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ABSTRACT

A widely held view in solid-state physics is that disorder precludes the presence of
long-range transport ine one-dimension. Recently a series of models has been proposed
that do not conform to this view such as the well known Random Dimer Model (RDM).
In the following paper.we present a generalization of the RDM. In particular, the nature
of the eigenstates of a non-interacting electron is investigated l>y means of a popular one-
diinensiona! Kronig-Peniiey Hamiltonian in which n-mers have boon placed at random on
a regular lattice. Mainly in each allowed energy band of the spectrum, it is found that
n-mers exhibit n - 1 resonances associated to extended states. Moreover these resonances
appear to be narrower if the potential is attractive against repulsive, i.e. constituted
of wells instead barriers, which discriminates the ability in localizing the eigenstates.
Attention ha.s been paid to the energy transition as one approaches the two resonances
of the random trimer within the first allowed band. The transition exhibits a smooth
behaviour for the lower energy when compared to the Higher one with respect to the first
resonance and shows quite a similar behaviour for both sides close- to the second resonance.
The discrepancy is attributed to the typical nature of the eigenstates for each resonance.
Correspondingly, the wave functions associated to the first resonance are not like Bloch-
waves while for the second one they look like the crystal wave functions displaying only
minor distortions.
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1- INTRODUCTION

Ir 1958, the role that disorder plays in transforming extended electronic states into
localized electronic states was revealed [I]. Since the discovery of the localization
phenomenon then, Anderson's 1958 pioneering paper has stimulated a vast body literature on
the so-called insulator-metal transitions induced by disorder (for a icview see [2]). As a
consequence of the breaking of translation symmetry and the subsequent failure of the basis of
the Bloch theorem, it is by now well established that the absence of diffusion or long-range
transport is generally viewed as a signature of the onset of exponential localization of the
electronic eigenstates. A more precise statement of Anderson's result, then, is that a lattice
with site-diagonal disorder in one dimension (I-d) possesses no eigenstates that have nozero
amplitudes on all sites. Although all proofs establishing quasi-particle localization in 1-d are
mode! dependent, exponential localization of all eigenstates in 1 -d is viewed as a rigourous
result [ 3J. This assertion has nowadays acquired consideration as theorem.

However Mott et al. | 4] expressed a modicum of caution regarding the universality of
the I-d result. They argued that "perhaps in all" I-d systems, all states are localized (p. 107 of
their paper). Surprisingly, in the last few years literature provides a fresch notion in that
disorder effects can be also of a creative nature suggesting new opportunities in producing
complex phenomena and unexpected features of disordered systems (for a review see: [5]).The
search for scenarios where localization is absent or suppressed allowing for materials with
good transport properties appears of relevant interest for technological purposes. Mainly two
factors have been put forward to counterpart the localization phenomena: correlation in
disorder and nonlinearity. Both effects have been shown to improve transport properties [6,7].
By now, nonlinear excitations are beginnning to be viewed as robust enough to propagate in
the presence of disorder [8,9J.

On the other hand, it has been recently suggested f 10,11J that in I-d random dimer
binary alloy model some wavefunctions may become extended, corresponding to narrow
energy intervals/This fact can be taken as a starting point for the explanation of the metal-
insulator transiton occuring in polymers such as polyaline with disorder induced by pronation.
The qualitative argument is that by assigning the same random energy to adjacent sites, this is
equivalent to inserting a short-range order in a globally disordered system and this can ease, for
some energies, the propagation of the electron through the lattice. This result appears rather
surprising and for this reason interest in the the problem is widespread. However numerical and
semi-analytical approaches adopted so fare have not until now, unambiguously clarified wether
dclocalization occurs or not 112-15],

