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Fully Implicit Kinetic Modelling of Collisional Plasmas 

Vincent Andrew Mousseau, Ph.D. 

University of Idaho, 1996 

Adviser: David Woodall, Ph.D. 

This dissertation describes a numerical technique, Matrix-Free Newton Krylov, for solv

ing a simplified Vlasov-Fokker-Planck equation. This method is both deterministic and fully 

implicit, and may not have been a viable option before current developments in numerical 

methods. Results are presented that indicate the efficiency of the Matrix-Free Newton Krylov 

method for these fully-coupled, non-linear integro-differential equations. The use and require

ment for advanced differencing is also shown. To this end, implementations of Chang-Cooper 

differencing and flux limited Quadratic Upstream Interpolation for Convective Kinematics 

(QUICK) are presented. Results are given for a fully kinetic ion-electron problem with a self 

consistent electric field calculated from the ion and electron distribution functions. This nu

merical method, including advanced differencing, provides accurate solutions, which quickly 

converge on workstation class machines. 

It is demonstrated that efficient steady-state solutions can be achieved to the non-linear 

integro-differential equation, obtaining quadratic convergence, without incurring the large 

memory requirements of an integral operator. Model problems are presented which simulate 

plasma impinging on a plate with both high and low neutral particle recycling typical of a 

divertor in a Tokamak device. These model problems demonstrate the performance of the 
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new solution method. 
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Chapter 1 

Introduction 

1.1 Introduction 

Computer simulation of plasmas is a difficult problem that has been worked on for many 

years [1]. The difficulty is illuminated by the definition of a plasma. A plasma is a quasineutral 

gas of charged and neutral particles which exhibits collective behavior. Quasineutral means 

that there is approximately the same number of positively charged and negatively charged 

particles in any given region. This quasmeutrality is caused by the interaction between the 

charged particles and the electric and magnetic fields. Because many charged particles effect 

the electric and magnetic fields which in turn effect the charged particles, a collective behavior 

of the plasma results. These effects are what make plasma modeling much more difficult than 

neutron transport and traditional fluid dynamics which only have short range effects caused 

by hard body or Boltzmann collisions. 

The collisions between charged particles in a plasma are not Boltzmann collisions but are 

Coulomb collisions instead. Whenever there are two charged particles, there is a Coulomb 



force between them given by, 

* = 7 ^ , (1.1) 
47re0 r2 v ' 

where e0 is the permittivity of free space, q^ is the charge on particle C, and r is the distance 

between particles. From equation 1.1 it is clear that these interactions between charged 

particles scale as r~2 and are therefore refered to as long range interactions. 

Models of plasmas can be categorized by the rate of Coulomb collisions. If the rate of 

Coulomb collisions is high (i.e., the mean free path between collisions is very small) one can 

use a fluid description to model the plasma [2]. In this approach equations for conservation of 

mass, momentum and energy are solved simular to classical fluid dynamics. These equations 

are derived by making assumptions about the particle motions and then determining an 

average behavior for a large number of particles. 

If the collision rate is very small, then the Vlasov equation can be used to model a plasma. 

The Vlasov equation is, 

g + v . V / + ^ ( E + v x B ) . f U o (1.2) 
at m aw 

where / is the distribution function (i.e., the density of particles in position velocity phase 

space) t is time, v is the velocity of the particle, m is the particle mass, E is the electric 

field, and B is the magnetic field. The integral of / over a finite space and velocity volume 

corresponds to the number of particles at that location with the given velocity. The first 

term represents the time dependence of the distribution function. The second term accounts 

for the convective flux. The third term represents the acceleration of the charged particles 

due to the electric and magnetic fields. 
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Solution of the Vlasov equation is difficult because it requires the partial differential 

equation (PDE) to be solved in seven dimensional space, 1 time, 3 space, and 3 velocities. 

Because discretizing and solving this equation in state space is difficult, a different approach 

called the particle in cell (PIC) method [3] was developed. 

The PIC method uses a statistical approach to solve the Vlasov equation. First particles 

which represent many real charged particles are placed randomly in state space (i.e., velocity 

and space) according to a distribution function. Then the following cycle of four steps is 

repeated until a statistically smooth solution is achieved. 

1. From the particle's position and velocity, compute their contribution to the density and 

current for the cell that they are in. 

2. From the density and current in the cells, compute the electric field and magnetic field 

for that spatial location. 

3. From the magnetic and electric fields, compute the force on the particles for that spatial 

location. 

4. From the force, compute a new particle velocity and spatial location. 

The problems of interest for this dissertation are in the intermediate range of Coulomb 

collision frequency. For these types of problems the collisions have to be represented so a 

new term is added to the Vlasov equation. It now becomes the Vlasov-Fokker-Planck (VFP) 

equation, 

^ + v . V / + £ ( E + vxB).^=(f) t. (X,) 

This term, (f£) is the Fokker-Planck collision operator. The Fokker-Planck collision op

erator represents the Coulomb collisions between the charged particles. Equation 1.3 is the 



equation solved computationally in this dissertation. 
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1.2 Fokker-Planck 

The Fokker-Planck equation has the following form, 

df\ 8 / A v \ ^ , l r d2 \/AviAvk\;, ' (1.4) 

Where, 

and, 

( f O = ^ / / K W v , Av) Av <Av), (1.5) 

( ^ A T ^ ) = A ^ / / ( v ' i ) P ( v ' A V ) A V i A V f c d ( A v ) - ( L 6 ) 

Here P(v, Av) is the probability that a particle changes its velocity from v to v + Av in a 

time At or, 

/ (v , t) = J / (v - Av, t - Ai)P(v - Av, Av) <Av), (1.7) 

assuming that the distribution /(v, i) is only changed by collisions and the summation in 

equation 1.4 is a double sum over the three coordinate directions. Note also that the proba

bility P(v, Av) is normalized such that, 

/p (v ,Av)d(Av) = l. (1.8) 

The derivation of the Fokker-Planck equation results from the fact that large angle de

flection of a charged particle is typically the result of many small angle collisions rather than 
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one large binary collision, as for neutral particle collisions. Since the velocity change is due 

to small angle collisions, the velocity change, Av, in a time, At, is small. Therfore, one can 

expand Av in equation 1.7 to yield, 

/(v,*) = / { / ( v , t ) P ( v , A v ) - A i P ( v , A v ) ^ - A v A [ / ( v 5 i ) P ( V 5 A v ) ] 

+ \ E E Av<Av*a$^k [/(v> *) p( v' A v ) l + • • j < A v )> ( L 9 ) 

where third order and higher terms have been neglected for small Av. This can be rewritten 

to give, 

(%l-{tJ-^>+lVv'Av^fp)- (1'10) 

Using equation 1.5 and equation 1.6 one can see that this becomes equation 1.4. 

fdf\ d / A v \ e l . 1 ^ d2 \/AviAvk\e, J „ „„. 

U)« = ̂ -(A?) / ( v' 1 ) +2g3^K^-) / ( V' ! )J- ( L 1 1 ) 

This equation has two important physical properties. The first term in this equation con

tains one of the Fokker-Planck coefficients, (^j), or the coefficient of dynamic friction. This 

term represents the frictional force between particles. The second Fokker-Planck coefficient, 

( A "^" f e ) , or the diffusion tensor, is included in the second term which represents the diffusion 

of particles in velocity space. For a full Fokker-Planck simulation these two coefficients would 

be expressed in terms of Rosenbluth potentials [4],h and g, instead of the P probability. For 



this method the Fokker-Planck equation is written [5], 

where 

ra [at)e~~ dvt [fadviJ + 2dvidv k \fadvidvk)' ( L 1 2 ) , 

9a = E (J ) 2 lnA a 6 | / 6 (v ' ) |v - v'|d(v'), (1.13) 

K = Y:^^ (D ' lnA^/z^vOlv-V' I -^V) , (1.14) 

Ta = ^ - (1.15) 
m\ 

lnA a i = ln< • —;—max 
\ma + mbJ e2 

2EAa ^ 1 
2* (1.16) 

Here, Z$ is the charge number of particle £, e is the charge of an electron, c is the speed of 

light in a vacuum, XD is the Debye length, a is the fine structure constant, E^ is the mean 

energy of particles £ and the summations in equation 1.13 and equation 1.14 are over all 

other charged species. 

Solving for the Fokker-Planck collision operator in terms of the full Rosenbluth Potentials 

is beyond the scope of this work. The emphasis of this dissertation is to present new numerical 

methods for solving the Fokker-Planck type of equation. Therefore, a simplified collision 

operator is used. To ensure that enough of the correct physics is retained, a simplified 

collision operator is required to have three properties [6], 

1. It must conserve the number of particles or mass. 

2. It must have both frictional and diffusional properties. 

3. It must have no effect on a Maxwellian distribution. 
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The following simplified Fokker-Planck collision operator satisfies all three [7,8], 

where, T is the fluid temperature, k is the Boltzmann constant, and V is the fluid velocity. 

To verify the first requirement one integrates the collision operator from minus infinity to 

infinity and uses the fundamental theorem of calculus, 

Both / and |£ approach zero as v —*• oo. It should be noted that it is important to enforce 

this boundary condition in the numerical implementation as well. The second requirement 

is satisfied since equation 1.17 has the same form as equation 1.11. The proof of the third 

requirement is more detailed and is shown in Section 3.5.3. 

The previous discussion has been heuristic because the full derivation of the collision 

operator used in this dissertation was done by Catto [7,8] and not the author. The derivation 

of a similar collision operator was presented by Braginskii in 1957 [9]. Braginskii started his 

derivation from work by Landau in 1937 [10]. His goal was to derive a simplified collision 

operator that represented collisions between ions and electrons. In this derivation he made 

use of the fact that since electrons were much lighter than ions, the velocities of the electrons 

would be much higher than the velocity of the ions for comparable temperature, or collisional 

equilibrium. This allowed him to simplify the collision operator in three ways. 

1. Since the ion velocity was small, equations could be expanded in terms of the ion 

velocity and higher order terms neglected. 

kT 
m 

21 
dv • 

(1.17) 
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2. Since the ion velocity is very small relative to the electron velocity, equations could 

be expanded in terms of the ratio of ion velocity to electron velocity and higher order 

terms ignored. 

3. Since the ion velocity is small compared to the electron velocity, the relative velocity 

between ions and electrons can be assumed to be the electron velocity. 

He then made two more assumptions. He assumed that the electron distribution function was 

spherically symmetric. He also had to assume that the difference between the mean velocities 

of the ions and electrons was small relative to the electron velocities. With these assumptions, 

he was able to derive a collision operator which had the same structure as Brownian particles 

in a moving medium. His collision operator has the form, 

which is the same form as equation 1.17. 

1.3 Why Kinetic Modeling? 

Kinetic modeling of plasma particle interactions is required whenever the particle mean-free-

path (mfp) is on the order of the scale length of the geometry of interest. Such relatively 

large mfp's can be caused by a variety of physics. Large mfp's are a result of low collision 

frequencies. An example of the Coulomb collision frequency written in terms of the plasma 

number density and temperature is given by Book [11], 

v n 

(1.20) 
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where v is the collision frequency, n is the number density, T is the temperature, and Ki is a 

constant. From equation 1.20, one can see that the collision frequency scales with the number 

density and the inverse of the temperature to a power. Therefore, low collision frequencies 

can be obtained from low number densities or high temperatures. 

Chen [12] derives the collision frequency from a single particle perspective. With this 

derivation the collision frequency now depends on the particle velocity and has the form, 

v = *,£, (1.21) 

where v is the particle velocity and K2 is a constant. Given this form of the collision frequency, 

another cause of large mfp's is when a significant fraction of the particles are moving at a 

high velocity. From equation 1.21 one can see that the collision frequency scales with the 

inverse of the particle velocity cubed, so "fast" particles can move large distances without 

colliding. 

A third reason for using kinetic modeling is when the length scales of interest are very 

small. This usually occurs in modelling a plasma when there is a boundary that needs to be 

accurately resolved. The short geometric length scales can also result from steep gradients 

away from a boundary that need to be resolved (i.e., a shock-like structure). 

Examples of applications that may require kinetic modeling include: inertia! confinement 

fusion (ICF) [13]; plasma processing [14-16]; modeling of the boundary layer plasma in a 

tokamak fusion reactor [17,18]; and excimer lasers [19]. 

There are times in inertial confinement fusion when the Spitzer conductivity over-predicts 

the actual thermal conductivity in the plasma. Spitzer conductivity is derived assuming that 
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the distribution is only slightly non-Maxwellian and has the following form [20,21], 

2\* (fcr)** 
ml e42" In A-

(1.22) 

where KS is the Spitzer thermal conductivity and, 

In A = In 
2Z2e3 

/k3T3y (1.23) 

is the maximum impact parameter. This over prediction of the thermal conductivity is caused 

by a departure from a Maxwellian distribution of the "fast" electrons when the length scales 

of interest are on the order of the electron mean free path. When this occurs, "flux limiting" 

is used. In this context "flux limiting" means that a correction is added to the transport 

equation to correct the flux predicted by the equation [22,23]. For example the classical heat 

flux equation, 

Q = - K , V T , (1.24) 

is replaced with, 

G = - kT\* <-^(£) VT 
VT, (1.25) 

where Q is the heat flux and I is called the "flux limit". Kinetic calculations, requiring no 

assumptions about the distribution functions, can be used to correctly set the "flux limit" 

value. 

Three reasons that plasma processing applications may require kinetic modeling are steep 

gradients, small geometric length scales, and low pressure. The chemical reaction rates need to 

be very accurately resolved to describe how the plasma effects the chemical reactions occuring 



11 

during plasma processing. It should be noted that these reaction rates can be strongly effected 

by the non-Maxwellian behavior of the electrons. The length scales of interest in plasma 

processing may be very small, such as in plasma etching for silicon chips [16]. 

In excimer laser modeling, accurate distribution functions are required for resolution of 

the collisions and reaction rates to make accurate predictions with the models. Most models 

use simplified electron kinetic equations because the required resolution of the energy variable 

with correct solution techniques is difficult on current computers [19]. In this application the 

high resolution of the energy phase space is required to resolve the fine structure of the electron 

impact cross sections and to resolve the nonlinear behavior of the electron-electron collisions. 

Excimer laser modeling requires accurate description of many collision processes. Examples 

of these are elastic collisions, excitation, dissociation, ionization, and recombination. 

This dissertation is concerned with developing an advanced solution algorithm for ap

plications where the distribution functions can be non-Maxwellian. In each of the above 

mentioned applications there exists the need to resolve length scales on the order of the par

ticle mean free path. Since the particles must travel a few mean free paths before collisions 

redistribute them to a local Maxwellian distribution, these applications may have significant 

regions that are non-Maxwellian and thus require kinetic modeling instead of fluid modeling. 

In an attempt to apply fluid codes in this long mean free path regime, "flux limiting'' 

procedures are applied in evaluating transport quantities such as heat flux. Kinetic simula

tions have been used to study the accuracy of such procedures [17,24]. In applications such 

as plasma processing, radiative divertors, and excimer lasers, the "chemical" reaction rates 

are an important quantity. Fluid codes use the Maxwellian-averaged values of the reaction 
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rates, 

(at;) = - f fav dv, (1.26) 

where, 

n=ffdv, (1.27) 

and / is assumed to be a Maxwellian distribution function. If the distributions are non-

Maxwellian, using these reaction rates may produce significant errors. Kinetic simulation 

can be used to approximate potential errors in these reaction rates. Since kinetic modeling 

may be too expensive for large scale simulations, one approach is to use fluid models for the 

large scale applications that incorporate chemical reaction rates with transport coefficients 

derived from kinetic simulations. By modifying these coefficients in the fluid simulation 

code, one can better approximate the correct physics in areas where the distributions are 

non-Maxwellian. Another approach is to develop hybrid codes that contain both fluid and 

kinetic models [25]. 

1.4 The Tokamak Edge Plasma 

This dissertation presents a fully implicit solution algorithm for the Vlasov-Fokker-Planck 

(VFP) equation and applies it to simplified kinetic models of the edge plasma in a tokamak 

fusion reactor. A tokamak is a "donut" shaped reactor as shown in figure 1.1. In a diverted 

tokamak, the core plasma and edge plasma are separated by the magnetic separatrix as shown 

in figure 1.2. As the plasma diffuses radially across the tokamak separatrix, it moves from a 

region of closed magnetic field lines, "the core", to a region of open magnetic field lines, "the 

edge". These open magnetic field lines guide the plasma to the divertor plates. For some 
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Figure 1.1: Tokamak Geometry 
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edge plasma conditions, the particle mean free path due to Coulomb collisions, which scale 

as •Jj, may be on the same order as the problem geometry. This similarity in scale between 

mean free path and fluid transport length motivates a kinetic treatment [17,24,26-30]. 

There has been extensive work done on the modeling of the edge plasma using fluid 

equations [18,31-33]. This work is based on the equation set from Braginskii which was 

derived from the Vlasov-Fokker-Planck equations. 

The equations are derived by first linearizing the VFP equation by, 

/ = /o + /i- (1.28) 

Here f0 is the Maxwellian part of the distribution function and /j. is a small perturbation 

from Maxwellian. This linearization is substituted into the VFP equation and only first 

order terms (in fi) are retained. It should be noted that resistivity, viscosity, conductivity, 

plasma current and heat flux are all functions of / 1 } which is proportional to gradients of 

temperature and potential. The Braginskii equations [2] are then obtained by taking the first 

three moments of the now linear (in / x ) VFP equation. The linearization used to derive the 

Braginskii equations breaks down if the ratio of the collisional mean-free-path (mfp) to the 

temperature length scale is greater than 1/10 [29] that is, 

%>h ^ 
where Ac is the collisional mfp given by, 

Xc = 2* (1.30) 
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where v is the collision frequency and vth is the thermal velocity given by, 

• * - ( — ) . (1.3!) 

Here, L? is the temperature length scale given by, 

LT = WW) ( L 3 2 ) 

If this condition is approached or exceeded, then kinetic models should be employed or fluid 

equations which keep second order and higher terms in / should be used. 

There are three areas where kinetic modeling may be important for tokamak edge plasma 

modeling. The first is in calculating the correct heat flux to the divertor plate [18]. As 

the plasma interacts with the plate a sheath is formed and the physics inside of the sheath 

produces non-Maxwellian distribution functions. Since the fluid codes are using Maxwellian-

averaged values to compute heat flux in a non-Maxwellian region, there are errors being 

introduced. If the distributions are highly non-Maxwellian, the errors may be large. The 

second area relates to the excitation and ionization of the neutrals coming off the divertor 

plate. These reaction rates, (crv), are calculated assuming a Maxwellian distribution which is 

not correct in areas with very large gradients in temperature or density. The third involves 

computing the correct heat flux along a magnetic field line where the temperature is high 

and the number density is low. In this situation the collisional mfp is large and fluid codes 

tend to over-predict the heat flux. 
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1.5 General Numerical Approach 

The numerical approach chosen for this work was a fully implicit discretization of the Vlasov-

Fokker-Planck equation on a velocity-spatial grid. This approach is in contrast to another 

popular method which is the combination PIC-Monte Carlo method [24]. The PIC method 

(particle in cell) was denned earlier in Section 1.1. The Monte Carlo method is a statistical 

method to simulate the Coulomb collisions and the charged/neutral particle interactions. 

This is accomplished by scattering colliding particles through an angle 9, where 9 is chosen 

randomly from a global collision frequency. The deterministic approach of discretizing the 

Vlasov-Fokker-Planck Equation has the advantage of not incorporating statistical effects in 

the solution. Therefore, when the solution is converged on the grid to the desired convergence 

tolerance, the simulation is done. With the PIC-Monte Carlo methods, the solution that is 

reached is limited and may be repeated with more particles to improve accuracy. However, 

the first drawback to the deterministic approach is the difficulty in resolving the velocity 

dimension over its entire range from large negative to large positive velocities. This can 

be accomplished by setting a limit for the maximum particle velocity. The distribution 

function falls off like e~v~. Thus for large enough velocities, f(v) is approximately zero. This 

places a great importance on the discretization techniques chosen. The second drawback is 

that numerical dissipation, caused by the first order operators, can be a serious problem, 

as shown later in Section 4.2. As will be seen in Chapter 3, discretization of both the first 

and second order operators in the Fokker-Planck collision operator is also very important. 

Some of the velocity space discretization error can be minimized by the use of a non-uniform 

velocity grid. 

