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ABSTRACT

The linear evolution of acoustic waves in fluid flow with constant density and uniform

shear of velocity is investigated. The process of the mean flow energy extraction by the

three-dimensional acoustic waves which is due to the non-normality of linear dynamics in

shear flows is analysed. The thorough examination of the dynamics of different physical

quantities, specifying the wave evolution, is outlined. The revealing of the behavior becomes

possible owing to the nonmodal approach that has been extensively used in the study of

the perturbation* evolution in shear flows since the beginning of the nineties. In addition,

a detailed analy.si* of the physios of shear energy gain by vortex and acoustic perturbations

is presented.



I. INTRODUCTION

Shear flows are of permanent interest due to the fact that they are of wide occurrence as

in the natural world (galaxies, stars, jets, planet atmospheres, oceans, etc.) as in laboratory

and industry (tokamaks, MHD facilities, etc.). The existence of shear in flows is proved to

be a powerful source of various energetic processes, the physical interpretation of which has

been rather hampered. This is valid even for the case of linear processes within the simplest

model of shear flows - a parallel flow with a linear shear.

One of the most important theoretical problems with the shear flows up today is how do

the shear affects the stability of the flows. The prominence of this problem is ensured also

by its close relationship with the far more global problem of an onset and maintenance of

turbulence in shear flows.

The problem has a long history. A traditional and generally acknowledged paradigm,

commonly used while dealing with this problem is an eigenvalue analyses (also known as

normal modes approach). Usually, it proceeds in two stages: (i) linearize about the reg-

ular (laminar) solution and afterwards (ii) look for unstable eigenmodes of the linearized

problem.1 The necessary condition for the flow to behave unstably (in the sense of the clas-

sical linear theory) is thought to be the existence of eigenmodes growing exponentially in

time. For some flows (e.g. thermally driven instabilities in Rayleigh-Benard convection

flow, or centrifugally driven instabilities in rotating Couette flow) this conclusion is well

matched with laboratory studies. At the same time for the other kinds of hydrodynamic

flows, especially those driven predominantly by shear forces, the predictions of the normal

modes approach fail to match most experiments.1 For planar Couettc flow, for instance,

instabilities are observed to "switch on" for Reynolds numbers as low as 7£ss35Q, while the

common eigenvalue analyses predicts stability for all 7£'s. Traditionally, this anomaly was

recognized as a failure of linearization and was attributed to nonlinear effects. Recently, it

was argued, however, that the failure of the normal modes analyses should be attributed to

step (ii).1-3



Actually, it is known from linear, algebra that even if all eigenmodes of a linear system

are stable (i.e. the imaginary parts of the frequencies of all the modes are negative), inputs

to that system may be amplified by arbitrarily large factors if the eigenfunctions are not

orthogonal to each other,1 According to the definition, a matrix or operator whose eigenfunc-

tions are orthogonal is said to be "normal".'4 The operators that arise in the Poiseuille and

Couette flow are not normal.5 That is why small perturbations to these flows may be am-

plified by factors of thousands, even when all the eigenvalues are in the lower half-plane.1"3

Ilonce. the usage of the full spectral (Fourier or Laplace) expansion for such a category of

shear flows may be misleading in this context.

The above noted difficulties provoke a change in the overall paradigm taking place nowa-

days in the field of hydrodynamic stability.1 We mean a so-called "nonmodal approach" to

the studying of waves and instabilities in shear flows (originated from Lord Kelvin6), which

recently become well-established and extensively used.2'3-5'7"9 In the Kelvin formalism one

considers the temporal evolution of spatial Fourier harmonics ("Kelvin modes"7) of the

perturbations without any spectral expansion in time. The wave number of each spatial

Fourier harmonic (SFH) along the direction of the flow shearing varies in time: in the linear

approximation there exists a "drift" of SFH in the plane of wave numbers (k-plane).7"10-11

