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1. - Introduction

In our review article^ [Phys.Rep. 214 (1992) 339] we put forth an analysis of the main
theoretical definitions of the sub-barrier tunnelling and reflection times, and proposed
new definitions for such durations which seem to be self-consistent within conventional
quantum mechanics. This research field, however, is developing so rapidly, and in such
a controversial manner, that during the last, three years several new papers already did
appear, which demand some more critical comment.*1 Moreover, the "prediction" by
our theoryl1' of the reality of the Hartman cffectffl in tunnelling processes has recently
received —due to the analogy® between tunnelling electrons and evanescent, waves— quite
interesting, even if indirect, experimental verifications at Cologne,!4' Berkeley,!5! Florence!6)
and Vienna.!6!

(i) First of all, let us mention that, we had overlooked a new expression for the dwell-
t.ime rDw derived by Jaworsky and Wardlaw'7-8!

l , (1)

which is indeed equivalent!7! to our eq.(16) of ref.[l] (all notations being defined therein):

(2)

This equivalence 7-eí/7íce.st,he difference, between our definition < rr > of the average trans-
mission time —under our assumptions— and quantity rD w , to the difference between the
average made by using the positive-definite probability density dt. J+ix, t)/ f^ dt ,/+(z,t)
and the average made by using the ordinary "probability density" dtj(x.t)/ J^ dt./{x.t).
Generally speaking, the last expression is not a.lways positive definite, as it was explained
at page 350 of ref.[l], and hence does not. possess any direct physical meaning.

(ii) In ref.[9] an attempt, was made to analyze the evolution of the wave packet mean
position < .T(/.) > ("center of gravity"), averaged over pdx, during its tunnelling through
a potential barrier. Let us here observe that the conclusion to be found therein, about
the absence of a causal relation between the incident space centroid and its transmitted
equivalent, holds only when it. is negligible the contribution to the space integral coming
from the barrier region.

&* Let us take advantage of the present opportunity for pointing out that a misprint entered
our eq.(10) in ref.[]], whose last term ka ought to be eliminated. Moreover, clue to an editorial
error, in the footnote at page 32 of our ref.[12] the dependence of G on Afc disappeared, whilst in
that, paper we had assumed G(k — k) = C exp[-(fc — Jfc)'-'/(AJfc)2]-



(Hi) Let us also add that in ref.[10] it was analyzed the distribution of the transmission
time r r in a rather sophisticated way, which is very similar to the dwell-time approach,
however with an artificial, abrupt switching on of the initial wave packet. We are going
to propose, on the contrary, and in analogy with our eqs.(30)-(31) in ref.[l], the following
expressions, as physically adequate definitions for the variances (or dispersions) DTJ and
D r R of the transmission and reflection time [see Sect.2]. respectively:

+ Dt+(xi) (3)

and

D T R = D/-(Ti) + D<_(xi), (-1)

where

Equations (3)-(5) are based on the formalism expounded in ref.fll], as well as on our
definitions for J±(x.t) in ref.[l]. Of course, we are supposing that the integrations over
./+(xf)d/, ./+(zj)d/ and ./_(x;)d/ are independent of one another. We shall devote
Sect.2. below, to these problems, i.e.. to the problem of suitably defining mean values and
variances of durations, for various transmission and reflection processes during tunnelling.

(iv) The results of our numerical calculations on the penetration and return durations
inside a rectangular potential barrier during tunnelling will be presented and analysed in
Sect.3: while those for the variances will appear elsewhere. Such evaluations seem to
confirm that our approach is physically acceptable, and that it moreover implied, and im-
plies, the existence of the so-called "Hartman effect ~ (even for nori-quasi-monochromatic
packets).