An important consideration in choosing the numerical method is the level of implicitness 
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of the solution technique. This is simply the amount of information that is included at 

the "new" time step in the equation or equivalently the number of terms included in the 

advancement matrix. The simplest approach is to integrate the VFP equation by an explicit 

method. Here, all information is at old time and the matrix, which is a vector multiple of the 

identity matrix, is easily inverted. The drawback to this approach is the time step restrictions 

required for numerical stability. Since these restrictions are so tight, a very large number of 

iterations must be used (PIC codes suffer from similar time step restrictions). The most 

popular semi-implicit method for integrating the VFP equation is the Alternating Direction 

Implicit (ADI) Technique [34]. In this method, part of the information is at "new" time 

and part is at "old" time. Then the parts at "new" time and "old" time are switched. This 

. is iterated until a desired convergence tolerance is reached. This method is popular since 

it requires very little storage of data, hence problems can be run on small computational 

platforms. Only small banded matrices are solved due to the choice of what is "new" and 

what is "old" information. 

A fully implicit approach has the advantage of not having a linear numerical stability-

based time step requirement. However, there may be accuracy or non-linear stability restric

tions that govern the size of the time step that can be used. This approach has had limited 

use in the past [35]. It uses a very dense matrix, caused by the integral operators, with 

large memory requirements, hence it has not been fully explored. As discussed in following 

sections, there are numerical methods that minimize the memory requirements while still 

keeping the implicit coupling of the integral operators. 
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1.6 Previous Work 

The previous work in this area can be broken into to two general groups; statistical and 

deterministic. The statistical work consists of the PIC-based simulations. The PIC method 

advances the Vlasov equation, then the electric field calculations are computed based on 

cell averages, subsequently the Fokker-Planck operator is approximated by a Monte-Carlo 

approach. 

1.6.1 Statistical 

' Procassini, Birdsall, and Cohen [24] give a good example of statistical work. Their model has 

one spatial dimension parallel to the magnetic field, x, and two velocity components, v± and 

V||. This solution would be characterized as one spatial dimension, two velocity dimension, 

(1D2V). The particle equations of motion result in a set of ordinary differential equations 

(ODE's) that are integrated using the direct implicit method. For the Vlasov operator, 

the electric field is calculated by solving Poisson's equation via the direct implicit form of 

Poisson's equation. The Coulomb collisions are simulated using a Monte Carlo method. 

This work also allows the inclusion of models for charge/neutral collisions. In this paper, 

Procassini et al. present results that solve for ions and electrons with the PIC algorithm, and 

a simple model for neutrals, 

nn(z) = nn exp ( Z ^ Z ^ ) • (1-33) 

where nn is the peak neutral density at the plate and An is the ionization mean-free-path. 

For this work, the sheath is not calculated but is included as a logical boundary condition 

that reflects the proper number of electrons to maintain a zero net current at the surface. A 
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variety of results are presented for variations in the amount of recycling of neutrals off the 

divertor plate. This work was continued in 1991 by Procassini and Birdsall [29]. In this work 

the same code and models were used, but this time the effects of the collision rate on the 

transport quantities were studied. 

Batischev, Krasheninnikov, Sigmar, Sigov, and Soboleva [26] provide another example of 

the statistical approach. In this work, three and four dimensional simulations are presented. 

The three dimension case is one-spatial and two-velocity, 1D2V, either (v\\,v±) or (v, 6), 

while the four dimensional work is two-spatial and two-velocity, 2D2V. The 1D2V work is 

collisional while the 2D2V is collisionless, Vlasov operator only. In this work, the electric 

field is calculated both by a quasi-neutrality condition and by Poisson's equation. la the 

quasi-neutral electric field calculation the electric field is calculated from assuming n,- = ne, 

and by differencing the ion and electron momentum equations and solving for E. The electric 

field equation follows. 

where 11̂  is the stress tensor and FjT^ is the frictional force for species £• For more details 

see Section 5.2. The Poisson equation was given as: 

V£ = 7 £ ? c / / c < * ( v ) . (1.35) 

The PIC method is used for the Vlasov operator and the Fokker-Planck operator is solved 

using the Rosenbluth potentials. In earlier work from 1992 Krasheninnikov et al. [36] pre

sented results from both a PIC code and a finite difference based Vlasov-Fokker-Planck code. 

For this work, both calculations are three dimensional 1D2V. In all of this work, both ions 
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and electrons are computed kineticly. 

1.6.2 Determinis t ic 

McCullen, Montierth, Morse, and Neuman [28] provide a good example of the deterministic 

approach. For this work, the electron distribution is assumed to be Maxwell-Boltzmann on 

the computational domain and therefore only an ion transport equation needs to be solved. 

Their calculations are both two dimension, one-spatial and one-parallel velocity, 1D1V (x, -UJJ) 

and three-dimensional, one-spatial and one-parallel velocity and one-perpendicular velocity, 

1D2V (x,v\\,Vx). The electric field is calculated by solving Poisson's equation, 

^ = ™ f E«C«C - e».(M) J (1-36) 

where 

n.(», <f>) = neQ exp (^jgP) (1-37) 

and the effect of neutrals being re-emitted from the surface is included. Here <f> is the electric 

potential. For this work, the Coulomb collisions are neglected and only collisions with neutrals 

are considered. The equations are integrated by a method of characteristics approach. 

Later that same year, Montierth, Morse, and Neuman [17] presented results incorporating 

the Coulomb collisions. For this work a full Fokker-Planck operator in three-dimensions, 

one spatial dimension in the parallel direction, one-parallel velocity, and one-perpendicular 

velocity, 1D2V (x,v\\,v±), was used to model ion-ion collisions. For this work the method 

of characteristics was abandoned for a conservative finite difference scheme. 

Another addition to the literature in this area is the work of Sauter, Harvey, and Hin-
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ton [37]. The authors make a three-dimensional nodalization of the VFP equation, one-

spatial dimension parallel to the magnetic field lines and two-velocity dimensions (speed and 

angle),1D2V (x,v, 6). The electric field is computed either by Poisson's equation or by a 

quasi-neutrality condition (i.e., They take the appropriate moments of the VFP equation and 

then solve for E). They modelled the collisions with a complete Fokker-Planck operator based 

on the Rosenbluth potentials which are computed using a Legendre decomposition. The au

thors use an alternating direction implicit method (ADI) to integrate their finite difference 

formula. In this paper, the authors compute electron transport for a wide range of tempera

tures, from 10 eV to 10 keV, and number densities, from 10 1 7m~ 3 to 10 2 0 m - 3 , which result 

in low collision rates, 10 - 4 s~l to 102 s-1 For these conditions, resistivities are computed and 

compared with theoretical results but no actual divertor simulations were presented. 

Another recent dissertation in a similar area is that of Coster [38] in 1993. He solved 

the VFP equation in three dimensions, one-spatial dimension and two-velocity dimensions, 

1D2V (x, V||, Vx), using a complete Fokker-Plank operator that was evaluated by solving for 

the Rosenbluth potentials. He used an ADI approach for integrating the Vlasov operator, 

but he lagged the electric field and Fokker-Planck operator at old time. The electric field was 

calculated from Poisson's equation. Results were presented for both electrons and electrons 

and ions for a zero-spatial two-velocity grid, 0D2V (v\\, v±). On this grid, he checked conser

vation of energy, inter-particle friction and thermal equilibrium of the two species. Results 

are also shown for one-spatial dimension and two-velocity dimensions. He presented results 

for both ion-electron calculations and three species, two-ion electron calculations. It should 

be noted that Coster did not include an ionization source due to neutral ionization, but this 

was because he only modelled the sheath. 
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Another addition to the literature of this field is the work of Abou-Assaleh, Matte, John

ston, and Marchand [30]. Their work is based on the Fokker-Planck International (FPI) code. 

This code solves a three dimensional kinetic equation for the electrons, one-spatial and two 

velocity, 1D2V (x,V||,Vx), and fluid equations for the ions and the neutrals. The kinetic 

model contains collision operators for ion-electron and electron-electron Coulomb collisions, 

ionization, and excitation. Their approach is a hybrid kinetic fluid model that incorporates 

fast solutions for the ions and accurate solutions for the electrons, by iterating between solu

tions of the fluid and kinetic codes. 

1.7 Overview of Dissertation 

This dissertation presents information on the implementation of the Matrix-Free Newton-

Krylov technique to the one-velocity one-spatial (1D1V) Vlasov-Fokker-Planck Equations 

for ions and electrons. This numerical technique allows for a fully implicit, fully coupled, 

solution to the VFP equation without incurring large memory requirements. This is made 

possible by taking advantage of the structure of the Newton-Krylov technique which allows 

for the matrix to be replaced with function evaluations. To obtain the desired accuracy on 

reasonably sized grids, higher order differencing was used on the Vlasov operator. However, 

unlike upwind differencing which is a low order monotonic discretization technique, the higher 

order methods are sometimes oscillatory. To prevent oscillations, (non-monotonic behavior), 

flux limiting techniques were employed. It should be noted that the same term flux limiting is 

used to describe two different numerical effects in this dissertation. When it is used to describe 

bounding a term in a transport equation it will be written "flux limiting" with quotations. 

For the rest of this dissertation it will be used to indicate a numerical discretization technique 
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and it will not be placed in quotes, (flux limiting). The context that it is used in should help 

to clarify the difference between these two usages. 

The emphasis of this dissertation is numerical in nature, with enough physics and ap

plication work to prove the value of the numerical method. Following this theme, the full 

three-velocity dimension Fokker-Planck collision operator was not solved. The collision op

erator chosen was a simplified one-velocity version of the Fokker-Planck collision operator 

(FPCO). The simplified operator maintains both the diffusive and convective nature of the 

FPCO, but doesn't require the solution of equation 1.5 or equation 1.6 or the Rosenbluth 

potentials. Therefore, the flavor of the correct physics is included without incorporating the 

coding complexity of the full FPCO. 

Much of the earlier work with the VFP equation had an imposed electric field or used 

Poisson's equation to solve for the electric field. In this dissertation the electric field is 

determined by taking the second moment of the kinetic equations (i.e., the fluid momentum 

equations) for both ions and electrons and then back solving for the electric field. This quasi-

neutral approach provides a self consistent definition of the electric field without adding the 

constraints caused by using Poisson's equation (for more detail see Section 5.3 of Chapter 5). 

Because of the low dimensionality and the simplified Coulomb collision operator, addi

tional species can be easily added to this code. Since the coupling between species is all 

incorporated through function evaluations, addition of other species has only a minor impact 

on the code structure and the numerical implementation. The independence of the species, in

dicates that afunctional decomposition, (i.e., one species per CPU), of the solution algorithm 

may lead to an efficient parallel implementation. 

The contribution to the field from this dissertation is the introduction of a numerical 
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method that allows for a higher level of implicit solution than was previously practical for the 

Vlasov-Fokker-Planck equation. This numerical method can be incorporated into other codes 

that have better physics due to higher dimensionality or more complete collision operator 

descriptions. Also, by choosing a two dimensional state space and a simplified collision 

operator, a code has been developed that runs efficiently on a modern workstation and can be 

rapidly applied to problems to determine if a more complete kinetic simulation is warranted. 

The organization of the rest of the dissertation is as follows. Chapter 2 presents the results 

from one-spatial one-velocity (1D1V), ion-only simulations that are used to demonstrate the 

numerical technique. Chapter 3 describes ion-electron solutions in a zero-spatial one-velocity 

(0D1V) grid. Here the collision operators are investigated in detail. Chapter 4 describes 

the higher order discretization of the Vlasov operator. Chapter 5 then combines all of the 

previous work to simulate plasma impinging on a wall, a simulation of the tokamak divertor 

plasma. In Chapter 6 the work is summarized, conclusions are drawn, and future work is 

suggested. 
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Chapter 2 

One Spatial One Velocity (1D1V) 

Ion Only 

2.1 Introduction 

In this chapter the numerical technique Matrix-Free Newton Krylov (MFNK) is described 

and demonstrated on an ion-only problem in the simplest geometry. The test problem chosen 

simulates a simplified model of the ion transport in the edge plasma of a tokamak reactor. 

Results are shown that indicate the validity of the approach and the behavior of the simplified 

operators and models. 

The organization of the rest of this chapter is as follows. Section 2.2 presents the mathe

matical model and the equations that are solved. Section 2.3 justifies the use of the MFNK 

method and describes the algorithm, with emphasis on Newton's method, the Krylov method, 

and the use of the matrix-free approximation. Section 2.4 describes the model problem and 

shows calculational results, and Section 2.5 summarizes the chapter. 
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2.2 Mathematical Model 

The model equation in this chapter contains both the Vlasov operator and a simplified Fokker-

Planck collision operator. In general form, the time dependent Vlasov-Fokker-Planck equa

tion has seven independent variables: three velocity dimensions, three spatial dimensions, 

and one temporal dimension. Equation 1.3 is repeated here for clarity, 

The model problem chosen simulates ion transport along magnetic field lines in the edge 

plasma of a tokamak. Assuming toroidal symmetry, the steady state problem can be reduced 

to four dimensions, two spatial and two velocity, or 2D2V. To demonstrate the numeri

cal method, it is applied to a simplified two-dimensional, or ID IV, model equation. This 

equation is derived from a more complete three-dimensional, 1D2V, Vlasov-Fokker-Planck 

equation for transport along a field line [17,28], in which the two velocity coordinates are 

perpendicular, v±, and parallel, v\\, to the magnetic field lines. 

For the model problem, the perpendicular velocity dimension, v±, is eliminated by as

suming it to be Maxwellian [7]. More formally, 

With this assumption, the distribution function has the form F(x, v,t) were x is the distance 

along the magnetic field line and v is just v§. Therefore, the two dimensional time-dependent 
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-§HS§Hf)/(m+(fL M 
where q is the charge on the ion, m is the mass of the ion, v is the particle velocity along the 

magnetic field line, and E is the electric field along the magnetic field line. There are two new 

source terms include in equation 2.3 that where not included in equation 1.3, (Jj£)in and 

(liT)s C ^ e ('lf')f z t e r m *s a s o u r c e t e r m which accounts for the ions which are created by 

ionization of the neutral particles coming off the divertor plate. The {—) term represents 

the source of ions which diffuse across the closed magnetic field lines, the core of a tokamak, 

into the open magnetic field lines, the edge plasma of the tokamak, (see figure 1.2 for details). 

The distribution function moments are defined by, 

= r Fdv (2.4) 
J—00 

/

CO 

vF dv (2.5) 
-00 

= m r (v- VfF dv (2.6) 
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nV 
- 0 0 
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where n is the particle density, V is the fluid velocity and T is the fluid temperature. 

Finally the equation set is closed with an equation of state 

P = nkT. (2.7) 
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2.2.1 Fokker-Planck Collision Opera tor 

For a complete Fokker-Planck representation of the collision operator one would solve the 

Rosenbluth potentials [4] and then use them to express the Fokker-Plank collision operator. 

Since the motivation of this chapter is to demonstrate and study the numerical methods, a 

simplified Fokker-Planck collision operator [7,8,39,6,40] was chosen, 

(£).- kT 
m g**^}. 

where vu is the ion-ion collisional frequency. For more information see Section 1.2. 

2.2.2 Neutral Ionization Model 

The model for the neutral ionization source term, (4£). , is analogous to the neutron dif

fusion approximation [41]. The first moment of the neutral particle transport equation, the 

continuity equation, is given by Void et. al. [42] as, 

dn0 dTn0 . . . v 

where n0 is the number density of the neutral particles, r „ 0 is the neutral particle flux, and 

{av}ez is the Maxwellian-averaged (see equation 1.26) ionization rate between electrons and 

neutral particles with a representing the cross section for that interaction (the subscript ez 

stands for electron ionization). From the second moment of the neutral particle transport 

equation, a relationship can be obtained for r n 0 . If a Legendre polynomial expansion is used 
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retaining only terms of order PI, the following equation for r n 0 results, 

1 dTnQ 1 dn0u0 

uQ dt 3 dx + E« rr„0, (2.io) 

where u0 is the neutral thermal velocity and S 4 r is the macroscopic transport cross section. 

If the time rate of change of r n 0 is assumed small, and the thermal velocity of neutrals is 

assumed independent of x, then the following relation for r „ 0 results, 

r " ° " 3S l r dx • ( 2 ' n ) 

Void et. al. [42] presented the following relation for S 4 r , 

S t r " A t r ndav^ + iav^y ( 2 ' 1 2 ) 

where (av)cx is the Maxwellian-averaged charge exchange rate (the subscript ex stands for 

charge exchange). Knoll et. al. [31] gave the following relations for the reaction rates for a 

deuterium plasma, typical of the tokamak divertor region, 

(<TV)„ = 2.0 x 10 _ 1 4 m 3 / s (2.13) 

. . 3 .0x l0 - 1 4 a 2

 3 / / 0 1 / A 

{<TV)" = 3.0+ a 2

 m / s ( 2 ' 1 4 ) 

a = , (2.15) 
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where Te is the electron temperature in units of electron volts. With the above definitions, 

r n 0 can be defined as follows: 

r n o — —MS dn0 

3n({av)ez + {(TV)^) dx 
(2.16) 

If n is assumed independent of a;, equation 2.9 can be rewritten as, 

dno u\ d2n0 

8t Zn{(av)ez^{av)cx)dx2 ~ nn°\av>< (2.17) 

In steady state the following equation results: 

d2n0 

dx2 

Zn2{av)ez {{crv)ez + (<ro)es)1 _ 
ul Uo = (2.18) 

If one defines, 

A„ = u% 
Zn2(av)ez ({(Tv)ez + {crv)^) 

1/2 

then the following equation for n0 results: 

(2.19) 

d2n0 1 
dx2 XI — —n0 = 0. (2.20) 

That equation has the following solution: 

n0(x) = n0(0) exp (-x/Xn). (2.21) 

A representative value for A„ can be computed from equation 2.19 and equation 2.13 through 

equation 2.15. Assuming an electron temperature, Te = lOeV, a plasma density, n = 1 x 
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10 1 9 m - 3 , and a neutral thermal velocity, u0 = 3.5 x 104m/5, one obtains A„ = .14m. 

In a model problem of a high recycling divertor, a significant fraction of the plasma which 

strikes the divertor plate is recycled as neutral atoms. These neutrals then diffuse back into 

the plasma and are ionized by electron impact ionization. The model for the neutrals which 

are generated at the plate follows: 

/»(*) = fn{L) exp (~{X

X~L)) • (2-22) 

Here fn is the neutral distribution function, An is the neutral mean free path to collisions 

with ions as described above, and L is the spatial dimension of the region. The discrete form 

of the ionization term for these calculations is 

\dtjin2 

- »»*(*-**)f» (2.23) 
Av 

where vn = vn/\n is the electron impact ionization frequency, and Av is the mesh spacing in 

the v direction. This assumes that the neutral particle distribution is a beam with velocity 

vn. Simulations are presented in this chapter and in Chapter 5, with /„ assumed to be a 

Maxwellian distribution in velocity space. 

2.2.3 Core Source 

The core source term is based on work from Emmert [43] and has the form, 

"ro(p - Vf 
U J , r c ~ U J l 2kTinj ' 6 X P 

&K-L inj 
(2.24) 
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where R{nj is the particle injection rate and h(x) is the injection shape factor, such that, 

/ '" h(x) dx = 1, (2.25) 
Jo 

where i, n j- is the spatial dimension of the injection region, and T{nj is the temperature of 

the injected particles. This source produces a Maxwellian distribution in the absence of an 

electric field. It may not be the most appropriate source model for a collisional plasma and 

other models are investigated in Chapter 5. In this model problem, the particle source comes 

mainly from neutral particles recycling off the divertor plate and being ionized, and the core 

source is used primarily for energy, i.e., to define a temperature. 

2.2.4 Electric Field 

For this single species analysis, a simplified form of the electric field calculation has been 

used. Taking the mv moment of equation 2.3, ignoring (4£) , (4£). , and ( ^ ) , yields an 

ion momentum equation of the following form: 

d n ^ 2 _ dPi . 
mi~-Q— = —Q- + eniE- (2.26J 

Similarly for the plasma electrons: 

8neV? _ 8Pe me-^- = -jx~- eneE. (2.27) 

where P$ is the fluid pressure of species £. Since m,i» me, the left hand side of equation 2.27 

can be set to zero. If it is assumed that Pi = P e = P and n,- = ne = n, then the following 
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form of the electric field results, 

K = -
en dx 

E = - ^ (2-28) 

where e is the charge of an electron. Again a simplified model has been used to demonstrate 

the numerical method. For more information on the electric field see Section 5.3. 

2.3 Solution Algorithm 

2.3.1 Fully Impl ic i t Mot ivat ion 

Given the above equations and the decision to use a deterministic solution method, one 

now has to decide on the level of implicitness for the numerical integration. These levels of 

implicitness can be categorized as explicit, semi-implicit, and fully implicit. 

