
UNCERTAINTY OF THE CALIBRATION FACTOR

77ie IAEA published recently "Calibration of Dosimeters Used in Radiotherapy,
Technical Reports Series No. 374", a revised version ofTRSNo. 185. One of the
important reasons for the revision was that new method had been recommended
by the Bureau International des Poids et Mesures (B1PM) for the expression of
uncertainty in measurement. In order to help SSDLs to apply it as soon as
possible, one part of Chapter 10. ofTRSNo. 374 has been included in this SSDL
Newsletter. The author of this part, J. W. Mailer of the B1PM, kindly agreed to
have it published in this issue.

1. INTRODUCTION

The method used in this document for estimating the uncertainty pertaining to the
result of a measurement is that outlined in BIPM Recommendation INC-1 [1], approved by
the Comitd International des Poids et Mesures (CIPM) in 1981. The task of developing a
detailed guide based on this unified approach was transferred in 1986 to the International
Organization for Standardization (ISO). This resulted in the ISO document: "Guide to the
Expression of Uncertainty in Measurement" in 1993 [2], which should be consulted for
further details. Those interested in an elementary presentation of the new approach can find
a summary in IAEA Technical Reports Series No. 277 [3], Appendix A.

2. GENERAL CONSIDERATIONS ON ERRORS AND UNCERTAINTIES

Contrary to previous practice, when the terms "error" and "uncertainty" were used
interchangeably, the modern approach, initiated by the CIPM, distinguishes between these
two concepts. This can probably best be seen from a schematic representation (Fig. 1). It may
be useful to distinguish between an ideal and a practical situation. Note thai the concepts true
value and error no longer appear in the practical evaluation.

According to present definitions, an error is the difference between a measured value
and the "true" value. Thus an error has both a numerical value and a sign. In contrast, the
uncertainty associated with a measurement is a parameter that characterizes the dispersion of
the values "that could reasonably be attributed to the measurand" [2]. This parameter is
normally an estimated standard deviation. An uncertainty, therefore, has no known sign and
is usually assumed to be symmetrical. It is a measure of our lack of exact knowledge, after
all recognized "systematic" effects have been eliminated by applying appropriate corrections.

If errors were known exactly, the true value could be determined and there would be
no problem left. In reality, errors are estimated in the best possible way and corrections made
for them. Therefore, after application of all known corrections, errors need no further
consideration (their expectation value being zero) and the only quantities of interest are
uncertainties.
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A: Ideal situation

B: Practical situation
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FIG. 1. Schematic representation of some basic concepts related to measurement
uncertainties.

The estimation of an uncertainty may be made by some known statistical method
(Type A) or otherwise (Type B). This distinction is mainly of pedagogical relevance and it
can be dropped once the numerical values for the uncertainties have been chosen.

In the traditional categorization it was usual to distinguish between "random" and
"systematic" contributions. However, one should realize that this classification depends on
how an uncertainty is used in a given physical context. It may occasionally still be quite
useful, but one must not think that such a classification requires different propagation laws
(see Section 6.).

3. TYPE A STANDARD UNCERTAINTIES

In a series of n measurements, with observed values x(> the best estimate of the
quantity x is usually given by the arithmetic mean value

x = - £ * , . (1>
n (.j

The scatter of the measured values around their mean x can be characterized, for an
individual result Xj, by the standard deviation
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six)= J _ f (x -x)2 ®
1 \| n-1 f̂ f '

and the quantity s2(Xj) is called the empirical variance of a single measurement, based on a
sample of size n.

We are often interested in the standard deviation of the mean value, written as s( x ),
for which the general relation

s{x) = - 1 s(x.) (3)

applies. An alternative way to estimate s(x) would be based on the outcome of several groups
of measurements. If they are all of the same size, the formulae given above can still be used,
provided that x, is now taken as the mean of group i and x is the overall mean (or mean of
the means) of the n groups. For groups of different size, "statistical weights" would have to
be used. This second approach may often be preferable, but it usually requires a larger
number of measurements. A discussion of how much the two results of s(x) may differ from
each other is beyond this elementary presentation.