In so doing, we shall complete our comments on a paper by CILLeavensJ8' which
criticized eqs.(30)-(31) of ref.[.l] on the basis of various numerical calculations for the
average transmission times. We had preliminary answered those criticisms in ref.[12]; but.
subsequently, we discovered a misprint in the computer programme used by our group
in Kiev, so that Figs.1-3 of ref.[12] have to be modified: see Figo.1-2 below. We shall
see, however, that, a disagreement still persists between Leavens' results and ours: even if
some features of our new plots are more similar to Leavens" (and this is a welcome step
towards the solution of this problem). Such a disagreement can be merely clue to the fact
—as recently claimed also by Delgado et alJ13'— that different initial conditions for the



wave, packets were actually chosen in ref.[8] and in ref.[l]. Anyway, our approach seems
to get, support, at least in some particular cases, also by a recent article by Brouard et al..
which generalizes —even if starting from a totally different, point of view— some of our
results.!14-15!.

We shall also answer Leavens' criticism on our analysis!1' of the d well-time
approaches.!16'

(v) At last, we shall briefly re-analyse some other definition of tunnelling durations.

Before going on, let us recall that several reasons "justify" the existence of different ap-
proaches to the definition of tunnelling limes: (a) the problem of defining tunnelling
durations is closely connected with that of defining a time operator, i.e.. of introducing
time as a (non-selfadjoint) quantum mechanical observable, and subsequently of adopting
a general definition for collision durations in quantum mechanics. Such preliminary prob-
lems did receive some clarification in recent times (see. for example, ref.fl] and citations
[8] and [22] therein); (b) the motion of a. particle tunnelling inside a potential barrier
is a purely quantum phenomenon, devoid of any classical, intuitive limit; (c) the vari-
ous theoretical approaches may differ in the choice of the boundary conditions or in the
modelling of the experimental situations.

2. — Mean values and Variances for various Penetration and Return Times
during tunnelling

In our previous papers, we proposed for the lmn.imis.iion and reflection times some for-
mulae which imply —as functions of the penetration depth— integrations over time of
•l+(x.t) and ./_(;r./.), respectively. Let, us recall that the total flux ,/(xJ.) inside a barrier
consists of two components, J+ and ./_, associated with motion along the positive and the
negative ^-direction, respectively. Work in similar directions did recently appear in !>4'

Let us, then, refer ourselves — here— to tunnelling and reflection processes of a
particle by a potential barrier, confining ourselves to one space dimension. Namely, let us
study the evolution of a wave packet ^ ( . T , / ) , starting from the initial state ^\n(x,t); and
follow the notation introduced in ref.fl]. In the case of uni-directional motions it is already
known!17) that the flux density J{x,t) = Re[(i/i/m) V(x,t) dV*(x,t)/dx] can be actually
interpreted as the probability that the particle (wave packet) passes through position
x during a. unitary time-interval centered at /., as it easily follows from the continuity
equation and from the fact that quantity p(x,t) = ^(x,/.)!2 is the. probability density
for our "particle" to be located, at time t, inside a. unitary space-interval centered at.



x. Thus, in order to determine the mean instant at which a moving wave packet ^(x.t)
passes through position x. we have to take the average of the time variable t with respect
to the weight. 7/7(3:, t) = J(x, / ) / f^ J(x, t) At.

However, if the motion direction can vary, then quantity w(x,t) is no longer positive
definite, and moreover is not bounded, because of the variability of the J[x,t) sign. In
such a case, one can introduce the two weights:

w+(x,t) = J+(x,t) f f ° J+(x,t) díl (6)

[£ J_(x./)d/| ; . (7)

where J+(x. f) and ./_{.r, /) represent the positive and negative parts of./(x. /). respectively,
which are bounded, positive-definite functions, normalized to 1. Let us show that, from
the ordinary probabilistic interpretation of />(x,f) and from the well-known continuity
equation

dP(x,t)

it follows also in this (more general) case that quantities 7/»+ and to_, represented by
eqs.(6), (7), can be regarded as the probabilities that our "particle" passes through position
x during a unit time-interval centered at. / (in the case of forward and backward motion,
respectively). Actually, for those time intervals for which ./ = .7+ or .7 = ./_. one can
rewrite eq.(ffl) a.s follows:

dP<{x,l) = dJ-{x,t)
dt dx

respectively. Relations (9.a) and (9-b) can be considered as formal definitions of dp>/dt
and dp</dt, whose physical meaning is going to be illustrated below. Let. us integrate
eqs.(9.a), (9.b) over time from —00 to /: we obtain:

OX



/><(x,/,) = -

with the initial conditions />>(a;,-oo) = /)<(x,-oo) = 0. Then, let. ns introduce the
quantities

')tlt'J+(T.t')tlt' >0

•>—CO -/—CO
> 0 , (ll . i)

which have the meaning of probabilities for our "particle" to be located at time t 01
the semi-axis (x.oo) or (—oo.x) respectively, as functions of l.he flux densities .J+(x.t) o,
7_(x,/), provided that the normalization condition J^p(x,t.)dT = 1 is fulfilled. The
r.h.s.'s of eqs.(ll.a) and (11.b) have been obtained by integrating the r.h.s.'s of eqs.(lO.a)
and (10.b) and adopting the boundary conditions ./+(—oo,t) = J_(—oo,/) = 0. Now,
differentiating eqs.(ll.a) and (11.b) with respect to Í, one obtains:

Finally, from eqs.(ll.a), (ll.b), (12.a) and (12.b). one can infer that:

which justify the abovementioned probabilistic interpretation of w+(i , /) and w_(z,i).
Let us notice, incidentally, that our approach does not assume any ad hoc postulate, con-
trarily to what believed by the author of ref.[18].

At. this point, we can eventually define the mean value of the time at which our
"particle" passes through position x, travelling in the positive or negative direction of the
x axis, respectively, a,s:



and, moreover, the variances of the distributions of these times as:

in accordance with I lie proposal presented in refs.[1.15].
Thus, we have a formalism for defining mean values, variances (and oilier central

moments) related to the duration distributions of all possible processes for a particle,
tunnelling through a potential barrier located in the interval (0,a) along the x axis: and
not only for tunnelling, but also for all possible kinds of collisions, with arbitrary energies
and potentials. For instance, we have that.

< M*\,*f) > = < t+(x{) > - < t+(xi) > (16)

with — oo < Xj < 0 and o < xf < oo: and therefore (as anticipated in eq.(3)) that

for trnrismis.iiotis from region (—oo.O) to region (a.oo) which we calledf'l regions I and
III. respectively. Analogously, for the pure (complete) tunnelling process one has:

< n-..n(0,a) > s < t+(a) > - < i+(0) > (17)

and

(18)

while one has

(19)



and

DrP e a(O,x f) = D<+(xr) + D<+(0) (20)

[with 0 < Xf < a] for penetration inside the barrier region (which we called region II).
Moreover:

< rR e t(x,x) > = < i_(x) > - < f+(x) > (21)

(22)

[with 0 < x < H] for "'return processe*~ inside the barrier. At lasl., for reflections in
region I, wo have that:

< TH(x;,Xi) > = < /._(*,) > - < t+(xi) > (23)

[with —oo < x\ < n.], and (as anticipated in eq.(4)) that. D.TR(XJ,XJ) = DZ_(x;) +
Di+(xi).

Let us stress that our definitions hold within the framework of conventional quantum
mechanics, without, the introduction of any new postulates, and with the single measure
expressed by weights (13.n), (13./;) for all time averages (both in the initial and in the
final conditions).

According to our definition, the tunnelling pha.se time (or. rather, the transmission
duration), defined by the stationary phase approximation for quasi-monochromatic parti-
cles, is meaningful only in the limit x; — oo when ./+(x,/.) is the flux density of the initial
packet •/;„ °f incoming waves (in absence of reflected waves).

Analogously, the dwell time, which can be represented (cf. eqs.( 1),(2)) by the
express ion I7'8'12!

