
IFT Instituto de Física Teórica
Universidade Estadual Paulista

November/95 IFT-R054/95

Second quantization approach to composite hadron
interactions in quark models

D. Hadjimichef a . G. Krein a . S. Szpigel b and .]. S. da Veiga

a Instituto de Física Teórico

Universidade Estadual Paulista

Rua Pamplona 145

01405-900 - São Paulo. S.P.

Brazil

b Instituto de Física

Universidade de São Paulo

Caixa Postal 20516

01498-900 - São Paulo. S.P.

Brazil

VOL 2 7 m 1 6



Instituto de Física Teórica
Universidade Estadual Paulista

Rua Pamplona, 145
01405-900 - São Paulo, S.P.

Brazil

Telephone: 5õ (11) 251.5155
Telefax: 55 (11) 288.8224
Telex: 55 (11) 31870 U.JMFBR
Electronic Address: UBRARY'aAXP.lFT.UNESP.BR

-17S57::LIBRARY



Second quantization approach to composite liadron
interactions in quark models

D. Hadjimichefa, G. Krcina, S. Szpigclb and J.S. da Veiga!

* instituto de Física Teórica - Universidade Estadual Paulista
Rua Pamplona, 145, 01405-000 São Paulo-SP, Brazil

** Instituto de Física - Universidade de São Paulo
Caixa Postal 20516, 01493-900 São Paulo-SP, Brazil

Abstract

Jitarting from the Fock space representation of Jiadron bound states in a quark
model, a change of representation is implemented by a unitary transformation such
that the composite hadrons arc redcscribcd by elementary-particle Held operators.
Application of the unitary transformation to the microscopic quark Hamiltonian
gives rise to effective hadron-hadron, hadron-quark, and quark-quark Hamiltoníans.
An effective baryon Hamiltonian is derived using a simple quark model. The baryon
Hamiltonian is free of the posterior discrepancy which usually plagues composite-
particle effective interactions.

3SH>[

In the last 20 years the studies of the hadron-hadron interaction using quark
models have been performed mainly by means of the traditional cluster tech-
niques such as adiabatic methods, resonating group (RGM) or generator co-
ordinate methods, and variational techniques [1]. In this paper we consider a
different approach, which was developed independently by Girardeau [2] and
Vorob'ev and Khomkin [3] to deal with problems in atomic physics where
the internal degrees ot freedom o( atoms cannot validly be neglected. The
method employs a second quantization formalism and shares some character-
istics with Weinberg's [4] quasi-particle approach and also with the "quark
Born diagram" (QBD) approach recently introduced by Barnes and collabo-
rators [5] [6]. Girardeau coined the name Fock-Tam (FT) representation for
the formalism.

The use of a second quantization formalism offers several advantages over a
first quantization one. Such advantages include the use of the known field
theoretic techniques such as Feynman diagrams and Green's functions which
have proven to greatly simplify the discussion of many-body systems in dif-
ferent areas of physics. Since in a hadronic collision both the constituents of
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the hadrons and the hadrons themselves can participate in the intermediate
states, one expects simplifications by describing the hadrons participating in
the process in terms of macroscopic hadron field operators, instead of the mi-
croscopic constituent ones. The problem that arises is that composite hadron
field operators in general do not satisfy canonical (antijeommutation relations
and, therefore, the traditional field theoretic techniques cannot be directly
applied. However, in the FT formalism one recovers the possibility of using
these techniques by a change of representation in which the composite op-
erators are redescribed by elementary-particle operators satisfying canonical
(anti)commutation relations. In some sense tins realizes the dual quark-hadron
description of hadronic processes.

