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ABSTRACT

The critical exponents of the momentum distribution near kr, 3fcf and 5kp are studied

numerically for one-dimensional U ->• co Hubbard model, using finite size systems and ex-

trapolating them to the thermodynamic limit. Results at fcp agree with earlier calculations,

while at 3fcf, exponents less than 1 are obtained for finite size systems with extrapolation to

1 (regular behavior) in the thermodynamic limit, in contrast to earlier analytic prediction

9/8. The distribution is regular at 5fcp even for finite systems. The singularity near 3fcf is

interpreted as due to low energy excitations near 3fcf in finite systems.
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Since the realization that electron-electron correlations play an important role in strongly

correlated systems, the Hubbard model has attracted a lot of attention. Related to many

.strongly correlated systems [1], one-dimensional (ID) Hubbard model serves as a prototype

to get the basic understanding and to elucidate the main concepts for the field. It has a

non-Fermi liquid ground state, and the Fermi distribution function does not have a finite

jump, but rather a power law singularity at the Fermi surface. Using the large U limit

of the Bethe Ansatz solution of the Hubbard model [2], Ogata and Shiba [3] pioneered an

explicit numerical calculation of the singularity exponents for various correlation functions.

Soon afterwards, the exponent of the spin correlation function was calculated analytically

[4], and all the exponents were derived by the bosonization technique [5,6] and mapping

onto a conformal field theory [7], based on the Bethe Ansatz solution [2] and the Luttinger

liquid framework, proposed by Haldane [8] in the early 80s. These exponents have also been

reproduced by a "mean-field" type calculation using non-Abelian gauge transformations [9].

In particular, for the large U limit, an exponent of 1/8 for the momentum distribution

(MD) function at fcf was predicted which has been verified at the same time by numerical

calculations [3,10], and later exactly derived for a lattice model in the U -> oo limit [11]

without resorting to any linear spectrum assumption. A singularity of power 9/8 at large

U has also been predicted to show up at k = 3fcp, and a weaker singularity is expected at

the 5fcp points, too. However, the only available numerical calculation of the 3fcf exponent

[12] disproves this prediction by showing a 3/4 exponent for a small size system. Since the

previous work [12] on the exponent at 3fcp was limited to filling u = 1/4 and the chain

length was only up to L = 24, one may suspect that the difference is due to the finite size

effect or a special filling. To clarify this issue, a study of critical exponents for longer chains

of various fillings has been carried out.

In this paper, the MD n[k) is calculated, following the way designed by Ogata and Shiba

[3], and then the critical exponents for n(k) at kf, 3kp, and 5kp points are extracted. This

method of calculating n(k) has been developed by these authors into an efficient and very

precise technique [4,13,14]. For /Vf = ty up to 14, we have calculated n(Jfc) for fillings

v = 2/7, 3/7, 1/6, 1/5, 2/5, 1/4, 1/3 with the corresponding largest chain length 49, 28,
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84, 70, 35, 56, 42, respectively. By a log-log plot [3] for n(k) and k near 5ky, no singularity

das been found for aU finite size systems studied. Hence, no singularity at 5k/r point for

systems in the thermodynamic limit, either. On the contrary, for 3fcf and kf- points, the

singularities of MD are evident for any finite size system we have studied. By a more

elaborate analysis of n(k), we show that the exponents are 1/8 for the kr point and 1 for

3A-f in the thermodynamic limit. In the following, we will first give a brief introduction to

the method proposed by Ogata and Shiba [3], calculate the exponents for MD, and then

discuss the new behavior found for the 'ikf point.

The Hubbard model Hamiltonian is:

= -t + h.c. (1)
iff i

where c},, creates an electron of spin a at site i. We study the ground state of a system with

chain length L, total number of electrons Ar = Ar
t + AT; and Arj = Ar;. The filling of the

system is v = N^/L = Arj/L. In the U -> oo limit, the ground state is a product |<P) ® |$)

in which the charge part |<P) is the ground state for N spinless fermions on a chain of length

L and the spin part |$) is the ground state of a Heisenberg spin s = \ chain of length Ar

[3]. To evaluate the MD

/i > l r > i l . \ iifi-il

the charge and spin parts are calculated separately [4,13]:

(2)

(3)

r=0 m=0

where q^ = 0, • • •, N — 1. We evaluate the charge part in the above equation by its reduced

form:

•'Mi)

with *.(r) =

(4)

This is a well behaved determinant. We can always reduce the relative error to 10"10

in getting its eigenvalues by diagonalization, and the numerical error in calculating the

magnitude of this determinant is also negligible. The spin part j ( $ | IlIirio(2Sm -Sm+i +1) |$)

is calculated in the exact ground state |$) for the Heisenberg a = i chain. We use the reduced

density matrix in the configuration space spanned by sites So, • • •, SP to evaluate it. Since

2 nm"io(2Sm • Sm+i + ^) has no large eigenvalues compared to the final magnitude (of order

0.1), we do not expect big error appearing in this step, either. Therefore, using this method,

we can get high precision result for n(k) of ID large U Hubbard model.

In Fig.l, we plot n(fc) near half filling, namely, u = 5/11 ; nd 6/U, which are typical in

the range 1/3 < u < 2/3. In Fig.2, we plot n{k) for fillings v = 1/4 and 3/4 witch are typical

for ranges v < 1/3 and u > 2/3, respectively. The fcp and 3fcp singularities are apparent.

Fig.l and Fig.2 are plotted for finite size systems and they give qualitatively the same n(fc)

in the thermodynamic limit except near the two singularities (fcp and 3fef). From the plot

for n(fc), we have not observed any weak singularity for 5kp. With n(fc) for different chain

lengths at filling u = 1/6, following Ogata and Shiba [3], we determine the exponent 05 for

5kF by [15]

n(k) = n 5 t r - C5|fc - 5kF\aisign(k - 5kF). (5)

To eliminate the numerical error introduced by arbitrariness in choosing n$i,F, we use the
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two k points nearest to 5kF (5kF + £ and 5kF - £ for each L) and find

n(5kF - n/L) - n{5kF + n/L) = C^f\ (6)

Now we plot in Fig.3 ln(n(5fcF - f) - n{5kF + £)) - ln(n(5fcF - ^ ) - n(5fcF + j ^ ) )

versus ln(f) — luf^1—) with Lmar = S4. The tangent of the line in the plot is therefore the

exponent a3. We sec the exponent a5 = 1 evidently in Fig.3. Since for all system sizes we

have studied the magnitude for a5 is the same as in Fig.3, the extrapolation (L -»• oo) to

the thermodynamic limit does not change this exponent.

In Fig.4, we show the exponents for 3kF and kF. Using n{k) for fillings v = 2/7, 3/7,1/6,

1/5, 2/5, 1/4, 1/3 with the corresponding largest chain lengths 49, 28, 84, 70, 35, 56, 42,

respectively, we determine the corresponding exponents. First we remove the arbitrariness

in choosing n3kr and ntF by writing down equations similar to Eq.(6). Then the exponents

ai and 03 in [15]

(7)
n(k) = n3kr - C3\k- 3kF\"sign{k - 3kF),

n(k) = m,F - Cx\k - kF\"sign{k - kF),

can be written for each pair of successive chain lengths L and L + A at a given filling v as

(8)

By plotting in Fig.4 03 and at versus 2/(ln( f) + ln(jf^-)), we see that the exponents a3 = 1

for 3kF and at = 1/8 for kF in extrapolating l / ln(J) - t 0 in the thermodynamic limit.

Such an elaborate analysis also provides an explanation why Ogata and Shiba [3] obtained

ai = 0.14 at kF for finite size systems up to L = 32 and why Qin et al. [12] found 03 = 0.75

at 3kF for finite size systems up to L = 24. Here we have shown a3 < 1 for any finite size

systems; However, in the thermodynamic limit, the exponent for 3kF is 1 and the MD shows

no singularity at all at that point.

To check the reliability of the n(k) near singularities calculated by the density matrix

renormalization group method (DMRG) [16], which is the technique used in studying finite

U Hubbard chain [12], we have compared the absolute values of r.[k) calculated by Ogata-

Shiba method and DMRG. In Table.l, we list out n(fc) at 3Av ± £ for v = 1/4 with chain

length up to // = 24 calculated using the Ogata-Shiba method. Simultaneously, the same

MD (denoted by h[k) in Table.l) calculated for the same filling and length but finite U

(U = 103) using the density matrix renormalization group (DMRG) technique [12] is also

listed. We find these two sets of data differ only in the third digit, and the precision of MD

near ZkF in the DMRG calculation is as accurate as for other points.