- r t j(*i7o di | í r J-MUO ̂ I ,
J—oo 1 [.J—oo J

with —oo < x\ < 0, and Xf > a, is not self consistent, generally speaking. In fact, the
weight in the time averages is meaningful, positive definite and normalized to 1 only in
the rare cases when x; —> —oo and Jm = .7m (i.e., when the barrier is transparent).



3. — Penetration and Return process durations, inside a rectangular barrier,
for tunnelling gaussian wave packets: Numerical results

Some preliminary calculations of mean durations for penetration processes, inside :i
rectangular barrier, were presented by us in ref.[12] for tunnelling gaussian wave packets.
Later on —looking for any possible explanations for the disagreement between the results
in ref.fS] and in our ref.[12j— we discovered, however, that an exponential factor was
missing in n. term of one of the fundamental formulae on which the numerical computations
(performed by one of us at Kiev) were based: a mistake that could not be detected, of
course, by our careful checks about, the computing process. We put forth here our now
results, for a wider sot of penetration and return processes, ono of the aim being to check
the tunnelling sjH:i:d.t. In our calculations, the initial wave packet is

*in(*.'-) = / G(k-k) exp[/A\r - iEt/h) t\k (2-1)

with

G(k -k) = Cexp[-(Jfe - k)2/(2 M:)2] , (25)

exactly as in ref.[8]; and with E = h2k2/2m: quantity C being the normalization constant,
and m the electron mass. Our procedure of integration was described in ref.[12]. Some
of the new numerical results appear in. Figs.1-2. which should replace Figs. 1-3 of ref.[l2].
As anticipated above, by using the same parameters as (or parameters very near to) the
ones adopted by Leavens for his Figs.3 and 4 in ref.[8], our new figures result to be more
similar to Leavens' than the unc.orrect.ed ones. One verifies once more, however, that —
contrarily to the claim in ref.[S]— our theory appears to yield in those rnsrt.t non-negative
results for < rp,.n(if) >. Actually, our previous general conclusions do not seem to be
affected by the mentioned mistake. In particular, the value of < rpeI1(:rf) > increases with
increasing Xf, and tends to saturation for X[ — a. We acknowledge, however, that the
difference in the adopted integration ranges [—oo to +oo for us. and 0 to +oo for Leavens]
does not play an important role, contrarily to our previous beliefJ12', in explaining the
discrepancy between our results and Leavens'. It might perhaps depend on the fact that
the functions to be integrated do fluctuate heavily*2 (anyway, we did carefully check that
our elementary integration step in the integration over dk was small enough in order to
guarantee the stability of the numerical result, and, in particular, of their sign, for strongly
oscillating functions in the integrand). More probably, that discrepancy depends on the

#2 We can only say that we succeeded in reproducing results of the type put forth in ref.[8] by
using larger steps; whilst the "non-causal" results disappeared —in tin considered cases— when
adopting small enough integration steps.



fact, thaCLeavens seem to have used wave packets different from ours, since their initial
conditions are actually different in our and in Leavens' work, as claimed also in the very
recent ref.[13].

Let us express the penetration depth in angstroms, and the penetration time in
seconds. In Fig.l we show the plots corresponding to a = 5 Á, for Ak. = 0.02 and
0.01 A , respectively. The penetration time < rp e n > always tends to a saturation
value.

In Fig.2 we show, for the case Ak — 0.01 Ã , the plot corresponding to a = 10 Â.
It. is interesting that < rpe n > is practically the same (for the same Ak) for a = 5 and
a = 10 Á, a result that confirm, let us repent, the existence^ of the so-called Harhnan
effect,™ Let us add that, when varying the parameter Ak. between 0.005 and 0.15 A
and letting a to assume values even larger than 10 À, analogous results have been always
gotten. Similar calculations have been performed (with quite reasonable results) also for
various energies E in the range 1 to 10 eV. #3

