of one-point 
k-e closures to variable-density turbulence. The intent of this model is to obtain 
a tractable closure to solve practical engineering problems. The model is derived 
from the usual equations of motion [eqs. (2.1) and (2.2)] and includes an energy 
and species equation. These equations are Favre averaged and, for the incompress
ible case, equations for the one-point Reynolds stress tensor, the turbulent energy 
dissipation rate, species concentrations, and correlations for the density-velocity and 
specific volume-density fluctuations are derived. The higher-order unknowns in these 
equations are closed using typical constant density assumptions (e.g., Launder, Reece 
and Rodi [49]) which are extended to account for a variety of variable-density effects. 
The details of the closure development can be found in Besnard et al. (1992) [10]. 

The BHR model equations, given as eqs. (48)-(54) in [10], are derived for general 
inhomogeneous, anisotropic flows in the limit of high Reynolds number. They are 
rewritten here for the specific case of a statistically homogeneous, variable-density 
fluid subjected to an acceleration. The evolution equation for the correlation between 
the specific volume and the density fluctuations, i.e., b = —p'v', [eq. (50) in [10]] 
reduces to 

dt \ Rnn ) 

The right side is a dissipation term due to a turbulent "cascade" analogous to the cas
cade of energy, which is assumed to be independent of the diffusivity. The turbulent 
mass flux model equation [eq. (49) in [10]] reduces to 

dan bdP /2pe\ 
- cia -=— an. (7.2) dt pdxn \Rnn 

Note that, for consistency with the definitions used in this study, the sign of a* is 
the negative of that given by Besnard et al. [10]. The second term on the right side 
is a model of the correlation between the fluctuating specific volume and fluctuating 
pressure gradient, which is modeled as a "slow-part" of this correlation, causing a 
drag or "decay" of an. Again this term is assumed to be independent of viscosity and 
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diffusivity. Besnard et al. suggested that this could be modeled as a "rapid" term or 
a combination of "rapid" and "slow" parts, but chose to incorporate only the "slow" 
part. The kinetic energy equation [eq. (48)] reduces to 

9Rnn 0 6P . . 
~W = 2 a n ^ T n ~ 2p€- ( 7- 3 ) 

The last term on the right side is the energy dissipation term and is again modeled 
independent of viscosity. At this point it is appropriate to note that the time scales for 
dissipation of an and b are "constructed" from a time scale associated with the energy 
cascade, r ~ Rnn/{pt). This assumption is based on (1) turbulence characterized by 
a "large" inertial range where the dissipation rate is independent of viscosity (or 
diffusivity) and (2) that this cascade also dominates the dissipation of "a„" and "6". 
While this assumption may be suitable for well-developed, high Reynolds number 
turbulence, it is clearly questionable for the case of accelerated turbulence. Thus our 
DNS provides a stern test of the single-point model. Finally, the energy dissipation 
equation [eq. (51)] becomes 

<*(£)-£-(£> 
The hierarchy of the generation of fluid motion is as follows: through the action of 
an acceleration a pressure gradient is established. The presence of fluctuations in the 
density, "6", coupled to the pressure gradient generates a mass flux, "a". This mass 
flux, coupled to the pressure gradient, produces the Reynolds stress, "Rij" • Finally, 
the kinetic energy, " i? n n " , is dissipated into heat. 

7.2.2 CS Model 

The Clark and Spitz model (CS) [23] is a two-point (spectral) phenomenological 
model. The advantage of a two-point (spectral) formulation is that it eliminates the 
need for length-scale/dissipation equations and corollary assumptions which are em
ployed in one-point modeling. The usual constant-density issues arise in the closure 
as well as additional difficulties from variable-density effects. For example, the spec
tral transfers occur not just as triadic interactions of velocity, but also as a quartic 
interactions of velocity and density. Also, no simple "Poisson" equation for the pres
sure can be found. There are also many more correlations and hence more closure 
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assumptions to address. The CS model is not intended as a rigorous solution to these 
problems, but as an attempt to relieve some of the limitations inherent in the one-
point k-e, or Rij-e, formalism. It is not intended as a practical engineering closure, but 
rather as a tool to study turbulence and turbulence closures. Issues of self-similarity, 
length-scale, time-scale equilibrium and space-time scaling during rapid accelerations 
can be addressed. 

The model derivation is based on two-point correlation equations for variable-
density, incompressible turbulence, represented in mass-averaged ("Favre"-averaged) 
variables. These equations are Fourier transformed with respect to the separation 
distance between the two points. The equations are closed in a manner analogous 
to the constant-density model of Besnard, Harlow, Rauenzahn and Zemach (BHRZ 
model) [9]. That is, a modified "Leith diffusion" [51] closure is employed for the 
fc-space transfers and time scales. This variable-density model reduces to a modified 
BHRZ model in the limit of constant-density, isotropic turbulence. The model is 
derived specifically for homogeneous, accelerated turbulence and it reduces to a model 
for a passive scalar in isotropic turbulence for vanishing density variations. The details 
of the closure can be found in Clark and Spitz (1995) [23]. 

The derivation of the model gives a similar hierarchical structure (see Section 
7.2.1) as the BHR model for the case of a statistically homogeneous turbulence sub
jected to an acceleration. The model equations (used in this study) [23], are 

at " dk\[eR(k) + ea(k) 9A(k))Kb[K,t) j 

M^m^y-^Y^^ (7'5) 

dan(k,t) d_ jI Cam Cggi ^ CaAi \ , ,, A 
at ~ dk\{uk) + ea{k) < U ( * ) J M ' ' / 

dk\ 
. - i J CaR2 C n a 2 CaA2 \ j2^an(k,t) 
" H M * ) 0a(k) + 0A(k)J dk 

'CRPl0RPl CRp2/3Rp2\ JM)9P 
*.(*) eR(k) } a n ^ t } p dxn 

^ + D k2an(k,t), (7.6) 
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and 
dRnn{k,t) 

dt ^^W.oU^^V*-** dk \\eR(k)^ dk {\eR(k), dk 
M 

where 

-2an(k,t)^--2^k2Rnn{k,t) 
oxn p 

0R(k) = 
rk 

/ q2Rnn(q)dq 
Jo 

1 fk 

p 

-1/2 

(7.7) 

6a(k) = \k2^an(k,t)an(k,t) 
- l 

kyjfan(t)an(t) 
- l 

0A(k) = 

where PRPI and PRP2 are chosen to be l/b(t), and 

6(x,k) = - r p'(x1)v'(x2)e-ik-rdr, 
Jo 

Oi{x,k) = / < (x 1 )p (x i )w ' (x 2 )e - i k r dr , , 
Jo 

Rijix, k) = ^°° | [ p ( X l ) + p(x2)] < ( X l ) ^ ( x 2 ) e - i k r r f r . 

The center coordinate, x, and a relative coordinate, r, are defined as 

so that 

r = Xi - x 2 , 

x a = x + - r , 

(7.8) 

(7.9) 

(7.10) 

(7.11) 

(7.12) 

(7.13) 

x 2 = x - - r . (7.14) 

With homogeneity, Rij(x,k) = Rij(k), a,(x,k) = aj(k) and b(x,k) = 6(k). In the 
single-point limit, <Zi(x, x) = u"(x). 
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Figure 7.1: v'(dp'/dxn) term and models for Run Acclc 

7.3 Results 

7.3.1 BHR model comparisons 

We begin our investigation of the BHR model by first examining the closure of the 
v'(dp'/dxn) term in the an equation. This term in the BHR model represents the 
dissipation of an and is modeled as a "slow" (drag) term in eq. (30) in [10], i.e., 

/2pe 
(7.15) 

It is postulated by Besnard et al. [10] that the model for this term may also include 
a "rapid" term, i.e., eq. (32) in [10], 

b dp 
K = ~c3a pdxn 

(7.16) 

Both these models are plotted as a function of time for the DNS case Acclc in Fig. 
7.1. This shows that the "rapid" model [eq. (7.16)] give better early time agreement 
with the DNS data than the "slow" model [eq. (7.15)]. 

