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It is shown that many synthetic metals, including high temperature super
conductors are "bad metals", with such a poor conductivity that the usual mean-
field theory of superconductivity breaks down because of anomalously large clas
sical and quantum fluctuations of the phase of the superconducting order pa
rameter. It is argued that the supression of a first order phase transition (phase 
separation) by the long-range Coulomb interaction leads to high temperature 
superconductivity accompanied by static or dynamical charge inhomogeneily. 
Evidence in support of this picture for high temperature superconductors is de
scribed. 

1 Introduction 

The past few years have seen a resurgence of interest in the behavior of cor
related electron systems. Much of this activity has been directed towards an 
understanding of high temperature superconductivity, but it also has led to a 
renewed interest in novel materials in general, especially oxides, heavy-fermion 
superconductors, Kondo insulators, and synthetic metals such as organic con
ductors and alkali-doped Ceo- As a whole, these materials display a wide variety 
of magnetic and charge-ordering behavior, together with transport properties, 
ranging from high temperature superconductivity to a giant magnetoresistance, 
which challenge the foundations of the theory of metals. 

The conventional theory of metals is based on the ideas of Fermi liquid the
ory, which is a semi-phenomenological description of the behavior of a system 
of interacting fermions in terms of its low-energy excitations: collective modes 
and quasiparticles. Fermi liquid theory has provided a remarkably successful de
scription of simple metals, liquid 3He, and nucleons in an atomic nucleus, despite 
the presence of rather strong interactions between the fundamental constituents. 
The concept of a propagating quasiparticle is valid provided its mean free path 
is longer than its de Broglie wavelength: / > Aj? = iir/kp (Ioffe and Regel 1960). 
This condition may not be violated in typical solids, until / is roughly equal to 
the lattice spacing a. But many novel materials, especially those which are close 
to a metal-insulator transition, have a rather low carrier concentration and small 
Fermi wave vector, and the quasiparticle concept may break down even though 
l/a is relatively large. In conventional metals with strong electron-phonon cou
pling, the resistivity saturates at a value p3 before the Ioffe-Regel condition is 
violated; in the A15's, for example, (ps « 150/iJ2 — cm) corresponds to / « 2XF. 
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tions is determined by the superfluid density, p,(T); the smaller the superfluid 
density, the more significant classical phase fluctuations. In bad metals, espe
cially the high temperature superconductors, the value of the bare superfluid 
density n,o is quite low at zero temperature, so the classical phase ordering 
temperature, which is proportional to n,o/m*, can be substantially lower than 

Quantum phase fluctuations, which will be considered in Sec. 3, are associ
ated with the number-phase uncertainty relation (Anderson 1966) according to 
which phase coherence between neighboring regions implies large relative num
ber fluctuations and correspondingly large Coulomb energies unless there is ad
equate screening. Thus, the smaller the dielectric function, or equivalently the 
frequency dependent conductivity, the more significant the effects of quantum 
phase fluctuations. 

Together, these effects determine the superconducting transition temperature 
Tc in a bad metal. But they have a number of other consequences for the physical 
properties of the materials. Local superconducting fluctuations are important 
for a much larger range of temperatures above Te than in good metals, and 
phase fluctuations control the temperature-dependence of the penetration depth 
and other parameters of the superconducting state. In particular, the unusual 
linear temperature-dependence of the penetration depth of high temperature 
superconductors (Hardy et al. 1993) may be explained in this way (Emery and 
Kivelson 1995b). 

Another important feature of doped insulators is static or dynamical charge 
inhomogeneity. The theoretical reasons to expect this behavior are given in Sec. 
4, and some of the experimental evidence to show that it actually occurs in 
high temperature superconductors is described in Sec. 5. Implications for the 
mechanism of high temperature superconductivity are summarised in Sec. 6. 

2 Classical Phase Fluctuations 

The importance of phase fluctuations may be assessed by using experimentally-
determined quantities to evaluate the temperature T^1"" at which phase order 
would disappear if the disordering effects of all other degrees of freedom were 
ignored. If T e •< Tg1"", phase fluctuations are relatively unimportant, and Te 

will be close to the mean-field transition temperature, TMF, predicted by BCS-
Eliashberg theory (Schrieffer 1964). On the other hand, if T^ax ~ T e, then the 
value of Tc is determined primarily by phase ordering, and TMF is simply the 
characteristic temperature below which local pairing becomes significant. 

In order to evaluate Tg10", the system must be divided into regions of linear 
dimension a which are large enough for the order parameter to be well-defined 
locally. A region j is characterised by a phase angle 6}- and its dynamically 
conjugate variable, the number of electrons Nj. The Hamiltonian governing the 
thermodynamic effects of long wavelength phase fluctuations at low temperature 
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Thus, the ratio Tg™0*/Te .provides a very useful criterion for the importance of 
phase fluctuations; if it is large, it is clear that phase fluctuations have a minor 
effect on Te, whereas if it is close to 1, then phase fluctuations depress T e sub
stantially below TMF or, as we shall see, they may even be the major factor in 
determining Tc itself. In fact Vb is important in its own right since, as a mea
sure of the rigidity of the superconducting- state to variations of the phase, it 
characterises the energetics of vortex lattices. 

The values of Tg1"* jTc for a wide variety of materials have been tabulated 
(Emery and Kivelson 1995a). For elemental metals such as lead, T^ax/Te ~ 105 

is extraordinarily high; phase fluctuations have a negligible effect on Tc and the 
superconducting state has a substantial phase rigidity at all temperatures below 
Te. In other words, pairing and long-range phase coherence occur essentially si
multaneously. With the exceptions to be described below, other superconducting 
materials behave in the same way, although the values of T^ax jTc are somewhat 
smaller. 