Now we discuss the physical content of the results obtained. A n{k) exponent smaller

than 1 suggests the presence of zero energy quasiparticles in large U, finite size Hubbard

chains. Since both kF and 3kF points have exponents smaller than 1 for finite size systems,

certain kind of zero î nergy quasiparticles of momentum 3kF, like those near kF, are more

favorable than other excitations. Previous theoretical prediction for the 3kF exponent was

03 ~ 9/8 by finite size scaling for large, but finite systems [7]. It is quite obvious that

exponents greater than 1 cannot be detected in numerical studies like the one we conduct

in this paper [17]. Since the theoretical value is greater than one, it cannot provide any

explanation for the low energy excitations needed to account for our results. So what was

missing in earlier studies?

The linear energy dispersion near the Fermi surface is an essential assumption in both

bosonization and confonnal field theory treatments [5-7]. As pointed out by Haldane [8], and

re-emphasized recently by Schulz [5], the deviation from linear ditpersion in actual lattice

models should give rise to high harmonics (2n + l)kF, for any integer n, in the fermion

operator expansion. This, in turn, may modify the exponents at 3kF. However, it seems to

be a difficult task to deal with the dispersion cos (A:) exactly and the effect is rather subtle.

In fact, the exponent ai = 1/8 at kF was calculated without assuming the linear dispersion,

based on the phase shift analysis [6,11]. If we generalize that method to 2kF, where the

phase shift [18] turns out to be S = 3ff/4, the exponent 03 = ^ = 9/8 is again obtained.

In studies without assuming a linearized spectrum [6,11], only the phase shift of the charge

part is used, which, in turn, is affected by excitations of the spin part (see [18] and references

therein). So at ZkF, the spin effects beyond the phase shift generation should be included to



give an actual explanation. This understanding is supported by the first order perturbation

analysis in the small U limit (see Appendix of [3]). In that calculation, the contributions of

the k ~ 2kp excitations of the opposite spin are dominant in n(k) near 'ikp. In the large U

limit, the 3frf singularity shows itself as kf\ + 2kn and k^ + 2£/rj combinations for spin

up and spin down electrons, respectively [M]. Anyway, some further studies are certainly

needed to clarify the issue.

Comparing 03 with the well understood exponent 1/8 for the Ay point, which is due to

the zero energy quasiparticle weight suppressed by the orthogonal catastrophe effect [6,11],

the behavior 'Jkf is new, since the zero energy excitation in finite size systems loses its trace

in the thermodynamic limit for ID Ilubbard model. At present we do not have a good

reason for choosing 1/ln L as scaling variable in Fig.4, and accept it as an '"empirical" fact.

Probably, a better understanding of low energy excitations in finite sj'stems will provide

some justification for it. A similar effect may reappear in the 2D case [1] or shed light on

other related problems. If, indeed, this is the case, our numerical results indicate that there

is some new physics to be explored.

In summary, we have calculated the MD with its critical exponents at kp, Zkp, and

5kp for U -* 00 finite systems and have considered the extrapolation to the thermodynamic

limit. The calculated power for the MD singularity at. kp agrees with the results of analytical

analysis. The calculated power for the MD at 5kp is trivially 1 and indicates there is no

singularity near that point at all. However, the calculated exponent for the MD at Zkp is

less than one for finite systems, and this singularity diminishes (degenerating into a smooth

curve) in the thermodynamic limit. This result disagrees with the analytic prediction 9/8.

We point out that an exponent greater than 1 is not observable numerically, and propose

that the effective exponent for n(fc) at 3kp is due to a new kind of excitations for finite size

systems. This new property at 3kp may lead to a better understanding of this typical non-

Fermi liquid. This problem should be investigated further to explore the physics involved.

We would like to thank Zhao-Bin Su for various help and useful discussions. This calcula-

tion has been completed on the IBM RISC-6000 at the International Center for Theoretical

Physics, Trieste.

REFERENCES

[1] Sec, e.g., P.W. Anderson k Y. Ren, in High Temperature Superconductivity, cd. by K.S.

Bedell ct al. (Addison-Weslcy, Reading, MA. 1909).

[2] E.II. Lieb k F.Y. W11, Phys. Rev. Lett. 20 1445 (1968).