It is also observed that, in the limit as b goes to zero, the equation for an might 
not drive an to zero. Physically, there should not be any mass flux when the den
sity fluctuations are zero. To enforce this behavior, a possible modification to the 
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dissipation term [eq. (7.15)] in eq. (7.2) might have the form 

rather than that given by eq. (7.15). This is a "one-point" analogy to a closure 
assumption of Clark and Spitz [23] and ensures that, when the density fluctuations 
tend to zero (b tends to zero), an also tends to zero. 

With these model changes, it is proposed that a modified BHR model for the 
turbulence mass flux equation [eq. (7.2)] is 

dan b dP /2pe\an y/anan an 

~dT-{1' C3a)^n " CU \lu) & " C l a a ^ 7 T ^ - ( ? - 1 8 ) 

This modified a n equation reduces to eq. (7.2) if cza = ciaa = m = 0. 
Comparisons are made between the DNS data for run Acclc, the BHR model 

[eqs. (7.1)-(7.4)], and the modified BHR model [eq. (7.2) replaced by (7.18)]. For 
this investigation the follow model coefficients are used in both the BHR model and 
the modified BHR model: C\b = 1.0, c 2 e = 1.92, and c 3 e = 1.61. Equation (7.18) 
is used for the BHR model calculation with c 3 a = ciaa = ca\a — 0.0, C\a = 2.2 and 
cabi = 1-0. For the modified BHR calculation, eq. (7.18) is also used with c l a = 0.0, 
and ciaa = 1.5. For both calculations the initial values are: Rnn(t — 0) = 3.006e - 4, 
b(t = 0) = 0.5, a(t = 0) = 0.0 and e(t = 0) = 8.7979e-7. The value for e(t = 0) is 
chosen in order to give the correct length scale of b which in turn gives the correct 
early time trajectory of an. 

Figure 7.2 shows the evolution of b for the DNS and the model results. The 
BHR model and the modified model for the decay of b give the same results and are 
somewhat different then the DNS result. The initial value for e is artificially small, 
leading to an inadequate dissipation of b at the early times. This is a deficiency in 
the methodology of one-point closures. In these closures, an equation for either the 
energy dissipation, a length scale or a time scale is derived. In the BHR closure an 
energy dissipation equation is chosen. There is an insufficient number of parameters 
to define proper length and time scales for the various quantities. Thus, we can choose 
e to give either the correct energy dissipation or the correct length scale of b, but not 
both. We chose e to match the initial scale of b and not the initial energy dissipation 
because the scale of b is the only identifiable length scale at the initial time. This 



205 

0.6 
b 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 1 2 3 4 5 6 7 8 

t 

Figure 7.2: Evolution of b for Run Acclc DNS and BHR models 

gives a correct length scale for b but is a poor estimation of the time scale. Therefore, 
b does not dissipate fast enough and, as a result, the subsequent behavior is incorrect. 
Also, inherent in these types of models is the assumption of self-similarity in the flow 
(i.e., there is a well defined inertial range in the limit of high Reynolds numbers). In 
this buoyancy-generated problem, there is no identifiable inertial range at the early 
times because the Reynolds number is low. The flows studied in the DNS simulations 
are dominated by viscous diffusion, and is not accounted for in the BHR model. It 
was seen that the behavior given by the BHR model is extremely sensitive to the 
choice for e{t — 0). 

Figure 7.3 shows the evolution of an for the DNS and the model results. The 
correct length scale for b is chosen, thus giving an early time match between the 
models and the DNS. The late time behavior is not correct because of the over 
predictions of b at late times. The modified BHR model matches the DNS only 
slightly better than the original BHR model. 

Figure 7.4 shows the evolution of Rnn for the DNS and the model results. Again 
the early time behavior of the models and the DNS agree well. This is due to the 
agreement seen in the evolution of an. The DNS results decay much more rapidly 

T — i — i — i — ] — i i — i — i — | — i i — i — I — [ — i — i — i — i — | — i i i — i — | — i i i — i — j — i i — i i — — i — i — i — r 



206 

0.25 

0.2 

0.15 

0.1 

0.05 

0 
0 1 2 3 4 5 6 7 8 

t 

Figure 7.3: Evolution of an for Run Acclc DNS and BHR models 

after a time of 4 than do the model predictions. This can, perhaps, be attributed to 
the fact that the models are for high Reynolds number flows while the DNS results 
are at a low Reynolds number. One the other hand, the difference could be due to 
the error in the prediction of b. Again, the modified BHR model gives slightly better 
agreement with the DNS. 

Figure 7.5 shows the evolution of dp/dxn for the DNS and the model results. 
The model comparisons show relatively good agreement with the DNS. Again, the 
modified BHR result appears to have slightly better agreement. The early time 
behavior is quite different and the time at which the mean pressure gradient reaches 
a maximum is different for the models and the DNS. 

7.3.2 CS model comparisons 

We begin our comparison with the CS model and the DNS data by first modifying the 
model. From the data comparison with the BHR model it was seen that a correction 
to the b-coupling to the pressure term was needed to account for the "rapid" part of 
v'(dp'/dxn) in order to properly model the early time behavior of an. This correction 
in the BHR model is given by eq. (7.16) and will also be made in the CS model. It 
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Figure 7.5: Evolution of v'(dp'/dxn) for Run Acclc DNS and BHR models 
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seem reasonable that a spectral model would have the form 

"2;-"Mil;- < 7 - 1 9 > 
There are infinite possibilities for the form of f[b(k)]; for simplicity we choose 

*t;-ft#«*)|;- (7-20) 

Thus, the modified an equation in the CS model becomes 

dan{k,t) _ Mk,t)dP 
dt p dxn 

(7.21) 

8 j ( CaRl Cggi _ CaM_\ , ., , 
dk\{eR(k) + 9a(k) M*oJ n i ' j 

+ — I ( CaR2 + Caa2 . ^ 2 ^ 2 d a n ( M ) ] 

CRPI(3RPI CRP2&RP2\ n ., 
0a(k) 0R{k) 

v> + D K dn[K, tj, (7.22) 

Using this modified a n equation we now compare the model predictions with the 
DNS results for run Acclc. For this investigation the following model coefficients are 
used: CRPl = 0.125, Cvdp = 0.35, Caal = CaAX = -.2424, CRl = CaR1 = CbR1 = 
VSC^ ' / l l , CR2 = CaR2 = CbR2 = 2y/6C^ / H ; all other coefficients being set to 
zero. Cfc is the Kolmogorov constant, chosen to be 1/2. The initial spectra for b(k) 
and Rnn(k) taken from the DNS are used for initial conditions in the CS model; in 
addition p = 1 and ~p = D = 8.543e - 3. The comparison between the CS model and 
the DNS is made by examining one-point statistics. 

Figure 7.6 shows the evolution of b for the DNS (run Acclc) and the CS model. 
The model prediction of the early time behavior is slightly incorrect. However, the 
late time behavior from the model agrees well with the DNS. This comparison is 
significantly better than that of the BHR model, illustrating that the added length 
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Figure 7.6: Evolution of b for Run Acclc DNS and the CS model 

scale information for b in the CS model allows for the behavior of b to be predicted 
more accurately. 

Figure 7.7 shows the evolution of an for this comparison. Again, there is reasonable 
agreement between the DNS and the CS model. The late time behavior is captured 
more accurately using the CS model than the BHR model, because the late time 
behavior for b is more accurately predicted. 

Figure 7.8 shows the evolution of Rnn and Fig. 7.9 the evolution of dp/dxn for 
this comparison, both demonstrating good agreement at all times. 

These results show that the closure given by (7.20) provides a good representation 
of the one-point statistics. This closure assumes that the spectrum of v'(dp'/dxn) can 
be modeled from the spectrum of b. Figure 7.10 shows the spectrum of b from the 
model and v'(dp'/dxn) from the DNS at an early time (t = 0.1). Using the spectrum 
of b to model that of v'(dp'/dxn) is clearly inaccurate. The spectrum of v'(dp'/dxn) 
is much broader and has a peak value at higher k than the spectrum for b. Given 
that the CS model uses only assumptions of "local" transfer in fc-space, it is difficult 
to see how this spectrum can be produced from the CS methodology. These results, 
however, indicate that the errors in the spectral representation, in the CS model do 
not seem to irreparably harm the one-point statistics. The reason for this might be 
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that the dominant effects in the flow studied may be at lower wavenumbers at this 
low Reynolds number. 

