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1 Introduction

Weyl lormions are the building blocks of matter. The two spinor representations ipL and

•il>n of 50(1,3) can belong to inequivalent representations of internal symmetry group and

maintain their distinct identities under local Yang-Mills and reparametrization transfor-

mations. These geometrical facts can also be incorporated in classical field theories in-

volving sucli particles. Quantum mechanically, however, the situation is different. The

need for ultraviolet regularization introduces new elements into our description, which

modify the classical picture drastically.

Thus, starting from a classical action 5 = 5 ( ^ 4 , ^ , ^ ) , we need to construct a quan-

tum effective action FA = FA (.4, 4>L, ' .;) which will depend on a set of regulator pa-

rameters A and, which, should incorporate as much symmetries of S as possible. In an

expansion of V\ in powers of the Planck's constant ft, S coincides with the ft = 0 term.

It turns out that in a generic chiral gauge theory there is no choice of the regularization

which makes FA to respect all the symmetries of 5, at least with a finite number of regu-

larix ition parameters A. This is the origin of chiral anomalies. According to our present

understanding of the fundamental laws governing elementary particle interactions it is

believed that nature is profiting from this symmetry violation. Indeed the non-vanishing

divergence of the flavour singlet axial current

J* = u-y^u - d-y^d

is at the basis of our understanding of phenomena such as n° —* 77 decay [la] and the

U(l) problem [lb]. We also believe that there are some choices of good regularization

schemes which enable us to calculate FA to any desired order in perturbation theory, at

least in principle. In this talk we would like to address the question of non-perturbation

definition of FA, i.e. a lattice formulation of chiral gauge theories.

The difficulties with the lattice transcription of fermions, known as the doubling prob-

lem, was realized rather early in the history of lattice gauge theory [2]. It was subsequently

shown that under certain assumptions chiral gauge theories cannot be defined on the lat-

tice. This no-go theorem [3] implies that if FA is defined on a lattice its infrared limit,

1



which should correspond to the quantum description of the classical action 5 for the

slowly varying fields on lattice scale, is inevitably a vector like theory. In particular, if

not circumvented, the no-go theorem implies that there is no lattice formulation of the

Standard Weinberg-Salam theory or SU(5) GUT, even though the fermions belong to

anomaly free representations of the gauge group. Our aim in this talk is to explain one

possible attempt at bypassing the no-go theorem.

The formalism described in this talk has been called the overlap approach by Narayanan

and Neuberger [4] and is an outcome of the evolution of an original idea by Kaplan [6].

Recently there has been few other suggestions to solve this old problem [7,8] which shall

not be discussed here. For a summary see [9].

2 The No-Go Theorem

For a bilinear fermionic Euclidean action on a lattice with lattice spacing a •- 1, the

inverse propagator has the structure

where k 6 T4, with the torus T4 denoting a Brillouin zone in the momentum space and

C^k) is a vector field on T4. In order for G~1{k) to approach the standard Euclidean

propagator in the infrared we must have C^k) —» klt as k^ —> 0. However, a topological

theorem due to Hopf and Poincare will then require the existence of at least one more

zero of Clt(k) on TA. In fact this theorem states that [10]

„ DetC

where

Thus the zeroes of C will come in pairs. A close inspection indicates that they come in

chiral pairs, i.e. in the infrared we will have equal number of states with 75 = +1 and

75 = —1, Furthermore, the doublers will belong to the same representation of the internal

symmetry group.
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For vector like theories like QCD, Wilson suggested [2] a solution to the doubling

problem by adding a ^-dependent mass term to G~l(k), viz.

B(k) is chosen such that as k —> 0, B{k) —» A:2, while B{k) does not vanish at any other

zeroes of C^(k). In this way the extra poles of the propagator are removed. The new

term also breaks the chiral symmetry of the original problem. It has been shown that [11].

this breakdown is at the origin of chiral anomaly in the divergence of the axial current in

lattice regularized QCD. Since the axial symmetry is not gauged in QCD, its breakdown

by the B-term does not create any problems.

Now let us consider Weyl fermions. In this case we expect the lattice G~l to have the

following form

G-'(fc) = a"C,Xk)

The doublers will of course be still there and one may think of adding a B-term to remove

them. In the continuum such a term would not be compatible with the 0(4) invariance

of the chiral Euclidean action. On the lattice the fermions should belong to a spinor

representation of a finite subgroup of 0(4) which would prevent the introduction of the

B-term. This argument or the more general no-go theorem of Nielsen and Ninomya imply

that the 2-component Weyl fermions cannot be defined on a lattice in such a way that a

chiral theory emerges in the infrared limit.

3 The Overlap Proposal

The basic idea of the overlap approach is to recover the chiral theory as a limit of a vector

like theory [4,5,12,13], Thus, instead of starting from a 2-component theory we start from

a 4-component spinor theory, in which case we can add a Wilson type .B-term to remove

the doubler poles. The approach involves two Hamiltonians H±, which differ in the sign



of a mass term, viz.