In this context, within the framework of a tight-binding approach a number of recent
works supports that the occurrence of disorder correlations introduces a short-range order
underlying new phenomena in disordered systems. Dunlap ct al. [16] and Phillips el al.[17-19]
have proposed a tight-binding model, the so-called Random Dimer Model RDM. that exhibits
surprising localization-delocalization transitions in I-d. They showed that in the RDM, if the
site energies for pairs of lattice sites are assigned at random one of two values, a mobility edge



separating conducting from insulating stales will exist. The source of the delocalization is
traced of a simple resonance effect. Phillips et al.[ I9 | have also given a special emphasis to
the application of the RDM to conduction in the polymer polyaniline and other similar
conducting polymers such as polypyrolle and polyparaphenylene.Similar results have been also
reported for dilute binary alloy by Flores [20] and confirmed by perturbativc calculation by
Bovier 21). The RDM model has been developed and generalized in order lo involve more
complex arrangements of symmetrical defects [22] and other models of paired correlations
1131.

In this spirit, Sanchez et al. [23) have examined, on the basis of the 1-d version of the
well known and popular Kronig-Penney model |24], the electronic properties of a random
dimer chain and suggested the existence of a large number of extended states corresponding to
resonance effects. Although a generalization of the RDM has been proposed [ 25] within the
tight-binding approach treating the special case of a random [rimer model, very few is know
about the Kronig-Penney version of the RDM. It is the purpose of the present paper lo develop
such generalization of the RDM. The nature of the eigensiates of a non-interacting electron is
investigated by means a Kronig-Penney Hamiltonian in which n-mers have been placed al
random on a regular lattice.In particular a proper understanding of the spectrum requires the
knowledge of certain answers such as the number of resonances as well as their widths in each
allowed energy bands with respect to the considered potential. From a detailed analysis of the
energy spectrum, mainly in each allowed energy band of the spectrum, it is found n - 1
resonances associated to the extended states of the n-mers. Moreover these resonances appear
to be narrower if the potential is attractive against repulsive, i.e. constituted of wells instead
barriers, which discriminates the ability in localizing the eigenstates. The attention has been
also paid lo the energy transition as one approaches the two resonances of the random trimer
within the two first allowed bands.The relevant physical quantities examined are the Lyapunov
exponent and the Inverse Participation Ratio (IPR) which have been shown to be powerful in
determining the nature of the eigenstates . The transition exhibits a smooth behaviour for the
lower energy when compared to the higher one for the first resonance and shows a quite
similar behaviour for the both sides of the second resonance. The discrepancy is attributed to
the typical nature of the eigenstates for each resonances. Correspondingly, the wave functions
associated to the first resonance are not like Bloch-waves while for the second one they look
like the crystal wave functions displaying only minor distortions.

II FORMALISM

The Kronig-Penney model has a long and rich story; it has been successfully applied in
wide topics in physics including band structure and electron dynamics in disordered solids and
liquids (for a review see [26]). microelectronic devices [27], for a review see [28], physics
properties of layered superconductors [ 29] and quark tunneling in one-dimensional nuclear
models [30J. In the Anderson localization, the Kronig-Penncy model is greatly appreciated for
its oversimplified nature allowing one to perform both analytical and accurate numerical
results.

In the following, we consider a random n-mer model simulated by means a finite one-
dimensional Kronig-Penney model of length L to analyze the nature of the electronic states:

( I )

tf
where E is the electron energy measured in — units, in being the electron mass in free space

2/n
The positions of the 5-functions are regularly spaced such as xn = na, n being an integer and
where a denotes the lattice parameter which is constant and taken as the unit length.i.e. L = N.

Here \'n measures the strength of the nth 5-function potential associated to the corresponding
scallerer. Vn can lake two possible values, namely Vn and Vnn describing the crysiyal
potential and the n-mer potential respectively. We introduce a correlated disorder by the
additional constraint that Vmt appears only in ;; neighbouring sites, i.e. the n-mers effect. The
two ends of the chain are assumed connected (o perfect leads to prevent any incontrolable size
limit effect.

Eq. I appears in its present form rather untracktable for numerical purpose.Such

disagreement can be easily left. Specifically defining tpn =<p(.v = " ' ) . Bellissard et al.[3l]

showed that Eq. 1 can be exactly mapped to a finite difference equation of the form:

(2)

where k = SE.