It is also noted here that the value of the drag coefficient used in the CS model is 
CRPI = 0.125. This value is considerably smaller than drag coefficients used in other 
variable-density models and two-phase models. The reason for this is two-fold. First, 
the drag terms of the CS model, the parameters &RP\ and PRP2, are chosen to be 
proportional to l/6(t), which forces the drag to increase as b(t) vanishes. Second, the 
length scale of b (i.e., determined from b(k)) is "independent" of the energy-containing 
scales, thus permitting a large drag, even with small dissipation of energy. Thus, if 
b = 0 (so that there are no density fluctuations) the mass flux is forced to be zero. 
The question then arises: is PRPI = PRP2 = l/b(t) the correct form for these drag 
terms? Given the complexity of the exact equation (see Clark and Spitz [23]) and 
the simplicity of model assumptions, it is not possible to provide a definite answer. 
An effect such as j3 = F[l/b(k)] is probably necessary, but there is an infinite number 
of possible forms. The form chosen (/? = 1/6) for this comparison seems to indicate 
that the decays at late times for 6, an and Rnn are reasonably modeled. Further 
study is needed, perhaps including cases of an acceleration followed by free decay, 
and acceleration reversal, in order to see if this form is correct. 

1 2 3 4 5 6 7 8 
t 
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Figure 7.10: Spectra of v'(dp' /dxn) for Run Acclc DNS and of b for the CS model at 
£ = 0.1 

7.4 Conclusions 

It is essential in the equation for an in both the BHR model and the CS model that 
the correction to the b-coupling to the mean pressure gradient term be modified to 
account for the effects due to v'(dp'/dxn). Thus, the mean pressure gradient term 
should have the form 

( l - c ) = — - . poxn 

The drag term in the equation for an in the CS model, using f3rpi = firp2 = l/b(t), 
gives reasonable agreement between the one-point statistics and the DNS results. It 
has also been seen that the inclusion of this effect in the BHR model slightly improves 
the comparison between the BHR and the DNS results at late times. 

The spectra oiv'(dp'/dxn) shows some effects that are not accounted for in current 
closures (e.g., broadening of the spectrum and a peak value at higher k than for the 
b(k) spectra) . More detailed studies are needed to determine the effects and proper 
modeling for them. Thus, further DNS study would be desirable to examine the 
effects in the limit of small but finite (not infinitesimal) diffusivity to determine the 
importance of dilatational effects. The spectral effects seen in this comparison are 
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probably not capturable in a genuine manner in a one-point closure (where everything 
is lumped into simple scalings). These effects, however, may be capturable in an 
"augmented" spectral closure where the diffusive effects of density are accounted for 
in an energy equation for the dilatational part of the velocity field. 



Chapter 8 

CONCLUSIONS AND F U T U R E W O R K 

Direct numerical simulations of incompressible, variable-density turbulence have 
been carried out. We resort to numerical techniques to study variable-density flow 
because of our desire to obtain a complete description of the flow field, so that detailed 
information including detailed statistical information of interest can be obtained. 
Also, the parameters of the problem can be easily varied. The numerical algorithm 
used in this study is based on the algorithm first proposed by McMurtry [58] but 
with three modifications: 

(1) In the study of McMurtry, the velocity field is divergent due to heat release and 
mass diffusion. In this study, the velocity field is divergent due only to the diffusion 
of mass. 

(2) A modification of the projection step is made which allows the treatment of 
larger density fluctuations. 

(3) A modification is made to the mean pressure gradient to account for large 
density variations in the presence of gravity (or flow acceleration). 

Two problems have been studied. The first is the decay of isotropic, variable-
density turbulence, and the second is statistically homogeneous buoyancy-generated 
turbulence. In the latter case the density fluctuations are large enough that the 
Boussinesq approximation is not always valid. The effects of large density fluctuations 
were studied for both these problems. 

8.1 Isotropic Decay of statistically independent initial fields 

For the case where the initial velocity and density fields are statistically independent, 
comparisons between a nearly constant-density case and a variable-density case are 
reported. This comparison shows that the presence of variations of density has little 
effect on the overall statistical decay of the flow. For example, the decay of the total 
turbulent kinetic energy density closely follows the decay of the mean-square velocity. 
This is due to the fact that pV^w- is initially zero and remains small so that it has 
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little effect on the decay processes. 
For these cases, the pdf's of the density field, which are initially bimodal, evolve 

to a nearly Gaussian form and are symmetric about the mean density. 

8.2 Isotropic Decay of statistically dependent initial fields 

Next, statistical dependence was initially imparted between the velocity and density 
fields and the subsequent flow was examined. Two types of statistical dependence 
were studied, one such that the larger velocity magnitudes are initially associated 
with the positive density fluctuations, and the other such that the larger velocity 
magnitudes are initially associated with the negative density fluctuations. The triple 
correlation term, fJu'^, is initially nonzero, its sign dependent on the type of statis
tical dependence. A positive sign indicates that the higher velocity magnitudes are 
associated with larger densities, while a negative sign indicates that higher velocity 
magnitudes are associated with the smaller densities. 

Some conclusions can be drawn from this study of isotropic decay of variable-
density turbulence when compared with a decaying, isotropic constant-density tur
bulent flow. If, for both cases, the initial total turbulent kinetic energy densities are 
the same, the initial energy dissipation rates are different and depend on the sta
tistical dependence between the velocity and density fields. If the triple correlation, 
p'u'nit'n, is initially negative, the energy dissipation rate is the highest, while the case 
where the triple correlation is positive has the smallest energy dissipation rate. 

The pdf of the density field becomes asymmetrical about the mean density, and 
it is argued that this is due to different entrainment rates of the high and low density 
fluids into the mixing region (the mixed interface between the two fluids). This 
conclusion is based on analogy to numerous shear layer results (see e.g., Dimotakis 
(1986) [28]), the first of which are the results of Brown [16] in his study of the Brown 
and Roshko [15] variable-density mixing layer experiments. These shear layer studies 
showed that a spatially-growing shear layer entrains an unequal amount of fluid from 
the two free streams, which results in a mixed fluid composition that favors the high
speed fluid. It has been seen in the results presented in this dissertation that the sign 
of the triple correlation, f/u'nu'n, reflects this entrainment rate behavior. 

Another important result has implications for passive scalar problems. If the 
velocity field is statistically dependent on density field, but the density fluctuations 
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are small so that the density field is passive, the pdf of the density field still becomes 
asymmetric. 

8.3 Buoyancy-generated turbulence 

Two types of studies were made for the buoyancy-generated turbulence case. First, 
the effects of increasing the initial density fluctuations are studied at a fixed initial 
Reynolds number, R0 = 256. And second, the effects of increasing R0 are studied at 
an initial density ratio of 4. 

8.3.1 Variable-density effects at R0 = 256 

An important parameter that characterizes buoyancy driven flow is d0. This param
eter is given by eq. (6.9) and is a statistical measure of the magnitude of the initial 
density fluctuations of the fluid. If 90 is less than approximately 0.1 then the resulting 
buoyancy-driven flow is within the Boussinesq approximation. Likewise, if 90 is larger 
that 0.1 then the resulting flow is non-Boussinesq. 

As the initial density fluctuations increase the flow behavior deviates more from 
the Boussinesq limit and the nondimensional mean-squared velocity grows at a greater 
rate. This is related to the fact that the buoyancy flux increases with increasing 
initial density fluctuations. The nondimensional time at which the mean-squared 
velocity reaches a maximum decreases as the initial density fluctuations increase. The 
maximum peak value of the mean-squared velocity occurs at a nondimensional time 
of T = 1.5 for the case with the initial density ratio of 4. This time is earlier than that 
of the Boussinesq results, where the peak occurs at T = 1.8. It is anticipated that, 
in the limit as the initial density ratio becomes very large (much larger than 4), the 
mean-square velocity history will approach a limiting curve because its evolution must 
be bounded. This is not studied here due to resolution limitations in the numerical 
scheme, which limits the maximum initial density ratio to be around 4. 