In this letter we present the extension of the original atomic physics formalism
to a general class of quark models in which the baryons arc described as bound
states of three constituent quarks. In Fock space (F) a one-baryon state of cm.
momentum P , internal energy c, spin projection A/si and isospin projection
MT is denoted by \a) = |P,e, A/si A/7) = #J|0), where Di is the baryon
creation operator:

I
(i)

and |0) is the vacuum state (no quarks). A summation over repeated indices
is implied. The indices /ÍÍ, £y, • • • denote the spatial, spin-flavor, and color co-
ordinates of the i-th quark. $JJ"i2M is the baryon wave function, which is
antisymmetric in the quark indices and orthouormalizcd. While the quark op-
erators gj and q^ satisfy the canonical anticommutation relations, the baryon
operators satisfy the following noncanonical anlicommutalioti relations:

where

The presence of the term Aoy? is the physical manifestation of the internal
structure of the baryons. Because of this term, the usual field theoretic tech-
niques, such as Wick's theorem and Greens's functions, cannot be; directly
applied to the baryon operators B and BK To circumvent these problems
with the noncanonical nature of the baryon operators, a change of represen-
tation is implemented by means of a unitary transformation U. Of course,
the effects induced by the term A will appear in the Wfectivr IJamillouhms



describing the interactions among composites and constituents. The transfor-

mation U is such that a single reaj-baryon state \a>= Ba\0> is transformed

into a single ideal-baryon state \a) = ò£|0) = U~l]a>. The operator U is of
the general form [2,3]:

(4)

The 6Í and ba are the ideal-baryon creation and annihilation operators and
Oa and Oa are functionals of the Bi , BO and AQp operators. The 6's and O's
satisfy canonical anticommutatiou relations:

{ba,b\} = = S
o0,

= {oa,o0} = {o\,oh = o, (5)

and, by definition, the 6 and b* aiiticoniiuute with the quark operators. U
acts on an enlarged Fock space X, which is the graded direct product of the
original Fock space T and an ideal state space B (the space spanned by the
ideal baryons). The vacuum state of space Z, |0), is the direct product of the
vacua of T and B. In X the physical states, |^>>, constitute a subspace isomor»
phic to the original Fock space JF, and satisfy the constraint 6 a | 0 > = 0. The
unitary transformation acting on the physical states gives rise to the subspace
Jr

FT = U~llo, where the physical states are required to satisfy the trans-
formed constraint; U~lba\$) = U, where ]V') = U~l]tf'>. In T^r all operators
satisfy canonical (anti)comniutation relations and, therefore, the traditional
field theoretical methods can be employed. In summary, the effect of the trans-
formation on the real baryon states is to redescribe these by ideal ones, and
since one simultaneously transforms tlie operators written in terms of the mi-
croscopic quark operators, such as the Hnmiltonian, electroweak currents, etc,
expectation values and matrix elements are preserved because the transfor-
mation is unitary. The advantage, as said above, is that all operators in the
new representation are canonical, and the role played by the bound states in
the processes is made explicit. A more detailed discussion of these and other
formal issues can be found in Refs. [7-9].

OQ is constructed by an iterative procedure as a power series in the baryon
wave functions $: Oa = S n ^ H » where n identifies the power of $ in the
expansion. The expansion starts at zeroth-order with O^ = BQ. The con-
struction of the higher order terms O^\ n > 1, involves addition of a series
of counterterms such that anticommutation relations of O and OT are satis-
fied order by order. Since {O^KOp} = 6ap — Aaj3, and Ao/? is of second
order [see Eq. (3)], one has that Oj,1' = 0, and the next nonzero term is then

of order n = 2. It is not difficult to show that the second order countert-
erm that has to be added to Oj?» to cancel the Ao/ i in {0^,0$^} is equal
to l/2AQ0Bp. Then, up to n = 2, OQ = BQ + l/2Ao0Bp and one obtains

{Oa, Ol) = Sa0 - lfflãay, Bp]B7 - l/2B^Bat &y0] = Sap + 0 ($ 3 ) . A third
order counterterm has to be added such that the Q(<&z) piece cancels, and so
on fco higher orders. However, for our purposes here one needs OQ up to n = 3
only:

0, = Bo + i, , Ba]B,. (6)

When the unitary transformation is applied to the microscopic quark HamiHo-
nian, one obtains effective Hamütonians which describe all possible processes
involving hadrons and their constituents. We discuss this for a microscopic
quark Hamiltonian in which quarks interact by two-body forces. Such a Hamil-
tonian can always be written as:

(7)

where T is the kinetic energy and V^ is the quark-quark interaction. In free
space, $ satisfies the equation of motion:

H(,tu; = 3 (8)

where we are using the convention that there is no sum over repealed indices
inside square brackets, and Ea is the total energy (center-of-mass energy plus
interna! energy) of the baryon. The transformation of Die HaniiUoman is made
by transforming initially the quark operators q and q*. Since the 0 operators
are given by a power series, tiie transformed quark operators are also obtained
as a power series: U~lqJU = YlnQ^- T1 |C <7£nJ c a n '3e obtained by expanding
the exponential in Eq. (4) to the desired order or, equivalently, by means of
the "equation of motion" technique [7]. Up to third order, one obtains:

V2 °
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(9)

Substituting these in Eq. (7), one obtains that the general structure of the
transformed Iíamíítonian is:

where the subindices identify the operator content of each term. Hg describes
true quark-quark scattering only, i.e., it is unable to bind the quarks into the
bound state baryons; the bound states appear in /fr. This feature leads [IOJ
to the same effect of curing the bound state divergences of the Born series as
in Weinberg's quasi-partícle method [4j. lhq describes quark-baryon processes
as baryon breakup into three quarks and three quarks recombinmg into a
baryon. In models where quarks are confined, these terms contribute to free-
space baryon-baryon processes as intermediate states only. However, in high
temperature and/or density systems hadrons and quarks can coexist and the
breakup and recombination processes can play important role. Work is in
progress where the explicit form and applications involving the terms Hq and
//qfc are discussed. Next we discuss the baryon Ilamiltonian //(,.

Using the transformed quark operators given in Eqs. (9), one obtains the
effective baryon Ilamiltonian:

Ih = (11)

where V5& = Vdir + V*** + Vini is an effective baryon-baryon potential, which
we divide for later convenience into direct, exchange, and intra-exchange parts:

= 9

= 9

= - 3

)) -

(12)

' I I ' l l l <»]}, (13)

For reasons that will become clear m the discussion below, in Eqs. (11,14)
we are not supposing that the 4>'s are eigcustates of the microscopic quark
Hamiltonian, as in Eq. (8).

The higher order terms which are neglected in Eq. (G) give rise to effective
many-baryon (higher than two-baryon) forces, and also introduce orthogonal-
ity corrections. These orthogonality corrections are similar to the "wave func-
tion renormalization" of RGM calculations [1] and have the effect of weaken-
ing the "intra-exchange" interactions, i.e., interactions where the microscopic
quark-quark interaction occurs within a single composite [7-9]. When the Ws
are eigenstates of the microscopic quark Ilamiltonian, the lowest order orthog-
onalization cancels the term Vff1. The weakening of the intra-exchange terms
is the major effect of the orthogonalization; higher order corrections start at

and vanish asymptotically with increasing baryon energy.

Eqs. (6,9,11-14) embody the main results of the present paper; these: are valid
for any quark model which describes the nucleon as a three quark system, and
quarks interacting by two-body forces. The $'s are not restricted to ground
states, they describe the entire baryon spectrum derived from the microscopic
quark HainiJtouian.

An important feature of the effective baryon llamiltonian is that it gives rise
to scattering amplitudes that are symmetric under exchange of initial and
final channels. The lack of this symmetry is known as the post-prior discrep-
ancy [11]. The discrepancy is catastrophic for processes with initial and final
states with different masses. It is not difficult to convince oneself of this prop-
erty by exchanging a and /? with 7 and S in the expressions above. In the
example that follows the symmetry is evident since the effective potential is
symmetric under exchange of initial and final momenta (p O p') [see Eq. (18)
below].

To finalize, we present the result of a derivation [8] of an effective nuclcon-
nucleon interaction following the model of Barnes et al. [Gj. These authors
restrict the $'s to nonrelativistics-wavegaussiansand use for the microscopic
quark-quark interaction the spin-spin part derived from the nonrclativistic
reduction of the one-gluon exchange. In second-quantized notation this inter-
action can be written as:

tPpl(Pp2<Pp3(Pp4

(15)

The restriction to this part of the full quark-quark interaction Ilamiltonian
which in principle should include confinement and other spin-dependent com-



ponents, is because previous calculations have shown that the spin-spin com-
ponent provides the dominant contribution to s-wave NN scattering.