The explicit option is clearly the easiest to code. One simply has to code equation 2.3 with 

all variables evaluated at old time except for the ^ term. The explicit method requires no 

matrix inversion, so it is not as computationally complex as the other more implicit methods. 

The drawback to this approach comes from numerical stability. Because of the potential for 

very short time scales when electrons are considered, very small time steps would have to be 

taken. Therefore, many time steps would be required to reach steady state, or to even resolve 

a realistic transient. 

Consider the Courant stability limit from Roach [44] for explicit first order convective 

derivatives like v |£ , 

— < 1 . (2.29). 

Here, At is the numerical time step and As is the numerical spatial step. Choosing num

bers from Table 2.1 one can compute a representative time step. The spatial step is given 
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approximately by As = L/nx = 0.06m. The worst case velocity is v = vmax = 1.5 x 105 m/s. 

Now these values can be substituted into equation 2.29 and At can be solved for resulting in 

At < Ax/v = 4.0 x 10~7 s. This is an incredibly restrictive time step. 

A second approach is semi-implicit or alternating direction implicit (ADI) [34]. In this 

method, implicit coupling occurs along a given spatial dimension, V strip, or velocity 

dimension,'V strip. Implicitness along a strip results in having to solve simple banded ma

trices and many "canned" packages exist for solving banded matrices. The solution proceeds 

by first sweeping over all ' V strips then sweeping over all "s" strips. This ADI iteration is 

continued until the solution converges [5,17,28,37]. The drawback to this approach is that 

for problems with important integral coupling like the electric field, convergence of the ADI 

algorithm may be slow because the integral coupling is not included implicitly. Recall that 

the electric field is represented as a gradient of the fluid pressure, and the fluid pressure is cal

culated from the equation of state, equation 2.7, and an integral moment of the distribution 

function, equation 2.6. 

Also, convergence of ADI methods may be slow for equations which contain multiple time 

scales [34]. For example, in an edge plasma simulation near the core, the temperature may 

be 100 eV with an ion number density of 10 1 9 m - 3 , while near the divertor plate one may 

have 1 eV and 102 1ra~3. For this example the coupling near the core would be tightest in the 

"s" direction where the Vlasov streaming operator dominates, but near the plate, coupling 

would be tightest in the ' V direction since the Fokker-Planck collision operator would be 

dominating there. The ratio of Coulomb collisions from the core to the plate would be 10~5 

based on the collisional frequency scaling as re/T3/2. 

A third approach, and the one chosen for this dissertation, is fully implicit. All variables 
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are evaluated at new time and solved simultaneously. Because the equations are non-linear, 

Newton's method is used to linearize the problem. The resulting linear systems can be 

very large and dense (for a 100 velocity by 50 spatial grid there are 7.549 x 10 5 non-zero 

elements in the solution matrix out of 2.5 x 10 7 total entries, or a 3 % fill rate). The density 

of the matrix results from the integral coupling due to the moment quantities that appear 

as coefficients of the derivative terms. The storage of this large dense matrix makes most 

interesting applications prohibitively expensive in terms of memory. 

The matrix storage problem can be dealt with by evaluating the integral quantities at 

previous iteration values during the iterations. However, as the integral terms, E and (^-) , 

become important, this lagging of the integral quantities can significantly effect convergence, 

as will be seen later in Section 2.4. What is needed is a method that does not require the 

storage of the large dense matrix, but still has all of its effects during all the iteration steps. 

Matrix-Free Newton Krylov (MFNK) is one such method, and the method chosen in this 

dissertation. 

2.3.2 N e w t o n ' s M e t h o d 

The nonlinearity of the problem comes from the electric field and the (4£) term in equa

tion 2.3. To deal with this nonlinearity Newton's method is used. The main advantage 

of Newton's method is its local quadratic convergence, (i.e., the error at iteration K is the 

square of the error at iteration K-l). This quadratic convergence occurs only when the guess 

is within the Newton radius of convergence, which is a drawback to Newton's method [45]. 

One can get an initial guess within the radius of convergence by using a solution from a 

similar problem. Other methods for increasing the Newton radius of convergence are pseudo-

transients, damping strategies, and mesh sequencing [31,33]. These methods for improving 
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Newton's method will be discussed in more detail in the following paragraphs. 

Newton's method is a powerful technique for solving systems of nonlinear equations of 

the form, 

G(y) = [ 5i(y), <?2(y),..., <7„(y)]T = 0, (2.30) 

where the state variable, y, can be expressed as, 

y = [y i ,y 2 , . . . ,y„] T . (2.31) 

Application of Newton's method requires the solution of the linear system, 

Jn6yn = - G ( y n ) , (2.32) 

where the elements of the Jacobian, J, are defined by, 

Tn _ fa 
i j dyf 

and the new solution approximation is obtained from, 

y » + l = y n + d6yn^ ( 2 . 3 4 ) 

The constant, d € [0,1], in equation 2.34 is used to damp the Newton updates. The damping 

strategy is designed to prevent the calculation of non-physical variable values (i.e., negative 

distribution functions), and to scale large variable updates when the solution is fax from the 

true solution. For example, d is chosen such that, / n + 1 > 0 where fn+1 = fn + d6f. This 

(2.33) 
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iteration is continued until the norm of 6y and/or the norm of G(y) are below some suitable 

tolerance level. 

Construction of the Jacobian matrix can be one of the most difficult tasks in implementing 

Newton's method. Four methods for building the Jacobian matrix will be discussed. The 

first is to calculate equation 2.33 analytically, that is to construct the derivatives by hand and 

then code the results. This method is tedious and prone to error. A second method is to use 

symbolic manipulators such as MAPLE [46] to take the derivatives and then have MAPLE 

output the FORTRAN code for the derivatives. This approach has a smaller amount of 

inherent error, but the resulting FORTRAN code is often very inefficient. Another approach 

is to use a preprocessor to symbolicly manipulate the FORTRAN coding [47] for <7,- to get 

a FORTRAN subroutine which calculates equation 2.33. This approach has promise, but 

has not yet been investigated by the author. The method which is currently employed is to 

approximate the derivative by a finite difference approximation, 

% _ 9i(yn + €,-) - 9i(yn) / ,«N 

where e,- is a small perturbation in state space at the jth. location. This method was chosen 

because it results in very modular code that is easily modified and maintained, since there is 

only one set of FORTRAN coding for the evaluation of p,-. 

An inexact Newton's method [48] is used for increased efficiency. This technique adjusts 

the convergence tolerance for the linear solution of equation 2.32 with the nonlinear iteration 

as follows, 

P n * y n + G(y")|| < *o/c<7||G(y»)||, (2.36) 
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where tolcg is the convergence tolerance for the Krylov method. This results in increased 

efficiency by loosening the convergence tolerance when the nonlinear iteration is "far" from 

the solution (i.e., | |G(x n)|| is large) and high accuracy does not benefit the global convergence. 

To increase the radius of convergence of Newton's method, a pseudo-transient is employed. 

In this method the Jacobian is modified as follows, 

( J - + J»)ty» = -G(y»), (2.37) 

where I is the identity matrix. By increasing the diagonal of the Jacobian matrix, the size of 

the Newton update <5y* is lowered and the iteration is damped. Additionally, the increased 

diagonal will serve to decrease the condition number of the matrix and thus improve the 

performance of the Krylov method. However, by modifying the Jacobian, the solution will 

most likely require increased Newton iterations. In this implementation, the time step, At, 

is allowed to increase as the steady-state residual decreases. 

Mesh sequencing is used to get an initial guess inside of the Newton radius of convergence 

by interpolating a converged solution from a coarse grid to a fine grid. Mesh sequencing is 

similar to the first upward pass of a multigrid " V cycle [49,50]. Using this technique places 

the largest number of Newton iterations on the coarse grids where the cost per iteration is 

lowest and the radius of convergence is largest. 

2.3.3 KrylovJWtethod 

Krylov techniques are used as the iterative methodfor^olidn^quation 2.32. There are many 

Krylov, conjugate gradient-like, solvers [51,52], but for this dissertation, only tno Iwieralized 

Minimal Residual (GMRES) method is used. This is because GMRES has been shown to be 
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more robust in matrix-free implementations [32,53,54] than other Krylov algorithms. Since 

the memory usage of the GMRES algorithm increases with each iteration, to achieve an 

efficient linear solution, one would want to use the GMRES algorithm when it only requires 

a small number of iterations. To lower the number of iterations, or in some cases to even 

get convergence, the original matrix system is preconditioned. Preconditioning reduces the 

spread and/or clusters eigenvalues of the matrix, both of which increase the performance of 

the Krylov method. In this dissertation, Incomplete Lower-Upper factorization [55], ILTJ(k) 

is used as the preconditioner. 

2.3.4 Mat r ix Free 

To solve equation 2.32, the Krylov method only requires the action of the Jacobian in the 

form of matrix vector products, not the actual Jacobian matrix itself. Because of the large 

size and density of the Jacobian matrix, caused by the integral coupling, one would like to 

find a way to approximate the Jacobian's action [56,57]. This can be done using, 

J ( y ) u « G ( y + e U

£

) - G ( y ) . (2.38) 

Here u is a Krylov vector and e is a small perturbation in state space. By using this approx

imation in the Krylov iteration, one is not required to explicitly form the Jacobian matrix 

on each Newton step, except for use in the preconditioner. Thus the large computational 

cost and storage of evaluating and storing each element in the Jacobian via equation 2.33 is 

replaced with one additional right-hand-side evaluation per GMRES iteration. 

For this work, the preconditioner matrix used is a modified form of the Jacobian. Since the 

preconditioner need only be a "close" approximation to the true Jacobian, the preconditioner 
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is constructed from the last iteration values for the integral quantities. Thus, only the 

differential operator is used in denning a preconditioner. Since the integral quantities are 

evaluated at the last iteration value, the preconditioner matrix has a penta-diagonal structure. 

This structure results from the five point stencil of the difference operators | £ and | £ . 

Therefore, when ILU(O) is used as the preconditioner, the total preconditioner matrix storage 

is 5 X N where N is the total number of unknowns. As higher order techniques are employed 

in later chapters, this five point stencil will increase to a nine point stencil. 

2.4 Model Problem and Results 

To demonstrate the numerical method, a simple model problem was chosen. Figure 2.1 shows 

the geometry in x,v space of the model problem. The model problem is a one-dimensional, 
a. 

along the magnetic field line, representation of a high recycling divertor (see figure 1.2). The 

left boundary is a symmetry plane in x, which is described by, 

F(0,v) = F(fi,-v). (2.39) 

The ions are injected in the source region according to equation 2.24 at a temperature 

of 75 eV and flow out of the problem at the divertor wall. This high injection temperature 

was used to keep the upstream temperature at approximately 30 eV. The maximum particle 

velocity is set at 1.5 X 105 m/s which is approximately 3 x vth for the conditions at the sym

metry plane. For this first problem, a constant collision frequency is used. Other important 

physical quantities are, vth = (2kT/m)l/2 w 5.0 X104 m/s when T = 30 eV, fn{L) was chosen 

to give a high recycling solution, and vn = vn/Xn. The rest of the input quantities are defined 
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in Table 2.1. Note that nx is the number of cells in the "x" direction and nv is the number 

of cells in the "v" direction, and Atomic Mass Unit is abbreviated AMU. 

Symmetry Plane 

1.5e+5 

F(v) = F(-v) 

DivertorWall 
3F/oV = 0 

0.0 

-1.5e+5 

Source Injection Region 

Figure 2.1: Model Problem Geometry 

F=o 

nx 100 nv 200 A„ 0.5 m 
L 6.0 m Vmax 1.5 x 105 m/s T- • 

J-zn] 
75.0 eV 

Vii 2.5 x 10s s-1 m 2 AMU's •K-inj 3.367 x 10 2 7 m- 3 5- x 

Vn 
3.5 x 104 m/s ML) 6.122 x 10 1 9m" 3 Linj 4.56 m 

Table 2.1: Input Values 

In figure 2.2 one observes the neutral particle density profile which results from equa

tion 2.22. These neutrals are ionized and fed into equation 2.3 through equation 2.23. 

Figure 2.3 shows the electric field computed by equation 2.28. Here, the increase in the 

electric field in the pre-sheath region near the wall can be seen. 

In figure 2.4 through 2.7 the moment quantities defined by equation 2.4 through 2.7 



42 

7.0000E19 r 

6.0000E19 -

5.0000E19 -

Q 4.0000E19 -

=5 3.0000E19 -
H 
CO 

H 2.0000E19h 

1.0000E19 -

O . O O O O E O r 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 „ > 

0 1 2 3 4 

Distance (m) 

Figure 2.2: Neutral Number Density 

100 r 

80 -

I 
I 
2 
UJ 

60 

40 

20 

• • * • ' * • • • ' • • * ' ' • ' ' * ' * ' • * ' * * • * ' 

0 1 2 3 4 5 6 

Distance (m) 
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respectively are shown. In these figures, the classic high recycling divertor structure of a 

density bump and a declining temperature [31,33] is demonstrated. 

l . 5x io , 5 r 

" g 1.3x1015 

Q 2.5x10" 

0.0x10° ' ' • •* 
-1.5x10s -1.0x10s -5.0x104 0.0x10° 5.0x10* 1.0x10s 1.5x10s 

Velocity (m/s) 

Figure 2.8: Distribution Function Slices 

Figure 2.8 shows constant "s" slices of the distribution function. Here, the acceleration of 

the flow as it moves across the simulation towards the divertor is shown by the shifting of the 

distribution function towards higher velocity. The spatial dependence of the number density 

is also revealed. The plot shows the initial rise in number density, peak at x = 4.5, and the 

the drop as the wall is approached, x = 6.0. Figure 2.8 also demonstrates the non-Maxwellian 

behavior caused by the ionization source at x = 5.94. The ionization source is shown as a 

bump at vn = -3.5 x 104 m/s. 

Figure 2.9 shows the convergence, in terms of update size 6yn in equation 2.34, per Newton 

step for each of the four meshes. Here it is clearly shown that mesh sequencing reduces the 
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25x50 
50x100 
100x200 
200x400 

10 15 20 25 30 35 
Newton Iteration 

Figure 2.9: Mesh Sequenced Convergence vs. Newton Iteration 

number of Newton iterations on the finer meshes. The strong oscillations in the coarse grid 

convergence are a function of the pseudo-transient progression, the damping algorithm, and 

the adjustable time step. 

MESH NEWTON ITERATIONS CPU TIME (s) CUMULATIVE CPU TIME (s) 
25x50 33 24 24 

50x100 15 66 90 
100x200 12 305 395 
200x400 10 1682 2077 

Table 2.2: Mesh Sequencing 

Figure 2.10 shows the convergence for the 200x400 mesh as a function of CPU time. Here, 

the CPU time is for an HP 735 workstation. This illustrates the importance of a good initial 

guess for the fine grids, where each Newton iteration takes significantly more time than the 
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Figure 2.10: 200x400 Convergence vs. CPU Time 

coarse grid iterations. Table 2.2 shows the Newton iterations and CPU time for the entire 

mesh-sequenced run. From figure 2.10, one can see that as the solution is approached, the 

CPU cost per Newton iteration goes up, since the horizontal spacing of points is increased. 

This is caused by the Krylov convergence tolerance from equation 2.36 being tightened as 

the residual gets smaller, therefore, there are more Krylov iterations required for the latter 

Newton steps. 

Figure 2.11 shows the effect of mesh refinement on the fluid pressure. It is clear that the 

solution is beginning to converge, but it may take many more doublings to get the solution 

fully converged. These results indicate the need for higher order differencing of the first order 

operators which are currently upwind differenced (see Section 4.2) everywhere except in the 

(it") t e r r n where interpolated donor cell differencing (see Section 4.3.1) is used. Higher 
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order differencing as well as a non-uniform grid will aid in limiting the required mesh size 

for accuracy. In figure 2.12 one can more clearly see that the solution has not yet reached 

a mesh independent solution. For a further discussion of this and mesh converged solutions, 

see Section 4.5 in Chapter 4. 
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Figure 2.13: Matrix Free vs. Lagged Integral CPU Time 

Figure 2.13 and figure 2.14 show the importance of keeping the integral quantities at new 

time for convergence. In the matrix free option, all integral quantities are at new time and 

it takes only 33 iterations to converge, compared to 1975 if the integral quantities are lagged 

to the old iteration value. Although it costs more in terms of CPU time per iteration, one 

can clearly see from figure 2.13 that the matrix free option is more computationally efficient 

by an order of magnitude. 

Figure 2.15 and figure 2.16 show the effect of the neutral mean free path on the fluid 
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Figure 2.16: Ion Number Density vs. Neutral MFP 

pressure and the ion number density. Here the importance of the neutral diffusion model is 

clearly demonstrated by the wide shifts in the size and the location of the ion number density 

peak. These plots show the same simulation for three different choices of A„, (1 m, 1/2 m, 

and 1/4 m). From figure 2.16 it is easy to see that as A„ is made smaller, the neutrals are 

ionized much closer to the plate. These large differences indicate the importance of including 

a more realistic neutral particle model. 

For the earlier results, a constant collision frequency was used in equation 2.8. Next, 

the non-linearity and integral coupling will be increased by making the collision frequency 

a function of x, T, and n. Figure 2.17 and figure 2.18 show both the matrix-free and the 

lagged integral solutions for the x dependent collision frequency (i/« = K-^j^). Again, the 

matrix-free solution requires significantly less time and fewer Newton iterations to obtain the 
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Figure 2.17: Matrix Free vs. Lagged Integral CPU Time for Variable Collision Frequencies 
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Figure 2.21: Fluid Temperature Constant vs. Variable Collision Frequency 

same steady state solution. It should be noted also from figure 2.19, which shows the -%-

dependency of the ion-ion collision frequency, that the collision frequency is lower for the 

^-dependent vu. To get a more accurate collision operator, one would also have to include 

the particle velocity dependence. Figure 2.20 and figure 2.21 illustrate the effect of variable 

collision frequency on ion number density and fluid temperature, respectively. These plots 

illustrate that the lower variable collision frequency results in flatter profiles. This indicates 

that the collision frequency needs to be high to support steep gradients. 

Figure 2.15 and figure 2.16 showed how changing A„ in equation 2.23 effected the solution. 

In equation 2.23 the neutral particles were assumed to be a beam of particles (i.e., Tn = 0) 

all moving at velocity vn. For an alterative model the neutral particles have a Maxwellian 

distribution at a given neutral particle temperature. The new form of the neutral particle 
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Figure 2.24: Fluid Temperature vs. Injection Shape 
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Figure 2.25: Particle Density vs. Injection Shape 
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ionization term is: 

(§L = / " ° ( l ) e x p -(y- vnf 
unth 

(2.40) 

where 

/«o(*) = / n ( * ) ( - r - ) , (2-42) 

and / n ( » ) is defined as before in equation 2.22. It is assumed that m,- = m„, or that the mass 

of the electron relative to the ion is negligible. Figure 2.22 through figure 2.25 demonstrate 

the effect of the Maxwellian neutral distribution function on the divertor simulation. The 

different lines on the plots indicate different choices for Tn and vn in this neutral particle 

model. Figure 2.22 serves as a check to show that the models are consistent and that the 

neutral particle ionization rate is the same for all the different neutral particle distribution 

function shapes. Figure 2.23 shows the distribution functions near the plate. Now the spike 

from the neutral beam which was apparent in figure 2.8 has been smoothed out. Figure 2.24 

demonstrates how the neutral particle model effects the cooling of the ions as they approach 

the plate. In figure 2.25 the densities near the plate are clearly changed by the new neutral 

model. One can see that assumptions about the shape of the neutral particle distribution 

function can very strongly effect the simulation near the plate, again indicating the impor

tance of an accurate neutral particle transport model. 

Figure 2.26 shows the effect of the level of HU fill-in [58] on the average number of Krylov 

iterations per Newton iteration. The simulation uses initial conditions which are the steady 

state solution to the base problem, see Table 2.1, where i/« in equation 2.8 was perturbed 

from 2.5 x 10 5 to 2.4 x 10 5 to initiate the transient. This is the transient used to generate 
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Figure 2.26: Average Krylov Iteration vs. Level of ILU Fill-in 
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figure 2.26 through figure 2.29. The plot clearly shows the break-down of ILU(O) as a function 

of problem size, (the upper limit on Krylov iterations is set at 480 and the 200x400 HU(O) 

problem hit this limit two of the four Newton iterations). However, it also demonstrates 

that higher levels of ILU fill-in, although requiring much more memory and CPU time, scale 

better with the problem size than ILU(0). Figure 2.27 shows the effect of level of ILU fill-in 

on the run time (note that the CPU time is on a logarithmic scale). Here, the most powerful 

preconditioner ILU(6), is also the most effective for the larger grids. This is a result of the 

high cost per Krylov iteration on the large grids caused by the matrix-free approximation. 
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Figure 2.28: Average Krylov Iteration and Run Time vs. Time Steps Size 

The effect of time step size, At from equation 2.37, on the Krylov iteration and the run 

time is presented in figure 2.28 showing that as the time step size increases the CPU time 

decreases, even though the number of iterations per Newton step increases. Recall that since 
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this is a pseudo-transient, and not a "real" transient, it does not take 100 times as many 

steps to reach steady state for At = 1.0 x 10~5 as At = 1.0 x 10~3 (the actual numbers are 

7 and 152, or a ratio of about 22). 