The total turbulent kinetic energy per unit mass consists of three terms given by 
eq. (A.7): 

KU\ =

 R™(t) = Pu'nK =

 u'nu'n , Pu'nu'n an^n ^ ^ 
2/5 2p 2 2p 2 
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These three terms are the mean-squared velocity, u'nu'n/2, a triple correlation term, 
p'u'nu'n/2p, and a mass flux product term, anan/2. Within the Boussinesq limit, this 
triple correlation and mass flux are relatively small. As the initial density fluctuations 
are increased, these terms increase, and their effects become a significant part of the 
evolution of the total turbulent kinetic energy. The summation of these three terms 
gives a nondimensional total turbulent kinetic energy that grows to a lower value as 
the initial density fluctuations are increased. The triple correlation term, p'u'nu'n/2p, 
becomes negative as a result of the conservation of momentum. 

A consequence of the Boussinesq approximation is that the mean pressure gradient 
is uniform in time and its value is p<?i, i.e., the hydrostatic pressure gradient. This 
approximation is good in the limit of small density fluctuations but, as the initial 
density fluctuations increase, the mean pressure gradient becomes variable in time 
and its value is given by eq. (3.19), written here as 

dp _ ~P { ,dT'ni ,9u'n ,dp'\ 
dxi b + 1 \ dxn

 l dxn dxi J 

In the limit as the density fluctuations tend to zero, eq. (3.19) gives the Boussinesq 
approximation for the mean pressure gradient, i.e., the hydrostatic balance. In the 
absence of fluid motion (e.g., at time equal to zero) the mean pressure gradient is 

dp _ p f dp' \ 
dxi b + 1 [ dxi J ' 

Here, the correlation between the fluctuation specific volume and the fluctuating pres
sure gradient is a non-Boussinesq departure from the hydrostatic pressure gradient. 
This correlation increases with increasing initial density fluctuations. The presence 
of this correlation acts to impeded the growth of the turbulence mass flux. In the 
absence of an acceleration, this term is zero but immediately has a nonzero value the 
instant that an acceleration is applied. 

The mean-squared vorticity is initially zero, grows to a maximum and then decays 
through viscous dissipation. The initial growth of the mean-squared vorticity is due 
to a generation of vorticity, through baroclinic torque, in the plane perpendicular 
to the direction of the acceleration. As a result, the vorticity in this plane is much 
larger than in the direction of the acceleration. In the direction of the acceleration 
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there is a generation of vorticity through vortex rearrangement, but there is very 
little generation due to baroclinic torque. 

A measure of the validity of the Boussinesq approximation is found by comparing 
the two terms b(t) — —pV and B(t) = f/p'/'p2. If the quantity b(t) is approximately 
equal to the quantity B(t) then the mean flow is adequately described by the Boussi
nesq approximation. Also, as the initial density fluctuations increase, the pdf of the 
density field develops a larger skewness (to the negative side of the mean density). It 
is argued that this skewness is attributed to larger entrainment rates of the light fluid 
into the mixing region than the heavier fluid. For these accelerated cases, the triple 
correlation term, p*u'nu'n/2p, becomes negative, indicating that the largest velocites 
in the flow are associated with the negative density fluctuations. As a result, the pdf 
of the density field is skewed to the negative of the mean density. This behavior is 
also seen in the isotropic decay results for the case which has the initial velocity and 
density fields statistically dependent such that the large velocities are associated with 
the negative density flucutations. 

8.3.2 Effects of varying R0 

The time histories of the mean-squared velocity exhibit the same Reynolds number 
behavior as the results of Batchelor et al. [7], which assumed the Boussinesq approx
imation. As R0 increases, the nondimensional mean-squared velocity approaches a 
limiting curve. However, the limiting curve is different from that for the Boussinesq 
case. Not only is the time where the maximum occurs different, but also the shape of 
the curve. Figure 6.46 shows the histories of the mean-squared velocity as functions 
of R0 for the cases with the density ratio of 4. At R0 = 256 the decay of the mean-
square velocity, just after the peak, is slower up to T = 2 than it is thereafter. This 
behavior is not present in the Boussinesq case (see Fig. 6.1). 

The total turbulent kinetic energy and the terms that make up this energy [see eq. 
(8.1)] increase with increasing R0. As R0 increases each of the terms in this equation 
appear to be approaching limiting curves. 

The mean pressure gradient becomes more variable in time as R0 increases. The 
main contributions to the mean pressure gradient are from the acceleration term, 
g/v, and the negative of the correlation between the fluctuating specific volume and 
gradient of the fluctuation pressure, —v'dp'/dxi. As R0 is increased, larger variations 
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in g/v occur. The correlation —v'dp'/dxi is nonzero the instant that the fluid feels an 
acceleration, and its initial value is dependent on the strength of the acceleration and 
the magnitude of the initial density fluctuations. The initial value is not Reynolds 
number dependent. At early times —v'dp'/dxi represents a "rapid" part (i.e., not 
proportional to the mass flux) in the evolution of the turbulent mass flux, a;, and at 
later times behaves as a "slow" drag-like part (i.e., is proportional to the mass flux). 
The presence of this correlation impedes the growth of the mass flux. 

The variance of the fluctuating density appears to approach a limiting curve. 
When b(t) fa B(t) the flow is within the Boussinesq limit since pu^ and a{ are 
nearly zero and the mean pressure gradient is approximately 

dp _ 

Also, as R0 increases, the skewness in the pdf of the density field increases. 

8.4 Model comparisons 

It has been shown that, in the equation for an in both the BHR and the CS models, it 
is essential that the b coupling to the mean pressure gradient be modified to account 
for the effects due to v'(dp'/dxn). Thus, the mean pressure gradient term should have 
the form 

bdP 
poxn 

where the coefficient c is approximately 0.4. The drag term in the equation for an 

for the CS model, using / 3 r p l = (3rp2 = l/b(t), gives reasonable agreement with the 
one-point statistics of the DNS results. It has also been seen that the inclusion of 
this effect in the BHR model only slightly improves the comparison between the BHR 
and the DNS results at late times. Overall, late time behavior of the BHR results 
do not agree well with the DNS data. The are several reasons for this. First, the 
simple time and length scales used in the one-point model are such that the density 
field and the energy field have the same scales. As a result, the evolution of b is not 
correct, causing late time differences in the evolution of an and Rnn between the BHR 
model predictions and the DNS results. Secondly, the BHR model assumes spectral 
equilibrium (i.e., a high Reynolds number flow). Clearly, the DNS results are not in 
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spectral equilibrium because the Reynolds number is small. There is good qualitative 
agreement between the DNS and the CS model. The late time behavior is captured 
more accurately using the CS model than the BHR model, because the late time 
behavior for b is more accurately predicted. 

The spectra of v'(dp'/dxn) shows some effects (broadening of the spectrum, dila
tion effect, and a shift in k where the spectrum of v'(dp'/dxn) is a maximum) that are 
not accounted for in current closures. More detailed studies are needed to determine 
these effects and their proper modeling. The dilatation effects are analogous to "low-
Reynolds" number effects: as the diffusivity becomes small, these effects also become 
small. Thus, further DNS study would be desirable in order to examine dilatational 
effects in the limit of finite (not infinitesimal) diffusivity. These spectral effects seen 
in this comparison are probably not capturable in a genuine manner in a one-point 
closure (where everything is lumped into simple scalings). These effects, however, 
may be capturable in an "augmented" spectral closure where the diffusive effects of 
density are accounted for in an energy equation for the diffusive part of the velocity 
field. 