On the other hand, the organic superconductor (BEDT-TTF)2Cu(NCS)2 and 
the hole-doped oxide superconductors are in an entirely different range of param
eters inasmuch as Tg1"1/Tc is of order unity. In particular, the analysis suggests a 
new interpretation of the usual phenomenological classification of high tempera
ture superconductors into three, more or less distinct categories: "underdoped", 
"optimally doped", and "overdoped." The value of Te is predominantly deter
mined by phase fluctuations in underdoped high temperature superconductors 
such as YBa2Cu408, ^Tg10"/Tc « 1), and by the mean-field transition temper
ature TMF in overdoped materials such as Tl 2201 (Tf^/Tc > 2). Optimally 
doped materials, such as YBa2Cu307_$ and La 2_ rSr rCu04, with 6 and x in 
the neighbourhood of 0.05 and 0.15 respectively, are in the crossover region be
tween the two. Of course there is no precise dividing line between the two kinds 
of superconductor but rather a more or less gradual crossover in behavior as 
the value of TB

max/Te changes. Furthermore, the values of this ratio are subject 
to the uncertainties in the experimental values of A(0) and the precise form of 
the short-distance cutoff. But the systematic variation of-the properties of high 
temperature superconductors from one material to another clearly supports the 
importance of phase fluctuations. 

When Te is much smaller than TMF, the effects of pairing manifest them
selves as a pseudogap in the the temperature range Te < T < TMF. This 
observation provides a natural explanation of a variety of measurements, in
cluding NMR * and optical conductivity (Basov et al. 1994), (Wachter et al. 
1994), on underdoped high temperature superconductors, such as the stoichio
metric material YBa2Cu40s (TC=80K), which show a pseudogap opening below 
a temperature of order 160-180K. Similar behavior is seen (Mehring 1992) in 
underdoped YBa2Cu307_«, extending to the large 5 end of the the 90K plateau, 
beyond which there is a rather rapid change in behavior as the oxygen content 
is increased. 

1 For a review, see Mehring (1992). 
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transition is influenced by the value of the conductivity at Tc correctly predicts 
many trends in the transition temperature of high temperature superconductors. 
It has been considered as an explanation of the variation of Tc upon purposely 
reducing the conductivity of YBa2Cu307_f by radiation damage (Sun et al. 
1994). 

A second important implication for high-temperature superconductors is the 
existence of a substantial range of temperatures in the neighborhood of Te in 
which critical phase fluctuations dominate the low frequency electromagnetic 
response, and a low temperature regime in which n,(T) will have an anomalous 
temperature dependence as a result of phase fluctuations: n,(T)/ns(0) = 1 — 
aJrfcBT/[2V0(a — 1)], to first order in T. Here, it is assumed that the Coulomb 
interaction is screened by the finite residual far IR conductivity observed in 
YBa 2 Cu 3 0 7 -« (Basov et al. 1995). If we use o-(w) = 500(J2cm)_1, (which is 
roughly consistent with experiment) together with RQ W AQkfi (F w 1/6), as 
deduced from the data of Sun et al. (1994), the linear temperature dependence 
of the superfluid density agrees quantitatively with the observations (Hardy et 
al. 1993). 

4 Charge Inhomogeneity 

High temperature superconductors provide the most important examples of 
doped insulators. They are obtained by chemically adding charge carriers to 
a highly-correlated antiferromagnetic insulating state, and by now there is a 
good deal of theoretical evidence that, in the absence of long-range Coulomb 
interactions (i.e. for neutral holes), a low concentration of holes is unstable to 
phase separation into a hole-rich "metallic" phase and a hole-deficient antiferro
magnetic phase (Emery, Kivelson, and Lin 1990). 

It has always been clear that macroscopic phase separation is suppressed by 
the long-range Coulomb interaction (Emery, Kivelson, and Lin 1990). However 
this does not mean that the Coulomb interaction merely stablises a state of uni
form density in the neutral system. Indeed, for jellium, the Coulomb interaction 
favors local charge inhomogeneity (a Wigner crystal) whereas it is the kinetic 
energy that forces the system to be uniform. As we have shown, the situation 
is entirely different for a correlated electron systems for which minimization of 
the zero-point kinetic energy is achieved by separation into hole-rich and hole-
free regions: all energies conspire to produce a state that is inhomogeneous on 
some length scale and time scale, although of course macroscopically it must be 
uniform. 

A simple argument illustrates how charge inhomogeneity emerges from the 
competition between phase separation and the long-range part of the Coulomb 
interaction. In linear response theory, the Debye screening length XD is given by 

2 __i_^f m 
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diagram, in which superconductivity competes with charge density wave order. 
The disordered region displays crossovers to fluctuating hole-free droplets and 
to orientationally-ordered stripes, as the temperature is lowered (Chayes et al. 
1996). 

The solution of these simple models confirms our intuition that local inhomot 
geneity is the expected consequence of frustrated phase separation and that it 
should be a characteristic behavior of metallic correlated electron systems. But 
it also indicates that ordered charge-modulated states are a likely outcome unless 
they are destroyed by quantum effects and/or frustration. A specific example is 
La2_ rSr xNi044.«, which is identical in structure to La 2 _ x Sr x Cu04+5 with Ni re
placing the Cu. When undoped, this system is a spin-one antiferromagnet, so it 
is expected that quantum fluctuations will be considerably less important than 
in the cuprates. When doped, La2NiC>4 is known to form a variety of modulated 
phases (Tranquada et al. 1993), (Sachan et al. 1995), (Tranquada et al. 1995b). 

The hole concentration in a stripe is governed by the energetics of phase 
separation. Thus, in general, the stripes are partially-filled and metallic, and the 
associated wave vectors do not nest the Fermi surface. The intervening hole-
free regions are antiferromagnetic antiphase spin domains, with a wave vector 
of r parallel to the stripes, and a period equal to twice the stripe period in the 
perpendicular direction. In this sense, the charge order drives the spin order. 