Supposing that * is an cigenstate of the full quark Hainiltonian, one is left to
lowest order with the Vexc part only for the NN effective interaction. Because
the single-quark wave functions are gaussians and the quark-quark interaction
is a constant (in momentum space), the 12-cliineiisioiiaJ integral can be eval-
uated analytically. The sum over the quark color-spin-flavor indices can be
done in closed form using the elegant technique of Ref. [12]. The final result
for the effective NN potential is given by:

' . /VV 5(P' - P) < A, , T, p, p')|A3A4 >

P/2), (16)

where A = (Ms, Mr) and V5w(«-,r,p,p') = K..ZL, OÍ{<T,T)VÍ(P,P'), where
K,, = 8;rQJ/3m|(2jr)3, 0 , = 0, and:

j [

+ j í
+ l

and TJV are nucleon spin and isospin operators, and

= exp - ^ - ( p - p
L 6 ')2

«*(P. P') = «.(P', P) = (jy) f exp [ ~ (P - P? - ^ (P5 + 7p'2)] (18)

and a is the r.m.s. radius of the nucleon. Ox = 0 because of color: there is no
one gluon exchange between colorless baryons. This term corresponds to the
direct part Vdir of the baryon-baryon interaction.

From the expressions for the i\(p,p'), it is clear that the interaction is sym-
metric under p <-> p ' and, therefore, free from the post-prior discrepancy.
The effective baryon-baryon interaction VNN is similar to the one derived by
Barnes et aí. [6] using the quark Born diagram technique. When calculating

the on-shell (p2 = p'2) Born-order T-matrix with the above effective inter-
action, we arrive at their expressions hi [6]. Barnes et al. calculated phase
shifts by appropriately defining a local NN potential and obtained results
qualitatively similar to the RGM ones. We have also calculated phase shifts,
however, we solved numerically the Lippman-Schwinger equation and used
the full non-local NN interaction above. Using the parameter set of Barnes et
al. [6), o, /mj = 0.6/{330)2 MeV"2, a = 0.5 fm and m, = 330 MeV, we obtain
for the s-wave phase shifts 1SQ and 35i the results shown in the figure below.

Figure

Figure 1. S-wave phase-shifts from the VSN - (16-18). Solid line is for
S=0, 1=1 and dashed is for S=l , 1=0. Parameter set: a/fm* = 0.6/(330)2

MeV"2, a = 0.5 fin and mo = 330 MeV.

The nature of the repulsive core of the NN interaction is clearly seen in this fig-
ure. The magnitude of the phase shifts are quantitatively similar to the RGM
ones. Moreover, when a purely phenomenological long-range attractive quark-
quark interaction is added to the spin-spin one-gluon exchange interaction,
we can fit the experimental low-energy s-wave phase shifts by adjusting the
parameters of the atractive interaction. We have also checked the effect o[ the
post-prior discrepancy in asymmetrical systems. We found that the lack of the
initial-final state symmetry induces large errors in scattering cross sections.

Similar techniques to the one discussed here, mainly developed in the con-
text of nuclear structure, have recently being adapted to the hadronic physics
problems [13]. However their emphasis and aim arc oiiloicnt from ours. In par-
ticular, references [13] deal with the problem of constructing a transformation
such that many reaí-hadron states are mapped to many ideal-hadron states,
whereas here the transformation is constructed such that a single rcal-hadron
state is mapped into a singe ideul-hadron state.

In this paper we have applied the formalism to a simple example, however,
the formalism is sufficiently powerful and practical to be used in more realistic
studies of composite hadrons interactions. In particular, the formalism should
be useful for studying hadronic interactions using relatívistíc light-cone quark
models. The Fock space structure of the hadronic states in such models is
similar to the ones considered in this paper. Also, the study of the high tem-
perature and/or density regime of hadronic matter, where hadrons and quarks
can coexist, by using standard many-body techniques with the effective Hamil-
tonians derived with the present formalism is particularly interesting.
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