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ABSTRACT

A theoretical model for the density of states based on a tight-binding scheme for one-

dimensional disordered systems is investigated within a self-consistent approach in terms

of a probabilistic procedure. In particular an exact analytical expression is worked out

for the density of states for the case of a Cauchy distribution for the site energies in the

region of localized states. A particular attention is paid to the energies lying in the band

tails. It is mainly shown that the band tails are sensitive to the typical nature of the

disorder.
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1 - Introduction

In the early fifties, Urbach [1] proposed an empirical rule between the optical-

absorption coefficient a (to)and the photon energy, known as the Urbach tail, for the observed

optical absorption edge in AgHr. Indeed, a large variety of insulators and crystalline

semiconductors [2] exhibits similar tails in the optical-absorption coefficients.

Recent experiments in optical-absorption coefficient [3, 4] indicate strongly evidences

for exponential tails in the density of states of amorphous semiconductors. Furthermore,

studies of trap densities [5] support the existence of exponential tails in individual bands.

Although it is generally believed that disorder plays a significant role in developing such band

tails, the underlying physics of this universal behavior is still under investigations.

From an experimental point view, two kinds of processes are studied depending on

time. The first one concerns transition in which the transition time is much less than the

relaxation time for both the electronic and atomic structures which remain unrelaxed in their

initial configuration such optical absorption and transient photo-currents. For the other

processes, the measurements considered on time scales are such that the electronic structures

are fully relaxed. In the latter case, the dynamic effects of the electron-phonon interaction

become effective including inelastic scattering, phonon-induced hopping and polaron

formation. By now, it is well established that disorder plays a dominant role on polaron

formation [6, 7, 8]. On the other hand, the effects of disorder are sensitive to the dynamic

aspects of the electron-phonon interaction. An other complication arises from excitons.

Similarly, to the electron-phonon interaction, the Coulomb interaction between a hole in the

valence band and an electron in the conduction band is always present and always essential in

interband optical absorption. Some results are known for special cases such the Frenkel exciton

[9]. However, the effects of the Coulomb interaction are far to be clearly understood. These

reasons have prompted us to focus our attention to the first processes.

2 - General features

Optical absorption near band edges in a wellknown feature from many years in the

optical properties of ionic crystals, other insulators, cristalline and amorphous semiconductors.

The exponential relationship between the absorption coefficient a and the phonon energy

E = tun is as follow:

a ( E ) = oc,,exp
fito - E,

(1)



at low E below a continuum of the expected type of transition between extended states in the
valence and conduction bands. In Eq.l, oto measures a prefactor determined by experimental
conditions. The energy Eo sets the width of the energy range over which a tails off
experimentally and E] is the Urbach focus.

The main contributions to the energy E() as well established are coming from thermal
and structural origins, Et(, and Edis respectively :

E(i = Eth + Edis (2)

More precisely, standard analysis of the Urbach edge in crystalline semiconductors [10, 11]
relate Eo to a thermal average (u2) similarly to the Debye-Waller factor of the square of the

> / t h

displacement u of the atoms from their equilibrium positions. Thus Eo can be written as :

(3)

Here (u ) is the contribution of structural disorder to the mean square deviation of the
> 'dis

atomic positions from a perfect ordered lattice. T stands for the temperature and X for the
concentration respectively. It is assumed in this hypothesis that the dynamic phonon disorder
and static structural disorder, in the adiabatic approximation, should have similar effects on the
electronic energy levels. An estimation of the temperature dependence of En can be

formulated by approximating the phonon spectrum of the material by an Einstein oscillator
with characteristic temperature 8. Under this scheme, Bq.3 may be expressed as :

Eo(T.X) = -?-[. i + x
exp(e/T)-l

(4)

where G is related to a Debye temperature equal to 46 /3 [3], a() stands for the Urbach edge

parameter of order unity and X = /u 2 \ / { u / ' s a measure of the structural disorder

normalize to /u 2 \ describing the zero-point uncertainly in the atomic position.

It is well established that the Urbach tail originates from disorder. The challenge is
how? Namely does the energy dependence of a arise from the matrix elements from the
densities of states of the individual bands from the joint density of states? The universal
character of the Urbach tail originally observed in particular materials, i.e. ionic crystals [12],
has been reported also from experimental audies involving a single band suggesting strongly
that the universality is related to the existence of exponential tails in the density of states of the
conduction and valence bands individually [ 13], as observed in Refs [13, 14].

Specific measurements [13-17] of the optical -absorption coefficients a ( E ) in
amorphous silicon (a-Si), both pure and doped with hydrogen (a - Si:Hx) are fitted strinkingly
well by Eq. 1 for E just below the absorption edge, e.g. the Urbach edge. In particular Eq. 1 fits
a ( E ) observed by Abeles et al. [14] over three decades of order and over an energy range
].5<E<1.8eV. Eq.i also fits a (E ) observed in (a-Si:Hx)exhibiting both thermal and
structural disorders but over a narrow range [3] : one order in a and typically
1.6<E<1.8eV.Mainly i n a - S i : H x [3] fit of Eq.l yields Eo s 0.05 eV and E, = 2.2eV.