8.5 Future Work 

Based on the results of this dissertation, the following two directions of research are 
recommended: (1) the continued use of numerical methods to gain further funda
mental understanding of such flows and (2) bridging the gap between the theoretical 
understanding and engineering applications of variable-density flows by comparison 
of simulation results to model predictions. These issues are addressed below: 

(1) A continued use of numerical simulations is essential to help advance the 
fundamental understanding of these flows. Two physical problems, in addition to 
those addressed in this dissertation, can be addressed. The first is the case of the 
"return-to-isotropy" in a variable-density turbulent fluid (case a). To address this 
problem a variation of the acceleration case can be used. An acceleration can act to 
convert the initially motionless fluid to a statistically axisymmetric, nonisotropic flow. 
Once the flow is in motion, the acceleration can then be "turned-off" in the numerical 
simulation and the nonisotropic flow will then return to isotropy. It has been seen in 
constant-density flows that the evolution of the various components of the anisotropy 
tensor and the Reynolds tensor are governed by the action of the triple correlation of 
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the fluctuating velocities. Also, the decay rate of the anisotropy is strongly dependent 
on the spectral locations of the anisotropy. In the variable-density case, the question 
is: does the triple correlation of the fluctuating density and velocities contribute 
to the evolution of the anisotropy tensor, and does the variable-density fluid affect 
the spectral locations of the anisotropy? The second additional flow of interest that 
should be addressed is the case of a variable-density flow subjected to a de-acceleration 
(case b). Again, a variation of the acceleration case will be used. Here, after the flow 
is developed, the de-acceleration of the flow is achieved by "changing the direction of 
acceleration". The flow will then de-accelerate and reverse direction. Changes in the 
rate of mixing due to these physical processes could be studied. 

(2) To bridge the gap between the theoretical understanding of such flows and their 
engineering applications, the numerical data of problems (a), (b), and the results of 
this dissertation should be compared to a variety of one-point ("engineering") and 
two-point ("spectral") models of variable-density turbulent flow. These comparisons 
will help to validate and identify deficiencies in these models and, wherever possible, 
improvements to these models could be made. In particular, the spectral character 
of these flows can be studied and compared with an existing two-point, "spectral" 
model (e.g., the CS model). Once the model has been compared with numerical 
data, and some degree of confidence in the model has been achieved, it could then be 
spectrally integrated to obtain a one-point engineering model. This integrated model 
could be compared to other existing one-point models (e.g., the BHR model). This 
comparison will be valuable in understanding and improving one-point engineering 
models. 
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Appendix A 

AVERAGING 

The most common approach in the study of turbulence involves the use of the 
Reynolds-averaged equations [38]. These equations are used to model the effects of 
turbulence in various applications. The Reynolds-averaged equations are derived from 
the conservation equations of motion by, first, separating the dependent variables into 
mean and fluctuating components, and then averaging the equations. There are two 
types of decompositions of the dependent variables, a Reynolds decomposition and a 
Favre decomposition [21, 31]. 

A. 1 Reynolds averaging 

For the study of constant-density turbulence a Reynolds decomposition is typically 
used. A Reynolds decomposition of the dependent variable is 

/ = / + / ' (A.l) 

where / is the average of / and / ' is the fluctuation about the average. There are three 
types of averages used in studying turbulent flows. Time averages are appropriate 
for statistically stationary turbulence. Space averages appropriate for statistically 
homogeneous turbulence. And ensemble averages, taken over a number of identical 
realizations of the flow, are utilized if neither space nor time averages are appropriate. 
The average of the fluctuation is zero by definition, 

7 = 0, 

whereas the product of two fluctuating quantities is, in general, nonzero, 

77V0. 

The average of two dependent variables reduces to 

f9 = f9 + f'9'. 



232 

If / and g are the two components of velocity then, 

t „.i UiUj = UiUj + U\U 

In constant-density turbulence, U'JU'J is often modeled in the Reynolds-averaged Navier-
Stokes equations. 

A.2 Favre averaging 

For the study of variable-density flows it is common to use mass-weighted averaging 
due to Favre [31]. The Favre decomposition of the velocity is 

Ui = Ui + u" 

where the mass-weighted average velocity, iij, is defined as 

Wi 
P 

Here p is the density of the fluid. In this case the average of the fluctuation is not 
equal to zero. It can be shown that this average is 

a , = < = - ^ , (A.2) 
P 

where a* is the negative of the turbulent mass flux divided by the mean density. 
However, the density-weighted average of u" is zero, i.e., 

K = pu'l = 0. (A.3) 

The mass-weighted averaged velocity is 

~ _Wi _ -
p 

In variable-density flow, the density-velocity-velocity correlation is 

i u.ii pUiUj = p(ui + u")(v,i + u'l) = piiiUj + Uipu" + Ujpu" + pu"u' 
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Using condition (A.3) this becomes 

pUiUj = pUiUj + pu"u'j. (A.4) 

Here, pu"u" is the generalized Reynolds stress tensor for variable-density turbulence: 

Rijit) = pUiUi 

Using eq. (A.4) this can be written as 

Rij(t) = put Uj = pu^j — pUiUj. (A.5) 

Recall that 

Ui = Ui + U • = Ui + M, 

Density-weighted averaging of this leads to 

~ 77" — 
t i j —— tXj " ~ Ct j ~~ (Jb i ~~ \AJ\ • 

Substituting this for Ui and u^ = U{ + u[ into (A.5) leads to 

Rij{t) — pu'lu'j = p u^Uj + pu{Uj — paidj. (A.6) 

This is another form of the generalized Reynolds stress tensor for variable-density 
turbulent flow. The density-weighted turbulent kinetic energy per unit mass is 

K® = ~2pL=2p& U'nU'n + P'U'nU'n ~ p a n < l n } • ( A J ) 

Finally, the total fluid kinetic energy is half the trace of eq. (A.4), or 

KE(t) = -punun = -~punun + -zPKK- ( A - 8 ) 
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EVOLUTION EQUATIONS 

In this appendix, the averaging procedures discussed in Appendix A are used to 
derive evolution equations for the variance of the density, the fluctuating density-
fluctuating specific volume correlation, the density-weighted average kinetic energy 
and the components of this energy. The assumption of statistical homogeneity will 
be made as well as the assumption that spatial gradients of mean quantities, except 
pressure, are zero, i.e., 

Statistical homogeneity applies to all quantities except pressure whose gradient is 
assumed homogeneous (see section 3.1.3). In this study the mean density has a 
constant value (i.e., it does not vary in time) of unity, 

P = l , (B.2) 

and the flow will have zero mean velocity, 

ul = 0. (B.3) 

The () is a volume average over the entire flow field (computational domain). 

B.l Density variance equation 

The variance of the density field is p'p'. The derivation of its evolution equation starts 
with the equation for the conservation of mass, eq. (2.1), 

dt dxi 

which can be rewritten as 
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Substituting the Reynolds decomposition for the velocity and density into this equa
tion and using conditions (B.2) and (B.3) leads to 

dp' ,dp' _du'i /du'i _ 
dt ldxi dxi dxi 

Multiply this by 2p' to get 

dp'V du'ip'p' ,n . . . . du'i 

Finally, volume averaging this equation and using condition (B.l) gives, with rear
rangement 

This is the evolution equation for the variance of the fluctuating density. 