The nonmodal analysis, being an optimal mean, simplifies maximally the mathematical de-

scription and is able to account for phenomena that escaped off the attention within the

modal approach. Indeed, in this way there has already been obtained many new unexpected

results on time evolution of both vortex 2A".9,io,i2-is an<j sound-type16 perturbations; this

approach was, .successfully applied to study MIID waves also;11'17-18 a new conception of tran-

sition to turbulence in shear flow has been shaped;10'19""22 there was discovered a new linear

mechanism of mutual transformation of waves in shear flows.23'24 Until now, the nonmodal

approach was predominantly applied to the study of vortex perturbations in incompressible

shear flows and galactic density (gravitational) waves. In Ref. 16 were represented the pre-

liminary results obtained while studying linear nonmodal evolution of two-dimensional (2-D)



acoustic perturbations in planar Couette flow. In particular the new mechanism of the energy

exchange between the mean flow and acoustic perturbations was found. In the present paper

(section lit) we display a detailed account of this study concerning three-dimensional (3-D)

perturbations in planar Couette flow. Numerical calculations are performed as for small val-

ues of a shear parameter, as for its moderate values. Derivation of the basic equations and

their general analysis are given in section II. Section IV describes the physical mechanism

of energy exchange hetween the background flow and perturbations. The "language" of the

description, being rather general, is useful to deal with both types of perturbations (vortex

and acoustic ones) in Couette flow. Finally, the adiabatic solution of linear, second order

differential equation is presented in the Appendix.

II. MAIN CONSIDERATION

Let us consider an unbounded, inviscid, parallel flow with uniform velocity shear. Let

an -Y axis be directed along the regular velocity vector ("flow axis"), an V* axis be directed

along the shear ("shear axis"):

U = (Ay; 0; 0). (2.1)

where A is the parameter of shear which is accepted to be positive. The equation of state

of the fluid is assumed to be a polytropic:

p = A>I+1/n, (2.2)

where n is the polytropic index.

The linearized equations for the development of compressible perturbations in the flow-

may be written in the following form:

(d, + Aydx)d + dtnx + dyuy + d..u, = 0, (2.3)

(dt + Aydjur + Auy = -c%d. (2.4)

y = -c%d, (2.5)



z = -c]d:d, (2.6)

where d=p'/p0 is the normalized density perturbation. Note that in Eqs. (2.3-6) we have

used the polytropic equation of state (2.2) to express the pressure perturbation by means of

the density perturbation: grad[p) = [dp/dp)V{p) = ((1 + l/n)p/p)Vp'=cl'v(p')=clpoVd.

There is the translational symmetry of background flow in the i , z and t coordinates.

As a result i, z and t do not appear explicitly in Eqs. (2.3-6). The direct consequence of

this is the separation of variables for the perturbed quantities (for instance for d) by

d(x, y,z, f) = d(kx,ky,kz,u)exp(ikxr + ifc= - iut), (2.7)

which is commonly used and leads to the modal approach.

However, in considering this problem there is also symmetry associated with the y di-

rection: a pure y' transformation in the Lagrangian coordinates (converting with the mean

flow)

x'=x-Ayt; y'=y; r'sr. (2.8)

So, an alternative ansatz of (2.7) is the separation of variables

d(x, y, z, t) = d(kx, ky, k:, t) exp(£fcxx' + ikuy' + ik.z') =

= d(kz,ks,k:,t)exp\ikxx + i(ky - kxM)y + ifc.z]- (2.9)

Evidently the same separation of variables may be made also for ux, uy and u.. The SFH

(2.9) with different Arr, ky and kz are manifestly a complete set of solutions, because at time

t — 0 they reduce to cxp[ikxx + ikyy+ik.z). a complete set of SFII in Cartesian coordinates,

which can represent any initial perturbation of ux, u^, u. and d.

Substituting the separations (2.9) into (2.3-6), after introduction of the dimensiouless

notations:

Dsid, v=u/c,, RsA/(c,kx), T=cskxt,

k , (2.10)



we shall obtain the following set of ordinary differential equations:

«£> = - / fc y - A (2.12)

t,CU /3(7-)D, (2.13)

„<» = - - , /? , (2.14)

It is quite important to note that between the perturbation functions /?, t>r,uv and v.

exists the following algebraic relation:

(1 + 7
2 K - 0{T)(V: + -)vz) = RD + corwf, (2.15)

where a w / is some constant of integration. One may easily become sure that Eq. (2.15)

really holds by simply taking the derivative of this relation and recalling Eqs. (2.11-14).

