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P.O. Box 2008, Oak Ridge, TN 37831, U.S.A. 
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Exotic nuclear states and excitation modes at extreme angular momenta, extreme 
deformations, and extreme excitation energies have been in the centre of interest of 
GAMMASPHERE. In this presentation, I discuss yet another limit of nuclear structure 
at extreme conditions - a territory of the future GAMMASPHERE physics - namely 
the physics of exotic nuclei with extreme proton-to-neutron ratios. 

1 Introduction 

New-generation experimental tools such as GAMMASPHERE, combined with 
modern particle detectors, enable us to study discrete nuclear states up to 
the fission limit as well as a high-spin quasi-continuum, and to explore new 
limits of excitation energy, angular momentum, and energy resolution. New 
high-quality data tell us more and more about the structure of wave functions 
of intrinsic states at those limits. 

Another frontier of nuclear structure is physics of radioactive nuclear beams 
(RNB). Thanks to developments in the RNB technology, we are on the verge 
of invading the new territory of extreme isospins in an unprecedented way l . 
What makes this subject both interesting and difficult is the weak binding and 
corresponding closeness of the particle continuum, implying a large diffuse-
ness of the nuclear surface and extreme spatial dimensions characterizing the 
outermost nucleons 2 ' 3 . 

For weakly bound nuclei the decay channels must be taken into account. 
New theoretical tools and models that can be applied to nuclei near drip lines 
need to be developed. Indeed, due to the virtual scattering of nucleons from 
bound orbitals to unbound scattering states, many cherished approaches like 
the shell model, the shell-correction technique, or the BCS pairing theory must 
be modified 4 , 5 ' 6 . The explicit coupling between bound states and continuum 
and the presence of low-lying scattering states invite strong interplay between 
various aspects of nuclear structure and reaction theory. Apart from theoretical 
and experimental interest in nuclear physics aspects of exotic nuclei, calcula
tions for nuclei far from stability have astrophysical implications, especially in 
the context of the r- or rp-process in stellar nucleosynthesis 7 , s . 
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Figure 1: Schematic representation of new phenomena to be explored with the help of exotic 
beams (prepared in collaboration with Brad Sherrill). 

Experiments with radioactive beams will make it possible to look closely 
into many exciting aspects of the nuclear many-body problem. Although an 
experimental excursion into new territories of the chart of the nuclides will offer 
many excellent opportunities for traditional nuclear structure (new regions of 
quadrupole and octupole deformation, new regions of shape isomers, including 
superdeformations), there are many unique features of exotic nuclei (associated 
with weak binding, large diffuseness, large spatial dimensions) that give very 
good prospects for entirely new physics. 

In the following, I shall briefly comment on some of the themes related 
to RNB physics. Several of these topics are schematically presented in Fig. 1, 
together with the theoretically estimated particle drip lines. 

In this context it is to be noted that, except for the lightest nuclei, the 
bounds of neutron stability are not known experimentally. Theoretically, be
cause of their sensitivity to various theoretical details (e.g., approximations 
used, parameter values, interactions), predicted drip lines are strongly model-
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dependent. Indeed, since theoretical techniques and model parameters are op
timized to reproduce known atomic masses, it is by no means obvious whether 
the particle number dependence obtained from global calculations at extreme 
values of N/Z is correct. 

2 Pairing in exotic nuclei 

Pairing correlations play a very special role in drip-line nuclei 9 , 6 . This is seen 
from the approximate HFB relation between the Fermi level, A, pairing gap, 
A, and the particle separation energy S « — A — A. At the drip line S is very 
small and A + A ~ 0. Consequently, the single-particle field characterized by A 
and the pairing field A are equally important. In other words, contrary to the 
situation encountered close to the line of beta stability, the pairing component 
of the Hamiltonian can no longer be treated as a residual interaction, i.e., a 
small perturbation important only in the neighborhood of the Fermi surface. 

Surprisingly, very little is known about the pairing (p-p) channel of the 
effective NN interaction; its structure is of considerable importance not only 
for nuclear physics but also for nuclear astrophysics and cosmology 1 0. Some 
important open questions asked in this context, e.g., on the role of finite range 
and the importance of density dependence have been addressed in the recent 
work by Dobaczewski et al. 6 . Some of those results are shown in the following. 