The standard uncenainty of Type A, denoted here by uA, will be identified with the
standard deviation of the mean value, i.e.

uA = s(x) . (4)

Obviously, an empirical determination of an uncertainty cannot be expected to give
its "true" value; it is by necessity only an estimate. This is so for both Type A and Type B
uncertainties. It will be noted from Eq. (3) that a Type A uncertainty on the measurement of
a quantity can, in principle, always bs reduced by increasing the number n of individual
readings. If several measurement techniques are available, the preference will go to the one
which gives the least scatter of the results, i.e., which has the smallest standard deviation
s(Xi), but in practice the possibilities for reduction are often limited. One example is the
measurement of a background radiation which varies over the time intervals of interest.
Another is when a very low dose rate produces ionization currents which are of the same
order as the leakage currents, which may also be variable. In order to arrive at an acceptable
uncertainty of the result, it is then necessary to take many more readings than would normally
be needed in a typical x-ray or 7-ray beam.

In the past, uncertainties due to random effects have often been evaluated in the form
of confidence limits, commonly at the 95 % confidence level. This approach is not used in
the CIPM scheme presented here because there is no statistical basis for combining confidence
limits. The theory of the propagation of uncertainties requires combination in terms of
variances.

The Type A standard uncertainty is obtained at the SSDL by the usual statistical
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analysis of repeated measurements. It is not expected that a Type A standard uncertainty will
be determined individually for each instrument calibrated at the SSDL, but rather that
representative values will be obtained from a number of typical calibrations. It is normally
found that the reproducibility of each model of dosimeter is essentially the same from one
instrument to the next. Thus, if the Type A standard uncertainty of an air-kerma-rate
measurement is determined for one kind of dosimeter, the same value can generally be used
for other instruments of that same model, measured under the same conditions.

4. TYPE B STANDARD UNCERTAINTIES

There are many sources of measurement uncertainty that cannot be estimated by
repeated measurements. They are called Type B uncertainties. These include not only
unknown, although suspected, influences on the measurement process, but also little-known
effects of influence quantities (pressure, temperature, etc.), application of correction factors
or physical data taken from literature, etc.

In the CIPM method of characterizing uncertainties, Type B uncertainties must be
estimated so that they correspond to standard deviations; they are called Type B standard
uncertainties. Some experimenters claim that they can estimate directly this type of
uncertainty, while others prefer to use, as an intermediate step, some kind of limit. It is often
helpful to assume that these uncertainties have a probability distribution which corresponds
to some easily recognizable shape. Perhaps the most common assumption is that Type B
uncertainties have a distribution that is approximately Gaussian (normal). On this assumption,
the Type B standard uncertainty can be derived by first estimating some limits ± L and then
dividing that limit by a suitable number.

If, for example, the experimenter is "fairly sure" of the limit L, it can be considered
to correspond approximately to a 95 % confidence limit, whereas if the experimenter is
"almost certain", it may be taken to correspond approximately to a 99 % confidence limit.
Thus, the Type B standard uncertainty uB can be obtained from the equation

u B = t , (5)

where k = 2 if the experimenter is fairly certain, and k = 3 if he is quite certain of his
estimated limits ± L. These relations correspond to the properties of a Gaussian distribution
and it is usually not worthwhile to apply divisors other than 2 or 3 because of the
approximate nature of the estimation.

It is sometimes assumed (see Fig. 2) - mainly for the sake of simplicity - that Type
B uncertainties can be described by a rectangular probability density, i.e. that they have equal
probability anywhere within the given maximum limits -M and +M. It can be shown that
with this assumption the Type B standard uncertainty uB is given by
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Alternatively, if the assumed distribution is triangular (with the same limits), we are
led to the relation

M.

v/5
(6b)

Tnere are thus no rigid rules for estimating Type B standard uncertainties. The
experimenter should use his best knowledge and experience and, whatever method is applied,
provide estimates that can be used as if they were standard deviations. It is hardly ever
meaningful to estimate Type B uncertainties to more than one significant figure, and certainly
never to more than two.