Using this expression and defining an auxiliary function:

) , (2.16)

we will get the following second order differential equations:

?n + UHT)£ = -0(Tyconst, (2.17)

DiV + ffiol.. + L*(T, + JfJl D + 2* Co,lst = 0, (2.1S)
o)2(r) [ o;2(r)J J\T)

i r ^ V " + ->V)<--y - con^ = 0. (2.19)

and relations, expressing Uj,(r) and D(T) through f(r) and its first derivative £^'(r):

where

a,2(r)=l + ^ ( r ) + 7
2 = (*J + A?(r) + fc2)/^, (2.22)



fcu(T)=fcs - kxRr; fc2(r)=fcx + fcy(r) + K (2.23)

The energy of SFII in the k-space we define as:

As we can see from Eq. (2.23) the SFII wave-number varies in time in the direction of V axis

(i.e. in the direction of the flow shearing). Thus, in linear approximation there is a "drift"

of SFII in k-space. The variation of wave numbers of SFH is well-acknowledged in papers

cultivating the nonmodal approach. The spatial characteristics of the SFH (kx,fcj,(i),fc-)

define its frequency (see Eq. (2.22)) and, as we show below, the energy exchange intensity

between the SFII and background flow to a greater extent. Consequently, the linear drift

should lead to the variation of the frequency and the energy of SFH.

The crucial point of the solving process should be the solution of Eqs. (2.17— 19V Its

general solutions are the sum of the special solutions of these inhomogeneous equations and

the general solution of the corresponding homogeneous equations (with const = 0). Thus,

Eqs. ('2.17-19) (i.e. Eqs. (2.11-14)) describe two different types of perturbations:

(a) aperiodical vortex perturbations - they correspond to values of const^O;

(b) sound-type perturbations - they correspond to values of const = 0;

According to the theory, vortex perturbation can lead the flow to the transition to

turbulence. Due to this, linear evolution of the vortex perturbations has been studied

in detail (sro Rofs. 2,3,7,9.10,12-15) and ignoring them here, we concentrate our attention

only on the acoustic waves.

Generally, for the amplitudes and phases of different physical quantities of acoustic waves

one can write the following relations from Eqs. (2.20-21):

«(¥'«('•) + <fo)

(2.25)



(2.2S)

III. MAIN RESULTS

Initially, we analyse linear evolution of the acoustic waves in the limit 7?4Cl. Later,

we present the results of numerical calculations for R<1. In both cases we lean upon

a mathematical simplification which arises for adiabatic processes. In the context of the

present study, when const = 0, Eq. (2.21) becomes homogeneous and is rather well-known

in mathematical physics. It describes the dynamics of a linear oscillator with variable

parameters.25 The quantity W(T) has the meaning of the angular frequency of the oscillations.

The mathematical condition of the adiabatic variation of the frequency (Eq. (A.3) in the

Appendix) by taking into account the definition of W(T), "ls:

fll0(r)l«w>(r) = [l + f)\r) + 7 *] 3 / 2 . (3.1)

At R<Sil the condition (3.1) holds for all possible values of |/i(r)|. In other words, since

the temporal variability of \0{T)\ is determined by the "linear drift" of SF11 Eq. (3.1) is

vaiid at a/i stages of the evolution of the SFJI. If 7 » ! and/or $(T) » 1, then the

adiabatic character of the frequency variation holds even for moderate values of R {R>1).

Since not only U>(T) but also u('>(r) varies adiabatically, the same is true for a^r)

and a| ' ' (r).M That is why (see (A.?) in the Appendix) there exists an adiabatic inuariant

aj(T)ui(r) = C, and the amplitude a£(r) is simply expressed through the angular frequency



It is clear, that the sign of constant C defines the direction of the acoustic wave propa-

gation.