4.2 Evidence for S t r ipes . 

Recent neutron scattering experiments (Tranquada et al. 1995a) have shown 
that the suppression of superconductivity in La 1 .6- t Ndo.4Sr x Cu04, for x near 
to 0.125, is caused by the formation of ordered charge and spin-density waves 
in the C u 0 2 planes. The ordered state consists of an array of charged stripes 
which form antiphase domain walls between antiferromagnetically ordered spin 
domains. This observation explains the peculiar behavior of the La 2 Cu04 fam
ily of compounds near to | doping (Moodenbaugh et al. 1988), and strongly 
supports the idea that disordered, or fluctuating stripe phases are of central 
importance for the physics of high temperature superconductors (Emery and 
Kivelson 1993). 

In the neutron scattering experiments the principal signature of the antiphase 
spin domains in Lai.6_xNdo.4Sra;Cu04 is a set of resolution-limited peaks in the 
spin structure factor at wave vectors (^ ± e, | ) and (^, ^ ± e) in units of 27r/a. 
The associated charge stripes are indicated by peaks in the nuclear structure 
factor at wave vectors (0,±2e) and (±2e, 0). Thus it is natural to interpret the 
inelastic peaks in the magnetic structure factor previously observed in similar 
locations in reciprocal space for superconducting samples of I ^ - s S r s C u C ^ - i 
(Cheong et al. 1991), Mason at al. 1992), Thurston et al. 1992) as evidence of 
stripe fluctuations in which the stripes are oriented along vertical or horizontal 
Cu-0 bond directions respectively. 

Another conceivable mechanism for the stripe phases in L&2-XSTXCU04-S is 
Fermi-surface nesting (Schulz 1989), (Zaanen et al. 1989), (Poilblanc and Rice 
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array of stripes, which divides the Cu-0 plane into long thin regions, with weak 
antiphase coupling between the intervening hole-deficient regions. This picture 
rationalises a) the observation (Hammel et al., unpublished) by NQR of two 
distinct species of Cu nuclei (one in a pinned stripe, the other between the 
stripes), and b) the existence of a "cluster-spin-glass" phase in samples with 
x < 15 % (Chou et al. 1992) (since the antiphase coupling between regions is 
frustrating). Moreover, there is evidence that the creation of dilute meandering 
stripes can account for the rapid supression of the Neel temperature for x < 2 % 
(Borsa et al. 1995), (Castro-Nieto and Hone, unpublished). 

6 Mechanism of High Temperature Superconductivity 

In our view, high temperature superconductivity is associated with the inhibition 
of a first order phase transition (phase separation) by the long-range Coulomb 
interaction, which converts a relatively large condensation energy into a strong 
pairing force. As we have seen in Sec. 4, this mechanism of superconductivity 
may compete with or coexist with charge inhomogeneity in the form of droplets 
or ordered structures. Here we consider some aspects of this behavior in the 
cuprates. 

The phase diagram which follows from the role of classical phase fluctuations 
in underdoped high temperature superconductors (Emery and Kivelson 1995a) 
strongly suggests that there is a very high energy scale for pairing in lightly-
doped but metallic high temperature superconductors. In other words, a single 
stripe in an undoped antiferromagnetic environment should manifest the mech
anism of pairing, although full phase coherence and long-range order could not 
be established. As a model for this problem, we have analysed the behavior of a 
one-dimensional electron gas (the stripe) in an active environment (the undoped 
antiferromagnet). This is a generalization of the theory of the one-dimensional 
electron gas. We have found several processes that involve the coupling between 
the mobile holes and the environment and lead to pairing, even though the basic 
Hamiltonian contains only repusive interactions (Emery, Kivelson, and Zachar, 
unpublished). Here we mention one which involves a pair of holes hopping from 
the stripe into a bound state of the environment. This process has a number 
of advantages for high temperature superconductivity. A pair of holes in the 
medium may have a large binding energy, but such a tightly bound pair is typ
ically immobile, since it cannot easily move without breaking up. Thus it does 
not, by itself, lead to high temperature superconductivity. However, the holes 
in the stripe are able to utilise this large binding energy to form pairs, without 
losing their own mobility, and in this way they achieve a high superconducting 
transition temperature. Secondly, a stripe phase already has incorporated the 
long range part of the Coulomb interaction, and a pair may hop into the close 
neighborhood of a stripe without too much cost in energy. Thus the poorly-
screened Coulomb force, which is especially damaging to pairing in systems with 
a small coherence length (such as the high temperature superconductors), is not 
a severe problem. 
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It is shown that many synthetic metals, including high temperature super
conductors are "bad metals", with such a poor conductivity that the usual mean-
field theory of superconductivity breaks down because of anomalously large clas
sical and quantum fluctuations of the phase of the superconducting order pa
rameter. It is argued that the supression of a first order phase transition (phase 
separation) by the long-range Coulomb interaction leads to high temperature 
superconductivity accompanied by static or dynamical charge inhomogeneity. 
Evidence in support of this picture for high temperature superconductors is de
scribed. 

1 Introduction 

The past few years have seen a resurgence of interest in the behavior of cor
related electron systems. Much of this activity has been directed towards an 
understanding of high temperature superconductivity, but it also has led to a 
renewed interest in novel materials in general, especially oxides, heavy-fermion 
superconductors, Kondo insulators, and synthetic metals such as organic con
ductors and alkali-doped Ceo- As a whole, these materials display a wide variety 
of magnetic and charge-ordering behavior, together with transport properties, 
ranging from high temperature superconductivity to a giant magnetoresistance, 
which challenge the foundations of the theory of metals. 