B.2 Equation for b = -f/(l/p)' 

The quantity, 6, is the negative of the correlation between the fluctuating density and 
the fluctuating specific volume: 

W = -0 i 

Because p = p + p', this can be written as 

6 ( t ) = p ( l / p ) - l = p t ; - l (B.5) 

where v = 1/p is the specific volume, or as [10] 

'{P+P1 p) \pp) 

Clearly, b(t) is nonnegative and in the limit as the density fluctuations tend to zero 
b(t) « p'p'/'p2 — p'p'p'/'p3 +.... The derivation of the evolution equation for b(t) starts 
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with the equation for the conservation of mass, eq. (2.1). Substituting for the specific 
volume, v = 1/p, into this equation gives 

d(l/v) | ldm | d(l/v) Q 

dt vdxi % dxi 

Rewriting this as 

1 dv 1 dui Ui dv _ 
v2 dt v dxi v2 dxi 

multiplying by — v2, adding 

2v— 
dxi 

to each side of the equation, and rearranging leads to 

This is the evolution equation for the specific volume. Substituting the Reynolds 
decomposition for the velocity and specific volume into this equation and using con
dition (B.3) leads to 

dv dv' dvu'i dv'v!i __ dv!{ ,d«-
dt dt dxt dxi dxi dxt 

Volume averaging this equation and using condition (B.l) gives 

5-*£ < B ' 7 > 
This is the evolution equation for the mean specific volume. Multiply eq. (B.7) by p, 
and noting that, 

and 

gives 

(B.8) 
OXi 

This is the evolution equation for b(t). 

dv dp v d(p v — 1) 
dt dt 

I -

db 
~ dt 

db n du'i 
dt dxi 
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B.3 Equation for the Total Kinetic Energy Density 

The total kinetic energy density is given by eq. (A.8), written here for a case with 
zero mean flow, Uj = 0, as 

1-
KE(t) = -punUn = ^fm'nu'n = -p u'nu'n + - / / « . (B.9) 

Note that for the case of isotropic decay, where a* = 0, the total kinetic energy density 
divided by the mean density is the same as the total turbulent kinetic energy per unit 
mass (see eq. (A.7)). An evolution equation for (B.9) is now derived. The starting 
point is the momentum equation, eq. (2.2), 

dpui dpUiUj dp dTij 
dt dxj dxi dxj 

with the viscous stress tensor defined by 

_ J dui duj 2 dun) 
Tij~l*\dx~j

+~dz~i~l ijdxZj-

Multiplying the momentum equation by U{ gives 

d r i 9 f , dp dru ._ ._, 
Ui— {pUi} + U j — {pUiUj} = - « j — + Ui-Q-*- + pUiQi (B.10) 

The momentum equation can be rewritten as 

dm 1 dp ^ ~.„ ,_ „„,. 
+ u,- 5-^ = — - £ + - — £ + # . (B.ll) 

dui dui I dp 1 dT^ 
dt J' dxj pdxt pdxj 

Multiplying this by pu^ gives 

dui dui dp dT^ , D 1 0 , 
pUi—- + pUiUj—— = -Ui— + Ui- h puigi. (B.12J 

Adding eqs. (B.10) and (B.12) together 

— {pUiUi} + — {pUjUiUi} = -2m— + 2ui-g^; + ZpUigi. 
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Substituting Ui — u\ (using condition (B.3)) and p = p+p1 (in the acceleration term), 
then averaging and dividing by 2 leads to 

1—r-yi d f l . . ,) .dp .drij -r-r 
2'"W + dx~ UpU^\ = ~U^ + <d£ + ^9i 

This is the evolution equation for the total kinetic energy density. Assuming statistical 
homogeneity and applying condition (B.l) gives 

d_ f 1—Wl du'; ,drU 
dt {**<}=>£+*£+<*>*• ( B 1 3 ) 

This is the evolution equation for the total kinetic energy density for a statistically 
homogeneous flow. The first term on the right side is the pressure work term and 
represents changes in the total kinetic energy due to dilatation effects. The second 
term is viscous dissipation and the third term is work due to gravitational acceleration. 
For isotropic decay, this equation reduces to 

f 1 —r-r l d u i ,drU /T»,- , \ 

For isotropic decay, the evolution of the total kinetic energy density (which is the 
same as the turbulent kinetic energy density) is due only to pressure work and viscous 
dissipation. 

B.4 The equation for p u'^. 

We will now write equations for the two terms that make up the total kinetic energy 
density, given in eq. (B.9). The evolution equation for p u\u\ is derived in this 
section. The starting point for this derivation is the equation for the momentum per 
unit mass, eq. (B.ll). Multiplying this equation by Ui one obtains 

d (1 1 dui _ Ui dp Ui dr^ 
dt 12 l l ) x J dxj p dxi p dxj 

Then multiplying by p and substituting Ui = u\ gives 

d f l , ,1 , ,du\ u'idp Kdijij + T^) _ , 
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Finally, averaging and rearranging leads to 

M{?<^=2<<ai,-~p1^71^ ( a i 5 ) 

This is the evolution equation for ~p u'^. This is the mean squared velocity contri
bution to the total kinetic energy density (for isotropic decay, the turbulent kinetic 
energy density). The first term on the right side is due to dilatation effects. The 
second term is a modified pressure work term and the third term is the loss of energy 
due to viscous dissipation. The pressure gradient is discussed in more detail in section 
3.1.3. 

B.5 The equation for p'u'^ 

In this section is derived an equation for the second term of the evolution of the total 
kinetic energy density, eq. (B.9). Note that 

1-r-r-r 1--p'u'iii'i = -pu'X - -p u'iU'i. 

With this relationship, it is clear that an evolution equation for ffu^u'i can be found 
by subtracting eq. (B.15) from eq. (B.13) to give 

dt 
(1 , , A ~p , .du'j p'u'i dp p'u'idT-j —— 

The first term on the right side represents changes due to dilatational effects. The 
second term is a modified pressure work term and the third term is the loss of energy 
due to viscous dissipation. The pressure gradient is discussed in more detail in section 
3.1.3. 

For isotropic decay, eq. (B.16) can be simplified to 

-* I'-TM] = -I „'.«<*£ - ^ ^ + ̂ ^ (B 17) 
dt\2(yUlUlJ 2UlUldxj p dxi p dxj- [ ( ) 

B.6 Equation for an = —pJu,

n/p 

The turbulent kinetic energy per unit mass can be written as [eq. (A. 7)] 

K(t) = — {p unun + p'unun - panan) . 
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The third term on the right side is a contribution due to the turbulent mass flux, an 

The definition of an is given by eq, (A.2) and shown here as 

« . = - * % 

For decaying isotropic turbulence an is zero and, if Wj = 0, then the total fluid kinetic 
energy per unit mass is equal to the total turbulent kinetic energy per unit mass. 
However, for the case with a gravitational acceleration the turbulent mass flux is not 
zero. An equation for the evolution of this turbulence mass flux is derived in this 
section. The starting point is the momentum equation, eq. (2.2). Substituting the 
Favre decomposition for the velocity into this equation gives 

^ T + ̂ f + £~n

 { /^ + P*K + ̂ n< + K < } = t^f + p9i- (B'18) 

Averaging and recalling that pu" = 0 gives 

_ _ + __ {fMiUn} + __ { K < } = _ _ + p g , (B.19) 

the equation for the Favre-averaged mean velocity. Starting with the conservation 
of mass [eq, (2.1)], substituting the Favre decomposition for the velocity and the 
Reynolds decomposition for the density, and averaging gives 

dt dxn 

Using this form of the conservation of mass, the Favre averaged mean flow equation 
can be rewritten as 

P~dt + p^nsT~ ^ = d~~ {°in ~~ Rin^ + ?9i' (B.20) 
•'n 

where, Rin = pu"u'£ is the generalized Reynolds stress tensor. Substituting the Favre 
decomposition for the velocity into the equation for the momentum per unit mass 
[eq. (B.ll)] and multiplying by p leads to 
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Subtracting eq. (B.20) from eq. (B.21) and rearranging the result gives 

du'( „ 8 r . „ x du'( (_ l\dain ,doin do'in ldRiri 

at axn oxn \ pj oxn axn oxn p axn 

Finally, averaging and recalling that a{ = u", gives 

da,i Out „ du'( _ da{ ( 1 \ dain da'in 1 dRin ._ „„. 
-5r + a»«-L + < ^ - L + «no- 1= \v-- )7rL + v1rIL + -^r1. B.22 
ai oxn oxn axn \ p) axn oxn p oxn 

This is the evolution equation for the turbulent mass flux. Assuming statistical 
homogeneity, this equation reduces to 

where 

ddi ,du" b dp da'in 

dt n dxn ~p dxi dxn' 

P \ P, 

and b = p v — 1. For the case of zero mean velocity, u" = u\ — Wj. Substituting «•' 
into this equation and exploiting homogeneity gives 

| , | < _ & * | 4 ( a 2 3 ) 

at axn paxi oxr, ^n 

This is the evolution equation for the turbulence mass flux for a statistically homo
geneous, variable-density flow with zero mean velocity. The first term on the right 
side represents changes in the mass flux due to dilatation effects. The second term 
represents changes due to the mean pressure gradient. In this term is the buoyancy 
flux. The third term represents changes due to a correlation between the fluctuating 
specific volume and the gradient of the fluctuating stress. 