The solution of the problem under consideration may be written as:

+ **)], (3.3a)

(3.3c)

where

are displacements of the phases of v^ and d respectively relative to f. In the zero shear case

(ft — 0) all physical quantities oscillate with the same phase {y>Vll =fd — 0), while for ibfiO

appears a. difference between their phases. It is seen from Eqs. (3.4) that this difference is

more pronounced for i\ - when J3(T)^0, <pv, tends to TT/2 even for very small values of R-

Returning to the algebraic relation (2.15) it should be noted that in shear flows the

acoustic waves gain the vortex part. It is weakly pronounced for R = 0.1 (see Fig. 1), while

for R = 0.:j rase the vortex character of acoustic waves becomes well exposed (see Fig. 2).

One of the key aspects of the considered dynamics of acoustic waves is the process of

the energy exchange between the waves and the background flow. The description of this

process is the most straightforward for # « 1 . In this limit Eqs. (2.14), (2.16) and (2.21)

allow one to get the following expressions for vz and vx:



These equations with (3.3b) and (3.3c), lead to the expression for the energy of SFH:

C \/I + 72 + (0o — Rr)2

£ ( T ) « - w ( r ) = C— (3-7)

From Eq. (3.7) and Fig. 3 follows, that if ky/kc > 0 (A) > 0), initially, at 0 < x <

T,=\Po\/R, SFII of acoustic wave give their energy to the mean flow, consequently the energy

of the SFH decreases and reaches its minimum at T = r,. Afterwards, it begins to increase

at r. < x < co. when the SFH "emerges" into the area of k-plane in which kv{r)/kc < 0

(the "growth area" for the acoustic waves16). It is clear that the energy of SFJI situated in

the "growth area'' from the beginning (/30 < 0) increases monotonously. Thus, the acoustic

waves exchange energy with the mean flow no less intensively than the vortex ones. One

can see, also, that for R<Kl the energy exchange process between SFH of acoustic wave and

mean f\o\v is symmetric to the point p = 0; and the expressions of energy of 2-D (7 = 0)

and 3-D SFH of acoustic waves coincide with accuracy of the constant factor (see Fig. 3).

A question arises: up to what values of the R parameter one should not be "anxious" of

the formation of a shock wave. The latter may occur when the variation of the flow velocity

over a dissipative length scale (characteristic width of the shock-wave front) is of the order of

the speed of sound c5. The A parameter, introduced in (2.1), is the rate of the flow velocity

variation per a length scale. Thus, the condition for the formation of the shock wave is

^ > 1 - (3-8)

Since, according to Eq. (2.10), R = Al^c, = (Alo/C!l)(lx/lo), where /r~l/A> and l0 is

the dissipative length scale. The latter circumstance, by taking into account Eq. (3.8) and

the /r2>/o condition, means that at /?~1 the conditions are unfavorable for the formation of

shock waves.

Let us analyse, now, the evolution of SFH of acoustic waves at fi~l. As it was mentioned

above at R>1 the adiabatic character of the frequency variation still holds if 7 ^ ! and/or

/S(x)S>l. Naturally, at 73>1 the condition (3.1) is satisfied and the adiabatic character is

conserved during the whole process of the evolution. In this case, the energy of the SFH

10



varies in a similar way to the one presented Fig. 3. As regards small values of 7 (for

simplicity, let us take that -j = 0), the situation here for the SFH with |302>l evolves in the

following way: At the initial stage of the evolution the process has an adiabatic character.

Afterwards, during a certain interval of time the inequality (3.1) is violated and the frequency

of the acoustic wave does not vary in the adiabatic way. Later on, when |/3(T)| becomes large

enough again the evolution of the SFH returns to the adiabatic "course". The presence of

the nonadiabatic interval in the process of the evolution essentially influences the temporal

variability of the SF1I energy. As it is clear from Figs. 4 and 5, the value of the energy at

some fixed moment after passing the nonadiabatic region should be different for the same

values of all parameters but different values of the initial phase ^0- In F'gs. 4 and 5 are

represented the cases where maximum distinction between the energy variability processes

was observed. In the case, shown in Fig. 4 the energy of the SFH increases in the maximum

way, while in the case, presented in the Fig. 5 the increase of the energy is minimum. The

difference between the phases of the SFII presented in Figs. 4,5 at the initial moment is

approximately TT/2. This gives the same difference between the phases the SFH have, when

they "enter" the nonadiabatic region. Though on the initial adiabatic stage of the evolution

the behavior of the energy of the SFH in both cases coincides with high accuracy. The latter

circumstance was expected since when the process has the adiabatic character, the energy

varies in proportion to the frequency (see Fig. 3) and does not depend on the phase of the