Because of strong surface effects, the properties of weakly bound nuclei 
are perfect laboratories in which to study the density dependence of pairing 
interactions. As an example of what can be expected far from stability, Fig. 2 
displays the pairing local neutron HFB densities p(r) as functions of the radial 
coordinate r calculated for several tin isotopes across the stability valley, and 
for three different effective interactions: Skyrme interactions SkP and SkP*, 
and the finite-range Gogny D1S. The pairing densities shown in Fig. 2 nicely 
reflect different characters of the interactions used in the p-p channel. The 
contact force SkP* leads to pairing densities that are, in general, largest at 
the origin and decrease towards the surface. These results are characteristic 
for the volume-type pairing correlations. A different pattern appears for the 
SkP results, where the density dependence renders the p-p interaction strongly 
peaked at the surface. In this case, the pairing densities tend to increase when 
going from the center of the nucleus towards its surface. A more pronounced 
dependence on the neutron excess is seen here in the surface region. Near 
the drip line, the pairing density develops a long tail extending towards large 
distances. The results obtained for the finite-range Gogny interaction exhibit 
features intermediate between surface and volume-type pairing correlations. 

Some of the experimental arguments in favor of surface pairing are dis-
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Figure 2: Self-consistent spherical neutron pairing densities pjf(r) calculated with the SkP, 
SkP*, a n d D l S interactions for selected tin isotopes across the /3-stability valley (from Ref . 6 ) . 

cussed in Ref.6. An experimental observable that may probe the character of 
a pairing field is the pair transfer form factor, directly related to the pairing 
density p. The asymptotic behavior of p in a weakly bound system (see Fig. 2) 
can be probed by comparing the energy dependence of one-particle and pair-
transfer cross sections. Such measurements, when performed for both stable 
and neutron-rich nuclei, can shed some light on the character of pairing field. 

Figure 3 displays the pair transfer form factors r2p(r) calculated in 1 2 0 S n , 
1 5 0 S n , and 1 7 2 S n with the SkP interaction. These pair transfer form factors 
clearly show that this process has a predominantly surface character. In par
ticular, there is a significant increase in the pair transfer form factors in the 
outer regions of drip-line nuclei. In 1 2 0 Sn , the form factors vanish around 9fm, 
while in 1 5 0 S n and 1 7 2 S n they extend to much larger distances. 

Another unusual aspect of nuclear superfluidity is found in the vicinity 
of the proton drip line. In contrast to medium-mass and heavy nuclei with 
significant neutron excess where the |2^|=1 pairing interaction dominates, the 
proton-rich N=Z nuclei exhibit unique manifestations of the T=0 proton-
neutron (p-n) interaction 1 1 . RNBs will access all bound cases, culminating in 
1 0 0 S n . The T—l and T=0 p-n correlations are believed to give rise to the 
singularity in the binding energy at N=Z (Wigner energy) (see Refs. 1 2 and 
references quoted therein), and they are expected to play a role in beta decay 1 3 

and at high spins 1 4. It is not clear how quickly the static p-n T=0 (1=1, 3, 
5...) pairing disappears when moving away from the N=Z line. Based on 
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Figure 3: Pair transfer form factor, r2p(r), calculated directly from the HFB pairing density 
p(r) ( f romRef . 6 ) . 

early studies from the sd shell, this already happens for systems with N-Z>2 
where T=\ pairing dominates 1 5 . However, there have been no microscopic 
calculations for medium-mass and heavy nuclei addressing this problem. 

The p-n pairing correlations have been studied recently 1 6 in the self-
consistent Skyrme-HFB theory formulated in the coordinate space. This theory 
incorporates an arbitrary mixing between protons and neutrons in the particle-
hole and p-p channels. Preliminary studies indicate that in spherical nuclei 
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such symmetry breaking may also be connected with parity breaking, if the 
dominating T=0 p-n pairing is to be included in the wave function. This sug
gests another possible site for the appearance of the p-n proton correlations, 
namely, the nuclei where the valence proton and neutron shells involve states 
of the same j and different parities. 