The conventional theory of metals is based on the ideas of Fermi liquid the
ory, which is a semi-phenomenological description of the behavior of a system 
of interacting fermions in terms of its low-energy excitations: collective modes 
and quasiparticles. Fermi liquid theory has provided a remarkably successful de
scription of simple metals, liquid 3He, and nucleons in an atomic nucleus, despite 
the presence of rather strong interactions between the fundamental constituents. 
The concept of a propagating quasiparticle is valid provided its mean free path 
is longer than its de Broglie wavelength: / > Xp = 2ir/kp (IofFe and Regel 1960). 
This condition may not be violated in typical solids, until / is roughly equal to 
the lattice spacing a. But many novel materials, especially those which are close 
to a metal-insulator transition, have a rather low carrier concentration and small 
Fermi wave vector, and the quasiparticle concept may break down even though 
l/a is relatively large. In conventional metals with strong electron-phonon cou
pling, the resistivity saturates at a value p3 before the Ioffe-Regel condition is 
violated; in the A15's, for example, (ps « I50[i(2 — cm) corresponds to / « 2Xp• 
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Many synthetic metals are, in fact, "bad metals" for which a theory based on 
conventional quasiparticles with reasonably well-defined crystal momenta suffer
ing occasional scattering events does not apply, as a number of examples will 
show. The optical conductivity of a typical organic conductor does not display a 
Drude peak,.the hallmark of a quasiparticle. In the case of Rb3C6o, Boltzmann 
transport theory would imply that the mean free path of a quasiparticle is less 
than the size of a Cgo molecule, and much less than the lattice spacing. The in-
plane resistivity of a high temperature superconductors such as Lai . 8 B Sr. i 5 Cu04 
increases linearly with temperature from Te up to 900° K, where its magnitude 
is about 0.7 mflcra, with no sign of saturation. Thus the quasiparticle picture 
breaks down at high temperature and indeed at all temperatures above Tc, since 
the simple temperature dependence of the resistivity indicates a single mecha
nism of charge transport. The resistivity of the La^jjCaxMnOa is metallic but 
again it violates the Ioffe-Regel condition, attaining an even larger value than 
in the high temperature superconductors. All in all, a large but metallic resis
tivity is typical of oxides and synthetic metals in general, and an intrinsic linear 
temperature dependence is frequently, but not universally, observed. This be
havior should be contrasted with that of materials with strong electron-phonon 
coupling, such as the A15's, which are not bad metals as the term is used here. 

A major consequence of the poor conductivity of bad metals is that the 
long-range part of the Coulomb interaction is poorly screened. This is a charac
teristic of another group of materials, granular conductors and ultra-thin two-
dimensional films, which are of considerable interest in their own right, and serve 
as an interesting counterpoint for bad metals. Granular conductors are close to 
a metal-insulator transition and they share with the high temperature supercon
ductors the properties of charge inhomogeneity, poor screening, and an enhanced 
role for superconducting phase fluctuations. In granular conductors, ultra-thin 
films, and radiation-damaged high temperature superconductors, the effects of 
poor screening are particularly evident, and the conductivity at Te must exceed 
a material-dependent critical value crc in order to overcome the disordering ef
fects of the long-range Coulomb interaction. However, granular conductors and 
ultra-thin films differ from bad metals in that their resistivity is activated at 
high temperature. 

The anomalous normal state of a bad metal requires that the physics of the 
superconducting transition be reconsidered. Here we give a summary of the main 
ideas, and argue that the usual mean field theory breaks down because quantum 
and classical phase fluctuations may not be neglected. In the BCS-Eliashberg 
mean-field theory (Schrieffer 1964), which is an extremely good approximation 
for conventional superconductors, electron pairing and long-range phase coher
ence occur at the same temperature T^F. There are essentially three types of 
fluctuations about the BCS ground state which can ultimately destroy the su
perconducting order: classical phase fluctuations, quantum phase fluctuations, 
and the effects of all other degrees of freedom which affect the local magnitude 
of the order parameter. 

As described in Sec. 2, the stiffness of the system to classical phase fluctua-
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tions is determined by the superfluid density, ps(T); the smaller the superfluid 
density, the more significant classical phase fluctuations. In bad metals, espe
cially the high temperature superconductors, the value of the bare superfluid 
density n,o is quite low at zero temperature, so the classical phase ordering 
temperature, which is proportional to n,o/m*, can be substantially lower than 

Quantum phase fluctuations, which will be considered in Sec. 3, are associ
ated with the number-phase uncertainty relation (Anderson 1966) according to 
which phase coherence between neighboring regions implies large relative num
ber fluctuations and correspondingly large Coulomb energies unless there is ad
equate screening. Thus, the smaller the dielectric function, or equivalently the 
frequency dependent conductivity, the more significant the effects of quantum 
phase fluctuations. 

Together, these effects determine the superconducting transition temperature 
Tc in a bad metal. But they have a number of other consequences for the physical 
properties of the materials. Local superconducting fluctuations are important 
for a much larger range of temperatures above Tc than in good metals, and 
phase fluctuations control the temperature-dependence of the penetration depth 
and other parameters of the superconducting state. In particular, the unusual 
linear temperature-dependence of the penetration depth of high temperature 
superconductors (Hardy et al. 1993) may be explained in this way (Emery and 
Kivelson 1995b). 

Another important feature of doped insulators is static or dynamical charge 
inhomogeneity. The theoretical reasons to expect this behavior are given in Sec. 
4, and some of the experimental evidence to show that it actually occurs in 
high temperature superconductors is described in Sec. 5. Implications for the 
mechanism of high temperature superconductivity are summarised in Sec. 6. 

2 Classical Phase Fluctuations 

The importance of phase fluctuations may be assessed by using experimentally-
determined quantities to evaluate the temperature TJ" a r at which phase order 
would disappear if the disordering effects of all other degrees of freedom were 
ignored. If Tc <C Tg1"", phase fluctuations are relatively unimportant, and Tc 

will be close to the mean-field transition temperature, TMF, predicted by BCS-
Eliashberg theory (Schrieffer 1964). On the other hand, if T^ax ~ Tc, then the 
value of Te is determined primarily by phase ordering, and TMF is simply the 
characteristic temperature below which local pairing becomes significant. 