SFIL

The evolution of the energy has an individual chaiicter when the SFH "enters" the

nonadiabatic region. The actual course of the processes taking place in the nonadiabatic

region crucially depends on the phase of the SFH at the moment of the "entering" of this

region. That is why after the "leaving" of the nonadiabatic region the energy of the SFH in

the first case (Fig. 4) is more than before the "entering" of the nonadiabatic region, while

in the second case (Fig. 5) happens just the opposite - the energy is less when the SFH

"leaves" the nonadiabatic region than before the "entering" of the nonadiabatic region. This

11



difference in energies manifests itself during the subsequent behavior of the SFH. Though

after the leaving of the nonadiabatic region in both cases one can apply Eq. (3.7) but in the

case represented by Fig. 4 the value of the proportionality coefficient C is more than in the

case presented by Fig. 5.

It should be noted that the strong dependence of the process dynamics on the initial

phase was traced also for other kinds of waves." It is most probable that this is the charac-

teristic feature of nonadiabatic processes in shear flows and deserves separate consideration.

However, the phenomena may be understood in general terms from the contents of the next

section.

IV. PHYSICS OF THE LINEAR MECHANISM OF THE ENERGY EXCHANGE

BETWEEN THE SFH OF VORTEX AND ACOUSTIC PERTURBATIONS AND

MEAN FLOW

The energy exchange between the vortex perturbation and mean flow is due to the lift-

up mechanism27, when perturbations themselves move fluid elements from regions of high

velocity to those of low ones and vice versa. To gain a detailed understanding of the physics

of the latter mechanism it is necessary to have an adequate "language". Note that in spite

of substantial differences between the Landau resonance and the above energy exchange, the

physics of the latter as in tin case of the Landau resonance is most conveniently described

with the help of plane waves, or, more precisely, SF1I.

As the Landau damping is a purely kinetic phenomenon its physics is usually discussed in

terms of interaction (momentum exchange) of charged particles with the plane wave electric

field - a collective field which, itself, is due to perturbed motion of the same particles. On

the contrary, the process under discussion takes place in continuous hydrodynamic medium

and for its explanation it is useful to introduce the notion of the virtual fluid particle. The

role of the collective field in the shear flow now is played by the perturbed pressure field

and the virtual fluid particle momentum changes are due to the action of the pressure field

12



gradient. In addition, this "language", being universal, is useful to deal with both, vortex

and acoustic perturbations.

Let us at first explain a mechanism of energy transfer from the shear flow to incom-

pressible vortex perturbations in an example of a given 2-D spatial Fourier harmonic in the

XOY plane. For this purpose let us examine the equiphase planes of the harmonic at every

moment of time: kTx + ky(t)y = 2nw and kxx + ky(t)y = (2m + l)jr, where m = 0, ±1 , ±2...

(see Fig. 6). Since we are considering the 2-D harmonic (k. = 0;Ax,ity r 0)> >' ' s clear

that the equiphase planes are orthogonal to the plane XOY. And because the wave-number

along V" axis is time-dependent, the equiphase planes of each SFH turn around the axis

parallel to the 7. axis. As follows from the incompressibility condition (kv = 0; since we

are considering one SFH: v=vezp[z(fcrx -1- Ars(i)i/)] + c.c.) the perturbation current vectors

are parallel to the equiphase planes. Their direction, as well as those of harmonic pressure

forces can be seen from Fig. 6. The equiphase planes shown in the figure are, at the same

time, the planes of maxima and minima of SFH pressure: as a result the pressure gradient

forces (—Vp) are orthogonal to the planes. It should be emphasized that the planes p = max

are impenetrable for fluid particles. This is due to the symmetry of the problem. Indeed,

particles are moving in both half-spaces with respect to the plane p = max and their motion

is symmetric, i.e. with equal and oppositely directed velocities. Therefore, if at some point

a given fluid particle "makes its way" through the plane p = max, then because of the sym-

metry there should exist the identical particle that at the same point at the same moment

of time "makes it.s \vayr through this plane from the opposite side. But this does not agree

with the assumed continuity of the medium. Thus, one can say that the planes p = max are

impenetrable barriers, or the "walls" for fluid particles. Taking into account the fact that