II—I Scattering from a single trimer defect

To provide a better qualitative understanding, it is convenient to examine a simple case.
Since the scattering from a single dinier has been previously discussed [ 23], we consider a
single trimer placed at sites n = 0. it = / and ;i = 2 in an other wise perfect lattice. The
potential corresponding to the trimer is noted by I',. First of all, to proceed we need the

condition for an electron moving in the perfect Kronig-Penney lattice which is given by:

2 cos it+ —-sinfc < | (3)

This constraint yields the allowed energy values once the potential V is fixed. Now considering
Eq. 2 at sites-1,0, I and 2 and eliminating (pn,<p, and (p2,yields:

, = (2Q, - n- ) (4)



where we have set:

n,, =2cosA+—sin* (5)

and:
y

l, = 2 c o s * + —'-sink (6)

Eq. 4 corresponds to the equation of motion in a perfect lattice whenever £1, = - I . in which
sites n = 0, I and 2 have been eliminated. On the other side i i 0 = I also reduces to the same
equation of motion but with a phase factor of it. Indeed these two values of the parameter £2
coincides to the two resonant energies within each allowed band of the speclrum.This
observation has to keep in mind when discussing the general results.

11-2 Scattering from general random n-mers

To carry out the iterations we can give as initial values for (p, and <p2, the plane

waves ip, = exp(-ika) and <p, = csp{-2ika). Iterating Eq. 2, we can calculate the

wuvelunctions (pv . . and <pv., to obtain the transmission coefficient from the relation ,

according to Soukoulis et al.(32|:

V,. = :
4 sin' k

(7)

This relevant physical quantity has been evaluated in the present calculation to determine the
possible resonant energies of the random n-mers model, which correspond to the maximum
value of Ts. i.e. TN = I, and to provide useful informations on the energy spectrum, namely
the gaps are associated to continuous vanishing values in TK.

Furthermore, we have examined vhc nature oV the electronic eigenstates as well as trie

nature of the localization-dclocalization transition by means the Lyapounov exponent y v ,

which describes the inverse localization length \ x and is directly related to the density of

states, and this Inverse Participation Ratio (IPR) i\.. For definitencss, we recall that the

Lyapounov coefficient, originally has been introduced by Thouless [33] and is given by [341:

•• Urn < l n | |<p v |" ' • <P.v (8)

where the brackets < > denote the average. For extended stales the Lyapounov exponent is
vanishing while for localized states it is expected finite. However, one has to take some care
with the physical meaning of the vanishing of the Lyapounov expoent at certain energy E. it
will not necessarily imply that the state at this energy is extended.The state at that energy can

also be critical [35], Therefore, we have to investigate the nature of the eigenstates by means
another support. This is achieved by the IPR which can be written according to Bell et al.[J6]

P.. =

SKf
T S I by Schwartz inequality (9)

The IPR appears to be a challenging candidate in discriminating the nature of the eigenstates in
disordered system by measuring physically the number of sites over which a localized state has
a significant amplitude. In particular, the IPR is known to behave in the following way:

Px a O(N'') for extended states

while:

PK a O(N") for localized states.

(10)

(ID

III- RESULTS and DISCUSSIONS

In the following, we present our numerical data. Indeed with the above formulation of
the random nmers model, one can varied several parameters, namely the strengths of the two
kinds of potential, V,, and Vnm , the defect concentration and the length of the system. At a

first insight, it can be checked that the factor V can be conveniently be rescaled and
V

consequently suppressed in Eq. 2 and therefore the relevant quantity is the ratio —— which

allows one to fix Vu = I. Furthermore, the defect concentration is defined as the ratio between

the number of single scattcrers having potential Vnm and the total number of scatterers in the
V

system.i.e. N. Here, we have considered —— = 1.5 for both the repulsive and attracting

potential cases.