3 Deformation of drip-line systems 

It is likely that, due to (i) very diffuse surfaces and (ii) strong pairing correla
tions, the geometric concept of collective deformation (defined as a deviation 
of nuclear surface from sphericity) should be revisited. To illustrate this point, 
in the following it is demonstrated that for weakly bound two-body halos the 
shape deformation cannot be denned in a meaningful way 1 7 . That is, the 
application of standard approaches to nuclear deformations (such as Hartree 
Fock) to very weakly bound systems can be dangerous. 

3.1 Deformed halos 

This section contains some general arguments regarding the concept of shape 
deformation in halo systems. The following discussion can be considered as 
the extension of the analysis of Ref. l s carried out for the spherical case. 

Let us assume that the weakly bound neutron moves in a deformed average 
potential U(r) (usually well approximated by a sum of the central potential 
and the spin-orbit potential). The neutron wave function can be obtained by 
solving the deformed single-particle Schrodinger equation 

2m, V 2 - ^U(r) - 4 Mr) = 0, (1) 

where Kv=\J—2mev/h2 and e„ is the corresponding single-particle energy (e v <0). 
At large distances, r>a, the nuclear potential U vanishes. 

In the following considerations we assume the axial reflection-symmetric 
central potential (the generalization to the triaxial case is straightforward). 
Since the asymptotic properties of radial matrix elements depend very weakly 
on intrinsic spin, the spin-orbit term is neglected. Thanks to the axial symme
try, the single-particle states are labeled by means of A - the projection of the 
single-particle angular momentum onto the symmetry axis (z-axis) and parity, 
7T. 

The deformed wave function can be decomposed into spherical partial 
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waves with the well-defined orbital angular momentum £: 

^ ( r ) = 2 ^ A » ( r ) ^ A ( r ) . (2) 
i 

For large distances (r>a), U(r) vanishes, and the (A-independent) radial func
tions Rtv{r) satisfy the free-particle radial Schrodinger equation 

The solution of Eq. (3) is Rev(r) = B{hf(iK„r) where hf is the spherical 
Hankel function and Be is a constant given by 

Bi = Rlv{a)(hj{iKva). (4) 

The spatial properties of the system can be characterized by the radial mo
ments {ip^\rn\ip£) and the multipole moments (^\rnYn0\ip^). Both quantities 
require the evaluation of the radial matrix elements 

TOO 

{£Av\rn\£'Av} = / rn+2R*tKv{r)RllAu(r)dr = I n W K v + OnWv, (5) 
Jo 

where / represents the contribution from the inner (r<^a) region and O is the 
outer region contribution (r>a). Since parity is conserved, I' — I mod 2. The 
inner integral is, by definition, finite. The outer integral can be written as 

/•oo 

OnWv = / rn+2B\Bv}i$*{iKvT)h%{iKvr)dr (6) 
J a 

= BiBeKZ(n+3) / hj*(ix)ht,(ix)xn+2dx. (7) 

In the limit of a very weak binding (K„ —• 0) one can replace the value of 
hf(iK„r) in Eq. (4) by the asymptotic expression valid for small arguments. 
This gives: 

^ l ^ x ^ + l ) ^ ^ ' ( 8 ) 

Now, following the reasoning of Ref. 1 8 , one can demonstrate that for small 
values of KV , Ona_'u behaves asymptotically as 

{ r n-t-i'+i _ „„ n-i-i'+i } 

n-£-7+ l + ̂ st. J , (9) 
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where XQ ^> CLK,V is a small constant. The behavior of OntVv can thus be 
summarized as: 

n >£ + £'- 1 : OnWv diverges as ( - e „ ) ^ + ^ ' - n - 1 ) / 2 , (10) 

n = £ + £'-l: Onit'v diverges as - - l n ( - e „ ) , (11) 

n <£ + £'— 1 : OnWv remains finite. (12) 

The normalization integral 

The norm of the deformed state (2), A/AJ>, can be expressed through the zeroth 
radial moment 

Consequently, according to Eq. (10), the norm is divergent only if the deformed 
state contains the admixture of an s-wave. This will happen only for deformed 
orbitals with it=+ and A=0. In this case, the norm behaves asymptotically 
as \/OooovOc(—cv)~xlA, and the probability of finding the neutron in the outer 
region, 

p = lTo- ( I 4 ) 

approaches one for zero binding. 