250 

1<T 
Krylov Tolerance 

10" 

Figure 2.29: Total Krylov Iteration vs. Krylov Tolerance for Different Maximum Krylov 
Space Dimensions 

The effect of the Krylov convergence tolerance, tolcg from equation 2.36, on the number 

of Krylov iterations is presented in figure 2.29 for GMRES(40) and GMRES(120), where 

the maximum dimension of the Krylov space are 40 and 120, respectively. Since the GM

RES algorithm's memory usage increases with the number of iterations, an upper bound is 

set (i.e., 40 or 120). If the number of iterations exceeds the preset limit, the algorithm is 

restarted. In figure 2.29 the effect of restarting the GMRES [59] algorithm is clearly demon

strated by the large increase in the total number of Krylov iterations from GMRES(120) to 

GMRES(40). With the maximum Krylov dimension set to 120, there are no restarts of the 

GMRES algorithm. When the maximum is set to 40, the algorithm has to restart often. 
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When the GMRES algorithm is restarted the convergence rate is slowed and sometimes stalls 

as discussed in references [32,53,54]. 

2.5 Summary 

In this chapter it has been shown that the Matrix-Free Newton Krylov method is an ef

fective technique for solving the Vlasov Fokker Planck equation. This technique solves the 

integro-differential equations in a fully coupled manner. The method does not require ex

tensive memory since the matrix is approximated by function evaluations. It has also been 

demonstrated that the fully coupled method converges much faster than lagging the integral 

terms one iteration level behind. 
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Chapter 3 

One Velocity (0D1V) Ion and 

Electron 

3.1 Introduction 

Now that the solution algorithm has been described and demonstrated on the ID IV ion 

problem, the next step towards the goal of solving the ID IV problem with coupled ions and 

electrons will be taken. For this chapter, the spatial dimension is dropped and concentration is 

focused on the collision operators. First, the zero-spatial dimension electron Vlasov-Fokker-

Planck equation is added. Next, ion-electron collisions are be added in both the ion and 

electron kinetic equations. These collision operators, which have the same form as the ion-ion 

and electron-electron simplified operators, account for the momentum and energy exchange 

between the ions and electrons. 

The rest of this chapter has the following organization. Section 3.2 presents the 0D1V 

ion-electron equations and describes the new collision operators. Section 3.3 describes the 
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effect of the new equation and the new collision operators on the structure of the matrix. 

Section 3.4 discusses some of the difficulties associated with differencing the simplified Fokker-

Plank collision operator and shows how the differencing was improved. Section 3.5 presents 

the model problems used to test the implementation of the unlike particle collision operators, 

derives their exact solution, and compares the code results to the exact solution. Section 3.6 

summarizes the chapter. 

3.2 Mathematical Model 

The ion equation for the ODlV work is very similar to the I D I V ion VFP equation (equa

tion. 2.3), but the convective term, v$£, is neglected and there are now two collision operators. 

Also for the 0D1V work there is no source terms (i.e., (^- ) . = (^)sre = 0)- With these 

assumptions the ODlV ion equation becomes, 

W qjEW_(W\ rm\ ( Z 1 ) 

dt + mi dvi ~\dt Ju

 + \ d t j i e ' ^-l) 

The electron equation with the same assumptions is given by: 

dt me dvt \ dt Jee \ dt J t i 

The distribution function moments are defined as follows: 

TOO 

rii = F{ dvi (3.3) 
J—oo 

/

CO 

ViFi dvt (3.4) 
•oo 

UikTi = mi I (vi - VifFi dv{ (3.5) 
J — 00 
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n. = Fedve 

neVe 

nekTe 

• / —OO 

-oo 

dve 

= m. r(ve-Ve)2Fedve. 

(3.6) 

(3.7) 

(3.8) 

The like-partide collision operators have the same form as before, 

(w),-*{ kTi 

( 
OF, 
at j ) = , . 

m.-

fcTfi 

771 . 

d2Fj [ flfe-t^n 
5«| 5wt- J 

a 2 j ; a[(t>,-v.)f«]) 
^ + dve y 

and the unlike collision operators from Catto [8] are, 

\dt Jie [Lm,J dvf dv{ J 

where, 

-*(^r) + v-*>'> 

(3.9) 

(3.10) 

(3.11) 

(fL=^iHt + *^}- ^ 
(3.13) 

and £ is a thermal equilibrium term which must be included to conserve momentum and 

energy in the dectron-ion collision operator. Where Catto [8] gives the collision frequencies 

the following form, 

(3.14) Vii = 
47r1/2e4n,-lnA 

Vex = 

3m- / 2(fcT f) 3/ 2 

4(2x)1 / 2e4rc,-lnA 
Zml/2(kTe)3/2 

(3.15) 
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mene vu = ve, 
TdiTLi 

n. 
U; 

(3.16) 

(3.17) 

Here, 

A = YlTme\z

D, (3.18) 

where, 
. fe0kTe\1/2 

(3.19) 

is the Debye length and e is the charge of an electron and e0 is the permittivity of free space. 

3.3 New Matrix Structure 

IONS 

Electrons 

Differential 
Coupling 

Like Coupling 

Unlike Coupling 

Figure 3.1: Matrix Coupling for Ions and Electrons with Unlike Particle Collisions 

Because there are now two equations, the ion VFP equation and the electron VFP equa-
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tion, being solved for at each grid point in x — v space, the new ion-electron matrix has twice 

as many unknowns as the old ion-only matrix. The new matrix has a block 2 x 2 structure 

where each of the diagonal blocks has the same structure as the ion-only matrix. However, 

because of the new unlike-particle collision operators, equation. 3.11 and equation. 3.12, the 

off diagonal blocks are also filled. 

From figure. 3.1 one can see that the coupling between ion and electrons fills in the upper 

right and lower left corners of the matrix. However, since all of the non-differential coupling is 

handled by using the matrix-free approximation, this unlike particle coupling does not effect 

the storage requirements of this solution algorithm. It should be noted that figure. 3.1 is a 

schematic, and the real matrix structure is not completely full. The real structure is banded 

with many bands far from the diagonals. The schematic simply represents where the collision 

operator coupling occurs. 

3.4 Differencing the Fokker-Planck Collision Operator 

Two new methods will be presented for differencing the collision operators, QUICK (Quadratic 

Upstream Interpolation for Convective Kinematics) [60] and Chang-Cooper [61]. The ap

proach for the two methods is very different. For the QUICK method, the goal is to make 

all of the error components small so that the total.error will be small. The goal for Chang-

Cooper differencing is to make the errors equal and opposite so the global error is small, due 

to cancelation. These two methods will now be described in more detail. 

3.4.1 QUICK 

The QUICK (Quadratic Upstream Interpolation for Convective Kinematics) method from 
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FIN 

Figure 3.2: QUICK Differencing 

Leonard [60] is a third order method for discretizing a convection (first order partial differ

ential v%£) diffusion (second order partial differential D^) equation. The basic idea is to 

use four of the five data points (FISS, FIS, FIP, FIN, FINN) shown in figure. 3.2 to calculate 

the flux values at the two faces, (north-FN and south-FS). The four cell values are chosen by 

picking the middle three and then the end one in the upwind direction, determined by the 

fluid velocity. 

From these four points, two quadratic equations are computed for the "north" and "south" 

face. The quadratics are uniquely computed from three cell values. The two cell values that 

straddle the face are always used (i.e., FIN and FIP for FN) and the upwind cell (i.e., FINN 

if the velocity at the north face is in the south direction). A quadratic is placed through the 

three cell values using standard curve fitting logic [62]. This polynomial is then evaluated at 

the face to give FN. The polynomial is then differentiated with respect to v to evaluate ^ 
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at the north face (which is required for the flux terms of the second order operator). This 

process is then repeated for the south face (FS). 

Consider a case where the velocity at the north face, FN, is from north to south. Therefore, 

FIP, FIN, and FINN must be used to construct the curve. Let the grid have its zero value 

at FIP (i.e., VFIP = 0). Then from Kreyszig [62] an equation for F(v) is, 

FTN-FTP (FINN~FIN FIN-FIP \ 
F(v) = FIP + (v- 0) A + (v - 0)(t» - Avn) \ —£sas A

 A"" \ . (3.20) 
Avn [ Avnn + Avn J 

Now equation. 3.20 is evaluated at v = - ^ to get an equation for FN. This yields, 

/ A \ / AiLa.\ / A \ / A \ ( FINN-FIN FIN-F 

'(¥) - F N - F H^) i F l N - F I P ) + { CT) (¥-A-){ I*.:*? 
(3.21) 

Now a subtle point needs to be discussed before the derivation can continue, the location 

of the north cell face. There are two obvious choices for this location, ^p- or ^"-. Clearly if 

the grid has uniform spacing, then these two choices are equivalent. But if the grid is rapidly 

stretching or shrinking, these two locations may be very different. To match the derivation of 

the QUICK algorithm by Leonard [60], the cell faces have to be located half-way between the 

two cell centers. The geometric interpretation of the other options is that the cell centers are 

located half-way between the two cell faces. In figure. 3.3 the difference between these two 

assumptions is clear. Again if the v = 0 is set at FIP, in the top grid, where the cell center 

is half-way between the two cell faces, FN is located at ^-. In the bottom grid, where the 

cell face is half-way between the two cell centers, FN is located at •^a-. The bottom grid is 

the type of grid Leonard used in his derivation, and that will be the type of grid used here 

to match his derivation. However, in this work the top grid is used, so the implementation 
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Figure 3.3: Different Non-Uniform Meshes 

is slightly different than Leonard's. With a grid of the lower type, the following identity can 

be used, 

AvN = Avnn + Avn (3.22) 

From equation. 3.21, if equation. 3.22 is used and some expressions are simplified the following 

equation results, 

FN = FIP + (FIN - FIP) 1 (Avn\ f-Avn 

+K¥)(^){ FINN-FIN FIN-FIP 
Au„ Av„ 

AvN }• (3.23) 

One more simplification step results in, 

FN = 
_ (FIN + FIP) _ /Atg> FINN-FIN _ FIN-FIP 

A«nn Attn 

V 8 AvN }• 
(3.24) 
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This can be seen to match the QUICK algorithm of Leonard [60] equation 9.108. If the mesh 

is uniform (i.e., all Av's are equal), one can see that equation. 3.24 reduces to, 

F N = (FIN + FIP) _ n \ { F I N N _ 2 F I N + FJ[py ^ Q25^ 

Where it again simplifies to the following: 

FN = | (3FIP + 6FIN - FINN). (3.26) 
8 

This is the equation shown in Johnson and MacKinnon [63] and Leonard [64] for the QUICK 

method on a uniform mesh. 

To complete the differencing discussion, the method for computing | £ needs to be dis

cussed. To set this quantity, one simply has to differentiate equation. 3.20 with respect to v 

and then evaluate it at v = ^-. This differentiation yields: 

FINN-FIN _ FIN-FIP 
_ Attnn A 

dvK"J~ Avn ' v"" "' 1 Att n n + Av n 

94 (*) = F I N

A / I P + (2v - Avn) { *»" *"" > • (3.27) }• 

When this equation is evaluated at ^j°- the second term is zeroed out and the resulting value 

is given by: 
dF(Avn\ FIN-FIP 
a \~r) - ~~AVn • ( 3- 2 8 ) 

This matches Leonard's [60] equation (9.109). 

Earlier investigations used the Cubic Upwind Interpolation (CUI), given in Johnson and 
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MacKinnon [63], for approximating the face values FN, and FS, that is, 

FN = i (2FIP + 5FIN - FINN). (3.29) 

This method was abandoned when the work moved to a non-uniform mesh because the 

method was no longer conservative (i.e., what flows out of one cell through a face may not 

equal what flows into the cell on the other side of the face). 

3.4.2 Chang-Cooper 

The Chang-Cooper method, first derived by Chang and Cooper in 1970 [61], is similar to 

a non-linear version of Interpolated Donor Cell (IDC) differencing (see Subsection 4.3.1 of 

Chapter 4). The weighting is between forward differencing and central differencing (see 

Appendix A) instead of between upwind differencing and central differencing. Also, the 

weighting is now different for each cell and the weighting is determined by local values and 

an assumed solution shape. This is in contrast to IDC, where the weighting is a globally 

constant number determined by input. 

First consider the collision operator, 

fdF\ (\kT]d2F d[(v-V)F]\ dfTkTldF . ^TA , 0 o n . ( i d = n r a ^ + * rVe^\\^\^+(v ] r (3-30) 

It will be shown in equation. 3.67 that this continuous collision operator evaluates exactly to 

zero when F is a continuous Maxwellian distribution, 

Fm = Fm0 exp I ( V , y ) j . (3.31) 
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In the Chang-Cooper method, the discretization is designed to give zero collisions from the 

discrete collision operator when the discrete distribution function is Maxwellian. Consider 

the finite volume approximation to the collision operator, 

d£ 
at 

= Vj Ax < %«.-vr\ -[*£«.-*>, KTdF 
m m dv ] } (3.32) 

To evaluate the finite volume discretization of the collision operator, i^+1/2, -P}-i/25 §7 - + 1 / 2 ' 

and ^ . . have to be defined. Without loss of generality, one can focus attention on the 

j + 1/2 terms. To set 4£|. = 0, the discretization scheme will be defined as follows: 

\kT dF . r r . J, — s ~ + (y-V)F L m dv 
XkTdF . _-. • 

j+1/2 Lm dv 3-1/2 
= 0, (3.33) 

for a discrete Maxwellian. First, define some terms to make the derivation simpler. Let, 

B = (v-V), (3.34) 

and, 

C = 
kT 
m 

(3.35) 

Now, one can write, 

kT8F , , _7 ' 
3+1/2 'CTT + *F 

dv 
j+1/2 

(3.36) 



One can also define a discrete Maxwellian distribution function, 

73 

Fdrrij = Fdm0 exp ( ^ — - j , (3.37) 

where FdrriQ has all of the non-v-dependent terms and, 

Vj = jAv. (3.38) 

The Chang-Cooper discretization requires that, 

C ^ + BFdm dv = 0. 
.7+1/2 

(3.39) 

First the f £ | - , 1 / 2 is evaluated with a simple central difference, 

dF_ 
dv i+i/2 

Fj+i ~ Fj 
Av (3.40) 

The Fj+i/2 is evaluated with a weighted average of two terms, 

Fi+1/2 = (l-S)Fi+1 + SFj. (3.41) 

Now, one can write, 

,dFdm 
dv + BFdm] = C (FdmJ+1

Av

 F d m j ) +B((1- S)Fdmj+1 + SFdmj) = 0. 

(3.42) 
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This can be rewritten as, 

-£- + B(l- 6)] Fdmj+1 + \BS - •£-] Fdrrij = 0. (3.43) 

Moving the Fdm's to one side yields, 

Fdmi+1 ~(BS-£) 
Fdmj £ + B(l-6Y 

From the definition of the discrete Maxwellian, one can write, 

(3.44) 

Fdmj F d m n e x D =*i££\ y \ C J y ' Fdmj Fdm0exp (=%&*) 

Therefore, to get the Chang-Cooper method, one simply has to solve the following equation 

for 6, obtained by equating equation. 3.44 to equation. 3.45, 

- (=§*)-£&$• <-> Av 

To solve this equation, first let w = ^^ , multiply through by the Eight Hand Side (RHS) 

denominator, and multiply the numerator through by -1. 

6 X P ( - W ) ( ^ + 5 ( 1 " S)) = 75 " BS ( 3 ' 4 ? ) 

Multiplying out yields, 

C C 
exp(-w)— + exp(-w)B - exp(-w)B6 = — - BS. (3.48) 
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Gathering up the 6 terms gives, 

Q 
B8{1 - exp(-w)) = — ( 1 - exp(-w)) - exp(-w)B. (3.49) 

Solving for 6 results in, 

6 = -£-- n

e X P ( 7 \ v (3.50) 
AvB ( l - e x p ( - w ) ) v ' 

exp(«)) Recalling the definition of w and multiplying the second term on the RHS by fjjSjjj, one gets 

* = ~ rV~T' ( 3- 5 1) 
w exp(itf) — 1 

which is equation 18 of Chang and Cooper's paper [61]. 

3.5 Model Problem and Results 

In this section results will be presented for three model problems, a calculation of resistivity, 

a null problem, and a thermal equilibrium problem. For the thermal equilibrium problem, 

where the ions and electrons are initialized to two distinct temperatures, one can define, 

AT = Te- T{. (3.52) 

It should be noted that Catto [8] restricts the simplified collision operator to the regime 

where, 

|e| < §- (3.53) 

\Vi-Ve\ < | y e | , (3.54) 
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where e is defined in equation. 3.13. Note that equation. 3.54 is the last assumption made by 

Braginskii in Section 1.2 when he derived his Brownian collision operator. These restrictions 

limit the choices for temperature and velocity differences. 

3.5.1 Exact Solution for Resistivity Calculation 

The following two equations for resistivity of a plasma come from Chen [12], 

2 

vei = ^ - 7 ? , (3.55) 

where 7] is the specific resistivity, and, 

E = rj j , (3.56) 

which is a simplified statement of Ohm's law. Here j is the current: 

j = ene [V{ -ye]. (3.57) 

Solving equation. 3.55 and equation. 3.56 for TJ, and setting the two equations equal yields, 

5 = ̂ . (3.58) 
3 nee2 

Substituting in equation. 3.57 for j and solving for \Vi — Ve] gives, 

AF = & - Ve] = - ^ - . (3.59) 



77 

3.5.2 Results for Resistivity Calculation 

10 s 

10 2 

f 

10° 

'"10-' 10° 10' 10s 105 

(eEx/m.vJ(nVs) 

Figure 3.4: Check of Exact Solution of Resistivity 

Figure. 3.4 shows the results from the numerical simulation versus the exact solution from 

equation. 3.59. This plot was made by running four transient runs with different electric field 

strengths, E, and then plotting out the the AV values that resulted. From this figure one 

can see that the code values for AV are in very good agreement with the exact solution. 

Figure. 3.5 shows the velocity transient for AVexact = 250. Here, one can see the electric field 

accelerating the ions up to 2.48 m/s, and the electrons to -247.52 m/s. From the plot, it can 

be seen that the transient is almost completed in the first 2.0 X 1 0 - 6 seconds. 

3.5.3 Exact Solution Null Problem (Maxwellian) 

For the null problem, one simply initializes velocity space to a Maxwellian distribution at a 

given temperature, number density, and velocity. This problem tests the codes ability to hold 

COMPUTED 
EXACT 
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Figure 3.5: Velocity Transients for Resistivity Calculations 

the correct solution without drifting away. The input values used are shown in Table 3.1. 

Although this problem seems trivial, it can be a difficult one to solve, as is shown in Chapter 5 

nx 1 ny 200 % 30.0 eV 
V0 0:0 m/s Vmax 2.0 x 105 m/s no 1.0 X 10 2 0 m- 3 

Vc 2.5 x 104 s-1 tfinal 50 x v-1 dt 4.0 x 10" 6s 

Table 3.1: Null Problem Input Values 

of Coster's thesis [38]. This problem displays the numerical discretization's ability to exactly 

represent the collisional operator on a discrete mesh. 