Since a{[C] is proportional to the density of states N(E) [10] Eq.l suggests that the

density of states N(E) has the following from :

= Af(E)exp( -B£ n /Eo) (5)

where A and B are constant; E is measured away from the band edge Ej,. From comparison
with Eq. 1, E) plays the role of an effective band-edge energy. Indeed, a (E) contains energy-
dependent factors such as matrix elements between final and initial states and the Fermi
function in addition to N(E) and therefore the step from Eq.l to Eq.2 is not obvious. The
nature of the band tails has a long and rich story and continue to be an attracting goal. During
the last three decades, the literature provides several derivations of N(E) in the band tail
density of states for disordered systems from different theories using semiclassical [18], wave
mechanical [19], functional space [20], replica [21], field theory [22] and Feynman path
integral [23, 24] approaches.

A tail developed in N(E) beyond a band edge is usually referred to the so-called
Lifschitz tail [25]. In the early sixties, Kane [26] and Bonch-Bruevich et al. [26] determined
this tail explicitly under a semiclassical approximation. Such approximation is valid as long as
the disorder presents a large correlation length L->oo or for asymptotically very large
energies (E - Ej) in a such way that disorder may be viewed as slowly varying. In particular,

they obtained a closed analytic expression for N(E) leading to the behavior :

lim N (E) a E2

L
(6)

This result being valid in one and two as well as in three dimensions.

In thorough, wave mechanical theory, Halperin and Lax (///.) [19] obtained results for
the low-energy tail of an electron band in a heavily doped semiconductor. Using minimum
counting methods, they showed :

In N(E) = E" (7)

with :



and :

lim n * 1/2

lim n = 2

(8)

(9)

They also determined n = n(L,E) as a function of L and ( E - E|) between the two limits in

the case of electrons interacting with impurities via screened Coulomb potential.

Independently, Zittartz et al. [20] proposed a systematic procedure for calculation of

the energy level density of low-lying bound states in a random potential. Their formalism based

on a function-space formulation leads lo Eq.8 in the limit:

lim n = 1/2
L ( )

(10)

Usually this limit is referred to the white noise limit. Their method works in one, two and three
dimensions and energy dependence of N(E) in the white noise limit is of the general form :

lnN(E)*|E| :

where 1 < d < 4 is the dimension.

i2-d/2 (11)

Latter, Sa-Yakanit [23, 24] obtained an analytic expression for N(E) in the band tail

region for any L on the basis of path integral methods. Mainly this N(E) reduces to Kane's

N(E) in the limit L —> x , i.e. n = 2, reproduces the white noise in the opposite limit L—> 0,

i.e. n = 2 - d/2. The N(E) of Sa-Yakanit combined with the Lloyd-Best [27] variational

principle yields an analytical relation for the exponent n = n(L,E) for both Gaussian disorder

and for the screened Coulomb interaction :

n(L.E) =
36 v

[(H-16v)°-s-l][(H-16vff5

where v is a dimension energy variable:

(12)

(13)

where Ej, is an effective band edge and E[_ = / i / 2 m L is a convenient normalized energy,

i.e. the energy required to localize an electron within a correlation length L. For the Coulomb

potential, the results are in good agreement with that of HI. [19].

In summary, from the above survey the behavior of N(E) in the band tail the general

theory predicts :

with :

In N(E) * En

1/2 < n < 2

(14)

(15)

and n depends upon L and the energy. As pointed by Stritakool et al. [28], with a ( E )

proportional to N(E), the value n = 1 observed in the Urbach tail falls within the limits found

for E; the central point is therefore to emphasize that for correlation lengths L*=2 + 4A,

t, (eV) and in the energy range (E - E() 1 eV a value of n = 1 is expected for N(E). /n (he

following, we present an analytical formalism formulated in terms of a probabilistic treatment

based the most probable value of the self energy to the nature of the band tail for a one-

dimensional disordered system to appreciate how subbtle the subject is.

3 - Formalism

Anderson localization has a long and rich history [29]. The localization has been

extensively examined via a one-particle one-band tight-binding Hamiltonian :

where the sites {/} describe a regular lattice. Randomness is usually introduced by assuming
that the energy sites {cj is constituted by a set of statistically independent random variables
having a common distribution PC(SJ). The hopping matrix elements Vy are often taken as

constant, namely V for ner-°st neighours and zero otherwise. Usually, the origin of off-
diagonal disorder, i.e. randomness in the Vy's is considered to be the topological disorder

inherent in the Boltzmann center of mass distribution for particles interacting via the chosen

classical potential.