In (he limit of total disorder, i.e. the n-mers are distributed at random, the energy
spectrum of the disordered n-mers , which is revealed by the transmission coefficient T versus
energy, exhibits strong fluctuations, translated by a multitude of peaks in 7', within allowed
bands. Such peaks correspond to the resonant energies caused by clustering effect, i.e. the
succession of two, three and more n-mcrs in the chain which in turns introduce new extended
states by their coupling. To prevent this shortcoming, without loss of generality, we add in the
model another constraint. Namely, we consider the probability in finding two nearest
neighbours n-mers to be zero. Under these circumstances, the fluctuations are considerably
reduced. Taking advantage of this, one can clearly distinguish the resonances.



III-I Resonant energies in the random n-mers model

Figs.I show ihe transmission coefficient versus the momentum for interval comprises in

the range 0 < k < I in — units, i.e the first allowed band.In these plots.it can be clearly seen

thai resonances occur and their number varies as the following : one resonance for the dimer
casc(Fig. I-a), two resonances for the trimercasc (fig. I-b). three resonances for the quadrimer
(fig. l-c) , and as a matter of fact a natural generalization leads to the conclusion that n-l
resonant energies exist in each allowed hand for a random n-mers.As resonant energy it is
understood that the coefficient transmission is strickly equal to unity or very close. Thus we
have not taken into account the resonant enery near the upper band edge since its exhibits a
different behaviour and then merits further investigations. This point will be discussed latter.
The number of resonances varying linearly with respect to Ihe number of mers has been also
reported for the tight-binding version. Recently, Chen el al.[37] studied some l-d disordered
tight-binding models which can be constructed by randomly inserting a number of identical
segments into an infinte purely periodic chain.They analytically show that under certain
conditions there exist .some completely unscaltered slates whose number is one less than the
number of sites of each segment.Further, these resonant energies are attributed to Ihe presence
of extended states. It is also observed that the resonant energies occuring in the center of ihe
band in all cases are wider than those lying in ilie lower band tails. From the plots, one can
appreciate thai states close to the resonant ones display very good transmission properties,
quite .similar to Ihe resonant energy. It is an expected feature. It is well known that disorder, or
equivalently fluctuations in the potential affects easier the band tails and as one introduce
correlations in disorder, i.e. shorl-range order.ihese laters act more efficiently in delocalizing of
the eigenstcs in the center of the band.

For comparison, we have reporlcd in Fig. I -d the transmission coefficient versus the
momentum corresponding lo a random dinier with attractive potentials (wells) instead
repulsive (barriers)..First, one can clearly observe the disappearance of the fluctuations in T
reported by Sanchez et al. [231 for the case of repulsive potentials. Secondly, the resonant
energy appears quite narrower for the well system. These findings support the well known
feature that wells are more effective in localizing the eigenstates than the barriers.

111-2 Nature of the electronic states at the resonances

111-2.1 Resonant energies

In the following part, we are concerned by the random trimer model. To our
knowledge, only Giri et al.[38] have investigated the random trimer model within the
framework of the tight-binding approach. No available results have been reported in the
literature for Ihe Kronig-Penney version. This has motivated us to investigate this case.The
considered potential is constituted by barriers. The iwo resonant energies within the first
allowed band as prescribed by Eq. (7) occur at ihe energies Erl = 2.446 and £,, = 5.624 .
Around the resonant energies, the transmission coefficient becomes very close to its maximum
value, i.e. unity.which suggests a minimum in the resistance according to the Landauer formula

|39],pv = 7^;' - I , this feature indicates the possibility that the associated localization length
of these states may be very large. This has prompted us to investigate the Lyapounov exponent
and we have plotted the corresponding outcome versus energy within Ihe first allowed band in
Fig. 2. It confirms ihc observed resonant energies in terms of a minimum in the Lyapounov
exponent, roughly speaking the two minima are nearby zero. As described in the transmissiom
coefficient results (see Fig. l-b). a third minimum appears close to the upper band edge.

namely £, ,= — . Around /:,, . the states look to be like-ddocalized, although the
\a )

corresponding transmission coefficient does not reach its maximum value. As reported
previously by Delyon et al [40] and Brezini [41), these extended states are inherent to Ihc
typical nature of Ihe disordered Kronig-Penney model which leaves the eigenstates at all

enemies of the form /:„ = I — extended no matter the strencth of the potential is. i.e. the
\ a I

so-called Ramsauer effect/This character underlies the reason for which the width of the
resonant energy is very sharp.