(—Vp) forces act along the normal to this plane it is easy to understand that one indeed

can treat it as an impenetrable wall that elastically reflects running fluid particles. Thus,

how does the shear flow energy convert to the perturbation energy?

Let us single out a virtual fluid particle (circle 1 in Fig. 6) with the perturbed velocity v

13



located at the distance y from X axis. The unperturbed velocity of this particle is Uax = Ay.

Due to the existence of perturbed velocity v, we can say that, in some short intervals of

time, the chosen particle drifts at a heigh', where the background flow velocity is equal

to U'Ox = A(y — Sy). Thus, the velocity of our particle (see circle 1' in Fig. 6) is about

SUox = A5y higher than that of the background flow at the same height. So, this is the

velocity of its collision with the p = max wall. As a result of the clastic reflection from the

wall, the total velocity of the fluid particle (see circle 1" on Fig. 6) becomes

U = Ui I + v + v' (4.1)

where |v'| = A8y. That is, the perturbed velocity of the considered particle becomes v + v '

(see Fig. 6), i.e., the particle perturbed velocity changes by v'(v'r, v'y). In the case considered

(ky(t)/kx > 0), an angle between vand v' is less than nj'l. That is why |v+v'| > |v|, i.e., the

perturbed energy of the virtual particle increases due to its transfer from the background

flow. This is equivalent to the amplification of the respective SFII. The variation of the

perturbed velocity of the fluid particle 2 in the same figure, may be described likewise.

The thorough analysis of the above scheme allows us to understand that the elastically

reflecting wall acts, in fact, as an intermediary in the exchange of momenta between fluid

particles from opposite sides of the p = max wall. For instance, we can treat the above case

as an elastic collision of the particles 1 and 2 shown in Fig. 6. It is clear from the above,

that the momentum exchange takes place only when Vp =£ 0.

The idea that the momentum exchange between fluid particles is a clue to the compre-

hension of the processes taking place in the certain shear flows was stated by ZePdovich.28

In particular, according to the classical linear theory (modal approach), matter flow in the

Keplerian accretion discs of compact objects is taken to be stable in respect to the small-

scale vortex perturbations. This fact has hampered the understanding of the transition to

turbulence in the discs. Note that in paper28 is discussed a possibility of growth of the vortex

perturbations (with further turbulization of the flow) provided the existence of momentum

exchange between the fluid particles.

14



From the above discussion it is also easy to understand that the 2-D SFH energy decreases

at k^tj/kz < 0. In reality, at ky(t)/kT < 0, the angle between v and v' is wider than K/2.

Thus, in this case |v + v'| < |v|, i.e. the perturbed energy of the considered fluid particle

decreases.

The physics of the energy exchange between 3-D SFH and the mean flow is the same as

that in the 2-D one. But in the 3-D case, when k. ^ 0, the equiphase plane (A-
xi + fc,(t)y +

k:: — const) is no more orthogonal to the plane XOY, and at the same time (viz. with

ky(t) varying) it does not revolve around the axis parallel to Z-axis any more, but rotates

in a more complicated way. So, in the 3-D case, after the elastic reflection of the virtual

fluid particle from the equiphase plane, the angle between v and v' turns out to be < K/2

even when ky(t)/kr < 0. This leads to nonequality [v-f- v'| > |v|. Thus, in the 3-D case the

energy of the chosen virtual particle increases when ks[t)/kx < 0 as well. This condition

explains the fact noted above: when A-j,(i)/A:x < 0 the energy of a 3-D SFH does not decrease

but continues to rise, and in the limit t —> oo it does not vanish (unlike the 2-D SFH case)

but saturates and can become many times greater than the initial value. Investigating the

evolution of perturbations we have neglected the influence of viscosity, what is justified

for small (determined by the Reynolds number) values of fcx, ky and kz. Naturally, with

the increase of |fcv(i)i the viscous dissipation becomes efficient and leads to the inevitable

conversion of the SFII energy into heat (if new physical phenomena will not be switched

on).