To appreciate the difficulty, one first needs to understand how the collision operator works 

so 

•g -so 

"5 -100 &-

-150 • 

-200 

-250 
0.0X10° 
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in continuous form. Consider first a Maxwellian distribution function, 

/ m \ 1 / 2 f-m(v-Vf 
F m = n{2k^J 6 X P 2kT (3.60) 

Recall that v?h = ^ and let Fm0 = n ( ^ 7 ) then, 

f-(v-V)2' Fm = .Fmo exp I —^—5—— 
"th 

(3.61) 

Recall equation. 2.8 from Chapter 2, 

fOF\ [ p r i 32.F d[{v-V)F]\ 
\dtJe~Ve\[m\dv2+ dv J (3.62) 

To evaluate this function exactly, some preliminary steps must taken. First consider, 

8Fm -2Fm0f - -{y-yy\ _ 2 

dv v, 'th Vth v: th 
(3.63) 

and, 
d2Fm 

dv2 - s t ^ - ™ - ) - i s ('-+<•-*^r)- <-3M) 

Substituting for ^ j 8 - , one gets: 

PFrr, 
8l T-ti^-**)*- (3.65) 

From the chain rule, 

flfe#a-*+(.-^-(i+^.-^)*. (MQ 
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Recalling that kT/m — v?h/2, the Fokker-Planck operator evaluated for a Maxwellian distri

bution now becomes, 

© . = "• {[T} 5 i1+*<•-**) F" + ( 1 + ^ ~ n ) F " ) - °- (3-67) 

To see why equation. 3.67 is difficult to handle numerically, consider some typical numerical 

values in Table 3.2. 

n 1.0 x 10 2 0 m- 3 m 3.32 x lO" 2 7 kg 

k 1.60 x 10" 1 9 J/eV T 30ey 
vth 2.89 x 10 9 m 2 /s 2 Fmo 2.43 x 10 1 7s/m 4 

V 5.376 x 104 m/s Vth 5.376 x 104 m/s 

Fm 8.94 x 10 1 6s/m 4 V 0 

kT/m 1.445 x 10 9 m 2 /s 2 

Vc 
2.5 X 104 s-1 

S3Fm 

a«2 
6.19 x 10 7s 3/m 6 SvFm 

dv -8.94 x 1016s/m4 

Table 3.2: Typical Numerical Maxwellian Input Values 

Numerically equation. 3.62 would be, 

\W) = ( 2 ' 5 X 1 ( ) 4 ) ^f1-4^5 x X ° 9 ] ( 6 * 1 9 x 1 0 ? ) + (-8-94X 1016)} = 1.1375 x 10 1 8 # 0. 

(3.68) 

Equation. 3.68 demonstrates the numerical sensitivity of the Fokker-Planck collision operator. 

In trying to evaluate the closed form solution, differences of a fraction of a percent, in terms 

which should cancel, lead to large errors. 

Now consider a numerical implementation. Whenever a differential operator is approxi

mated numerically, an error is introduced. Let D2FDV2 be the numerical approximation to 
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4-^ and DFDV be the numerical approximation to 4£. One can write, 

D2FDV2 

DFDV 

82F d2F 
dv2 dv2 

dF_ dF_ 
dv dv 

Substituting these expressions into the Fokker Planck collision operator with values from 

Table 3.2 and cancelling out the exact terms, one gets the following: 

f2^l\ = (2.5 x 104) |[1.445 x 109] 82F 
dv2 + d£\ 

dv 
(3.69) 

This again demonstrates the problems with the numerical solution of the Fokker Planck 

equation, since one can see that the discretization error of the second order term, ^ £ , is 

multiplied by a large number, 3.6125 x 10 1 3. 

3.5.4 Results for the Null Problem (Maxwellian) 

Numerical demonstrations of these sensitivity phenomenon follow. Using a finite volume 

discretization, one approximates the differentials as follows, 

kTd2F d[(v-V)F] . + —-—-—'—*• « As 
m dv2 dv 

(KT_ XdF_ 
\m [ dv N dv + [{(v-V)F}\N-{(v-V)F}\s]y 

(3.70) 

In the following plots various terms from equation. 3.70 will be plotted. Figure. 3.6 shows the 

value of equation. 3.70 as a function of particle velocity. For this plot, upwind differencing (see 

Section 4.2) was used to approximate | £ and central differencing (see Appendix A) was used 

to approximate f-|-. The finite volume operator was evaluated with a discrete Maxwellian 
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Figure 3.6: Upwind Differencing 200 Cells Initial Collision Operator Values 

distribution function (see Table 3.1 for conditions). The exact solution is zero for all particle 

velocities. Here, one can see that the maximum error is about 1.0 x 10 1 7. Also note that the 

plot is very structured. This structure is due to the following three conservation laws. 

• Conservation of mass dictates that the area above the Collision = 0 line and the area 

below must be equal. For every place that mass is being added, mass is being removed 

somewhere else. 

• Conservation of momentum requires that the plot be symmetric about the zero particle 

velocity line. This guarantees that the integral of the collision operator is zero and no 

momentum is added or subtracted by like particle collisions. 

• Conservation of energy would be maintained by the plot being zero everywhere. 

It appears that this discretization technique did well on conservation of mass and momentum 

but did not conserve energy. The units of Collision are s/m4 so it is not obvious how much 
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energy will be added or lost. This energy conservation question will be presented later, but 

first the source of the error will be investigated. 

I 
-2.0x10' -1.0x10* 0.0x10° 1J0X10 S 2 .0X10* 

Particle Velocity (m&) 

Figure 3.7: Upwind Differencing 200 Cells Initial Normalized Error 

Figure. 3.7 shows the normalized error as a function of particle velocity for upwind differ

encing of the convective, or friction, part of the collision operator. The two lines on the plot 

represent the normalized error of the convection ( {(v — V)F}\N) and the diffusion ( ^ •f l̂jy) 

terms in equation. 3.70. The normalization is defined by \exact~la^"Iated\, where the exact 

values are provided by equation. 3.61 and equation. 3.63. 

There are two spikes in this plot, one near particle velocity of zero and one near vmax = 

2.0 x 105. The normalized error at both of these points is one. This is caused by the computed 

solution being zero and the exact solution not being zero. Near v = vmax, the spike is caused 

by the computed term being set equal to zero because of boundary conditions. Near v = 0 

the correct value is zero but due to round-off errors the exact value does not equal zero. If it 

did, the value of the normalized error would be undefined. 
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If the two spikes described above are ignored, one can see that figure. 3.6 is the result of 

the difference between the error in the convection and diffusion terms of figure. 3.7, multiplied 

by a normalization constant. Because of the normalization constant and the absolute value 

in the definition of the normalized error, one cannot directly reconstruct figure. 3.6 from 

figure. 3.7. To help prove this point, the same two plots will be shown after 50 collision 

times. 

2.0x10" 

1.0x10" 

e -3.4X10* 
_o 

"o 
O 

-1.0x10" 

-2.0x10" 

-aOxlO* -1.0x10s 0.0x10° 1XJX10* 2.0x10' 
Particle Velocity (m/s) 

Figure 3.8: Upwind Differencing 200 Cells Final Collision Operator Values 

Figure. 3.8 shows the value of equation. 3.70 after the transient has evolved to a time 

of | j seconds. Here one quickly notes that the maximum error has been reduced from 

approximately 1.0 x 10 1 7 to 2.0 x 10 1 3 or about four orders of magnitude. When one examines 

figure. 3.9, it is clear that the normalized errors in the convective term and the diffusive 

term are now equal, since the two curves lay together. These equal values in. error were 

accomplished by decreasing the error in the convective term and by increasing the error in 

the diffusive term. It appears that the transient has evolved by driving equation. 3.69 to 
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Figure 3.9: Upwind Differencing 200 Cells Final Normalized Error 

zero. Figure. 3.10 shows the transient temperature for 50 collision times. Because of the 

large values initially in equation. 3.70, the simulation followed a transient that heated the 

plasma until the convective and diffusive discretization errors cancelled. The correct solution 

is for the temperature to stay at 30 eV, but one can see that the temperature has warmed to 

about 85 eV in about 20 collision times. The upwind scheme can be made better by using a 

larger number of cells, approximately 3200 instead of 200, but the amount of work to carry 

this many velocity cells for a two dimensional simulation is prohibitive. 

To eliminate the need for such a large number of cells, higher order differencing schemes 

were investigated. In particular the QUICK scheme of Leonard [60] was used. The idea 

here is to make the error in the convective term and the error in the diffusion term both so 

small that the contribution from their difference is negligible. In figure. 3.11, one can see 

the QUICK plot that corresponds to figure. 3.6 for the upwind scheme, that is the initial 

values of equation. 3.70 when it is given a Maxwellian initial guess. Comparing these two 
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Figure 3.10: Upwind Differencing 200 Cells Temperature Transient 
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Figure 3.11: Quick Differencing 200 Cells Initial Collision Operator Values 
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figures, the error in the QUICK scheme is about two orders of magnitude smaller for the 

same number of cells. Figure. 3.12 shows why this error is smaller. Comparing figure. 3.12 

10° r 

-2.0x10* -1.0x10s 0.0x10° 
Particle Velocity (m/s) 

1.0x10s 2£x10* 

Figure 3.12: Quick Differencing 200 Cells Initial Normalized Error 

to figure. 3.7 for the upwind scheme, one notes that the initial error in the convective terms 

are much smaller for the QUICK method than for upwind differencing. In particular, in 

the QUICK scheme the.convective error is smaller than the diffusion error while for upwind 

differencing the convective error is much larger than the diffusion error. When one looks at 

the temperature transient displayed in figure. 3.13, it is clear that in 50 collision times the 

temperature has only dropped 0.06 eV. Therefore, it appears for short time scale problems 

that the QUICK method is acceptable. What the plot does not show is that as the simulation 

time increases the temperature continues to fall until it becomes a problem. For the single 

species problem with short time scales, the QUICK method may be sufficient, but for the 

ion-electron problems where there are four collision operators, two like-particle collisions 

and two unlike-particle collisions, the QUICK method may not be accurate enough. The 
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Figure 3.13: Quick Differencing 200 Cells Temperature Transient 

collision frequencies of the different collision operators vary with the mass ratio of the ions 

and electrons as can be seen in equation. 3.14 through equation. 3.17. If one uses a simulation 

ion-electron mass ratio of 100 (recall that the correct mass ratio is about 1800) and plans to 

simulate 20 collision times of the slow collision rate (ion-electron, z/,-e), then the simulation 

will run for 2000 collision times for the fast rate (electron-electron, vee). In this large number 

of collision times, even a small error growth rate will become a problem. 

For this problem, the ideal method would set the convection and diffusion errors equal and 

opposite to each other, which would result in no artificial transient at all. This is the basic 

approach of the Chang-Cooper method [61]. In 1985, Larsen [65] pointed out some of the 

shortcomings of this method and also presented a more general equation. Even after this work, 

the Chang-Cooper method has had continual use for many years [35,66-68]. In figure. 3.14 

the values of equation. 3.70 are shown for the Chang-Cooper method of discretization. The 

maximum error for the Chang Cooper method is five orders of magnitude smaller than the 
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Figure 3.14: Chang-Cooper IDC Differencing 50 Cells Initial Collision Operator Values 

maximum error for the QUICK method with four times as many cells, 50 versus 200. It should 

also be noted that vmax has been raised from Avth to 5vtk, which was done to increase the 

accuracy of the Chang-Cooper method. The same increase in vmax decreased the accuracy 

in the QUICK method. Figure. 3.15 displays the source of this accuracy, i t can easily be 

seen from comparing figure. 3.12 and figure. 3.15 that the error in the convection term and 

the diffusion term are both much larger than when using the QUICK scheme, but they are 

exactly equal except for the two points where the terms are zero. Figure. 3.16 demonstrates 

that energy is well conserved if there is no initial source of perturbation to cause it to change. 

3.5.5 Exact Solution for Thermal Equilibrium 

The last test problem shown in this chapter is a thermal equilibrium problem. The ions 

and the electrons are initialized to two different temperatures and are allowed to relax. To 

find the correct relation rate (i.e., the rate that AT —»• 0) the third moment of the VFP 
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equation (i.e., the conservation of energy equation) must be computed. To accomplish this 

the third moment of the ion-electron collision operator, equation. 3.11, has to be computed. 

This becomes, 

Substituting in equation. 3.11 yields, 

^= / : ^ [ , , { [ f ] f + f cp } ] ^ , (a.,, 
Substituting in equation. 3.16 one gets, 

EQIB= -rrnvf (-±-±uei)\ -± 
mi J dv-

d^Fi^d^-
dvi. (3.73) 

Combining terms results in the following: 

WB-(***)&[{ kT£ 

mt- J dvj 
d2F{ + d[(vi-Ve)Fi\' 

dvi 
dv{. (3.74) 

Rewriting the partial derivatives gives one the following: 

^--{"mi:jim\^^M\ *• ^ 
Integrating by parts, 

EQIB = &)M{[ f ] f + K-^} ] i : 
(3.76) 
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Since, 

lim ^ = lim ^ = lim Ft = lim F{ = 0, (3.77) 

it follows that, 

«t^-^}: = 0. (3.78) 

Therefore, 

*^ - (=£* ) { -£M{ [£ ]S+K* - *W} ] *}• <-> 

Combining terms and splitting up the integral yields the following: 

EQIB= (zI^)^jy^, + £jFiiVl_yc^VlFli^. (3. 8 0 ) 

Let, 

h 

h 

h 

- I —oo 
oo 

dFi , 
OVi 

v?Fi dvi 

/ v{Fi dv^ 
J—oo 

—oo 
oo 

(3.81) 

(3.82) 

(3.83) 

then, 

^ = ( z ^ ) & + / 2 _ , 4 (3.84) 

Now consider the separate integral parts. First, 

(3.85) 
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Integrating by parts, 

II = Mil?*, - r Fi ^ ( 3 - 8 6 ) 
J—00 

From equation. 3.77 it can be seen that the first term is zero and from equation. 3.3 it follows 

that the second term is n,-. Therefore, 

Ix = -m. (3.87) 

Now consider J 3 , 

h = / ViFi dvi. (3.88) 

From equation. 3.4, one can clearly see that, 

I3 = m% (3.89) 

To solve for I2, first consider the identity, 

(vt-Vi)2 = v$-2viVi + V?. (3.90) 

Rearranging results in, 

vf = (m - K-)2 + 2viVi - V?. (3.91) 

Therefore, substituting into, 

I2 = r vfFi dv^ (3.92) 
J—oo 
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and splitting up the integrals yields, 

I2 = F (Vi - K) 2 Ft dvi + 2Vt F ViFi dvi - V? F Ft dvt. (3.93) 
«/—oo J—oo J—co 

Erom equation. 3.3 tkru equation. 3.5, it is clear that, 

7X1: 
(3.94) 

Simplifying leaves one with, 

(3.95) 

Substituting the integral values (2i, I2, and J 3) into equation. 3.84 gives, 

EQIB . (=^L) {[^] (_„,) + „ g + y(>] _ * „ , * } . ( 3.96) 

Cancelling out an TO,- and combing terms, 

EQIB = m&neuei {^- [Te - Tf] + V* [Fe - P«]} . (3.97) 

Now that the hard part is done, the derivation of the ion energy equation can continue. 

The ion energy equation is obtained by taking the third moment of equation. 3.1. If one 

sets E = 0 and recalls that, 

£i"rf [ (w)J d v , = a ' (3.98) 
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since like particle collisions preserve energy. From the work above, one only needs to calculate, 

h = L \ m i v ^ - § \ d v - (3.99) 

From the derivation above, this is simply, 

m,- d 
h = -r-^ih. (3.100) 

Combining terms and recalling that n,- is constant with respect to time gives, 

_ni\dTi BVi (3.101) 

Therefore, the ion energy equation is, 

rii ] = menevei {^- [Te - Ti\ + Vt [Ve - T$]}. (3.102) 

For this test problem assume &£• = ^ = Vi = Ve = 0. Then the ion energy equation 

becomes, 
Uik dTi _ meneveik 
2 dt mi [%-%]. (3.103) 

Solving for ^f yields, 
dTi 2meneut, 
dt rrtiTii 

[Te-Ti\. (3.104) 

Similarly for electrons, 
dTe _ —2menevt 

8t TTliTli 
[Te-Ti]. (3.105) 
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Notice that the RHS of equation. 3.105 is the negative of the RHS of equation. 3.104. This is 

because the energy removed from the ions must be added to the electrons to conserve energy 

and vice versa. 

Using equation. 3.52 to combine equation. 3.104 and equation. 3.105 gives, 

0AT = z4rrhn^A^ 
at mini 

The solution to this is, 

where, 

AT = AT0 exp(-keq t), (3.107) 

fee?=4?Wfi. (3.108) 

3.5.6 Results for Thermal Equilibrium Calculation 

Now that the exact solution has been derived, the thermal equilibrium problem is examined. 

This problem demonstrates the behavior of the numerical method on a problem which has 

widely varying time scales and four collision operators. Table 3.3 shows the input values used 

for this problem. Figure. 3.17 shows the non-dimensional temperature equilibrium rate for 

upwind differencing. This plot was generated from a set of four runs using different numbers 

of cells in the v direction, 200, 400, 800, and 1600. All of the grids were accurate for the first 

1.0 x l6~ 5 seconds, but the 200 cell grid diverged from the other solutions after 2.0 x 10 - 5 . 

The other nodalizations effectively give the same answers and they are all close to the exact 

solution. Figure. 3.18 shows the transient values for the ion and electron temperatures for the 

1600 cell case. From this plot, one can see that the electron temperature never quite reaches 



nx 1 ny 200 Ti0 31.0 eV 

Te0 29.0 eV Ttli 2 AMU me 0.02 AMU 

VK 0.0 m/s Zo 0.0 m/s fiiO 1.0 x 10 2 0 m- 3 

neo 1.0 x 10 2 0 m- 3 

Vimax 2.0 X 105 m/s "Otmax 2.0 x 106 m/s 

Vii 2.5 x 104 s-1 
Vee 

4.0 x 106 s-1 
Vie 4.0 x 104 s-1 

Vti 4.0 x 106 s-1 tfinal 200 x I/"1 dt 2.5 x 10"7s 

Table 3.3: Thermal Equilibrium Problem Input Values 
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Figure 3.17: Upwind Equilibrium Calculations 
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Figure 3.18: 1600 Cell Upwind Temperature Transient 

the ion temperature. The two temperatures are about their closest at 3.2 x 10~5 seconds when 

Ti = 29.98 eV and Te = 29.95 eV. Figure. 3.19 shows the temperature transient for upwind 

differencing. This simulation shows very similar behavior to that in figure. 3.10. Both ion 

and electron temperatures end up at about the same incorrect temperature of 85 eV, while 

the correct answer is 30 eV. The disturbing part of this simulation is the rate at which the 

incorrect answer was approached. In figure. 3.10 it took about 1.0 x 1 0 - 3 seconds to reach 85 

eV, in figure. 3.19 the electrons reached 85 eV in about 4.0 x 1 0 - 6 second, about 250 times 

faster. The ions went to the wrong solution about ten times slower. This illustrates that the 

spurious transients are clearly a function of the collision frequency as shown in equation. 3.69. 

In figure. 3.20, the dramatic improvement that the QUICK method has over upwind 

differencing can be seen. The temperatures stay within the correct boundaries and approach 
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Figure 3.19: Upwind Differencing 200 cells 
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Figure 3.20: Quick Differencing 200 cells 
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equilibrium. One can see however that there is still a significant temperature difference at the 

end of the transient and upon close observation, the cooling of both the ions and electrons 

can be noted. 
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Figure 3.21: Chang-Cooper Interpolated Donor Cell Differencing 50 cells 

Figure. 3.21 clearly shows that much better results can be obtained with a grid four times 

smaller. The advantage of the Chang-Cooper method over the QUICK method is actually 

even greater when one considers that the QUICK method uses a five point stencil while the 

Chang-Cooper method uses only a three point stencil. 

3.6 Summary 

If one is not careful in choosing a discretization scheme for the collision operators, artifi

cial transients, may overwhelm the simulation. This results from the accumulation of dis

cretization error in the collision operators. It has been demonstrated that the Chang-Cooper 

method, which is designed specifically to eliminate this problem, outperforms other general 
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higher order techniques like QUICK. 
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Chapter 4 

Higher Order Differencing 

4.1 Introduction 

There are two major obstacles to using a deterministic method for solving the VFP equation. 

The first is the large memory requirements for including the integral coupling of the electric 

field and the collision operators. The second is the difficulty in accurately discretizing the 

equations, so the correct physics is resolved. The large memory requirements of the long range 

coupling has been dealt-with in Chapter 2. The discretization problem has been partially 

dealt with in Chapter 3, where better differencing of the Fokker-Plank collision operator was 

discussed. Therefore, the main obstacle left is the differencing of the Vlasov operator, and 

that is the topic of this chapter. 