These results are contorted by evidence from the IPR. A particular situation is
reproduced in Fig. 3. One can observe a pronounced minimum of the IPR around the resonant
energies. Moreover a detail led inspection of the IPR near these minimum reveals the existence
of a plateau with an IPR almost equal to these exhibited at the resonant cnergies.these data
indicate that the states become extended for energies close to the resonances. Obviously as
discussed before, the plateau associated at the resonant energy of the band center is wider than
this corresponding lo the band tail.

111-2.2 Nature of the transition

Nowaday, within the framework of the Anderson localization, the nature of Ihe
localized-delocalized transition is still under serious investigations. The overall picture is
indeed not yet definitively achieved. Here we present results giving some aspects of the
transition for the above model. Towards this end, we have reported in Figs.4 the IPR versus
Ihe sample length corresponding to the first and second resonant
energies, E,, and £,, respectively. At the resonant energies, the IPR roughly scales L~' for
energies close to the resonant ones revealing the existence of extended states according to the
localization criterion given by Eq. 10. Moreover, the behaviour of the IPR close to Ihe
resonant energies is different with respect to the position of the resonance within the allowed
band. In particular, close to £,,. from Figs 4-a and 4-b it is observed that the transition
appears more pronounced for lower ( E < £ r l ) than higher ( E > £,,) energies: while it looks
like-symmetric for Er2 (see Figs. 5-a and 5-b). The difference in the behaviour of the transition
is supported by the Lyapounov exponenty v . In Figs. 5-a and 5-b, we have reported yiV

versus energy with reference to £,, and £ r , respectively. Typically y v goes as:

y,. a ( £ „ - £ ) ' for E < £,, (12)



and:

for E > £., (13)

In terms of localization length, the available space of the eigenstates is more extended for
higher energies. For £ r , , yx behaves quite similarly.Such a behaviour in the Lyapounov
exponent, or equivalently in the localization length, is to our knowledge reported for the first
time. It is wellknwon that correlations between random sites can considerably alter the
localization properties of disordered systems. Hike [42] predicted that correlations give rise to
extended states for particular energies. For the tight-binding, diagonal dimer model [21,43] has
been extensively examined, exhibiting a localization length that diverges as VL, around the

delocalized states. This behaviour is found not altered very much for states at the edges where

a ]/p or Vrp dependence is found. The difference in the power law found in the present
' ' - /vc

model originates mainly from Ihe typical nature of the Hamillonian where a kinetic energy term
competes to delocalized the eigenstates.

Furthermore the discrimination between the behaviours in Eqs. 12 and 13 can originate
from the contribution of different factors:

i) the symmetry in the behaviour of y s arises from (he fact that Er2 lies close to ihe
band center. By nature a correlated disorder counteracts the localization properties
of the eigenstates and then it competes with the fluctuations of the potential which
are known to affect firstly the band tails, i.e. the energies close to Erl. Therefore
extended states can be created more easily.

ii) mathematically, it is presumably due to Ihe phase factor of the wavefunctions involved

by the values of Q, of Eq. 6. For £ , , . the phase factor is n and then the fluctuations

of the potential produce destructive interferences which act in localizing. For E r , ,

corresponding to £2, = - I, Ihe phase factor is zero and constructive interferences

occur.