In Figs.3, 4 and 5 we show the behaviour of the mean penetration and return durations
as function of the penetration depth (with x\ = 0 and 0 < X{ < a), for barriers with height.
Vo = 10 eV and width a = 5 Â or 10 Ã. In Fig.3 we present the plots of < rpea(0,x) >
corresponding to different values of the mean kinetic energy: E = 2.5 eV, 5 eV and 7.5 eV
(plots 1, 2 and 3, respectively) with Ak = 0.02Á; and ~E = 5 eV with Ak = 0.04Á"1 (plot
4), always with a — 5Â. In Fig.4 we show the plots of < Tpen(0.x) >, corresponding to
a — 5Â, with Ak = 0.02Â" and 0.04 Á~ (plots 1 and 2, respectively); and to a = 10Â.
with Ak = 0.02A and 0.04 A (plots 3 and 4, respectively), the mean kinetic energy E
being 5 eV, i.e., one half of VQ. In Fig.5 the plots are shown of TRet(x, x). The curves 1,
2 and 3 correspond to E = 2.5 eV, 5 eV and 7.5 eV. respectively, for Ak. = 0.02Â and
a = 5A; the curves 4, 5 and (i correspond to E = 2.5 eV, 5 eV «and 7.5 eV, respectively,
for Ak = 0.04À" and a — 5À; while the curves 7, 8 and 9 correspond to Ak = 0.02À
and 0.04 A , respectively, for E = 5 eV and a = 10Á.

Also from the new Figs.3-5 one can see that: 1) at variance with ref.[8], no plot,
considered by us for the mean penetration duration < Tpen(0,x) > of our wave packets

*3 For the interested reader, let us recall that, when integrating over at, we used the interval
— 10~13s to +10~I3s (symmetrical with respect to t = 0), very much larger than the temporal
wave packet extension. [Recall that the extension in time of a wave packets is of the order of

l/{vAk) = (AkyfiÊ/m)-1 ~ 10~16s]. Our "centroid" has been always i0 = 0; x0 = 0. For
clarity's sake, let us underline again that in our approach the initial wave packet ^in(a;,') is not.
regarded as prepared at a certain instant of time, but it is expected to flow through any (initial)
point x\ during the infinite time interval (—oo, +oo), even if with & finite Ume-centroid tn. The
value of such centroid I.Q is essentially defined by the phase of the weight, amplitude G(k— k), and
in our case is equal to 0 when G(k — k) is real.
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presents any interval with negative values, nor with a decreasing < rpen[0,x) > for in-
cretising x: and, moreover, that 2) the mean tunnelling duration < T^rmiiO?") > docs
not. depend on the barrier width a ("Hartmaii effect1'): and finally that 3) quantity
< ^TuniO,") > decreases when the energy increases. Furthermore, it is noticeable that
also from Figs.3-5 we observe: 4) a rapid increase for the value of the electron penetra-
tion time in the initial part of the barrier region (near x = 0): and 5) a tendency of
< Tpm{Q.x.) > to a. saturation value in the final part of the barrier, near x = a.

Feature 2). firstly observed for qun.si-monochroma.tir particles/2 ' does evidently agree
with the predictions made in ref.fl] for arbitrary wave packets. Feature 3) is also in
agreement with previous evaluations performed for quasi-monochromatic particles and
presented, for instance, in refs.[1,2.1")]. Features -4) and 5) can be apparently explained
by interference between those initial penetrating and returning waves inside the harrier,
whose superposition yields the resulting fluxes ./+ and ./_. In particular, if in the initial
part of the barrier the returning-wave packet is comparatively large, it does essentially
extinguish the leading edge of the incoming-wave packet. By contrast, if for growing .;•
the returning-wave packet, quickly vanishes, then the contribution of the leading edge of
the incoming-wave packet, to the mean penetration duration < rp e n (0 ,x) > does initially
(quickly) grow, while in the final barrier region its increase does rapidly slow down.