The rms radius 

The root-mean-square radius of a deformed orbital is given by 

As discussed in Ref. 1 8 , with decreasing binding energy, the integral Outv di
verges as ( - e „ ) - 3 / 2 for £=0 and as ( - e ; , ) ~ 1 / 2 for £=1 (see Eq. (10)). Therefore, 
in the deformed system, the rms radius diverges only if the Nilsson orbital in 
question contains an s or a p wave. This leaves only three classes of states for 
which the spatial extension can be arbitrary large: 

w = +, A = 0 : (r 2 ) diverges as ( - e „ ) - 3 / a + 1 / 2 = ( - e ^ ) - 1 

7r = - , A = 0 o r l : ( r 2 ) diverges as (-ev)-1/2. (16) 



In the following, these states are referred to as "halo states" or "halos". Of 
course, this does not mean that other Nilsson orbitals cannot form very ex
tended structures when their binding becomes very small. However, only for 
the states (16) the rms radius explodes asymptotically. 

The quadrupole moment 

The average quadrupole moment of a deformed orbital is given by 

^ i l S f ^ = ( ^ r 2 B^k 2KA^A|Y 2 0 |/A}, (17) 
WW) u. 

where, as usual, 

{£A\Y20\i' A) = ]/-]J^fT(eA2Q\eA)(e'Q2Q\£0). (18) 

At what situation would the quadrupole moment diverge with e„ —> 0? Let us 
first consider positive-parity halos. Since the quadrupole moment of an s state 
vanishes, the only diverging matrix element comes from a s-s-xi coupling. The 
corresponding integral 0202* behaves as ( — e v ) - 1 / 2 at small binding energies. 
For negative-parity states, the only diverging matrix element is the diagonal 
one (02iiv) which also behaves as (—e^) - 1 / 2 . 

However, because of different asymptotic properties of the normalization 
integrals, the single-particle quadrupole moment of a halo orbital depends on 
parity. With ê —>-0, the quadrupole moment (17) of the 7r=+ halo approaches 
the finite limit given by the ratio of d and s partial wave amplitudes in the 
deformed wave function. On the other hand, for the j r=- halos, the norm 
remains finite and the quadrupole moment behaves as (—e v)~ ll 2. 

It is instructive to consider the quadrupole deformation /?2 extracted from 
the ratio 

_ 4 * ( r 2 y 2 0 ) 
A = TT 5 T ' ( } 

By splitting (r 2 y 2 o) and (r 2 ) into contributions from the core (c) and from the 
valence (v) nucleons, one obtains 

R _ 4TT ( r 2 y 2 0 ) c + ( r 2 Y 2 0 ) v 

A ~ T < r 2 ) c + ( r 2 ) v • ( 2 0 ) 

For positive-parity halos (*=+, A=0), the numerator in Eq. (20) is finite 
while the denominator diverges as (—e„) _ 1. Hence /?2 behaves asymptotically 
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as e„, i.e., it vanishes in the limit of zero binding: 

ft(sr = +,A = 0 ) ^ 0 0 . (21) 

On the other hand, for negative-parity halos (TT=+, |A|=0 or 1), the ratio (20) 
is solely determined by the p-wave components in the valence states: 

/ ? 2 ( . = - , A ) ^ | ( l A | Y 2 0 | l A ) = { + ^ ; ^ A = = ° L (22) 

That is, the deformation of the halo is solely determined by the spatial struc
ture of the valence state wave function, independently of the shape of the core. 
The deformed core merely establishes the quantization axis of the system -
important for defining the projection A. 

In the limit of a very weak binding, the geometric interpretation of shape 
deformation is lost. Consider, e.g., a deformed core with deformation, say, 
/?2=0.2 and a weakly bound halo neutron in a negative-parity orbital. Ac
cording to the discussion above, the total quadrupole moment of the system 
diverges at the limit of vanishing binding (i.e., (r2y2o} can take any value). On 
the other hand, depending on the geometry of the valence orbital, the total 
quadrupole deformation of the (core+valence) system is consistent with a su-
perdeformed shape (TT=-, A=0 halo) or an oblate shape (7r=-, A=l halo). For 
a 7r=+ halo, the quadrupole moment approaches a finite limit determined by 
the relative ratio of d and s amplitudes, but deformation /?2 approaches zero. 
In the language of the self-consistent mean-field theory, this result reflects the 
extreme softness of the system to the quadrupole distortion. 