HI-2.3 Nature of the electronic wavefunctions

In this last subsection, we have to deal with the typical nature of the wavefunctions of
the extended states corresponding to the states near £,, and £ r , . Recently, Sil et al.[44]
within Ihe framework of a tight-binding approach have discussed a simple model of one-
dimensional lattice, in which all the electronic states are extended. In their investigations,
extended states are found to be not Bloch functions and to arise from a different kind of
correlation than that of the dimer-type. This conclusion-has leaded us to check the nature of
the wavefunctions. In Fig. 6-a, we show the real part of the wavefunction corresponding to a
sample of 200 sites. It is clearly apparent that at £, , . the real part of the wavefunction does
not reveal any periodicity although its absolute value is almost one ( the behaviour of the

imaginary part of the wavefunction is similar). One can conclude that such electronic states are
not like- Bloch wavefunctions.

In Fig. 6-b, we have reported the same physical quantities for £ , , . While the real part
of the wavefunction , and similarly for the imaginary part, reveai.i minor distortions, it
preserves the general characteristic of a periodic wavefunction. For comparison and
completeness we have also reported in Fig. 6-c the real part of the wavefunction for the case of
an ordered system. Mainly, for the perfect case the period is of the order on 40 lattice spacings,
the period corresponding to £,, is multiplied by a factor 10. Thus one consequence of the
correlated disorder in random trimers is io extend the periodicity of ihe wavefunctions at ihe
resonant energies lying in the band center.

IV- CONCLUSION

In summary, we have examined the electronic states of a Kronig-Penney model wilh
two kinds of sites, one of them constrained to appear only by pair, iriple, quadruple,..., forming
a random dimer, Irimer, quadrumer n-mer model. To this end, we have transformed the
original Schrodinger equation onto a Poincare map representation. With this formalism, we
have calculateddifferent physical parameters such the transmission coefficient, the Lyapounov
coefficient, the inverse participation ratio and the real part of the wavefunction.

Mainly, we have found an infinite number of extended states characterized by a
transmission coefficient close to unity and organized as follow: within each allowed band the
random n-mers display n - 1 resonant energies. The widths of these resonant energies are found
to be narrower for well potentials than for barrier ones. Moreover for the trimcr case, the
nature of the extended states exhibits different characters following the position of the resonant
energies in the band. The correlated disoderacts more efficiently in delocalizing the eigenstates
for energies lying in the band center than those in the lower band tail. These data have been
also supported by numerical evidence obtained from the nature of the wavefunctions at the
resonant energies.

A dimer being the simplest possible cluster does not offer any scope to improve upon
the width of the nonscattered states. It is therefore necessary to find random systems which are
simple enough but at the same time offer the opportunity to increase the width.of the
nonscattered states by adjusting a few relevat parameters. If this ca be done, random systems
will show enhanced electricel conductivity at low temperatures. Trimers in this respect are
found to be ideal in many ways. The structure of the trimer is not very complicaed.
Consequently it does not contain many adjustable parameters as well as offers the possibility to
tune the position of the resonances.
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FIGURE CAPTIONS

Figure 1. Transmission coefficient versus mometum in n I a within the first allowed band for

different cases:
1-a: random monomer model,
1-b: random dimer model.
1-c: random trimer model,
l-d: random quadrimer model.

Figure 2. Lyapounov exponent versus energy lor the random trimer model.

Figure 3. Inverse Participation Ratio (IPR) versus energy.

Figure 4. IPR versus length of the sample in log-scale at different energies:
4-a: below the first resonant energy E = Erl- 0.5 and £ = £ , , - 0.25.

4-b: above the first resonant energy E = £„ + 0.5 and E = £„ + 0.25.

4-c: below the second resonant energy £ = £ , , - 0.6 and £ = £ , , - 0.35.

4-d: above the second resonant energy £ = Erl + 0.4 and £ = £, , + 0.25.

Figure 5. Lyapounov exponent versus energy close to the resonant energies.
5-a: with respect to the first resonant energy £, , .
5-b: with respect to the second resonant energy £,, .

Figure 6. Amplitude of the wave functions versus length of the sample at the resonant
energies:

6-a: at the first resonant energy for a system size up to 200 sites.
6-b: at the second resonant energy for a system size up to 200 sites.
6-c: case of an ordered lattice having a system size up to 200 sites.
6-d: at the second resonant energy for a system size up to 2000 sites.
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