Furthermore, the larger is the barrier width a, the larger is the part, of the back edge
of the incoming-wave packet which is extinguished by interference with the returning-
wave packet. Quantitatively, these phenomena will be studied elsewhere. Finally, in
connection with the plots of < r R e t ( i , i ) > as a function of x, presented in Fig.5. let
us observe that: (i) lhe mean reflection duration < - R ( O . O ) > = < r^,,,(0.0) > does
not depend on the barrier width a: (ii) in correspondence with the barrier region bet.wen
0 and approximately O.(i a. the value of < rR,. t(0,x) > is almost constant: while (iii)
its value increases with x (only) in the barrier region near x = a (even if it should be
pointed out that our calculations near .r = a are not so good, due lo the very small values
assumed by / ^ . /_( j \ / )d / therein). Let us notice that point (i). also observed firstly
for quasi-monochromatic particles.'2' is as well in accordance with the results obtained in
ref.fl] for arbitrary wave packets. Moreover, also points (ii) and (iii) can be explained by
interference phenomena inside the barrier: if. near x = «., the initial returning-wave packet
is almost, totally quenched by the initial incoming-wave packet, then only a negligibly
small piece of its back edge (consisting in the components with the smallest, velocities)
does remain. With decreasing x (x —*• 0), the unquenched part, of the returniiig-
wave packet seems to become more and more larger (containing more and more large
velocity components), thus making the difference < 7"Ret.(0,x) > — < rpen(0,a:) > almost,
constant. And the interference between incoming and reflected waves at points x < 0
does effectively constitute a. retarding phenomenon [so that < /._(x = 0) > is larger than

< TK(X = 0)], which can explain the larger values of < TR(X = 0,:r = 0) > in comparison

11



with < TT,m(x = 0:x = a) >.
Therefore our formulae, in all the cases considered above, did not. forward any negative

values for the calculated times, confirming our previous analysis (and conclusions) at. page
352 in ref.[l], concerning in particular the validity of the Hartman effect also for non-
quasi-monochromatic wave packets. Even more, since the interference between incoming
and reflected waves before the barrier (or between penetrating and returning waves, inside
the barrier, near the entrance wall) does just, incmn.sc the tunnelling time as well as the
transmission times, we can expect that our non-relativistic formulae for < TT,,,,(0, «) >
and < vx{x\ < 0,Xf > a) > will always forward positive values.*4

At. this point, it is essential —however— to observe the following. Even if our non-
rclativistic equations are not expected (as we have seen above) to yield negativo times,
nevertheless one ought to bear in mind that (whenever it is met an object. O. travelling
at .Superliitiiiiial speed) negative contributions should be expected to the tunnelling times
: and this ought not to be regarded as unphysical. In fact, whenever the "object." O
ove.raniies the infinite speed'19! with respect to a certain observer, it will afterwards appear
to the same observer as the anti-object. O travelling in the opposite apace direction'1"'.
For instance, when passing from the lab to a frame T moving in the smm; direction
as the particles or waves entering the barrier region, the "objects" penetrating through
the final part of the barrier (with almost infinite speeds, like in Figs.1-5) will appear in
the frame T as "anti-objects" crossing that portion of the barrier in the opposite spacc-
diirxtion...^. In the new frame F, therefore, such "anti-objects" O would yield a. negative
contribution to the tunnelling time: which could even result, in total, to he negative. For
any clarifications, see refs.[19]. So. we have no objections a priori against, the fact thai
Leavens can find, in certain cases, negative values'8-13): e.g. when applying our formulae
to wave packets with suitable initial conditions. What, we want to stress here is that the
appearance of negative times (it being predicted by Relativity itself J19' when in presence of

*4 A different claim by Delgado, Brouard and Muga^13' does not seem to be relevant to our
calculations, since it is based once more, like ref.[8], not on our but on different wave packets (and
over-barier components are also retained in ref.[13], at variance with us). Moreover, in their
classical example, they overlook the fact, that the mean entrance time < '+(0) > gets contribution
mainly by the rapid components of the wave packet; the slow components are (almost) totally
reflected by the initial wall, causing a quantum-mechanical reshaping that contributes to the
initial "time decrease" discussed by us already in the last few paragraphs of page 352 in ref.[l].
All such phenomena reduce the value, of < /+(()) >, ami we expect it to be (in our non-relativistic
treatment) less than < t+{a) >.
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something travelling faster than c) is not a valid reason to rule out, a theoretical approach.