4 High spins in exotic nuclei 

As discussed in Sec. 2, diffused nucleonic densities and very strong, surface 
peaked pairing fields obtained with the density-dependent pairing interaction 
are expected to lead to very shallow single-particle potentials in drip-line nuclei. 
Because of a very diffuse surface (no flat bottom), the resulting single-particle 
spectrum resembles that of a harmonic oscillator with a spin-orbit term (but 
with a weakened £2 t e rm) 4 . Schematically, this effect is illustrated in the left 
panel of Fig. 4. By comparing with the situation characteristic of stable nuclei 
(right panel of Fig. 4), a new shell structure emerges with a more uniform 
distribution of normal-parity orbits. 

Such a new shell structure, with the high-./ intruder reverted towards its 
parent shell, would give rise to different kinds of collective phenomena 3 , 1 9 . 
In particular, the change of the intruder-shell occupation at large neutron 
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Figure 4: Sequences of nuclear single-particle levels for various potentials. Orbitals are 
labeled by the spherical quantum numbers. From left to right: (i) shell structure for a 
potential with the spin-orbit term but with a very diffuse surface, (ii) the N0sc=4 and 5 
shells of the harmonic oscillator potential, (iii) no spin-orbit term, leading to a degenerate 
spin-orbit pa t tern as observed in, e.g., hypernuclei, and (iv) shell structure characteristic of 

nuclei near the stability valley. 

numbers is expected to modify the nuclear rotation as we know it around the 
beta stability line. If the very neutron-rich systems are at all deformed (see 
discussion in Sec. 3!), the following general predictions can be made for the 
collective rotation far from stability: 

1. The first band crossing - in the heavy nuclei usually associated with 
the alignment of high-j quasi-neutrons - is likely to be caused by the 
breaking of a proton high-j pair or a neutron normal-parity pair. 

2. Rotational frequency of the first band crossing is going to be shifted to
wards higher values. The alignment gain at the first crossing is expected 
to be systematically reduced. 
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3. The pattern of low-lying quasi-neutron excitations is expected to be more 
uniform, since it will be mainly built upon the normal-parity orbitals. 
Consequently, interactions between rotational bands will, on average, 
increase. 

4. In even-even nuclei, the negative-parity quasi-neutron bands will be shifted 
towards higher excitation energies. Also, the octupole collectivity is ex
pected to be significantly weakened. 

5. Because of the presence of neutron skin, neutron deformations are likely 
to be different from those of protons (see, e.g., discussion in Ref. 2 0 ) . This 
should modify the electric and magnetic properties of the system (e.g., 
(/-factors and magnetic transition rates). 

The systematic investigation of the interplay between rotation, deforma
tion, and pairing in weakly bound neutron-rich nuclei is one of the most exciting 
avenues of tomorrow's high-spin physics. 

5 Proton emitters 

On the proton-rich side, a fascinating new frontier is the gamma-ray spec
troscopy of proton-unbound nuclei. Because the Coulomb barrier tends to 
localize the proton density in the nuclear interior, nuclei beyond the proton 
drip line are quasibound with respect to proton decay. The associated life
times, ranging from 10 _ 6 s to a few seconds, are sufficiently long to obtain a 
wealth of spectroscopic information. 

Lifetimes of proton emitters directly provide an indication of the angular 
momentum of the proton resonance 2 1. Experimental and theoretical investiga
tions of proton emitters (or di-proton emitters such as doubly magic 4 8 Ni) will 
open up new physics associated with the coupling between bound states and 
extremely narrow resonances in the region of very low density of single-particle 
levels. In this context, studies of deformed proton emitters (Nilsson scheme 
built on bound states and resonances!) are of particular interest. 