The rest of this chapter has the following organization. Section 4.2 presents a motiva

tion for investigating Higher Order Differencing (HOD) of the first order terms. Section 4.3 

presents the other differencing schemes that were investigated. Section 4.4 presents a nu

merical analysis problem, derives the exact solutions and presents the results. Section 4.5 

then presents a calculation from Chapter 2 recomputed with the new HOD schemes and 



Section 4.6 summarizes the chapter. 
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4.2 Motivation 

The simplest non-oscillatory first order differencing scheme for a convective derivative, t t | § , 

is the upwind differencing scheme [44]. Since the numerical method employed here is fully 

implicit, all differencing schemes are unconditionally stable, but depending on the differen

tiation scheme used, the solution may be oscillatory. The oscillatory solution, although it 

is stable, is clearly unphysical and should be eliminated. The central differencing method is 

more accurate than the first order upwind differencing, since it is second order from a Taylor 

series truncation analysis (see Appendix A), but it is also oscillatory. The non-oscillatory 

or monotonic behavior, of the upwind differencing scheme can be related to an "artificial 

viscosity" which is introduced by the method. Figure 4.1 presents the mesh values needed to 

U; 

4>i-x + i *i+i 

Ax Ax 

Figure 4.1: Upwind Discretization Mesh 
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upwind difference the | | derivative with the vector u. The central difference approximation 

is, 

u 
d$ 
dx iC 2Ax (4.1) 

Figure 4.1 shows that Ui > 0, therefore the upwind differencing is, 

u dx iU 

Uj<f>i — Uj4>i-\ 
Ax (4.2) 

Subtracting equation 4.2 from equation 4.1 yields 

u dx — u 
iC dx iU • ( 

\ _ fuifa-Ujfa-A 
2Ax 

Uj<f>i+i - 2uj<f>i + Uj4>j_i 
2 A x 

'UiAx\ (<f>i+1 - 2(j>i + fa-i 

finAx\ fd24> 
A x 2 

) 

Therefore, the following equation for the upwind differencing can be written, 

u dx iU 

d(j> 
ax iC \ 2 J U«V (4.3) 

Equation 4.3 demonstrates the numerical diffusion inherent in upwind differencing. This 

numerical diffusion is responsible for both the monotonicity and the inaccuracy of the upwind 

differencing method. The artificial viscosity, (f^i) ., coefficient can be seen to be J£i^£. The 

numerical diffusion in the upwind differencing method, therefore scales with u, and Ax. For 

the full 1D1V ion-electron problem, there are four terms in the Vlasov operator that are 

convective derivatives, (vi^-,ve^-, ^ j r f f s ^ r f j * ) - From the above analysis, it is clear that 
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the numerical diffusion in the Vlasov operator will therefore scale with, vi, ve, Avi, Ave, Ax, 

**£, and 3s^-. A closer look at these values will help to illuminate the discretization problems 

inherent in the deterministic solution of the VFP equation. 

First consider «,-, ve, Av{, and Ave. The velocities have the range, 

-(Vi)maz < Vi < (Vi)max 

-(ve)mas < vt < (ve) 
max-) 

where (vi)max and {ve)max range between two and seven times (vi)th and (ve)th respectively. 

The thermal velocities are related to the temperature through the following equations: 

(2kTA1/2 

. (2kTe\1/2 

If the grid is uniform in velocity space then, 

(Vi)mar - (-(?>f)mar) 
At;,- = 

Ave = 

nv 
\Ve)max v. \^e)max) 

nv 

where nv is the number of cells in the v direction. 

There are a few trends that should be pointed out here. First, the boundaries of the 

velocity grid, where v = ±vmas, will have the highest levels of numerical diffusion. However, 

these velocity boundaries are where the number of particles is lowest. Recall that in a 

Maxwellian distribution the distribution function scales as exp[—(v)2]. Therefore, as long as 
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vmax is chosen large enough, the numerical diffusion will not introduce a large error. However, 

since Av scales with 2vmax, increasing vmax increases the error from Av. Note however that 

Av can always be made smaller by increasing nv. Second, from observing the equation for 

vth and assuming that T; = Te, it can be seen that 

(ve)th = (vi)th(^.y\ (4.4) 

Since Av and vmax scale with vth, the error in the electron grid, associated with Av and 
/ \ i / 2 

Vmax, will be f jjjH times larger than the same error in the ion grid. Third, examining the 

^ g^c terms and recalling that &• = — qe, it is noted that the error in the electron equation 

associated with this term will be {^ J times larger than the same error in the ion equation. 

It should now be clear that the main discretization problem will be in the electron equation 
/ \3 /2 

where the error scales for a hydrogen plasma as f&*•) times larger than the ion equation. 

Recall that the mass ratio is, ^ « 1800, although simulations may be done with a reduced 

mass ratio of « 100. 

Finally, there is the Ax error, but Ax is set by the problem geometry and nx, where 

nx is the number of cells in the x direction. Thus, this error can be minimized by a finer 

discretization of the grid. 

4.3 Numerical Schemes 

This section will discuss the numerical schemes that can be employed to evaluate the discrete 

first order differential operator. In the previous section, numerical diffusion is pointed out as 

a possible source of error when upwind differencing is used. The numerical diffusion also has 
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a monotonic preserving effect on the solution. This section will now present two methods, one 

very primitive and one much more advanced, for keeping the discretization scheme monotonic 

while also minimizing numerical diffusion. 

4.3.1 Interpolated Donor Cell (IDC) Differencing 

The simplest differencing scheme beyond upwind differencing is interpolated donor cell dif

ferencing. Erom equation 4.3 it can be seen that upwind differencing is approximately central 

differencing with an added numerical viscosity. It is known that central differencing has trun

cation error of order (As) 2 , 0(Ax2), but it can be oscillatory. Upwind differencing, which is 

0(Ax), is monotonic. Therefore, a simple approach to obtain a monotonic method with less 

numerical diffusion would be to average upwind differencing with central differencing. Note, 

that from a Taylor series expansion approach, IDC is only first order accurate. The equation 

for this approach follows: 

d£ 
dx 

d4> 
iJDC OX 

+ (1 - to) v^-
iu dx 

(4.5) 
iC 

where w is the weighting parameter used to average the two schemes. If equation 4.3 is 

combined with equation 4.5 it yields 

d£ 
dx 

d<f> 
= u— 

UDC OX iC 

(UiAx\ (82<j>\ (4.6) 

The numerical viscosity coefficient in this formulation is w(mjE). The goal now becomes 

to choose the smallest value of w that will make the central differencing scheme monotonic. 

Clearly from equation 4.6, the smaller the value chosen for tw, the smaller the amount of 



numerical diffusion. 

108 

4.3.2 Non-Linear Differencing (Flux Limiting) 

First note that in this chapter and in the following chapters, that flux limiting is a discretiza

tion technique and not the transport equation restriction discussed in Chapter 1 as "flux 

limiting". 

The basic idea behind flux limiting is to modify higher order methods, which are known 

to have oscillation problems, so they remain monotonic. This assured monotonicity prevents 

the higher order methods from introducing false local minima or maxima that are caused 

by their oscillatory nature. The non-linearity comes from the dependence of the differencing 

on the value that is being differenced. Therefor, as the solution changes, the form of the 

discretization changes with it. 

Flux-Corrected Transport (FCT) [69] was an early explicit non-linear, monotone, scheme 

applied to the Vlasov operator. Since this method was two-step in nature, it is only easily 

applied to explicit differencing. Recently, there has been much progress made in implicit non

linear, monotone, convection schemes in computational fluid dynamics. The methodology 

developed for implicit differencing in computational fluid dynamics will be employed in this 

dissertation for the implicit solution of the Vlasov-Fokker-Planck equation. 

To illuminate the oscillatory behavior of higher order schemes in general and QUICK 

(Quadratic Upstream Interpolation for Convective Kinematics, Section 3.4.1) in particular, a 

simple demonstration will be presented which shows how flux limiting improves higher order 

differencing schemes by making them monotonic. The function that will be used in this 
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= B 0 ( i ) "*«,(.-<*•-W 
V 

(4.7) 
'th 

where in discrete form vioc = jAv — vmax with Av = 2 "^" . The numerical values used to 

make figure 4.2 are shown in Table 4.1. 

nv 100 Vth 53800 m/s To 30.0 eV 
V0 1.0 X 105m/s l^max lOtta TOO 1.0 x 10 2 0 m- 3 

m 2AMU flc 2 Vloc lOflffc 

Table 4.1: Flux Limit Example Input Values 
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Figure 4.2: Flux Limiting. Example 

Figure 4.2 shows equation 4.7 plotted over the range (yioe + Av, vioe — Av). This figure 

shows how the term Accj£ (Acc = ^ ) would be evaluated in a finite volume discretization. 

The squares on the plot show the value of JP at three cell centers, the upwind cell Fu, the 
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center cell Fc, and the downwind cell FD. The solid line joining them represents the exact 

value of the Maxwellian curve. The goal of the QUICK method is to provide a value of F 

evaluated at the cell face, F/, where the cell face is represented by the vertical'dashed line. 

The other dashed line shows the quadratic curve placed through the three cell values by the 

QUICK method. The triangle, therefore shows the QUICK interpolated value at the cell 

face. Thus, the QUICK method has given a face value that is lower than both Fc and Fp. 

Moreover, the QUICK method has given a negative value for the distribution function at 

the cell face, which is clearly an unphysical, unacceptable result. Figure 4.2 clearly shows 

how higher order methods can introduce false local minima. The dotted lines, upwind and 

downwind, show the maximum and the minimum values that the face value could take and 

still preserve monotonicity, (i.e., no new local minima or maxima). Since the higher order 

QUICK method has a value outside of the monotone preserving region, the flux limiting 

algorithm chooses the downwind boundary line (the diamond) which is the closest to the 

higher order method. Now that this example has been examined, the details of the flux 

limiting algorithm will be presented. 

In the early work of Boris and Book [69], Flux-Corrected Transport (FCT) was accom

plished in a two step process. The first step was highly diffusive, such as upwind differencing, 

and then the second step was anti-diffusive to try to remove as much of the diffusion as 

possible while maintaining monotonicity. This method, because of its two step process, lends 

itself better to explicit differencing rather than the fully implicit differencing used in this 

work. 

Gaskell and Lau [71], who where working on solving the incompressible Navier-Stokes 

equations, have developed a method to ensure monotonicity of the variables which is expressed 
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in terms of limits on non-dimensional quantities. They have defined the non-dimensionalization 

by, 

F = 
F-FT u 

FD — Fu 
(4.8) 

where F is the non-dimensional value of F, Fu is the upwind cell value, and FD is the down

wind cell value defined the same as in figure 4.2. Using this non-dimensionalization, Gaskell 

and Lau determined a monotonic conserving relationship between the non-dimensional face 

value, Ff, and the non-dimensional center grid value, Fc. This relationship can be described 

by figure 4.3. Gaskell and Lau's Convection Boundedness Criterion (CBC), which preserves 

5, / V 

i DOWNWIND K/ 

1 

o. 
; / 

/ J 
I 

Fc 

Figure 4.3: Non-Dimensional Flux Limiting Criteria 

monotonicity, is met anywhere inside of the triangle (0,0),(0,1),(1,1) and anywhere on the 

line Fj = Fc, which defines upwind differencing. From equation 4.8 recall that 

Ff = - £1 Fj — Fu 
FD — Fu 
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Fn = 
Fc — Fu 
FD — Fu 

To fully understand figure 4.3, some of the special cases that can occur, as shown in Table 4.2, 

need to be considered. Considering figure 4.2 and 4.3 and Table 4.2, one can discuss the six 

CASE Dimensional Condition Non-dimensional result Comment 
1 Ff = Fc Fj=Fc Upwind 
2 FS=FD F, = l Downwind 
3 Ff = Fc = FD Ff=Fc = l A 
4 Ff = Fu J F > = 0 Fc axis 
5 Fc = Fu Fc = 0 Ff axis 
6 Fu = FD Fj=Fc = oo Breakdown 

Table 4.2: Flux Limiting Special Cases 

special cases: 

1. This is simply upwind differencing. Figure 4.3 shows that the 45 degree line of the 

triangle, line OA, is the highly diffusive and very stable upwind differencing. 

2. This is the top of the triangle which corresponds to downwind differencing. 

3. This is point A in figure 4.3. It should be noted from Figure 4.2, that this corresponds 

to the downwind half of the stencil being completely flat (i.e., 

4. This case defines the Fc axis in figure 4.3. 

dv \down = 0). 

5. For this case the value of Ff is not well defined (i.e., it could be any value along the 

axis between zero and one). To remove this uncertainty in Ff the line OB is added to 

the graph. This line is defined by, 

Ff = flc Fc (4.9) 

file:///down
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where flc is the slope of the line. This can be converted to dimension variables using 

equation 4.8 by the following, 

F,-Fi u 
FD — Fu 

Ft = 

,, Fc — Fu 
fle~F W ' ° r 

•CD — -CU 

Fu + fle(Fc-Fu) (4.10) 

Figure 4.4 displays an example of when equation 4.10 is used. Note all definitions in 
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Figure 4.4: Flux Limiting Example 2 

the pictures are the same as in figure 4.2, but -the acceleration force has been reversed. 

Here the monotonicity of the solution is easily maintained because of the large difference 

between Fc and Fr>. The higher order QUICK method also produces a monotonic 

value, the triangle. But this time the higher order result is in the O, (0,1), B triangle 

of figure 4.3, not the accepted 0,B,A triangle. The flux limited value, the diamond, 

is determined by equation 4.10. The height up the face towards the HOD method, or 
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triangle, is determined by the value of fle. Table 4.1 shows that the value chosen was 

fle = 2. As the value of fle is raised the flux limited value will increase until it reaches 

the HOD value. From figure 4.4 it is clear that the accuracy of the flux limited method 

will increase as the value of fle is increased until the value reaches the exact solution. 

At that point, increasing fle will decrease the accuracy. Therefore, unless one knows 

the shape of the curve (i.e., a Maxwellian) the choice of fle is somewhat arbitrary. 

6. This is where the numerical implementation breaks down, and this must be removed 

from the limiter. Since the non-dimensionalization results in a divide by zero, the values 

of Fj and Fc go to infinity and the numerical simulation will fail. 

In 1995, Leonard and Drummond presented a flux limiting scheme in terms of the di

mensional variables and a median function, MED(a, b, c). Here the median function returns 

one of the three variables, (a, 6, c), whose value lies between the other two variables. Let 

Xh = max(a, b, c), and let Xi = mm(c, 6, c), then 

MED(a,b,c) = a + b + c-Xh-X1. (4.11) 

This implementation is as follows, 

Ft = Fc 

Fv = FD 

F3 = Fu + fhiFc-Fu) 

F4 = MED(FUF2,F3) 

Ff = MED(FuF4,FfOD), 



115 

where FfOI> is the face value from a Higher Order Differencing (HOD) scheme such as 

QUICK. 

The equation, i 7! = Fc, defines the hypotenuse of the triangle, as can be seen from 

figure 4.3 and Table 4.2. Similarly, one can see that F2 = F& gives the top horizontal line 

of the triangle. Equation 4.10 defines the dotted line in figure 4.3 that passes through the 

points 0 and B. Now from figure 4.3, it is clear that the line OA is always below the dotted 

line and the top of the triangle, therfore F4 = MED(Fi, F2, F3) defines the discontinuous 

line segment UBA. Finally, the Ff = MED(F1,F4,FfOD), step determines if the higher 

order method is inside of the triangle. If so, it is used, otherwise the boundary of the triangle 

which is closest to FfOD is used. 

The first step in the continued evolution of the flux limiting method is to remove the 

downwind line (BA in figure 4.3). This is done to remove the degenerate case that can occur 

if the solution encounters a sharp gradient along the diagonal of the cell. Figure 4.5 shows 

* s s / 
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* 
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<E */ 3 
100 100 * * * 
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* * 
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* • 

* * 1 
* * * * 

Figure 4.5: Degenerate Case of a Diagonal Discontinuity 
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a stencil for a cell that has a sharp gradient along its diagonal. From the arrows indicating 

flow direction, it is clear that the values for face 1 and 2 will be equal and the values for face 

3 and 4 will be equal. First consider faces 1 and 2 and.the flux limiting algorithm. 

Fv = 100 

Fc = 100 

FD = 2 

Fx = -F c = 100 

F2 = FD=2 

F3 = Fu + fh(Fc - Fv) = 100 + 2(100-100) =100 

F4 = MED(FX, F2, F3) = 100 = upwind 

Ff = MED(F1,F4,FfOD) = 100 = upwind, 

The last line is true because J^ = J^. Therefore, upwind differencing will be used for faces 1 

and 2. Now consider the non-dimensional numbers, 

f = Fj-Fy = 100-100 
/ FD-Fu 2 - 1 0 0 

p _ Fc-Fu _ 100 - 100 
c ~ FD-FV~ 2 - 1 0 0 ~ 

These non-dimensional numbers show that the values are at point 0 in Fig 4.3. Now consider 



faces 3 and 4. 
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Fu = 100 

Fc = 2 

FD = 1 

Fx = Fc = 2 

F2 = FD = 1 

F3 = Fu + fle(Fc-Fu) = 100+ 2(2-100) = -96 

F4 = MED(FU F2, F3) = l = downwind 

Ff = MED{F1,Fi,FfOD) = l = downwind, 

The last line is true because FfOD < 1. Now consider the non-dimensional numbers. 

Ff-Fu _ 1 - 100 _ 
-FD - F(f ~ 1 - 100 ~ 
Fc-Fy _ 2-100 _ 98 
i ^ - f i r ~ 1-100 ~ 99" 

These non-dimensional numbers show that these values are near point A in Fig 4.3 on the 

downwind differencing line. It is now clear that faces 3 and 4 will be downwind differenced. 

But, if faces 1 and 2 are upwind differenced and faces 3 and 4 are downwind differenced, 

then the cell in the middle of the stencil will not enter into the matrix because it does not 

effect any other cells including itself. Therefore, the matrix will be singular. To eliminate the 

matrix singularity a slanted line will be used to replace the downwind line. This is shown as 

Ff = 

Fc = 
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the dotted line BA in figure 4.6. With this new dotted line the limiter algorithm becomes, 

Figure 4.6: Components of the Flux Limiter 

F1 = Fc 

F2 = (fiFc) + (l-P)FD 

F3 = FG + flc(Fc - Fv) 

F4 = MED(F1,F2,F3) 

Ff = MED(F1,F4,FfOD). 

If the extensions are removed, then the result is the flux limiter defined by figure 4.7. For 

figure 4.7 /? = .25 and fle = 2. Upon close observation of figure 4.7, one notices that there 

are sharp corners at points 1, 2, 3, and 4. It has been found that sometimes the Newton 

iteration (i.e., the non-linear iteration defined in Chapter 2) will have difficulty converging 

with this limiter. For example, one will see a particular cell preventing convergence because it 
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Figure 4.7: Non-Differentiable (Rough) Flux Limiter 

is oscillating between two points near 3, but one is on the 3-4 line and the other is on the 2-3 

line. Evidence of this stalled convergence behavior can be seen in figure 4.9 and figure 4.10 

in the dotted "rough" lines. 

These two figures are computed from a double Maxwellian test problem (see Table 4.6 and 

figure 4.17 of Section 4.4.2). This problem is run on a 100 x 100 grid and upwind differencing is 

used for the Vlasov operator. The results in figure 4.9 are generated by using the steady-state 

results for upwind differencing as an initial guess for the flux-limited QUICK differencing and 

running the problem to steady state using the steady-state method of solution. The results 

in figure 4.10 are computed the same way but the pseudo-transient option is used instead. 