[3] M. Ogata k II. Shiba, Phys. Rev. B 41 2326 (1990); H. Shiba k M. Ogata, Int. J. Mod.

Phys. B 5, 31 (1991); H. Shiba k M. Ogata, Progr. Theor. Phys. (Suppl.) No. 108, 265

(1992).

[4] A. Parola k S. Sorella, Phys. Rev. Lett. 64, 1831 (1990).

[5] H.J. Schulz, Phys. Rev. Lett. 64, 2831 (1990); see, also, Les Houches Lectures, 1<I94.

[Gj Y. Ren k P.W. Anderson, Phys. Rev. B 48, 16662 (1993).

[7\ II. FVahm k V.E. Kbrcpin, Phys. Rev. B 42, 10553 (1990), 43, 5633 (1991); N.

Kawakami k S.K. Yang, Phys. Lett. 148A, 359 (1990); J. Phys.: Condens. Matter

3, 59S3 (1991); Progr. Theor. Phys. (Suppl.), No. 107, 59 (1992).

[8] F.D.M. Haldane, Phys. Rev. Lett. 45, 1358 (1980); Phys. Lett. 81A, 153 (1981); Phys.

Rev. Lett. 47, 1810 (J9S1).

[9] Z.Y. Weng, D.N. Sheng, C.S. Ting, and Z.B. Su, Phys. Rev. Lett. 67, 3318 (1991);

Phys. Rev. B 45, 7850 (1992).

[10] S. Sorella, A. Parola, M. Parrinello, and E. Tosatti, Europhys Lett. 12, 721 (1990).

[11] Shaojin Qin k Jianhui Dai, 1'hys. Rev. B 51,13781 (1995).

[12] Shaojin Qin, Shoudan Liang, Zhaobin Su, and Lu Yu, Phys. Rev. B 52, 5475 (1995).

[13] Thomas Pruschke k Hiroyuki Shiba, Phys. Rev. B 44,205 (1991).

[14] M. Ogata, T. Sugiyama, and H. Shiba, Phys. Rev. B 43,8401 (1991).

[15] J. Solyom, Adv. in Phys. 28, 201 (1979).



[16] S. White. Phys. Rev. R 48, 10315 (1993).

[i7] Except for the mentioning in [M] that tliis exponent is around I in the absence of

magnetic field, while it is bigger than 9/S for one spin orientation and smaller than I

for mother orientation in the presence of a magnetic field. However, there is always a

term of exponent. I in the expansion of n(k), and this term comes from the incoherent

spectrum weight, Since :tt>- is not a symmetry point like k = 0 or k = -r, we have no

reason to find a vanishing coefficient for the exponent. I term.

[IS] Shaojin Qin, Jianhui Dai, and Zhaobin Su, Phys. Rev. I) (unpublished)

TABLE F. The n(t) around 3kF singularity, at filling v = 1/4. n(fe) is for U -» oo calculated

by Ogata & Shiba's method [3]. h(k) is for U = 103 calculated by DMRG [12].

L

n(3kF-n/L)

h(ikF-n/L)

n(ikF+ir/L)

n{3kF+n/'L)

S

0.09576

0.02663

0.02652

12

0.08433

0.08384

0.03098

0.03085

16

0.07790

0.07749

0.03410

0.03398

20

0.07374

0.07337

0.03641

0.03629

24

0.07081

0.07048

0.03818

0.03806

FIGURES

FIG. I. The momentum distribution n(fc) for the Hubbard chain near half filling is shown for

p = 5/11,6/11 for ditferent chain lengths. The zero line of n(*) for i/ = 6 / U is shifted to 1. Two

singularities at kF and 3fcf are obvious.

FIG. 2. The momentum distribution n(k) for the Hubbard chain far awav from half filling is

illusUaled by v = \ / 4 , 3 / 4 for different lengths. The zero Vine of n(fe) for v = 3 /4 is Btofled to 1.

Two singularities at kF and 3kF are evident.

FIG. 3. The leading power of n(Jt) at 5kF is displayed. The data points plotted are for filling

v= 1/6, with system size I = 12,18, •••,78 and Lmax = 84, The fitting line is of slope o5 = 1.

FIG. 4. The exponents n3 and ai for 3kF and kF (Eq.(7)) are plotted v.s. 2/(ln(

Curves for various fillings v are shown to yield 03 = 1 and a\ = 1/8 in thn thermodynamic limit
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