1/2M

1/M

-M M -M M

FIG. 2, The two simple probability density Junctions, ,f{x) and J(x), with rectangular or
triangular shape, may be useful models for unknown distributions,

5. COMBINED UNCERTAINTIES AND EXPANDED UNCERTAINTIES

Because Type A and Type B uncertainties are both estimated standard deviations, they
are combined using the statistical rules for combining variances (which are squares of
standard deviations). If uA and uB are the Type A and the Type B standard uncertainties of
a quantity, the combined standard uncertainty of that quantity is

= (u> A*.

The combined standard uncertainty thus still has the character of a standard deviation.
If, in addition, it is believed to have a Gaussian probability density, then the standard
deviation corresponds to a confidence limit of about 66 %. Therefore, it is often felt desirable
to multiply th.», combined standard uncertainty by a suitable factor, called the coverage factor
k, to yield an expanded uncertainty. Suitable values of the coverage factor would again be
k = 2 or 3, corresponding to confidence limits of about 95 % or 99 %. The approximate
nature of uncertainty estimates, in particular for Type B, makes it doubtful that more than one
significant figure is ever justified in choosing the coverage factor. In any case, the numerical
value taken for the coverage factor should be clearly indicated. The expanded uncertainty
is also known under the name "overall uncertainty".

19



6. PROPAGATION OF UNCERTAINTIES

The expression "propagation of errors" was part of the statistical terminology before
it became customary to distinguish between errors and uncertainties, <u\d it is still used
occasionally. In order to be consistent with the present terminology, we prefer to talk about
the propagation of uncertainties in what follows.

Consider first a practical example. The calibration factor determined by a given SSDL
is not only based on various measurements performed at the laboratory, but also on correction
factors and physical constants, as well as on a beam calibration traceable to a PSDL, the
IAEA and, ultimately, to the BIPM. All these numerical values contain uncertainties and they
combine to give a final uncertainty in the calibration factor. This situation can be represented
in more general terms by considering a variable y which is a function f of a number of
variables a, b, c, .... This can be written in the form

y = f(a, b, c, ...) . (8)

It is assumed that all known corrections have already been applied to the variables and
that the remaining uncertainties are small. For a given set of known deviations Aa, Ab, Ac,
..., one would expect that the quantity y becomes y + Ay, with

Ay = - ^ Aa + — Ab + — Ac + ... , (9)
3a Sb 3c

where terms of higher order in the series expansion are neglected.

Unfortunately, this relation is of little practical use since none of the deviations is
actually known; if they were, we would have already taken them into account by a
corresponding correction. In addition, we do not know the signs of the various possible
deviations and, for reasons of symmetry, their values can even be expected to be zero on
average. Hence, Eq. (9) as it stands is only of formal interest. If we want to arrive at
something that is related to more useful quantities, we must try to form quantities like
"averaged squares". By squaring the previous relation we find

(Ay)1 * (-^ Aa)2 + ( - | Ab)2 * ... + 2 £ - J Aa Ab + ... , (10)
3a 5b 5a 5b

again restricting ourselves to the lowest non-vanishing order. An important step towards such
quantities is made by the following identifications with expectation values:

E {(Aa)2} = o2(a), E {(Ab)2} = o2(b), etc., ( u )

where ^(a) stands for variance of a, etc. Similarly, the expected product of two deviations,
for instance for a and b, i.e.
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E (Aa Ab) = o(a,b) , (12)

is identified with the covariance of the quantities a and b, and similarly for other variables.