Because of the stalling behavior, the limiter was modified to make it differentiable or 

"smooth". The new smooth limiter can be seen in figure 4.8. For a complete description of 

the implementation of the differentiable limiter see Appendix B. Figure 4.9 and figure 4.10 

show the effect that the new "smooth" limiter has on eliminating the convergence stall of the 
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rough" limiter for both steady state and transient runs. 
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Figure 4.8: DifFerentiable (Smooth) Flux Limiter 
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Figure 4.9: Differentiable vs. Non-Differentiable Limiter Convergence for a Steady State Run 
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Figure 4.10: Differentiable vs. Non-Differentiable Limiter Convergence for a Transient Run 

4.4 Mathematical Model 

Consider a model Vlasov-like operator in general mathematical terms as in the following 

equation, 

(4.12) dz . .dz 
yd-x+Aix)Yy = ° 

For simple forms of A(x), this equation will have exact solutions. One can therefore compute 

a numerical solution and compare it to the exact solution to determine the error in the 

discretization scheme associated with the first order operators. The exact solution will be 

described in Subsection 4.4.1 and the numerical calculations for comparison will be shown in 

Section 4.4.2. 
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4.4.1 Exact Solution 

First consider A{x) = AQ. One can then solve equation 4.12 by the method of characteris

tics [72]. Consider a problem restricted to the upper half plane where the particle velocity is 

positive. The boundary condition can be described by, 

z(0,y) = Z(y). (4.13) 

Dividing equation 4.12 by y results in, 

dx y dy 

From the product rule of differentiation one gets, 

£ + 4 ^ = 0. (4.14) 

ydy = \d{y*). (4.15) 

Using this identity results in, 

dx ' ""°dy : 

This problem, equation 4.16 with equation 4.13 for boundary conditions, is solved in Table 4.3 

S + 2 ^ = 0. (4.16) 

From the last row of column two of Table 4.3, t can be eliminated yielding, 

t = x. (4.17) 
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Characteristics dx •] 
dt ~ •"• dt 2A 0 ^- = 0 

Solution of Characteristics X = t + C\ y2 --= 2A0t + c 2 2 = C 3 

Parameterization x0(s) = 0 yo(s) = = s «b(«) = Z(a) 

Let t — 0 and solve for constants c x = 0 c 2 
s2 c 3 = Z(s) 

Replace the constants X = t 2/ = 2 4 0 i + s2 z = Z(s) 

Table 4.3: Method of Characteristics Solution 

From the last row of column three, s can be obtained, 

s = {y2 - 2A0t) * = (y2 - 2A0x)* . (4.18) 

Substituting the value of s into column four of Table 4.3 one gets the solution, 

z = z([y2-2A0x]i) (4.19) 

To check the solution from the original equation, 

dz A dz n (4.20) 

first compute the derivatives of z. 

jZ = Z' ([y2 - 2A0x]>) ± [y2 - 2A0x]~^ (-24,) (4.21) 

(h „. /r , . . , i \ l 
dy 

= Z' {[y2 - 2A0x]*) - [y2 - 2A0x] § (2y) (4.22) 
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Let K be defined by, 

K = Z' {[y2 - 2A0x]*) 1 [s/2 - 2A0x] "* . (4.23) 

And now equation 4.20 becomes, 

y{-K2A0) + A0(K2y) = 0. (4.24) 

Therefor, equation 4.19 is the solution to equation 4.20 subject to the boundary condition 

described by equation 4.13. The exact solution to the Vlasov operator, 

dF dF 
v t e + A ° ? ; - 0 > ( 4 - 2 5 ) 

with the boundary condition, 

F(0, v) = Fm0 exp ( ^ 2 ^ j , (4.26) 

is therefore, 
f-[{(v*-2A0x)*}-V\ 

F(x,v) = Fm0exp (4.27) 
V "th 

This exact solution will be compared with numerical solutions in the following section. 

4.4.2 Resul ts 

The first test problem is to transport a Maxwellian ion distribution across space through 

a constant electric field. This is exactly the problem described by equation 4.25 and equa

tion 4.26, which has the solution given by equation 4.27. The input values for this problem 

are given in Table 4.4. Prom this information Fm0 = n (-4— j can be computed, so the 
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xmax 6m vmax 2.5 x 105 m/s A0 5.0 x 108 m/s2 

m 2 AMU's T 10 eV n 1.0 x 10 2 0 m- 3 

V 1.0 x 105 m/s fh 2 Vth 31046 m/s 

Table 4.4: Single Maxwellian Problem Input Values 

exact solution is known. Figure 4.11 shows the Temperature as a function of distance for the 

5 ! • • • ' ' • . . . I . . . . I . . . . t . . . . I . . . . I 

0 1 2 3 4 5 6 
Distance (m) 

Figure 4.11: Upwind Differencing Temperature Single Maxwellian 

single Maxwellian problem for" four different computational grids nx x ny. It is clear that 

the 50 X 50 solution is unacceptable, since the temperature appears to increase instead of 

decreasing. The finer grids yield more accurate solutions, but the large remaining difference 

between the numerical and exact solutions on the 100 x 200 grid indicate that a very fine 

grid would be required for an accurate solution. Figure 4.12 displays the source of this error 

by giving the distribution function near x = 6. This plot shows the shape of the distribution 

function when it started (west exact), and the shape that it should be when it completes the 

transit of the computational region (east exact). The upwind differencing solutions have a 
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Figure 4.12: Upwind Differencing Distribution Function Single Maxwellian 

wider base and a shorter height than the exact solution. Recalling the energy moment, 

nkT = m r (v- V)2F dv, (4.28) 
•/—CO 

one can see that small changes in F away from V can have large effects on temperature. 

Therefore, the seemingly minor numerical diffusion seen in figure 4.12 leads to the large 

errors shown in figure 4.11. 

By introducing the flux limited QUICK scheme, the results from figure 4.11 are improved 

to the results of figure 4.13. Here, the coarsest grid results, 50 x 50, for the flux limited 

QUICK scheme are much better than the finest grid, 100 x 200, using upwind differencing. 

The reason for this higher accuracy can be seen in figure 4.14. Here for every grid except the 

coarsest, the computed solution matches the exact solution for the values of F away from 

V (i.e., everywhere except the peak of the distribution). A comparison in terms of relative 
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Figure 4.13: Flux Limited QUICK Differencing Temperature Single Maxwellian 
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Figure 4.14: Flux Limited QUICK Differencing Distribution Function Single Maxwellian 
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nodalization Upwind Flux limited QUICK 
50x50 .794943 6.96380E-02 
50x100 .421209 4.98616E-03 
50x200 .2340406 7.46582E-04 
100x200 .2136886 2.09455E-06 

Table 4.5: Relative Error for the Single Maxwellian 

error of the two methods near the end of the computational domain is presented in Table 4.5. 

This table clearly indicates not only the higher accuracy, but also the better convergence in 

terms of number of grid points. 

To verify the usefulness of the flux limited QUICK method, other test problems where cho

sen to show that the differencing works for non-Maxwellian distribution functions. Figure 4.15 

1.2x1 CiV 

100x100 upwind 
100x200 upwind 
100x100 flux limited 
100x200 flux limited 
Exact 

0.0x10° t 
5.00x10' 7.50x10* 1.00x10s 1.25x10* 

Particle Velocity (m/s) 

Figure 4.15: Distribution Function for the "Square Wave" 

shows results for both flux limited QUICK and upwind differencing on an irregular distri

bution with, a rectangular profile, "square wave". Here only results for the fine meshes are 

shown. This plot again shows that the flux limited QUICK method has less velocity space 
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spread than upwind differencing as shown by the wings of the distribution function. 

12 ' ' ' ' ' ' ' ' ' ! ' ' ' ' * ' ' ' ' * i 
0 1 2 3 4 5 6 

Distance (m) 

Figure 4.16: Temperature for the Double Maxwellian 

The next test problem examined transports two Maxwellian functions across the grid at 

the same time. The input for this problem is described in Table 4.6. This test problem 

xraax 6 m vmax 2.5 x 105 m/s ^ 0 5.0 x 108 m/s 2 

m 2 AMU's Ti 5eV T2 5eV 
» i 1.0 x 10 1 5m" 3 n2 i.O x 10 1 5m" 3 Vi 1.0 x 105 m/s 
v2 

1.5 x 105 m/s fh 2 P 0.0 

Table 4.6: Double Maxwellian Problem Input Values 

is a hard problem for the differencing scheme because there are many fine structures that 

must be maintained. Figure 4.16 shows the temperature as a function of time for the double 

Maxwellian problem for the fine meshes with both upwind and flux limited QUICK differ

encing. It should be noted that the two flux limited QUICK solutions almost replicate the 

exact solution. 
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Figure 4.17: Distribution Function for the Double Maxwellian 

Figure 4.17 demonstrates the difficulty that upwind differencing has with this test prob

lem. First, it is clear here again that the upwind differencing has spread out the velocity 

profile in the regions away from the peaks. Second, it is clear that the upwind differencing 

has radically lowered the peaks and raised the valleys. The third and possibly more disturb

ing point, is that the symmetry of the problem is lost by the upwind differencing. Clearly 

the higher velocity Maxwellian has a larger peak than the lower velocity Maxwellian. The 

relative error of the test problem is shown in Table 4.7. Again the accuracy is much higher 

and the convergence is much better with flux limited QUICK. 

nodalization Upwind Flux limited QUICK 
100x100 .1766881 3.24309E-03 
100x200 9.31838E-02 6.03242E-05 

Table 4.7: Relative Error for the Double 'Maxwellian 
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4.5 1D1V Ion Revisited 

The higher order techniques are now employed to solve the ID IV ion-only problem from 

Chapter 2. Now in a more realistic problem, it is more evident that higher order differencing 

is required. It should be noted the the interpolated donor cell results that were used in 

Chapter 2 have not been reproduced here. 
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Figure 4.18: Various Discretization Schemes on a 25x50 Grid 

Figure 4.18 shows the results of the ID IV ion-only test problem for five different discretiza

tion schemes of the Vlasov and Fokker-Planck operators. These schemes will be represented 

by an ordered pair where the first element represents the differencing of the Vlasov oper

ator and the second element represents the differencing of the Fokker-Planck operator, i.e. 

(Vlasov,Fokker-Planck). These results are for a very coarse grid, 25 x 50, and a higher order 

fine mesh, solution, 100 X 200, is included for reference. A few observations are obvious in 

this plot. First, upwind differencing of the Fokker-Planck operator results in unacceptable 
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errors as evidenced by the variation of the (QTJICK,upwind) and (upwind,upwind) lines from 

the accurate (QTJICK,Chang-Cooper) solution. These two lines are about a factor of three 

too low in number density. Secondly, even on the coarse 25 x 50 grid the (QUICK,Chang-

Cooper) results are very close to the finer grid calculation. Finally, one can see that the 

(QUICK,QUICK) and (upwind,Chang-Cooper) discretizations deviate from the finer mesh 

solution farther away from the divertor wall (i.e., near x = 0). 

1.6x10s 

1.4x10s 

1.2X10* 

J? 1.0x10s 

to 

i 
Q 
jg 8.0x10" 
E 

6.0x10" 

4.0x10" 

2.0x10" 
0 1 2 3 4 5 6 

Distance (m) 

Figure 4.19: Various Discretization Schemes on a 100x200 Grid 

Figure 4.19 shows the same results as figure 4.18 on a finer grid. The solutions with the 

upwind Fokker-Planck operator, (QUICK,upwind) and (upwind,upwind), still have not even 

begun to approach the "correct" solution. The (upwind,Chang-Cooper) results still deviate 

from the "correct" solution near the symmetry plane (i.e., near x = 0). The (QTJICK,QUICK) 

results however, now lay on top of the (QUICK,Chang-Cooper) solution. It appears from 

these results that the QUICK scheme may be acceptable for the Fokker-Planck operator as 

long as the grid is fine enough. 
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Figure 4.20: Mesh Convergence for QUICK-Chang-Cooper 

Figure 4.20 shows the mesh convergence of the (QUICK,Chang-Cooper) differencing 

method. Here it is evident that even the 25 x 50 solution is reasonably close to the 200 x 400 

solution. Figure 4.21 shows a blow up of the density peak region for three different grids 

and two different discretization techniques. This plot shows that the solution is both grid 

independent and method independent. For these runs, the rapid grid convergence of the 

(QUICK,QTJICK) differencing scheme is made evident. Since the 200 x 400 solutions of both 

schemes are the same, this is probably an accurate solution. 

4.6 Summary 

It has been shown that numerical diffusion in the differencing scheme chosen can lead to large 

errors in integral quantities such as temperature. It has also been shown that by using flux 

corrected, higher order differencing, mesh independent solutions can be obtained to problems 

that have very fine structure. 
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Chapter 5 

One Velocity One Spatial Ion and 

Electron 

5.1 Introduction 

In this chapter all of the model improvements from.the previous chapters are brought together. 

The source terms from Chapter 2, the collision operators from Chapter 3, and the higher 

order differencing from Chapter 4 are combined to solve two new test problems. These test 

problems represent both high and low neutral particle recycling in a tokamak divertor. 

The rest of this chapter has the following organization. Section 5.2 describes the full set 

of equations being solved. Section 5.3 presents the new electric field equation. Section 5.4 

describes the plasma impinging on a surface test problem and presents results from the 

simulation. Section 5.5 describes a high neutral particle recycling simulation and presents 

computational results and Section 5.6 summarizes the chapter. 
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5.2 Mathematical Model 

For the ID I V ion-electron simulations the mathematical model is a superset of the one used 

in Chapter 2 and that of Chapter 3. The new major addition is the self consistent electric 

field. The 1D1V VFP equation for ions is, 

The VFP equation for electrons is now, 

to + V e d x + me dve-\dt)eJ\ at ) e i

 + { dt Jinze

 + K to ) s r c t • Kb-l) 

In this chapter, the neutral ionization terms will be the Maxwellian type from equation 2.40, 

not the beam type from equation 2.23. Also for these computations, the source term will 

not include the velocity dependence that was in equation 2.24 from Emmert, but now it 

will simply be a Maxwellian source. The collision operators are the same as in Chapter 3, 

equation 3.9 through equation 3.12. 

5.3 Quasi-Neutral Electric Field 

This section develops a new electric field equation, which is different from the one used in 

Chapter 2 (equation 2.28). From Maxwell's equations one gets, 

e0 V • E = e{rii - n e ), (5.3) 
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where e0 is the permittivity of free space. If only one spatial dimension is considered, then 

the equation becomes, 

— = - ( „ , - - n e ) . (5.4) 

Discretizing this equation with a forward difference and using superscripts to indicate spatial 

locations yields the following discrete equation, 

£•+1 = & + — [nj + 1 - < + 1 ] . (5.5) 

The problem with using this equation is demonstrated clearly if numerical values in SI units 

are used. The value of -f- is 1.809 x 10~8 (Vm). Reasonable values for the number densities, 

ni and ne, are about 1.0 x 10 2 0 (m~3). Assume that, Ei+1 — El < 100 (V/m), which is 

conservative. Also assume that n,- and ne can be computed to 5 significant figures. Solving 

for As from equation 5.5 results in, 

[&»-&] 100 - 5 5 x l 0 - 6 f m } (56^ 
*X~ j - [n{+ 1 - n£u] ~ (1.809 x 10-»)(1.0 x 102°)(1.0 x 10-") " b ' b X 1 U W { b ' b ) 

This illustrates that for a given a level of numerical error in calculating ra,- and ne, very small 

As's must be used to resolve the electric field. This restriction on As does not allow for 

reasonable calculations. Therefore, a different formulation of the electric field is required. 

The first attempt at a new statement of the electric field was to modify equation 5.5. 

Recalling that e0 = - ^ 3 , where c is the speed of light and fi0 is the permeability of free space, 

one can rewrite equation 5.5 as 

Ei+1 = & + eAs/x0(£c)2 [n?1 - n?1]. (5.7) 
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The variable £ has been included to artifically lower the coefficient on [n\+1 — n**1]. This 

method provides reasonable results provided the correct choice of £ is made. However the 

choice of £, makes this electric field statement difficult to use. 

An alternative electric field equation comes from the ion and electron momentum equa

tions. Since the electric field appears in both of these momentum equations they can be 

combined and solved for the electric field. To derive this equation one must start from the 

ion and electron momentum equations with the inter-particle frictional forces being repre

sented by the last term on the right hand side in both equations. 

- dVi dPi 
miUiVi-r1 = qiriiE - - ^ - minify - Ve)uie, (5.8) 

meneVe~ = qeneE - - ^ - mene(Ve - V{)vei. (5.9) 

Recalling that vei = \-%^-\ Vie, one can see that the last term in equation 5.8 and equation 5.9 

are equal and opposite as they should be since they represent the same force. Using the fact 

that <& = — qe = e and subtracting equation 5.9 and equation 5.8 the following equation is 

obtained, 

E = e(rii + ne) 
m i U ~dx ~ m e U e ~dx ~dx~ ~dx ~ 2 m i n ^ V i ~ V e ' V u (5.10) 

If one assumes that nt- = ne and Vi = Ve everywhere except in the frictional term, one ends 

up with the following quasi-neutral electric field equation, 

E = 
2ere,-

2(m { - me)niVi-^ + ~Q^~ "aj - 2ro,-n,(K- - Ve)vit (5.11) 
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Equation 5.11 will be used to evaluate the electric field in this chapter rather than equa

tion 2.28 from Chapter 2. This equation is less restrictive for Ax than equation 5.3 since the 

spatial resolution is now based on the fluid velocity and pressure and not the speed of light. 

5.4 Test 1: Plasma Impinging on a Surface 

The first test problem in this section is chosen to check the fully-coupled solution and the 

electric field calculation. In this simulation, the volumetric source is the largest source of par

ticles, although there is a small number of neutrals coming off the wall. The input parameters 

are shown in Table 5.1. 

nx 25 ny 50 L 6.0 m 
"maxi 2.5 x 105 m/s Vmaxe 2.5 x 106 m/s T- • 75.0 eV 
me 0.02 AMU's TTli 2 AMU's Rinj 1.0 x lO^m- 3 ^- 1 

vn 1.0 X 105 m/s UL) 4.5 X 10 1 8m" 3 
Linj 4.83 m 

A„ 1.0 m Tn 5eV A s m i n 0.06 m 

Table 5.1: Input Values for Ion-Electron Plasma Impinging on a Wall 

In the first plot, figure 5.1, one can see the characteristic drop off in number density as 

the plasma approaches the wall. One can also see that the plasma is quasi-neutral, ra,- = ne, 

except for a small region caused by the source terms near x = 0. The electric field is 

shown in figure 5.2. It should be noted that the electric field is set equal to zero at the left 

symmetry boundary. Because of this boundary condition, the electric field does not reflect 

the small non-quasineutral condition in the number densities at the same location. One can 

see that the electric field is very small away from the wall and grows rapidly as the plasma 

approaches the wall. The shape of the electric field is typical of a pre-sheath. The electric 

field provides two features to the simulation. First, it maintains quasi-neutrality up to the 
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Figure 5.2: Electric Field on the 25x50 Grid 
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sheath, as demonstrated in Fig 5.1, and second, it accelerates the ions and decelerates the 

electrons so the particle fluxes are equal. The particle fluxes are shown in figure 5.3 and they 

overlay exactly and are clearly equal. Note that there is a slight bump in the particles fluxes 

near five meters which is caused by the end of the core source injection region which is 4.83 

m long. Figure 5.4 shows the fluid velocity of the ions and electrons, which also overlay. 

1.0x10" r 

0.0X10° 

Distance (m) 

Figure 5.3: Particle Flux on the 100x200 Grid 

According to the Bohm sheath criteria [73], the ion velocity should be greater than the 

sound speed in the plasma. The speed of sound in a plasma is given by Chen [12] as, 

mi J - ( 
(5.12) 

where 7 e is the ratio of specific heats for the electrons and 7,- is the ratio of specific heats for 

the ions. For these plots this is simplified to v3 = p | p ) 3 - In figure 5.5 one can see that the 
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Mach number of the plasma as it reaches the sheath is slightly larger than one. 

40 60 
Newton Iteration 

100 

Figure 5.6: Newton Convergence on the 25x50 Grid 

Figure 5.6 shows the convergence of the method. This plot is not as smooth as similar plots 

shown for the ion-only simulations, but the full ion-electron problem is not yet optimized. 

Figure 5.7 shows the mesh sequenced Mach number plots. One can see that except for fine 

resolution very near the wall and boundary condition effects near the left symmetry plane, 

that the 25x50 grid gives reasonably accurate solutions. Figure 5.8 shows the convergence 

on the three different meshes as a function of CPU time on a HP 735 workstation. Here 

one can see that a fully converged solution on a 100x200 grid can be obtained without any 

human intervention in under ten hours on a standard workstation with 128 Meg of BAM. 

Convergence is defined from the Newton linearization step, equation 2.32, which has been 
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Figure 5.7: Mesh Sequenced Mach Numbers 

repeated here for clarity. 

Jn8yn = - G ( y n ) (5.13) 

This iteration is continued until \6yn\ < 1.0 x 10~5. Figure 5.8 also shows that for scoping 

studies, where less accuracy is required, answers can be obtained with a coarse grid (25 x 50) 

in under 20 minutes on the same platform. 

5.5 Test 2: High Recycling 

For this test problem more neutral particles are reflected back off the divertor plate, to 

demonstrate how the solution changes with higher particle recycling. Comparing Table 5.1 

with Table 5.2 one can see that difference between these two runs is only in the neutral 

model. Figure 5.9 clearly shows that the temperature gradients are much steeper for the low 
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Figure 5.8: Mesh Sequenced Newton Convergence for the Ion Equation 

nx 25 ny 50 L 6.0 m 
Vmaxi 2.4 x 105 m/s Vmaxe 2.4 x 106 m/s T- • 75.0 eV 
me 0.02 AMU's Tfti 2 AMU's Rinj 1.0 X lO 2 4™- 3^- 1 

vn 3.5 x 104 m/s ML) 1.0 x 10 2 0 m- 3 Linj 4.83 m 
A„ 0.5 m Tn 5eV ^•^min 0.06 m 

Table 5.2: High Recycling Simulation 
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Figure 5.9: Ion and Electron Temperatures for High and Low Recycling Rate for Neutrals 

recycling problem. Figure 5.10 shows the difference in the distribution functions for the high 

and low recycling cases. Because of the symmetry boundary condition at x = 0, the number 

density is much higher for the high recycling case. From figure 5.1 and figure 5.11 one can 

see that the upstream densities differ by about a factor of four, 1.4 x 10 2 0 vs. 3.3 X 10 1 9. 