In order to evaluate Tg1"", the system must be divided into regions of linear 
dimension a which are large enough for the order parameter to be well-defined 
locally. A region j is characterised by a phase angle 8j and its dynamically 
conjugate variable, the number of electrons Nj. The Hamiltonian governing the 
thermodynamic effects of long wavelength phase fluctuations at low temperature 



4 V. J. Emery and S. A. Kivelson 

is the kinetic energy of the superfluid: 

7t = \p.{0)Jdvvl (1) 

where v 4 = KV6/2m* is the superfluid velocity, and m* is the effective mass of 
an electron. The system described by % undergoes a phase-ordering transition, 
since 9 is an angle variable (defined modulo 2ir), and there is a short-distance 
spatial cutoff, i.e. the variables are defined in regions of size a, and the integral 
and derivative in Eq. (1) should be regarded as a sum and a finite difference 
respectively. 

The characteristic energy scale for phase fluctuations is the zero-temperature 
"phase stiffness" VQ = (ft/2m*) 2 p,(0)a, which may be expressed in terms of the 
length scale a and a measurable quantity, the penetration depth A(T), via the 
relation 47rp4(0) = (m*c/eA(0)) 2 to obtain: 

v = (M 2* 
0 167re2A2(0) 

Since V0 gives the energy scale of the model, it follows that the transition tem
perature Tg""1 = AVQ where A is a dimensionless number of order 1 which 
depends on the details of the short-distance physics. In three dimensions, our 
prescription for the short-distance cutoff is equivalent to defining the model on a 
simple cubic lattice, for which A = 2.2 (Adler et al. 1993). In order to complete 
the specification of VQ, we identify a2 with the area ir£2 defined by the super
conducting coherence length £; the precise numerical relation between a and £ 
will not be important for the subsequent discussion. 

Quasi two-dimensional systems, such as oxide superconductors consist of 
weakly coupled planes in which the phase variables may be defined on a square 
lattice. The value of A lies between 0.9 (for a two-dimensional system (Olsson 
and Minnhagen 1991)) and 2.2 (for the isotropic three-dimensional system). For 
definiteness, we shall use A = 0.9 for all quasi-two dimensional materials, but 
the true phase ordering temperature may typically be 50% larger. The in-plane 
cutoff does not enter the expression for V0, so that a in Eq. (2) is the larger of 
the average spacing between layers d or v^f-Li where £j. is the coherence length 
perpendicular to the layers. Since d is known very accurately, there is much less 
uncertainty in the calculated value of Vo for materials, such as organic and high 
temperature superconductors, for which d > £x-

Other ways of introducing the short-distance cutoff into the Hamiltonian 
will give somewhat different values of A but the one we have chosen is physically 
natural and, as we shall see, it leads to a very suggestive interpretation of the 
phase diagram of high-temperature superconductors. 

Tgnax is an upper bound on the true superconducting transition temperature 
Tc because of the neglect of quantum phase fluctuations, as well as the tempera
ture dependent effects of the other degrees of freedom. Similarly, TMF is also an 
upper bound on T c , since phase fluctuations will always depress T c somewhat. 

(2) 
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Thus, the ratio T^ax jTc .provides a very useful criterion for the importance of 
phase fluctuations; if it is large, it is clear that phase fluctuations have a minor 
effect on Tc, whereas if it is close to 1, then phase fluctuations depress Te sub
stantially below TMF or, as we shall see, they may even be the major factor in 
determining Te itself. In fact Î j is important in its own right since, as a mea
sure of the rigidity of the superconducting- state to variations of the phase, it 
characterises the energetics of vortex lattices. 

The values of T^axjTc for a wide variety of materials have been tabulated 
(Emery and Kivelson 1995a). For elemental metals such as lead, T^ax/Te ~ 10 5 

is extraordinarily high; phase fluctuations have a negligible effect on Tc and the 
superconducting state has a substantial phase rigidity at all temperatures below 
Tc. In other words, pairing and long-range phase coherence occur essentially si
multaneously. With the exceptions to be described below, other superconducting 
materials behave in the same way, although the values of T^ax/Te are somewhat 
smaller. 

On the other hand, the organic superconductor (BEDT-TTF) 2Cu(NCS) 2 and 
the hole-doped oxide superconductors are in an entirely different range of param
eters inasmuch as T^ax' jTc is of order unity. In particular, the analysis suggests a 
new interpretation of the usual phenomenological classification of high tempera
ture superconductors into three, more or less distinct categories: "underdoped", 
"optimally doped", and "overdoped." The value of Te is predominantly deter
mined by phase fluctuations in underdoped high temperature superconductors 
such as YBa2Cu408, (Tj"0*/T c w 1), and by the mean-field transition temper
ature TMF in overdoped materials such as Tl 2201 {T^ax/Tc > 2). Optimally 
doped materials, such as YBa 2 Cu307_j and L a 2 _ r S r s C u 0 4 , with 6 and x in 
the neighbourhood of 0.05 and 0.15 respectively, are in the crossover region be
tween the two. Of course there is no precise dividing line between the two kinds 
of superconductor but rather a more or less gradual crossover in behavior as 
the value of Tg*ax/Te changes. Furthermore, the values of this ratio are subject 
to the uncertainties in the experimental values of A(0) and the precise form of 
the short-distance cutoff. But the systematic variation of the properties of high 
temperature superconductors from one material to another clearly supports the 
importance of phase fluctuations. 

When T c is much smaller than TMF', the effects of pairing manifest them
selves as a pseudogap in the the temperature range Te < T < TMF. This 
observation provides a natural explanation of a variety of measurements, in
cluding NMR l and optical conductivity (Basov et al. 1994), (Wachter et al. 
1994), on underdoped high temperature superconductors, such as the stoichio
metric material YBa 2Cu40s (TC=80K), which show a pseudogap opening below 
a temperature of order 160-180K. Similar behavior is seen (Mehring 1992) in 
underdoped YBa 2Cu307_s, extending to the large 6 end of the the 90K plateau, 
beyond which there is a rather rapid change in behavior as the oxygen content 
is increased. 