H± = £ $(«)* H±{n — m) U(n, m) ij)(m) (3.1)

where the l~body Hamiltonians H±[n—m) are defined in terms of their Fourier transforms

£ #±(71) e~ikn = 75(i ftfc) + B(&) ± A) (3.2)

The U(7(, m) in (3.1) are the link variables. For smooth background gauge fields we shall

write U(n, m) as

U(n,m) = Texpi / dt(n - m) • A{{\ - t)n + tm) (3.3)

where A is the Lie algebra valued vector potential.

Let \A±) denote the normalized states obtained by filling the negative energy states

of H±{A). The phases of these states should be fixed by an extra condition which wo take

to be

(±\A±) > 0 (3.4)

Define the functional F(i4) by

e-
r<"> = limit <>1.+, |A."> (3.5)

where A; is a typical momentum in the Foi icr expansion of A. The claim is that e~r'/l'

is a good candidate for the determinant of the Weyl operator on the lattice.

4 Verification of the Overlap Proposal

Now we would like to explain some of the analytical tests in support of (3.5).

Firstly, if e~r''*' is a good definition for the determinant of the Weyl operator it should

be a complex functional of A with a non-gauge invariant phase, if the fermions are not

in the anomaly free representations of the gauge group. Furthermore, under local gauge

transformation the change in ImF(i4) should be proportional to the consistent anomalies,

at least for smooth external gauge fields.



In general we should try to verify that T(A) contains all the known perturbative and

non-perturbative features of chiral gauge theories. The perturbative anomaly calculation

is only one of these features which has been shown to be correctly accounted for by

the lattice regularized overlap [13]. The U(l) anomaly in the 2-dimensional continuum

overlap had been calculated before in Ref.[4].

Another significant analytic test of (3.5) is the contribution of fermions to the vacuum

polarization in the Weinberg-Salam model. This is also a test on the contribution of the

fermions to the 1-loop /3-functions of the standard model. We have shown that (3.5) also

passes this test successfully [14]. One other analytic test of the overlap is the evaluation

of the effective action for a discretised torus in 2-dimensions in the background of flat

connection. The continuum version of this result was known from the string literature

[15]. It has been shown that the overlap reproduces this result correctly [16].

Precceding these analytic tests there have been several numerical tests of the overlap by

Narayanan, Ncuberger and Vranas, all of them giving substantial support to the definition

(3.5) [5,17]. These authors have also studied numerically the iustanton effects on the

lattice and shown that the overlap does reproduce these effects too [5]. In the continuum

version of the formalism it is rather straightforward to study the instanton physics and

the results seem to be in agreement with our expectations.

More recently Kaplan and Schmaltz showed that the phase of the continuum overlap

in the background of topologically trivial gauge fields, coincides with the 77-invarianf. of

the Dirac operator [18]. This is in agreement with an earlier result of Alvarez-Gaume et.

al. who have shown that the phase of the determinant of chiral Dirac operator is given

by the 77-invariant [19].

5 Chiral Anomaly

If the fermions are not in an anomaly free representation of the gauge group, the effective

action will not be g- ige invariant. The non gauge invariance has a precise form given by

chiral anomalies.



In lattice regulated overlap the anomalies manifest themselves as a consequence of the

fact that the phase convention (3.4) is not gauge invariant. Insisting on (3.4) in all gauges

forces T(A) to transform anomalously. To see this, consider a local gauge transformation

A^x) -> Afe) = e'"(x> (A^x) + id,,) e"""1' (5.1)

The link variable U(n, m) transform according to

U(n, m) -» Ue(n, m) = ei("n) U(n, in) e~mm) (5.2)

It follows that the Hamiltonians (3.1) transform according to

H±(Ae) = Uo H±{A) Uo (5.3)

where Ug is the unitary operator that acts on the fermions

Ue i>(n) Uo' = e-«"n» tf(n)

It can be expressed as

Ue = exp [i Y. ^(") f «(»>) tf (n)) (5.4)

Since the perturbative ground state is not degenerate we must have

U0\A±) = |i4"±> e' *i("''1' (5.5)

where <I>± is real. They are determined precisely from the requirement that the trans-

formed states |-4"±) satisfy the same phase convention as |^1±), viz.,

( | ) 0

For an infinitesimal 6 one obtains

?(±M« (56)

A similar expression gives $_(0 ,J4) .

To evaluate the variation of F(/l) under (5.1) we simply make use of (5.5) in {A0 +

\Ae—). This implies that the real part of T(A) is gauge invariant and the change in its

imaginary part is given by



Expand g in powers of 6 and A. The first order part in 6 gives the chiral anomaly. Further-

more, using the group property one can show that g(8,A) satisfies a cocycle condition,

which when expanded in powers of 6 upto second order, it leads to the Wess-Zumino

consistency condition.

The formalism described above has been used to evaluate chiral anomalies for the non-

abclian continuum [12] as well as the lattice regularized overlap [13]. It is also powerful

enough to produce gravitational anomalies in 2-dimensional quantum gravity [20].
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