Figure 5.12 shows the collision frequencies for the high recycling simulation. From this 

plot, one can see the wide variation in collision time scales which result from equation 3.14 

through equation 3.17 of Chapter 3. One can see that the slow time scale, electrons colliding 

with ions, is about 6.5 x 104 $ - 1 near the symmetry plane, and the fast time scale, electrons 

colliding with electrons, is about 2.7 x 107 s - 1 near the plate. Note that the vee and the 

vti lines exactly overly each other. The reason for this is obvious from equation 3.17 when 

n,- = ne. This wide range in time scales is what makes these problems difficult to solve 
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Figure 5.12: High Recycling Collision Frequencies 

5.6 Summary 

In this chapter all of the results from the previous chapters are combined to obtain a fully 

coupled ion-electron problem with a self consistent electric field. Simulations are presented 

for both a high and low neutral particle recycling rates on a tokamak divertor. These results 

demonstrate that the Matrix-Free Newton-Krylov method is an effective technique for solving 

kinetic particle transport simulations at both high and low recycling rates. 
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Chapter 6 

Summary 

6.1 Summary and Conclusions 

A new numerical technique, Matrix-Free Newton Krylov, has been demonstrated to be an 

efficient method for solving the Vlasov-Fokker-Planck equations. This numerical method has 

a very low memory requirement and a very rapid convergence rate. These features make 

solving a large number of problems on a workstation a viable option. 

Direct discretization-of the Vlasov-Fokker-Planck equation has been an intimidating task 

in the past. Many researchers have found that discretization errors can overwhelm the simu

lation that they are trying to run. It has been shown in this work that flux-limited, QUICK 

differencing of the Vlasov operator and Chang-Cooper differencing of the Fokker-Planck op

erator result in accurate solutions as long as a large enough number of cells are used. 

The Matrix-Free Newton Krylov method, coupled with advanced differencing, allows the 

solution of coupled ion-electron problems on workstations. Using the quasi-neutral electric 

field allows one to obtain quasi-neutral solutions on a large spatial grid, even with the smallest 

grid spacing many orders of magnitude larger than the Debye length. 
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6.2 Future Work 

There are three areas that should be investigated further; a non-orthogonal mesh capabil

ity, improved collision operators, and an improved neutral particle model. Advantages of a 

more generalized mesh capability are discussed first. As shown in the previous sections, for 

simplified divertor simulations there are wide variations in temperature from tens of electron 

volts, for the streaming plasma, to the one electron volt range, at the divertor surface. It has 

been found that three to five vth works well as the maximum velocity for the particle velocity 

dimension discretization. The velocity range must be large enough to resolve the particle 

velocity dependence of the distribution function, but if the range is too large the value of 

the distribution function approaches zero. Accurate computing with these small distribution 

function values is numerically difficult. Since the thermal velocity has a T1/2 dependency, 

there is a large change in the optimal grid size as the temperature drops near a solid surface. 

Because of this, in the simulations of this dissertation the high temperature injection regions 

are well resolved, but there are difficulties resolving the low temperature regions near a di

vertor plate. To overcome this difficulty, one could use a non-orthogonal grid. The wide grid 

spacing near the core could resolve the high plasma temperature region, while the narrow 

grid spacing near the plate could resolve the low plasma temperatures there. Implementation 

of this strategy would require modification to the equations of this dissertation to account 

for the non-orthogonal grid. 

In addition, one would like to improve the collision operators. The operators used in this 

work axe an accurate first order treatment, but they could be improved. The collision fre

quency should include a particle velocity dependence. In addition, a new Boltzmann collision 

operator should be included to account for the ionization energy lost from the electrons to 
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ionize the neutrals. 

Finally an improved neutral model should be investigated. In the new model one would 

want to include a full kinetic description of the neutrals and a better representation of the 

wall and its temperature. These suggested improvements are left for future researchers. 
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Appendix A 

Taylor Series for Central and 

Upwind Differencing 

A. l Forward, Backward, and Upwind 

Ui 

4>i-x • i <h+i 

Ax Ax 

Figure A.l: Upwind Discretization Mesh 



153 

The forward difference Taylor series is given by, 

4>i+\ - 4>i + dx 
A , 1 ^ ^lM A s 3 + HOT, (A.1) 

where the terms are described in figure. A.l and HOT stands for higher order terms. Rrom 

this one gets the forward difference approximation, 

8£ 
dx iF 

<f>i+i - <f>i 1 d2<f> 
Ax 2 dx2 

Ax + HOT, (A.2) 

or, 
8$ 
dx iF 

<f>i+i - 4>i 
Ax + O(Ax), (A.3) 

where 0(Ax) means terms that are first order or higher in A s , e.g. As , A s 2 , A s 3 , The 

backward difference Taylor series is given by, 

&-i = 4>i -
d$ 
dx As + i ^ 2 dx2 A s 2 - ^ 

1 d3<j> 
6 d s 3 Ax3 + HOT, (A.4) 

which results in the following difference formula, 

d$_ 
dx iB 

4>i — 4>i-\ 
Ax 

+ O(As). (A.5) 

Considering the convective derivative, u | | , one can define upwind differencing as, 

u 
d£ 
dx iU 

dx 

iF 

iB 

U>0 

U<0 
(A.6) 
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A.2 Central Differencing 

Central differencing is obtained from subtracting equation. A.4 from equation. A.l. This 

results in, 

<f>i+i — 4>i-i = 2 
8$ 
dx 

A , 1 &* 
Ax+Zdx-* 

Ax3 + HOT. (A.7) 

Therefore, the central differencing approximation is, 

8$ 
dx iC 

<f>i+l — 4 > i - l 
2Az + 0{Ax2). (A.8) 
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Appendix B 

Differentiable Flux Limiter 

Derivation 

B. l Introduction 

It was found early in this work that the use of a non-differentiable flux limiter led to stalling of 

the Newton convergence process. A modification to the flux limiter was developed to correct 

this problem. At points of discontinuous derivative, the flux limiter was replaced by a cubic 

spline fit of the bounding linear segments. Another alternative approach to correcting the 

lack of convergence is the use of under-relaxation. It should be noted that this differentiable 

flux limiter only is applicable for constant mesh spacings (i.e., As and Av are constant). 

This appendix has the following sections. First, the under-relaxation option is be briefly 

discussed. Next, the dimensional limiter equations are non-dimensionalized. Following is 

a presentation of the work to smooth the limiter in non-dimensional space. Finally the 

implementation of the new limiter in dimensional space is discussed. 
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B.2 Under-relaxation 

The under-relaxation method for eliminating the convergence stalling is easy to understand 

and implement. Consider figure B.l which is reproduced from Section 4.3.2, and suppose 

that the solution is oscillating around point 3. Without loss of generality, assume that the 

actual solution is on line 3-4. If the method is osculating about point 3 then the real solution 

will be either on line 2-3 or line 3-4. Without damping, the solution can jump back and 

forth from line 2-3 to line 3-4. If the update is damped however, the new iteration will 

not move from line 3-4 to line 2-3. If the iterations stay on line 3-4, the correct solution 

will be quickly found. This damping of the iterations can be accomplished by limiting the 
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1.00 

0.7S 

uT 0.50 

0.25 

0.00 

-0.25 
-025 0.00 025 0.50 0.75 1.00 1.25 

Figure B.l: Differentiable (Smooth) and Non-Differentiable (Rough) Limiters 

maximum size of the update, or by simply using only a fraction of the new update. A more 

efficient method may be to damp the solution only when convergence stalling is detected. In 

Chapter 4 examples were given of stalled convergence, figure 4.9 and figure 4.10. Figure 4.9 
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will be repeated here for clarity (see Section 4.3.2 for details). In this plot, one can see that 

1 0 ' 7 ' ' ' • i i • . . • i . . . • i . . . . i . . . . i 

10 20 30 40 SO 
Iteration 

Figure B.2: Differentiable vs. Non-Differentiable Limiter Convergence for a Steady State 
Run 

the relative update size for the "rough" limiter is approximately a constant for all Newton 

Iterations beyond 30. Therfore, one could detect convergence stall if the update size does not 

change over three or four Newton iterations. 

Another approach is to turn off the limiting when it causes a convergence stall. The 

following modification of the limiter is only one of many approaches to correct this problem. 

This smoothing approach is probably not the most computationally efficient method, but it 

is very easy to understand and is robust in nature. 

There is one caveat to the use of smoothing. If the update size is large and the area that 

has been smoothed is small, the oscillations may still occur, as it will be possible to jump 

over the smoothed region. 
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B.3 Non-Dimensional Non-Differentiable 

The first step in smoothing the flux limiter is to convert the equations to non-dimensional 

form. The two equations used to convert from dimensional space to non-dimensional space 

are, 

•CD — *u 

FC - f ^ f . (B.2) 

Erom figure B.l one can see that there are four lines that need non-dimensional equations. 

The first is line IS, (A1,4B), 

Fj = Fc. (B.3) 

The second line 12 is, 

Fs = Fv + flc(Fc - Fv) = (1 - flc)Fv + fleFc. (B.4) 

The third line, 23, is the higher order differencing line or the QUICK line. Note that for 

this derivation and the examples given in this dissertation the uniform grid spacing version of 

the QUICK operator is used. The derivation would be more complicated for the non-uniform 

method and would proceed as follows. The functional form of the QUICK method would be 

expressed as, 

Fs = AFu + BFC + CFD. (B.5) 
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This converts to non-dimensional form as, 

Ff = BFC + C (B.6) 

For this implementation equation B.6 will be different for each cell face because each A, B, 

and C are different, because they all depend on the local cell spacing. The uniform grid 

version of the dimensional QUICK line is, 

Ff = -\Fu + \FC + \FD (B.7) 

The fourth line, 34 is given by, 

Fj=PFc + (l-P)FD. (B.8) 

From equation B.5 and equation B.6 one can see the general pattern to convert the 

dimensional equation into the non-dimensional equation. Therefore, the four dimensional 

equations, 

Fs = Fc (B.9) 

Fs = (l-fh)Fu + flcFc (B.10) 

Ff = - i j f c + \FC + lFD (B.11) 

Ff = PFC + (1-P)FD, (B.12) 



become the four non-dimensional equations, 
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Ff = Fc (B.13) 

Ff = fleFc (B.14) 

FS = | l b + | (B.15) 

Ff = PFc + (l-0). (B.16) 

B.4 Non-Dimensional Differentiable 

The following is a description of the non-dimensional equations used to smooth the limiter. 

Assumptions will be stated, but not always justified. The four points to be smoothed are 

labeled in figure B.l. It should be noted that the full detail of the differences between the 

smooth and the rough limiter are not clear in this figure, but it is included to give a global 

presentation and "close ups" of the smoothed areas will be presented later. For point 1, one 

of the points will be (0,0), for point 4, one of the points will be (1,1). This is done to insure 

that the limiter line stays in the Convection Boundedness Criterion triangle as discussed in 

Section 4.3.2. 

Figure B.3 shows a blow up of the area around point 1. At the point (0,0), the slope is 1 

since the equation for Fc < 0 is, 

Fj = Fc. (B.17) 

The equation for Fc > 0 is, 

Fs = fleFc. (B.18) 

It is safe to assume flc > 1 since flc = 1 is simply upwind differencing. In figure B.3 the 
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Figure B.3: DifFerentiable and Non-DifFerentiable Limiters point 1 

amount of limiter smoothing, tol, was set at 0.075. Therefore, the point to cut the flc line is 

determined by where that line intersects a box (2 tol x 2 tol) centered at (0,0). Since fle > 1, 

this intersection takes place at F/ = tol and Fc = Q. At the point (jfe,tol) the slope is fle. 

We now have the two points and the two slopes necessary to define a cubic spline. The cubic 

function, 

aF*+bF2

c + cFc + d = Ff, (B.19) 

is defined by solving the following matrix equation, 

ZX2

H 2XH 1 0 a SH 

X% X% XH 1 b YH 

ZXl 2XL 1 0 c SL 

x\ xi xL i d YL, 

(B.20) 



where, 
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XH = 
tol 
fh 

YH = tol 

ss = fh 

xL = 0 

YL = 0 

SL = 1. 

The a, b, c, d set that results from solving equation B.20 defines the cubic spline shown as a 

dotted line in figure B.3. This is the basic process for all four points. In fact the matrix 

equation, equation B.20, is the same for the other three points and now one only needs to 

define the set, XH,YH,SH,XL,YL,SL-

0.70 r 

ur o.6o 

025 030 055 O40 

Figure B.4: Differentiable and Non-DifFerentiable Limiters point 2 
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Figure B.4 shows the blow up of the area around point 2. The first step is to find the 

intersection of the two lines. 

F, = fljfa 

F, = \*„ + \. 

Setting these two equations equal to each and solving results in, 

flcFc = ffc + f 

F - 3 

F c 2 ~ 8 ( A - f ) 
F - W* 

/ 2 " 8(A-f) 
The numerical values come from flc = 2. The slope of the line Fc < 0.3 is SL = fle, therfore 

this intersection will be at YL = Ff2—tol. Therefore XL = jf-. The slope of the line Fc > 0.3 

is SH = f, therfore Xn = Fa + io/ and YH = f (.Fc2 + fc>0 + §• This defines the six numbers 

needed to define the cubic spline shown as a dotted line in figure B.4. 

Figure B.5 shows a blow up of the area around point 3. The first step is to find the point 

of intersection of the two lines. 

F, = /W c + ( l - j 8 ) 

F, - 2*, + §. 

0.3 

0.6. 
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Figure B.5: Differentiable and Non-Differentiable Limiters point 3 

Equating these two equations and solving for Fj and Fc yields, 

0FC + (1-P) 

Fc3 

Here the numerical values comes from using /3 = 0.25. For the line Fc < 0.75 the slope is 

SL = f • Since this slope is less than 1, XJJ = FCs — tol and therefore YL = |X& + §. For the 

line Fc > 0.75 the slope is SH = /?• We know that if /3 = 1 then the limiter results in upwind 

differencing, therefore it is safe to assume that /? < 1. This implies that XH = Fc3 + tol 

and therfore YH = (3XH + (1 — /?)• This defines the two points and the two slopes used to 

compute the dotted line shown in figure B.5. 

. Figure B.6 shows a blow up of the area around point 4. Because SL = /3 < 1, XL = 1—tol. 

• 

3 

-
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-
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Figure B.6: Differentiable and Non-Differentiable Limiters point 4 

Therefore, YL = 0 (1 - tol) + (1 - /3) = 1 - 0tol. From the assumptions XH = YH = SH = 1. 

This is all of the data necessary to compute the cubic spline shown as a dotted line in 

figure B.6. 

Point x L YL SL XH 
YH SH * C Fc 

1 0 0 1 tol tol fh 0 0 
2 lie Yc - tol fh Xc + tol f-Xj-r + f 3 

4 
3 m, 

»(/'.-*) 
2 lie Yc - tol fh Xc + tol f-Xj-r + f 3 

4 «(/'.-*) 
m, 

»(/'.-*) 3 Xc - tol \xL + \ 3 
4 Xc + tol pxH + {i-P) /? 5-80 

6 -80 6 - 8 0 
4 1-tol 1 - fitol P 1 1 1 1 1 

Table B.l: Cubic Spline Data Non-Dimensional 

In conclusion, all of the data needed to create the four splines is given in Table B.l. With 

this information, and a method to solve equation B.20, the non-dimensional smooth limiter 

can be constructed. Note that the non-dimensional limiter can be calculated and saved after 

the input numbers /3, tol, and flc are know. It should be noted, that these non-dimensional 



166 

values only need to be computed once at the beginning of the simulation. 

B.5 Dimensional 

In Section B.4 all variables were non-dimensionalized so there was no need to distinguish 

them from the dimensional variables. In this section, the tEde notation will be used (i.e., 

a variable with a tilde above it will be non-dimensional and all others will be dimensional). 

Unlike the work in the previous section, the dimensional work needs to be done for each cell 

every time the governing equation is evaluated. 

The first step is to compute the dimensional equivalent of XL and XH for each'of the four 

points so one can determine if the value is on the straight line or the cubic spline portion of 

the limiter. First recall the non-dimensionalizing equation, 

a D — £u 

For example consider XLI = 0. This implies that, 

FC = § ^ — ^ = 0. (B.22) 

Or solving for Fc, Fc = FJJ. This is the equivalent 'dimensional point to the non-dimensional 

point XLI. Through a similar process, all of the other seven non-dimensional points can be 

dimensionalized. These results are shown in Table B.2. 

There are two steps left now to completely define the limiter. The first step is to convert 

the non-dimensional cubic splines into dimensional cubic splines and the last step is to set 

up the dimensional IF TESTS to determine when to use the splines. The first part is very 
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Point FCL FCL FCH FCH 
1 0 Fu tol Fu + *£(FD-Fu) 
2 3 tol Fu + FCL (FD — FU) 

3 . 1 +nl Fu + FCH (FD — Fu) 2 8(//c-f) /'• Fu + FCL (FD — FU) 4fu-i) ' t o 1 Fu + FCH (FD — Fu) 
3 5~8P tol 

6-83 I O t 

Fu + FCL (FD — Fu) S + tol Fu + FCH (FD — Fu) 
4 I-tol Fu + (l-tol)(FD-Fu) 1 FD 

Table B.2: Cubic Spline Data Dimensional 

straightforward. Referring back to equation B.19 and switching to the tilde notation, 

Ff = a 1% + bF% + cFc + d. (B.23) 

Dimensionalizing, 

FD — Fu \FD — Fu J \FD — Fu J \FD — Fu J 

Solving for Fj yields, 

(Fc-Fuf , AFc-Fuf 
Ff = Fu + a ^ " : a + f t > p ; \ +c(Fc-Fu) + d(FD-Fu). 

(FD - Fu) (*D - *u) 
(B.25) 

One now has the dimensional form of equation B.19 where the a, b, c, d is the same as in the 

non-dimensional case. 

The IF TESTS have a slight complication associated with them that will be demon

strated on a sample IF TEST. From figure B.l it is clear the if Fc < 0 the there will be no 

need for a spline. Dimensionalizing, Fc < 0 implies | g ~ ^ < 0. But this statement is true 

IF { [(Fc-Fu<0) AND (FD-Fu>0)] 



OR [ (Fc - Fv > 0) AND (FD-Fv<0)] } 

Thus each non-dimensional IF TEST becomes two dimensional IF TESTS. The whole logic 

test looks like the following: 

CHECK IF Fc IS GREATER THAN ZERO 

IF { [(FD> Fv) AND (Fc > Fv) ] 

OR[(FD<Fv) AND (Fc < Fv)] } THEN 

CHECK IF Fc IS LESS THAN ONE 

IF { [(FD> Fv) AND (Fc <FD)] 

OR[(FD<Fu) AND (FC>FD)] } THEN 

CHECK IF Fc IS CLOSE TO POINT 4 

IF { [(FD> F„) AND (Fc > FCL4) ] 

OR [ (FD < Fv) AND (Fc < FCL4) ] } THEN 

USE SPLINE 4 

ENDIF 

CHECK IF Fc IS CLOSE TO POINT 1 

IF { [(FD> Fv) AND (Fc < FCm) ] 
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OR[(FD<Fv) AND (Fc>FCHi)] } THEN 

USE SPLINE 1 

ENDIF 

CHECK IF Fc IS CLOSE TO POINT 3 

IF { [(FD>FV) AND (Fc > FcL3) 

AND {Fc < FCHZ) ] 

OR [ (FD < Fv) AND (Fc < FCLZ) 

AND (Fc>FCH3)] } THEN 

USE SPLINE 3 

ENDIF 

CHECK IF Fc IS CLOSE TO POINT 2 

IF { [(FD> Fv) AND (Fc 

AND (Fc < FCH2) ] 

OR [ (FD < Fv) AND (Fc < FCL2) 

AND (Fc>FCH2)i } THEN 

USE SPLINE 2 

ENDIF 

ENDIF LESS THAN ONE 

ENDIF GREATER THAN ZERO 
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In conclusion, at input time the non-dimensional numbers can all be calculated. Then 

each time a face value is needed the normal "rough" limiter is used, and subsequently the 

previous set of IF TESTS are used to see if the face value needs smoothing. 
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