Appendix C 

V E L O C I T Y INITIALIZATION P R O C E D U R E 

There are two types of velocity fields used in this study. The first is the velocity 
field used by Mell [60], which has an initial Taylor Reynolds number of 55. This 
velocity field is initially in full spectrum decay, i.e., the velocity field is decaying at 
all wavenumbers (at all scales) in the spectrum, and is used in the study where the 
initial velocity and density fields are statistically independent. The initialization for 
these fields is a two step process described in section C.2. The second initial velocity 
field uses the same initial energy spectrum that is obtained from MelPs initial velocity 
field. A random velocity field is initialized using this energy spectrum, and it is not 
in full spectrum decay. This is used in the case where the initial velocity and density 
fields are statistically dependent. 

The first section in this appendix describes how an initial velocity is computed 
from a given energy spectrum. The following sections then describe the initializations 
for the statistically independent and the statistically dependent velocity fields. 

C.l Computing the velocity field from a predefined initial energy spectrum 

In the study of isotropic turbulence using direct numerical simulations, the mean 
velocity, Ui is constant in space and time and therefore it is common to use a Galilean 
transformation to choose a coordinate system such that the mean velocity Hi = 0. 
The fluctuating velocity field is initialized using the method of Orszag and Patterson 
[65] suitably modified to account for the non-solenoidal aspect of the velocity [eq. 
(2.11)]. 

We define the initial velocity as the curl of a random vector potential (see below), 
<j>, and the gradient of a scalar, ip, that is 

u - V x 4> + VV>. (C.l) 
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Taking the divergence of the velocity leads to 

V • u = VV 

since V • V x 4> = 0. If we define ip = —V In p such that 

V-u=-VV2\np, (C.2) 

then the condition given by eq. (2.11) is satisfied, assuming the molecular diffusivity 
V is constant. Equation (C.2) is obtained from the initial density field. 

The components of the random vector potential <p are computed using the method 
of Box and Muller [70] to create a pair of random deviates from the same normal 
distribution, starting from a pair of uniformly distributed random numbers. Using 
this method, the Fourier amplitude of the random vector potential is written as 

A(k) = xi+ %x2 fori = 1,2,3 (C.3) 

where x\ and x2 is (from Box and Muller) 

Xi = a(-2log e U\)2 cos 2irU2 

x2 = a(—2 loge U\)2 sin 2irU2. 

U\ and U2 are independent random variables which are uniformly distributed on the 
interval (0,1), and a is the rms of the velocity potential field that arises from using 
the energy spectrum E(k). Assuming ergodicity, the total (volume averaged) kinetic 
energy per unit mass is related to the energy spectrum in isotropic turbulence [52] as 

1 roc 

2 « = Jo

 E(k)dk (C.4) 

In this spectrum we define the shell between wavenumbers kg and ks + AA; as shell 
B. The energy in shell B is approximated as: 

/ E(k)dk = £ | u(k) | 2 ^ NB | u(k) | 2 

J B k€B 
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where NB is the number of discrete modes in shell B, and the approximate equality 
used here is based on the assumption that the shell is thin enough that the values of 
| u(k) | for every mode in the shell are, on average, the same. Thus the mean square 
of the Fourier amplitudes defined in the shell is 

U( (C.5) m i= \^- [ E{k)dk] ~2. 

Defining the incompressibility part of the velocity as u = V x A (where A — <f>, 
the random vector potential) and transforming to Fourier space gives u — ik x A. 
From this, using isotropy of the velocity field, the mean of the square of the velocity 
amplitudes becomes 

u I2 = 2a 2 I k 

Solving for a gives 

a = 
u r 

V2|fcf 
Substituting eq. (C.5) into this gives 

afe IB E(k)dk 

a = k 

using in the definitions for X\ and x2 above. Substituting X\ and x2 into eq. (C.3), 
then u = V x A is known. Adding the affect due to the divergent velocity condition, 
the total initial velocity is then 

u = V x ^ - P V l n p . (C.6) 

For the studies presented here we also enforce the condition that the mass flux, 
p'u'i, be initially zero. In the case of isotropic decay this correlation between the 
velocity field and the density field should always remain zero. In the case of an 
accelerated field the correlation, which is initially zero, will quickly become non-zero 
as the high density part of the field is set in motion in the direction of the acceleration 
and the low-density fluid is set in motion in the opposite direction. Thus a strong 
correlation develops between density and velocity fields in the accelerated case. 
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C.2 Statistically independent initial velocity Geld 

This section describes the initialization procedure developed by Mell [60] to create 
an initial velocity field that is in full spectrum decay with the maximum initial Tay
lor Reynolds number that can be obtained with the given mesh resolution. At the 
start of a simulation the velocity field and density field are statistically independent. 
Following Mell [60], the two stages for this procedure are: 

(I) An initial energy spectrum function, E(k,0), is defined using an analytical 
function that is expressed by an exponential. In this case that function is, from 
Orszag and Patterson [65] 

E{k,d) = a{k/cfe-^klc)\ (C.7) 

which is the energy spectrum from Batchelor's final stage of turbulence decay [5, 6]. 
Here (from Mell [60]) the shape parameter is 

(27T)1/2Aft 

and that scale parameter is 

_64 (l\1/2^_(kc 
a " l 5 W c 3 \B 

The energy spectrum in this stage (and in stage(II)) must be such that the follow
ing constraints [30] imposed by the numerical implementation are satisfied: (a) the 
smallest scales are well resolved, i.e., r)kkmax = B > 1, and (b) the integral length 
scale is sufficiently small compared the periodic mesh, lAk — A < 0(1). From 
these constraints A and B are known. The only unknown is then v which is im
posed by choosing an initial Taylor Reynolds number. This value is set by choosing 
Rex = {urms\)/y w 50, which for the simulations here gives v = 0.005. 

The initial velocity is computed from E(k, 0) using the method described in section 
C.l. The simulation with this initial velocity field ran until E(k, t) has developed to 
the point of self-similar decay. 

(II) In the second stage of the initialization the self-similar spectrum obtained 
from stage (I) is rescaled to obtain a new spectrum that has higher initial Taylor 
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Reynolds numbers associated with it. Once the velocity field in stage (I) has reached 
self-similar decay, i.e., 

E(k,t) = ~F(kl,t), 

a new scaled energy spectrum can be defined as 

E'(k, t) = a'F(kl', t) = a'F(kl[l'/l], t) = ^jE(k[l'/l],t). (C.8) 
Lb L 

The integral length scale, /', and Kolmogorov scale, rfk are 

I' = 1, 

and 

In this stage, a = u2l/2 = u^ul 1/2. Again A and B are chosen to satisfy the 
constraints (a) and (b) above. Using eq. (C.8) the scaled energy spectrum is found 
(with some curve fitting) by choosing a'. With E'{k, 0) found the new velocity field 
is obtained using the method described in section C.l. This new scaled velocity field 
will reach full spectrum decay more rapidly than that from stage (I) and will have a 
large Taylor Reynolds number when it reaches full spectrum decay. 

C.3 Statistically dependent initial velocity field 

This section describes an initialization scheme that is based on that given in section 
C.l but is modified so that the initial velocity field is statistically dependent on the 
initial density field. Prom section C.l the initial velocity field is given in eq. (C.l). 
The Fourier transform of this initial velocity field gives 

u = ik x A — iVktp. 

In this scheme A' (in real space) is defined such that 

A' = f(p)A 
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where A is the random vector potential computed from the method described in 
section C.l and f{p) is some function of density. There are two functions used in this 
study. 