4. — Further remarks

In ref.[8] it has been critically commented also on our view about performing ac-
tual averages over the physical time. We cannot, agree with those comments. Let us
re-emphasize that, within conventional quantum mechanics, the time l(x) at which our
particle (wave packet) passes through the position x is "statistically distributed" with tlio
probability densities di-T±(x,t.)/ / ^ d/../±(.r,/.). as we explained at page 350 of rpf.fl].
This distribution meets the requirements of the time-energy uncertainly relation.

The last object of the criticism in ref.[S] refers to the impossibility, in our approach,
of distinguishing between "to be transmitted" and "to be reflected" wa.ve packets at the
leading edge of the barrier. Actually, we do distinguish between them: only, we cannot
—of course— sepanda them, due to the obvious superposition (and interference) of both
wave functions in p(x,t), in J{x.t) and even in J±(x,t). This is known to be an unavoid-
able consequence of the superposition principle, valid for wave Junctions in conventional
quantum mechanics. That last objection, therefore, should be addressed to quantum
mechanics, rather then to us. Nevertlieless. Leavens' aim of comparing the definitions
proposed by us for the tunnelling times not only with conventional, but also with non-
standard quantum mechanics mirjhl, be regarded a priori as stimulating and possibly worth
of further investigation.

Now, let, us here explicitly notice that, when separating ./+ and J_, we do not. lolnlh/
exclude superposition and interference between incoming and reflected waves: we do only
(automatically) get a prevalence of incoming or reflected waves in ./+ and ./_. respectively.

The situation with causality for relativistic tunnelling particles is more complicated.
The Hartman-Fletcher phenomenon (very small tunnelling durations), with the conse-
quence of Superluminal velocities for sufficiently wide barriers, was confirmed theoretically
also in QFT for Klein-Gordon and Dirac equations,^1! and experimentally for electromag-
netic evanescent-mode wave pa.d;et.s'''~(>J (tunnelling photons). It, should he stressed that
the problem of Superluminal velocities for electromagnetic wave packets in media with
anomalous dispersion, with absorption, or behaving as a barrier for photons (such as re-
gions with frustrated internal reflection) has been present, in the scientific literature since
long (see, for instance, quotations [2,1,19], and refs. therein). But a complete settlement
of the ca,usal problem for relativistic waves (differently from the case of point particles'1^)
is not yet available. Apparently, it is not, sufficient, to pay attention only to group velocity
and mean duration for our particle to pass through a. medium: by contrast, it is important
taking into account and studying ab initio the variances (and the higher order central
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moments) of the duration distributions, as well as the wave packet ir.shaping in presence
of a barrier, or inside anomalous media (even if, often, it does not. play an essential role).

As to the approaches alternative, to the direct description of tunnelling processes
in terms of wave packets, let us here recall those ones which are based on averaging
over the set of all dynamical paths (through the Fcynman path integral formulation, the
Wigner distribution method, and the non-conventional Boh in approach), and others that
use additional degree of freedom which can be used as "clocks". A general analysis of all
such alternative approaches can be found in refs.fl, 20-24], from different points of view.
If one confines himself within the framework of conventional quantum mechanics, then the
Feynmau path integral formulation seems to be adequatei2'1! But it is not. clear what pro-
cedure is needed to calculate physical quantities within the Feynman-type approach^,
and usually such calculations result in complex tunnelling durations. The Feyniiian ap-
proach seems to need further modifications if one wants to apply it to the time analysis
of tunnelling processes, and its results obtaind up to now cannot be considered as final.