This is a useful procedure because it allows us to interpret our vaguely defined
"deviations" by means of well-known statistical quantities. It is true that, in practice, we do
not have access to the expectation values, as the samples we deal with are always of finite
size. However, even for a limited number m of measurements of a quantity a, with the results
a,, a2, ..., am, we can obtain a valid approximation to the variance cr^a) by forming

s2(a) = -±- £ a? - - (E % f ) , (12a)
m-1 i mi

and similarly for the covariance of a and b

s(a,b) = - i - C a, b, - ~ ( E a,) ( £ b,)} , (12b)
m-1 i m i i

with all sums extending from 1 to m.

With these conventions adopted, Eq. (10) leads us to the required propagation law of
uncertainties, namely

u(y) * A1 u2(a) + ( f f u2(b) + ( f )* u2(c) + ... + 2 f f u(a,b) + ...]» ,
da db dc da db

(13)

where, for simplicity, we have made the identifications o(a) « s(a) « u(a), etc.

This equation provides the general relation looked for as it tells us how, for a known
functional dependence y = f(a, b, c, . . .), the individual uncertainties u(a), u(b), ..., of the
quantities a, b, .... are combined to evaluate the uncertainty u(y) of the required quantity y.
The only other quantities appearing in (13), apart from the partial derivatives, are the
covariances, such as u(a,b).

It is sometimes more practical to use correlation coefficients instead of covariances.
For the variables a and b, this quantity is defined by

p(a>b) = °(a-b ) « - H ^ L . (14)
HV ' ' o(a) o(b) u(a) u(b)

Correlation coefficients have the advantage of being dimensionless and to be
necessarily between -1 and + 1 .
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If two variables are strongly correlated (positively or negatively, i.e. in the same or
in opposite directions), |p | is close to unity, and in such a situation its effect on the
propagation law cannot be neglected. In many practical cases, however, the influence
quantities a, b, ..., are essentially independent of each other. Then p = 0 and the
propagation law takes the simple form

u(y) - {(-g )2 u2(a) + (-£)* U
2(b) + ( f ) 2 n2(c) • ... F , (15)

da do oc

which is valid for independent variables a, b, c, ... .

Two special cases should be mentioned in particular since they are of great practical
importance and cover large part of the usual situations.

If the functional dependence is linear, i.e. for sums (or differences), we have

y = Aa + Bb + Cc + ... , (16)

where the coefficients A, B, C, ... are constants. Since the partial derivatives are simply

the uncertainty on y is

u(y) = {A2 u2(a) + B 2 u2(b) + C2 u2(c) + ,..}"2. (17)

Thus, if independent variables are added (or subtracted), the variances also add. In other
words, the uncertainty of the sum is obtained by adding in quadrature the "weighted"
uncertainties of the independent variables, where the "weights" are the squares of the
coefficients A, B , . . . ("adding in quadrature" means taking the square root of the sum of the
squares).

The other special case concerns a product (or ratio) of independent variables. The
functional dependence then is

y « a" bf c r ... , (18)

where the exponents a, (3, 7, ... are constants. In this case, we obtain from Eq. 15 the
following expression for the relative uncertainty on y

r(y) = {a2 i*(a) + 02 i ty) + 7
2 i»(c) + . . . } * , (19)

where r(a) s u(a)/|a| is the relative uncertainty of a, etc.
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Thus, for a product (or ratio) of independent variables, the relative weighted variances
add, where the weights are the squares of the exponents a, /3, ... .

A very common case is that of a ratio, y = a/b, where the quantities a and b contain
measurements and correction factors. From Equation (19) the relative variance on y is equal
to the quadratic sum cf the relative uncertainties on a and b.

The foregoing discussion applies to Type A, Type B, and combined standard
uncertainties, all of which are estimated so as to correspond to standard deviations. The rules
for propagation of uncertainty also apply to expanded uncertainties, provided that the same
coverage factor k has been used. The uncertainty on published data is generally in terms of
an expanded uncertainty, or some equivalent terminology. This must then be converted into
a standard deviation, before using it to calculate an uncertainty. If no coverage factor is
stated, it may be assumed to have the value k = 2.

Both Type A and Type B standard uncertainties should be tabulated separately. This
will make a possible later change easier to perform.
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