For a review, see Mehring (1992). 
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This analysis is macroscopic and independent of the underlying "mechanism" 
of high temperature superconductivity. However, some additional constraints on 
the appropriate microscopic theory emerge: 1) The theory must account for the 
very high values of TMF > Te and be able to survive any loss of low-energy 
spectral weight due to the opening of a pseudogap. 2) The fundamental rea
son why phase fluctuations are so important, in the oxide superconductors is 
that they are doped insulators with a very low Drude weight which, in turn, 
implies a low superfluid density. This requires a significant departure from the 
BCS-Eliashberg theory. 3) When phase fluctuations are important, the char
acteristic consequences of the BCS mean-field theory, such as the existence of 
NMR coherence peaks, the jump in the specific heat at Tc, the value of the gap 
ratio, 2A/1;BTC, the isotope effect, and the temperature dependence of physical 
properties must be modified. 

These ideas give a new perspective on the relation between T c and A - 2 (0 ) 
suggested by muon spin relaxation experiments. From our point of view, the 
"universal relation" between Tc and the muon depolarization rate in high tem
perature superconductors proposed by Uemura and coworkers (Uemura 1991) 
should in fact be reinterpreted as an upper bound on T c given by the ordering 
temperature for phase fluctuations, as shown above. Indeed the picture that un-
derdoped materials are close to the bound (but depressed below it by an amount 
that depends on the conductivity) and that overdoped materials are further from 
the bound because the mean field transition temperature takes control, gives a 
very good description of the systematics of the relation between Te and the muon 
depolarisation rate. Other explanations of the relationship between A - 2 ( 0 ) and 
Tc also make use of the low superfluid density, but they also assume that the size 
of a pair is much smaller than the average spacing between the charge carriers 2 . 
Our analysis shows that the second assumption is not necessary in this context, 
and must be justified on other grounds. 

3 Quantum Phase Fluctuations 

In elemental superconductors, c(T c ) ^> crq, SO quantum phase fluctuations are 
entirely insignificant. However, as indicated above, poor conductivity implies 
poor screening, which supresses the charge fluctuations implied by phase order. 
A method of calculating these effects has been presented elsewhere (Emery and 
Kivelson 1995b); two consequences will be mentioned here. 

In the case of pristine stoichiometric high temperature superconductors, 
cr(Tc)/a-Q ~ 10, and there is a measurable suppression of Te below Tg!iax. Accord
ing to our estimates, quantum fluctuations produce a 5% - 7% suppression of Tc 

in optimally-doped YBa 2Cu307_«. Damaged or relatively more disordered sam
ples tend to have a substantially smaller conductivity, and quantum effects are 
correspondingly more important. Indeed it is possible to increase the resistance 
so as to destroy superconductivity altogether. The idea that the superconducting 

2 See the contribution by R. Micnas in this volume. 
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transition is influenced by the value of the conductivity at Te correctly predicts 
many trends in the transition temperature of high temperature superconductors. 
It has been considered as an explanation of the variation of Tc upon purposely 
reducing the conductivity of YBa2Cu307_i by radiation damage (Sun et al. 
1994). 

A second important implication for high-temperature superconductors is the 
existence of a substantial range of temperatures in the neighborhood of Te in 
which critical phase fluctuations dominate the low frequency electromagnetic 
response, and a low temperature regime in which n3(T) will have an anomalous 
temperature dependence as a result of phase fluctuations: "»(T)/n,(0) = 1 — 
aJ7kgT/[2V0(a — 1)], to first order in T. Here, it is assumed that the Coulomb 
interaction is screened by the finite residual far IR conductivity observed in 
YBa 2Cu 307-« (Basov et al. 1995). If we use er(u) = 500(f2cm) -1, (which is 
roughly consistent with experiment) together with RQ W 40fc/2 (T « 1/6), as 
deduced from the data of Sun et al. (1994), the linear temperature dependence 
of the superfluid density agrees quantitatively with the observations (Hardy et 
al. 1993). 

4 Charge Inhomogeneity 

High temperature superconductors provide the most important examples of 
doped insulators. They are obtained by chemically adding charge carriers to 
a highly-correlated antiferromagnetic insulating state, and by now there is a 
good deal of theoretical evidence that, in the absence of long-range Coulomb 
interactions (i.e. for neutral holes), a low concentration of holes is unstable to 
phase separation into a hole-rich "metallic" phase and a hole-deficient antiferro
magnetic phase (Emery, Kivelson, and Lin 1990). 

It has always been clear that macroscopic phase separation is suppressed by 
the long-range Coulomb interaction (Emery, Kivelson, and Lin 1990). However 
this does not mean that the Coulomb interaction merely stablises a state of uni
form density in the neutral system. Indeed, for jellium, the Coulomb interaction 
favors local charge inhomogeneity (a Wigner crystal) whereas it is the kinetic 
energy that forces the system to be uniform. As we have shown, the situation 
is entirely different for a correlated electron systems for which minimization of 
the zero-point kinetic energy is achieved by separation into hole-rich and hole-
free regions: all energies conspire to produce a state that is inhomogeneous on 
some length scale and time scale, although of course macroscopically it must be 
uniform. 