At last, as to the approaches ba.sed on introducing additional degrees of freedom as
"clocks", one can often realize that the tunnelling time happens to be noticeably distorted
by the presence of those degrees of freedom. For example, the Biittiker-Landauer time
is connected with absorption or emission of modulation quanta (caused by the time-
dependent, oscillating part of the barrier potential) during tunnelling, rather than with
the tunnelling process itselfJ1'15' And, in connection with the Larnior precession time, it
was shown I11'20' that such a. definition is connected not only with the intrinsic tunnelling
process, but also with the geometric boundaries of the magnetic field introduced as a part
of the clock: for instance, if the magnetic field region is infinite, one actually ends up with
the phase tunnelling time, after an average over the (small) energy spread of the wave
packet. Anyway, those "clock" approaches, when applied to tunnelling wave packets,
seem to lead —after having eliminated the distortion caused by the additional degrees of
freedom— to the same results as the direct wave packet approach, whatever be the weight
function adopted in the time integration.
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Figure Captions

Fig. l - Behaviour of the average penetration time < rp e n > (expressed in seconds) as
a function of the penetration depth xf (expressed in angstroms) through a rectangular
barrier with width a = 5 A, for Ak = 0.02 A~l (small circles) and Ak = 0.01 A"'
(small triangles), respectively. The other parameters are listed in footnote # 1 . It is
worthwhile to notice that < rp e n > rapidly increases for the first, few initial angstroms
(~ 2.5 A), tending afterwards to a saturation value. This seems to confirm the existence
of the so-callwl "Hartman effect".1415

Fig.2 - The same plot as in Fig.l. for A/.- = 0.01 A~ . except, that now the barrier
width is a = 10 A. Let us observe that the numerical values of the (total) tunnelling, time
< Tr > practically does not. change when passing from n — 5 Â to a — 10 A. again in
agreement with the characteristic features' of the Hart.man effect. Figures 1 and 2 do
improve (and correct) the corresponding ones, preliminarily presented by us in ref.[l2].

Fig-3 - Behaviour of < rpen(O.x) > (expressed in seconds) as a function of x (expressed
in angstroms), for tunnelling through a rectangular barrier with width a — 5 A and for
different values of E and of Ak:
curve 1: Ak = 0.02Â"1 and "E = 2.5 eV; curve 2: Ak = 0.02Â"1 and ~Ê~ = 5.0 eV: curve
:}: Ak = 0.02Â""1 and 1 = 7.5 eV; curve 4: Ak = 0.04Â"1 and 1 = 5.0 eV.

Fig.4 - Behaviour of < rpen(O.x) > (in seconds) as a function of x (in angstroms) for
E = 5 eV and different values of a and Ak:
curve 1: « = õ Â and Ak = 0.02Á" ; curve 2: a = 5 À and Ak = 0.04Â"'; curve ,i:
a = 10 Â and Ak = 0.02Â"1; curve 4: a = 10 A and Ak = 0.04A"'.

Fig.5 -Behaviour of < Tuel(s,x) > (in seconds) as a function of x (in angstroms) for
different values of«, £ and Ak:
curve 1: « = 5 Â, E~ = 2.5 eV and Ak = 0.02Â"1; curve 2: a = 5 Â, ~E~ = 5.0 eV and
Ak = 0.02Â""1; curve 3: a = 5 A, ~È = 7.5 eV and Ak = 0.02Â"1; curve 4: a. = 5 A,
~E - 2.5 eV and A^ = 0.02Â"1; curve 5: a. = 5 Á, ~Ê~ = 5.0 eV and Ak = 0.02Ã"';
curve 6: a = 5 A, E~ = 7.5 eV and Ak = 0.02Â"1; curve 7: o = 5 A. E~ = 5.0 eV and
AA: = 0.02Â""1; curve 8: a = 5 A, £ = 5.0 eV and Ak = 0.02À• - l
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