The basis of the acoustic wave process is periodic transformations of kinetic energy in

the energy of compression (potential energy) and vice versa. When several kinds of motion

are superimposed on each other - in our case these are background flow and acoustic waves -

kinetic energy of acoustic waves is determined by that part of the velocity of fluid particles,

which contains in itself a potential of transformation into the compression energy. In other

words, while determining the kinetic energy of the wave, one should subtract from the total

velocity of the fluid particle at each moment of time the velocity of the background flow

15



in the point where the fluid particle is at this moment. The above menticned will become

more clear in the forthcoming detailed analysis.

In order to explain the mechanism of the energy exchange between the shear flow and

acoustic waves, let us behave in an analogous to the above described case way (see Fig.

7): consider the velocity field of the 2-D SFH of acoustic waves in the XOY plane; mark

out virtual fluid particles (circle 1 and 2 in Fig. 7); and also "dismember"' the processes

happening with these particles - process of their displacement along the Y axis, and process

of the kinetic energy transformation into the potential energy. Let us consider the case when

kv(t)/kx > 0. As it is seen from the figure the wave velocity field is almost parallel to the

wave vector (k||v), i.e., is normal to the equiphase planes when R<g.\.

The marked (circle 1 on Fig. 7) virtual fluid particle at the initial moment of time is at

distance y from X axis, and has a perturbed velocity v. The background flow velocity on

this level is U0(y) = Ayex (ex is a unit vector along the .V axis). Consequently, the total

velocity of the particle is determined by the equation:

U = Uo + v = Ayex + v, (4.2)

Due to the fact: k((v, in some short interval of time, the chosen particle drifts up to a height

y + Sy, where the background flow velocity is equal to U0(y + Sy) = A{y + Sy)ex and the

total velocity of the particle may be expressed in the following way:

U(y + Sy) = U(y) = A[y + Sy)ex + (v - Ahjex) = U0(y + <Sy) + v \ (-1.3)

Note, that in accordance with "dismembering" of processes, the compression process was

not taken into account until now. That is why we guess that the total velocity of the particle

does not change (U(y + Sy) = U(y)).

In Eq. (4.3) v' is the velocity that takes a part in the subsequent compression of the

fluid, i.e., it is the velocity of perturbation. From Fig. 7 it is easy to understand, that

|v'| < |v|. In a similar way one can explain the decrease of the perturbed velocity of the

particle 2. (see, circle 2 in Fig. 7). The particle 2 is shifted in the opposite direction of
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the V" axis. Thus, one can say, that when kt(t)/kr > 0 is valid, displacements of the fluid

particles along the Y axis lowers the velocity of acoustic waves. This circumstance explains

the behavior of the SFII energy in Fig. 7 at t < t..

Naturally, it is not difficult to extend the picture described above also for the case

ky(t)/kr < 0 and explain the increase of the energy of SFH of acoustic waves in this case

(see the behavior of the energy at t > t. in Fig. 7).

V. CONCLUSION

In conclusion to the investigation carried out in the present study the following can be

said:

• Dynamic of the acoustic waves in shear flows is determined by the phenomena provoked

by the non-orthogonal character of the linear problem and is described in the simplest

way in the ''language"' of the SFH;

• The shear energy gain by acoustic waves happens as much intensively as by vortex

perturbations. Besides, if in the latter case the energy exchange is effective only for

the SFII, which satisfies the condition |kj,(7-)/i-r|<l, in the case of acoustic waves, the

intensity of the energy exchange with the mean flow is also at work for |fcy(r)/fc,;|S>l.