A simple argument illustrates how charge inhomogeneity emerges from the 
competition between phase separation and the long-range part of the Coulomb 
interaction. In linear response theory, the Debye screening length AD is given by 

X° = W^' ( 3 ) 
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where fi and n are the chemical potential and number density of the neutral 
system, and e is the charge. Now —• = n2K, where K is the compressibility. Thus, 
between the pseudospinodals of the neutral system, K < 0 and A/> is imaginary. 
This implies that the uniform state is unstable to charge inhomogeneity, with a 
length scale determined by the value of |A.D|. The inhomogeneity may be static, 
as in a charge density wave or a "cluster spin-glass" phase, or fluctuating in time. 
The dynamical character of frustrated phase separation stems from the quantum 
nature of the problem and is not easily displayed by solving a microscopic model. 
Consequently we consider two versions of a coarse-grained representation of the 
problem; a classical Ising pseudospin model (Low et al. 1994) and a quantum 
version of the corresponding spherical model (Chayes et al. 1996). In particular, 
it will be shown that the Coulomb interactions do not generally favor a uniform 
density phase but rather produce charge-modulated structures, with periods that 
are unrelated to nesting wave vectors of the Fermi surface. 

4 .1 Coarse-Gra ined Models 

The Hamiltonian for the Ising pseudospin model is given by: 

tf = tfX>?-Z,X>Si + § £ ^ (4) 
3 <*}> *& } 

Here Sj = ±1 ,0 is a coarse-grained variable representing the local density of 
mobile holes (Emery and Kivelson 1993). Each site j lies on a two-dimensional 
square lattice and represents a small region of space in which Sj = + 1 and 
Sj = —1 correspond to hole-rich and hole-poor phases respectively, whereas 
Sj = 0 indicates that the local density is equal to the average value. The fully 
phase separated state has Sj = 1 and is ferromagnetically ordered, with Sj = + 1 
in one half of the volume, and Sj = — 1 in the other, so as to maintain overall 
charge neutrality. 

The zero temperature phase diagram was determined for the complete range 
of parameters by using a combination of numerical and analytical techniques 
(Low et al. 1994). It was found that the pure Coulomb interaction favors a 
Neel state (equivalent to a Wigner crystal) but, as Q decreases, the system 
crosses over to a ferromagnetic (phase-separated) state via a rich structure of 
highly symmetric striped and checkerboard phases. Regions with uniform charge 
density, corresponding to sites with Sj = 0, do not occur unless K is positive 
and sufficiently large. 

In the spherical version of the model (Chayes et al. 1996), the Sj are real 
numbers in the range [—00,00], and quantum conjugate "momenta" Pj are in
troduced. Momentum order corresponds to superconductivity. The Hamiltonian 
includes a term proportional to "^{Pi — Pj)2 and a constraint in which the mean 
value of J2[S? + ??] *s e qual to a constant. Thus the model is Gaussian, so it 
may be solved exactly and correlation functions and other properties may be 
evaluated at finite temperature. The constraint guarantees a non-trivial phase 
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diagram, in which superconductivity competes with charge density wave order. 
The disordered region displays crossovers to fluctuating hole-free droplets and 
to orientationally-ordered stripes, as the temperature is lowered (Chayes et al. 
1996). 

The solution of these simple models confirms our intuition that local inhomo: 
geneity is the expected consequence of frustrated phase separation and that it 
should be a characteristic behavior of metallic correlated electron systems. But 
it also indicates that ordered charge-modulated states are a likely outcome unless 
they are destroyed by quantum effects and/or frustration. A specific example is 
La2_ sSr rNi044.«, which is identical in structure to La2_ x Sr r Cu04+« with Ni re
placing the Cu. When undoped, this system is a spin-one antiferromagnet, so it 
is expected that quantum fluctuations will be considerably less important than 
in the cuprates. When doped, La2Ni04 is known to form a variety of modulated 
phases (Tranquada et al. 1993), (Sachan et al. 1995), (Tranquada et al. 1995b). 

The hole concentration in a stripe is governed by the energetics of phase 
separation. Thus, in general, the stripes are partially-filled and metallic, and the 
associated wave vectors do not nest the Fermi surface. The intervening hole-
free regions are antiferromagnetic antiphase spin domains, with a wave vector 
of 7r parallel to the stripes, and a period equal to twice the stripe period in the 
perpendicular direction. In this sense, the charge order drives the spin order. 

4.2 Evidence for S t r ipes . 

Recent neutron scattering experiments (Tranquada et al. 1995a) have shown 
that the suppression of superconductivity in Lai.6-rNdo.4Sr rCuC>4, for x near 
to 0.125, is caused by the formation of ordered charge and spin-density waves 
in the CuC-2 planes. The ordered state consists of an array of charged stripes 
which form antiphase domain walls between antiferromagnetically ordered spin 
domains. This observation explains the peculiar behavior of the La2Cu04 fam
ily of compounds near to | doping (Moodenbaugh et al. 1988), and strongly 
supports the idea that disordered, or fluctuating stripe phases are of central 
importance for the physics of high temperature superconductors (Emery and 
Kivelson 1993). 

In the neutron scattering experiments the principal signature of the antiphase 
spin domains in Lai.6-xNdo.4Sr sCu04 is a set of resolution-limited peaks in the 
spin structure factor at wave vectors (^ ± e, ^) and ( | , ^ ± c) in units of 27r/a. 
The associated charge stripes are indicated by peaks in the nuclear structure 
factor at wave vectors (0, ±2e) and (±2e, 0). Thus it is natural to interpret the 
inelastic peaks in the magnetic structure factor previously observed in similar 
locations in reciprocal space for superconducting samples of La2_sSr £Cu04_« 
(Cheong et al. 1991), Mason at al. 1992), Thurston et al. 1992) as evidence of 
stripe fluctuations in which the stripes are oriented along vertical or horizontal 
Cu-0 bond directions respectively. 