In a recent study 2 2 systematic calculations of half-lives and various spec
troscopic properties of spherical proton emitters have been performed. For 
calculating the proton decay width, r p , three methods have been employed: 
(i) the method based on DWBA23, (ii) the two-potential method of Jackson and 
Rhoades-Brown 2 4 , and (iii) semiclassical approximation, WKB. The equiva
lence of these approaches has been demonstrated for the spherical geometry 2 2 . 
Interestingly, the predicted lifetimes depend very weakly on the details of the 
proton optical potential% Recently, this point was discussed 2 5 in the context of 
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diproton emitters around 4 8 Ni using the WKB expression for the partial width: 

7>2 T / , r ° u t 

T = 62M— exp - 2 / drkir) 
*l* L J r i a 

--1 . . 
(23) 

where 02 is the spectroscopic factor, fi is the reduced mass, r; n and r o u t are the 
classical inner and outer turning points, respectively, W is the normalization 
factor, 

M P" dryj-r cos2 f f dr'k(r') - £ 

and k(r) is the wave number given by 

= 1, (24) 

In Eq. (25), Q2p=—S2P>0, and V2p(r) is the average diproton potential (includ
ing the Coulomb potential). In our calculations, Vip has been approximated 
by 2Vp(r), where VP(r) is the self-consistent proton potential for 4 6 Fe . Figure 5 
displays the calculated proton potentials for 4 6 F e in various self-consistent ap
proaches with different effective interactions. The average potentials differ 
both in the nuclear interior and in the Coulomb barrier region (see insert). 

In order to check the sensitivity of the predicted half-lives on the details of 
the proton mean field, calculations were performed for different self-consistent 
potentials. The diproton partial decay half-lives for 4 8 Ni are shown in Fig. 6 
for several HF and HFB models. It is seen that all theoretical results cluster in 
a rather narrow band. To see the differences between the models, the region 
1.2MeV<Q2p<l-4MeV has been magnified in the insert. For the models that 
predict the most different proton potentials, i.e., HFB+SIII 6 p and HF+SkI6, 
calculated half-lives differ by only a factor of two. One can thus conclude that 
the values of 11/2 are not sensitive to the details of the nuclear mean field. 
The effect on t\/2 due to changes in V seems to be less important than other 
theoretical uncertanties related, e.g., to the estimate of 92 or Q. 

To understand the weak sensitivity of ii/2 to the details of the optical 
potential, in Ref. 2 5 we analyzed the (normalized) contribution to the exponent 
appearing in Eq. (23) from different regions in the barrier, 

(W = t n H (26) 
It turns out that more than 94-99% of the exponent, Eq. (26), comes from the 
region r>rs (rB being the barrier radius), which is almost solely determined 
by the pure Coulomb interaction. 
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Figure 5: Self-consistent proton potential, V ,̂, in 4 6 F e obtained in the HP and HFB calculations 
with different effective interactions. The details of Vp in the region of the Coulomb barrier 

are magnified in the insert (from R e f . 2 5 ) . 

The above result demonstrates that proton and diproton emission half-lives 
depend mainly on the separation energy and the angular momentum content 
of the intrinsic state, and very weakly on the details of the proton potential. 
This suggests that the lifetimes of deformed proton emitters will provide direct 
information on the angular momentum content of the associated Nilsson state, 
hence on nuclear deformation. 

6 Conclusions 

The advent of radioactive nuclear beams provides many exciting opportunities 
to create and study unstable nuclei far from the (3 stability valley. 

Access to unexplored extremes of N/Z promises to reveal qualitatively 
new phenomena likely to be different from anything we have observed to date. 
Cherished ideas of nuclear structure and dynamics and of how they evolve are 
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Q 2 p(MeV) 

Figure 6: Diproton partial decay half-lives for 4 8 N i predicted in the HFB+SkP, HFB+SII I ' 5 p , 
HF+SkI6, and HF+SLy4 models as a function of Q2p- All theoretical results lie in a narrow 

band (from R e f . S s ) . 

unlikely to survive intact in this expanded horizon. Some of the scientific ques
tions and opportunities have been addressed in this talk, but, almost certainly, 
the most exciting aspects of physics with RNBs and large gamma-ray arrays 
have not yet been conceived. We are only in the beginning of exploring many 
unusual aspects of the nuclear many-body problem offered by systems with 
extreme N/Z ratios. 
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