Note that (for .-1 > 0) the SFII of acoustic waves, for which the condition kv{r)/kx >

0 holds gives the energy to the background flow and weakens, while the ones with

k,,(T)/kT < U. in the contrary - gain the energy of the mean shear flow;

• For RfiO appears displacements of the phases between different physical quantities -

Uj, and d relative to f. This difference is more pronounced for vy - when /?(r)-}-0, <pVy

tends to n/2 even for very small values of R;

• In the shear flows with weak shear (.ftcl), the evolution of the SFH of acoustic waves is

totally adiabatic, while in the flows with moderate values of the parameter (ifcil), the

adiabatic character of the SFH evolution is preserved only at \y\^l and/or |/3(r)|3>l.
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• The energy exchange process at the nonad:abatic stage of the evolution ( | T < 1 ,

]/3(T)|<1, R~l) has a rather complicated character and greatly depends on the phase

of the SFH, at the moment of "entering of the nonadiabatic region".

VI. APPENDIX

Let us consider the following linear, second order differential equation:25

It describes linear oscillations of mathematical pendulum (or, more generally, some linear

oscillator) with variable (time dependent) parameters (i.e., length). Below ij(r) will be

referred to as angular frequency, while P(T)='27T/^[T) as period of oscillations.

An arbitrary Function G'(f) is said to vary sloicly, or adiabatically if its relative variation

during the period of the oscillations is small. Or, in other words, if:

| 4* 2n-|G«1'(r)K«(r)|G(r)|, (4.2)

For the function u(t) by itself the condition (A.2) reduces to

M'^lWr)8. (/IS)

If we seek for the solution of equation (A.I) in the following form:

F(T) = a(r)e i0(r), (,1.4)

4{r)=fTuj(t)dt, (A5)
J 0

then for the derivative of F(T) we have:

and equation (A.I) reduces to:

a<V* + i(2a^u> + au;*1))^* = 0. {A.6)
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The adiabatic character of the Q(i) variation ensures25 that the first term on the left-hand

side in (A.6) is much less than the second and the third ones. It means

and, consequently,

C=a(r)2o>(T)- (A7)

A quantity C is rallrd an adiabatic invariant of equation (A.I). Thesolutlon of this equation

may be written explicitly as:
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Figure captions.

Fig. 1. Velocity field of SFH of acoustic waves with parameters: j30 = 1; R = 0.1;

vortical character of acoustic waves is weakly pronounced.

Fig. 2. Velocity field of SFH of acoustic waves with parameters: Pa = 3; R = 0.3; vortex

character of acoustic waves is well exposed.

Fig. 3. The temporal evolution of the normalized energy of the 3-D SFH of acoustic

waves. Solid line corresponds to the SFH with parameters: /30 = 10; 7 = 1; Dashed line

corresponds to the SFII with parameters: do = 10; 7 = 10;

Fig. 4. The temporal evolution of the normalized energy E ( T ) / E ( 0 ) of the 2-D SFH of

acoustic waves at the parameters: /90 = 10; R = 1; fo — 55°). The solid line corresponds

to the real evolution of the energy with nonadiabatic behaviour in the vicinity of ff(r) = 0.

The dashed line corresponds to the analytical expression of the energy of the SFH (i.e., with

ignoring nonadiabatic behaviour in the vicinity of /?(r) = 0).

Pig. 5. The temporal evolution of the normalized energy £ ( T ) / £ ( 0 ) of the 2-D SFH 01"

acoustic waves at the parameters: So = 10; R = 1; -po = 145°). The solid line corresponds

to the real evolution of the energy with nonadiabatic behaviour in the vicinity of I3(T) = 0.

Tho dashed lino corresponds to the analytical expression of the energ}- of the SFH (i.e., with

ignoring nonadiabatic behaviour in the vicinity of j3(r) = 0).

Fig. 6. Qualitative representation of the shear energy transfer to the spatial Fourier

harmonics of vortex perturbation. The lines jtxi + ky(t)y = 2m:r; (2m + 1)JT; (2m 4- 2)jr

represent the cros'-section between the corresponding equiphase planes and Z = 0 plane.

Numbers 1,1' and 1" denote the same fluid particle in different moments of time.

Fig. 7. Qualitative representation of the shear energy transfer to the spatial Fourier

harmonics of acoustic wa\'es. Numbers 1, and 1' denote the same fluid particle in different

moments of time.
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