Another conceivable mechanism for the stripe phases in La 2_a:Sr rCu04_« is 
Fermi-surface nesting (Schulz 1989), (Zaanen et al. 1989), (Poilblanc and Rice 
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1989), (Schulz 1990), (Giamarchi and Lhuillier 1990), (Verges et al. 1991), (Inui 
and Littlewood 1991), (An and van Leeuwen 1991), which produces an insulating 
state, with a reduced density of states at the Fermi energy, (an energy gap). On 
the other hand, in the frustrated phase separation picture, the period of the 
ordered density wave is generally unrelated to any nesting vector of the Fermi 
surface. The charge forms a periodic array of metallic stripes, with a hole density 
determined by the energetics of phase separation. The spin order has twice the 
period of the charge order, and consists of undoped antiferromagnetic regions, 
which are weakly antiferromagnetically coupled across the charge stripes. The 
experiments clearly favor the latter point of view. The relevant wave vectors do 
not nest the Fermi surface, the stripes are partially filled, and the ordered system 
is not an insulator. The peaks associated with magnetic ordering develop below 
the charge-ordering temperature (Tranquada et al. 1995a), which shows that the 
transition is driven by the charge, rather than the spin. 

5 Some Consequences of Charge Ordering 

In this section we describe some of the consequences of charge ordering and the 
low effective carrier concentration of high temperature superconductors. 

5.1 Angle-Resolved Pho temis s ion Spectroscopy 

The single-particle properties of a disordered striped phase also account for 
the peculiar features of the electronic structure of high temperature super
conductors observed by angle-resolved photoemission spectroscopy (ARPES) in 
Bi 2SrCaCu208+n the best studied of the hole-doped high temperature super
conductors (Salkola, Emery, and Kivelson, unpublished). In particular, the spec
tral function of holes moving in a disordered striped background reproduces the 
experimentally-observed shape of the Fermi surface, the existence of nearly dis-
persionless states at the Fermi energy ("flat bands") (Dessau et al. 1993), and 
the weak additional states ("shadow bands") (Aebi et al. 1994), features which 
have no natural explanation within conventional band theory. In our picture, 
the "flat bands" arise as follows: The ordered system has energy gaps at specific 
points on the Fermi surface that are spanned by the wave vectors of the charge 
and spin structures. An energy gap serves to flatten the energy bands in its 
vicinity. In the case of disordered but slowly-fluctuating stripes, the energy gaps 
are smeared, leaving a region of dispersionless states, which give the appearance 
of flat bands in the ARPES experiments, although they do not correspond to 
quasiparticle states. 

5.2 M a g n e t i c R e s o n a n c e 

Since the stripes are charged, they are easily pinned by disorder. Thus, if the 
temperature is not too high, we can think of the system as a quenched disordered 
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array of stripes, which divides the Cu-0 plane into long thin regions, with weak 
antiphase coupling between the intervening hole-deficient regions. This picture 
rationalises a) the observation (Hammel et al., unpublished) by NQR of two 
distinct species of Cu nuclei (one in a pinned stripe, the other between the 
stripes), and b) the existence of a "cluster-spin-glass" phase in samples with 
x < 15 % (Chou et al. 1992) (since the antiphase coupling between regions is 
frustrating). Moreover, there is evidence that the creation of dilute meandering 
stripes can account for the rapid supression of the Neel temperature for x < 2 % 
(Borsa et al. 1995), (Castro-Nieto and Hone, unpublished). 

6 Mechanism of High Temperature Superconductivity 

In our view, high temperature superconductivity is associated with the inhibition 
of a first order phase transition (phase separation) by the long-range Coulomb 
interaction, which converts a relatively large condensation energy into a strong 
pairing force. As we have seen in Sec. 4, this mechanism of superconductivity 
may compete with or coexist with charge inhomogeneity in the form of droplets 
or ordered structures. Here we consider some aspects of this behavior in the 
cuprates. 

The phase diagram which follows from the role of classical phase fluctuations 
in underdoped high temperature superconductors (Emery and Kivelson 1995a) 
strongly suggests that there is a very high energy scale for pairing in lightly-
doped but metallic high temperature superconductors. In other words, a single 
stripe in an undoped antiferromagnetic environment should manifest the mech
anism of pairing, although full phase coherence and long-range order could not 
be established. As a model for this problem, we have analysed the behavior of a 
one-dimensional electron gas (the stripe) in an active environment (the undoped 
antiferromagnet). This is a generalization of the theory of the one-dimensional 
electron gas. We have found several processes that involve the coupling between 
the mobile holes and the environment and lead to pairing, even though the basic 
Hamiltonian contains only repusive interactions (Emery, Kivelson, and Zachar, 
unpublished). Here we mention one which involves a pair of holes hopping from 
the stripe into a bound state of the environment. This process has a number 
of advantages for high temperature superconductivity. A pair of holes in the 
medium may have a large binding energy, but such a tightly bound pair is typ
ically immobile, since it cannot easily move without breaking up. Thus it does 
not, by itself, lead to high temperature superconductivity. However, the holes 
in the stripe are able to utilise this large binding energy to form pairs, without 
losing their own mobility, and in this way they achieve a high superconducting 
transition temperature. Secondly, a stripe phase already has incorporated the 
long range part of the Coulomb interaction, and a pair may hop into the close 
neighborhood of a stripe without too much cost in energy. Thus the poorly-
screened Coulomb force, which is especially damaging to pairing in systems with 
a small coherence length (such as the high temperature superconductors), is not 
a severe problem. 
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It is important to note that this model provides a counterexample to the 
argument that antiferromagnetism cannot be relevant for true high temperature 
superconductivity because it is so difficult to detect by neutron scattering ex
periments on optimally-doped YBa2Cu3C>7_«. If the "environment" consisted of 
two coupled, spin chains (a spin ladder), then the magnetic excitations would 
have a spin gap of about 0.5J (White et ak 1994). Here J is the exchange inte
gral which is about lOOmeV in the high temperature superconductors, so there 
would be no spin excitations in the range of energies that have been used in 
most neutron scattering experiments. Nevertheless two holes on a ladder form 
a bound state (Tsunetsugu, Troyer, and Rice 1995) of just the kind required to 
account for high temperature superconductivity. 
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