A. Large density corresponds to low velocity magnitude 

In this case the function f(p) is defined such that the density and velocity magnitude 
are inversely correlated. Therefore, where the density has a negative fluctuation about 
its mean (low density) the velocity magnitude is high. This is achieved by defining 
f(p) as 

so that 

P 

With this definition, the initial random vector potential, Ai, corresponds to an initial 
random momentum field. Clearly, where the density is large the velocity magnitude 
will be small. 

B. Large density corresponds to high velocity magnitude 

In this case the function /(p) is defined such that the density and velocity are pos
itively correlated. Therefore, where the density has a positive fluctuation about its 
mean (high density) the velocity magnitude is high. This is achieved by defining f(p) 
as 

f(p) = P 

so that 

A! = pA. 
—* 

With this definition, the initial random vector potential, A, corresponds to (something 
like) an initial random velocity per unit mass field. Clearly, where the density is large 
the velocity magnitude will be large also. 
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Once A't has been determined the energy spectrum, £U'(^)> associated with it 
is computed. Then the initial velocity potential, A}, is properly scaled so that this 
potential corresponds with the desired initial energy spectrum, E(k). The scaling 
used is 

A i ~ EA,{k)Ai-

With this scaling, the initial velocity field has the initial desired spectral shape. It 
is also desired that the total initial kinetic energy, i2„n = pu'nu'n/2, for a variable-
density case using either velocity initialization (A) or (B) is the same as that for a 
nearly constant-density case. In order to achieve this the initial velocity field must 
be rescaled (similar to the spectral scaling). The scaling parameter is the initial R„.n 

for a nearly constant-density case divided by the initial i ? n n for the variable-density 
case. 



Appendix D 

DENSITY INITIALIZATION P R O C E D U R E 

The majority of the results presented in this dissertation used the bimodal prob
ability density for the initial density field. This is the method of Eswaran and Pope 
[30] (see also Mell [60]). Some of the results discussed in this dissertation also used an 
initial density field with a Gaussian probability density. The initialization procedure 
for this Gaussian distribution of the initial density field is a method analogous to that 
described in section C.l for the initial velocity field. Two different Gaussian spectra 
were used for the initializations of the density field. In the study of isotropic decay of 
variable-density fluid the initial spectral function was Batchelor's final stage of decay 
spectrum, eq. (C.7). For the buoyancy driven case which was used to compare with 
the results of Batchelor et al., the initial spectral distribution could be approximated 
by a delta function. This chapter described these two methods. 

D.l Method of Eswaran and Pope 

In this method the density field was set up similar to that of Eswaran and Pope [30]. 
The initial density field conforms approximately to a double-delta-function pdf which 
has peaks at pmax and pmin. In order for the field to be well resolved the density field 
is smoothed to avoid sharp gradients. This produces a pdf that has a nonzero value 
between the peaks. This method is set up in three stages. 

(a) In this first stage a discrete density energy spectrum is defined as 

Ep(nK) = Y,kkW$\ (D.l) 
K„ 

where Kn is the set of all wavenumbers that satisfy (n — \)k0 < k < (n + \)k0. Here 

^ ) = i ¥ ^ ) exp(27rtfl(fc)). (D.2) 
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The function f^(k) is defined to be the "top-hat" function 

f-(k)={ 1 iiks-ko/^<k<ks + k0/2 
' 0 otherwise 

Here 9(k) are uniformly distributed random numbers between 0 and 1 and k is the 
magnitude of k. The initial integral length scale of the density field is determined by 
the value of ks. 

Using eq. (D.2) the Fourier phases of the initial density field are randomly chosen. 
The Fourier amplitudes of the density field are assigned random values such that the 
resulting density-energy spectrum is equal to the specified function fi(k). 

(b) The second stage in this initialization procedure is the inverse-Fourier trans
form of 4>{k) to physical space. In real space, the density value at each grid point is 
reset to pmax if the value at that grid point is positive, and to pmin if it is negative. 
This procedure gives approximately a "double-delta" pdf for cfi(x). 

(c) The final stage removes the steep spatial gradients in the density field that were 
set up in stage (b) and also sets the mean value for the density field to p. To accom
plish these, <j){x) is Fourier transformed to Fourier space and the high wavenumber 
components are filter out using the following filter: 

4>{k) = F(k)j){k) (D.4) 

where 

( (k/kc) 2 if k>kc 

The mean density value is fixed by setting the <j>(k = 0) component to /?. The mean 
density in the simulations used in this study, ~p = (pmax 4- Pmm)/2 = 1.0. Also for 
this study, ks = 2.89, k0 = 4 and kc = 5.6. These parameters produce large "blobs" 
of density in the field. 

D.2 Initial density field from an prescribed initial spectral function 

The method described in this section is used to set up an initial density field that has 
an initial Gaussian pdf. This method is analogous to that for setting up an initial 
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velocity field. In Fourier space the initial density field is defined as 

p(k) = xi + 1x2 

where xi and x2 is (from Box and Muller) 

£1 = o,p(—2loge U\) 2 cos 27r£/2 

(D.6) 

^2 = Op(-21og eUi) 2 sin27rt/2. 

Ui and ?72 are independent random variables which are uniformly distributed on the 
interval (0,1) and o p is the rms of the random field that arises from using initially 
defined density energy spectrum, Ep(k). From section C.l, ap is solved to be 

dp = 
fc SB Ep{k)dk 2NB 

k 

There two types of initial density spectral functions used in this study. For the case 
of isotropic decaying, variable-density turbulence, Batchelor's final stage of decay 
energy spectrum was chosen: 

Ep(k,0) = a(k/c)4e-^k/c)2. 

For the buoyancy driven case used for comparison with the Boussinesq results of 
Batchelor et al., the initial random density field is generated from the initial density 
spectrum Ep(k,0) = 8{k — 2n) [7], where 8 is the Dirac delta-function. This spectrum 
can be approximated by 

E^ = ^{i)n^ -\n {h) (D.7) 

where n = 64 and An is given as 

An = "2 
.7T 

722 £(»+!) 
1 - 3 - . . . - ( n - 1 ) ' 

(D.8) 

Here, An is a normalization such that the Ep(k, 0) properly approximates the Dirac 
function. The mean density value is set by setting the p(k = 0) component to p. 



Appendix E 

S P E C T R A COMPUTATION 

In this appendix is described the method of computing spectra in this dissertation 
(see, e.g., Riley et al. [72]). For isotropic flows it is useful to compute a three 
dimensional spectrum. This is defined by splitting up the Fourier space into a series 
of concentric shells such that 

AA; , r , , Ak 
ki- — <\k\<ki + -Y 

where ki is the center of the ith shell and AA: is the width of the shell. In our study 
here AA: = 1. The spectrum of </>, the three-dimensional Fourier transform of 0, is 
defined as 

E+(ki)M = jf'E4&)i*&)t (E.l) 

where Nt is the number of points in the ith shell, and <f>* is the complex conjugate of 
0. With this definition, the energy spectrum discussed in Chapter 4 is defined as 

Likewise, the density spectra is defined as 

Hi / 7 . \ < P Pn > 1 V^ A' A'* 

The velocity divergence spectra is defined using eq. (E.l), where (j) = du'n/dxn. 
For the spectra of other quantities, such as (pV), (pu'nu'n) and (p'u'nu'n) it is useful 

to define the spectrum as 

E„(ki) Ak = i r E [mr(k) + 0*(£$(fc)] , (E.2) 

where, for the quantity (pV), cf> = p' and ip = v'\ for (pu'nu'n), (f> = pu'n and ip = u'n 

and for (p'u'nu'n), 4> = p'u'n and ij) = u'n. 



For anisotropic flows it is useful to compute a one-dimensional spectrum (e.g., in 
the z-direction), 

1 NxN* . 
Ez<j){k) M = — — £ 4>(xu yj, k)4>*(xi, yjt k), (E.3) 

where <f> is the one-dimensional Fourier transform of <f> in the z-direction, and Nx and 
Ny are the number of grid points in the x and y directions, respectively. 