In the following, we are interested in determining the local density of states at given site

of one-dimensional disorder systems which may be formulated in terms of the Green function

(17)

where:



Gii(E±is) = (i (18)

stands for the site diagonal matrix elements of the one-particle Green function in the tight-

binding basis. One can set for convenience z= E±is , where E is the energy and s a positive

infinitesimal. According to the standard equation of motion, Gjj(z) may be expanded in the

following form :

(19)
j * '

where:

'

describes the unperturbed Green function and :

Iteration of Eq. 19 and use of Eqs.20 and 21 yields the close form :

Gii(z) = (z-e i-S i(z)r l

(20)

V i kGk j(z) (21)
* i

(22)

Here Sj(z) describes the self-energy associated to the electronic state |i);) at site {/). The

renormalized series ofSj(z) is given by:

Si(2)=_IVy(z-Ej-S5i)(z))"lVji
J*'

+ 1
y-1 (23)

The quantity S1-'' denotes the self-energy of the electronic state |ii/) at site {j} corresponding

to a path in which the lattice site {/} has been removed and is defined in a similar form as

The one-dimensional case is not only of academic interest but has some bearing in

describing low-dimensional systems such superlattices, polymers ... Moreover recently the

subject has known a renewed challenge [30-34].

For a one-dimensional system, Sj(z) reduces to :

Vii+I|Sj(z) = 7

for the central site and for all the other sites :

'v |2
v

(24)

(25)

where the R(z) and A(z), describing the real and imaginary parts o r the self-energy

respectively, are given by :

R _ |Vii+

' (E

A i = ; (27)

Within this formulation, the density of states associated to the central site can be expressed as :

I +oo +co +oo

Nj(E) = -!- lim JdRj jdAj Jde, (28)

where P(EJ ,RJ ,AJ) stands for the joint probability distribution of the random variables

Ej, Rj and Aj. Furthermore since Ej is statistically indepent of Rj and Aj, P(EJ,RJ, AJ) reduces

to:

P(Ej,Rj,Ai) = Pn(Ei)P(Ri,Ai)

The probability distribution P(Rj, Aj) is given by :

(29)



P f R A ) =

3 0 )

n P(Rj,Aj)PB(ej)dBjdRjdDj
j i + l i l

Setting:

x = E- E j -Rj

y = s + Aj

and going to the Fourier Transform yields :

(31)

I ' \ I ' \ ( '
exp(-iki(E-x)Jexp(-ik2(y-s)jexp ik,

"V2

2 j
x + y

yV2
(32)

In the region of localized states, the imaginary part Aj vanishes as s goes to zero. Thus the

variable y goes to zero.

In this limit F(k],k2) becomes :

F(k l ,k2) = -l-jj//dxdydk'1dk1
2P, :(k' l)F(k l

1,k2)

/ , \ I • \ ( • V2 • yV
(-ikj(E-x)Jexp(-ik2(y-s)Jexp ik| — + ik2

i-2-
exp

According to Eq.28, the density of states in the localized region is given by :

= +fF()(E-e)Pn(e)de

(33)

where :

F()(Rj)=

(34)

(35)

Let us consider as a convenient analitycal case, a Cauchy probability distribution for the site
energies of width y and centered around e() :

- - r r (36)

The Fourier transform of PC(B) is :

Pr.(k,) = exp(- Y |k,|+i k, B0) (37)

The Fourier transform of F(Rj) is given by :

F(k,) = F ( k , . k 2 = 0 ) = j dR iexp(ik,R i) J F(Ri,Ai)dAi (38)

with :

Fo(ki) = ̂ -T««* T dk'| PE(k',) expf-i k",(E -x ) + i k", - - ]

= exp(-a

with a 5 0.

Substitution of Eq.37 in Eq.38 yields :

(39)

(k,) = T ̂ -
- X 2 7 t -oo

ik', — i (40)

X J

Integrating over k\ yields :

F0(k,)= Jdx- (p^

and over x leads to :

F0(ki) = exp (-(a+A)|k|| + ik,(E-E0-x0))-
L ( a + X ) 2 ( E - 6 0 - x 0 ) 2

Here the variables a and xo are determined by the equations :

(41)

(42)
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*<> =
(E-e,,-x, ))V2

( 4 3 )

whose solutions are :

(44)

x,, =

Finally, the probability distribution of the real part of the self energy is again a Cauchy
distribution given by the expression :

(45)

Therefore the density of states can be expressed in an analytical form :

N(E) = —
KCl

(46)

where the variables (3, y and V are determined by :

X. 3 L = E - E o

2 a
(47)

11

4- Conclusion

In the above formalism, we have presented an exact calculation for the density of
states based on a tight-binding scheme for one-dimensional disordered systems within the
framework self consistent approach in terms of the joint probability distribution of the real and
imaginary part of the self energy. In particular an exact analytical expression is worked out for
the density of states for ;he case of a Cauchy probability distribution for the site energies in the
region of localized states. A particular attention is devoted to the energies lying deep in the
band tails. From Fig. 1 it is observed that the density of states develops band tails more
pronounced with increasing the degree of disorder y as expected. The fitting of the curves is
roughly a Cauchy distribution of the form :

2y

/ 2
+ 4 ( E - E e ) 2 (48)

whc e A and Ec are free parameters

This result disagrees with that of the literature which predicts an exponential form of

type:

N(E)=a, |E|exp(-a2 |E |3 2) (49)

However such data are usually obtained for Gaussian disorder [35]. Thus the difference
strongly indicates the significant role of the typical nature of the disorder. In conclusion the
band tails are found to be sensitive to the typical nature of the disorder.
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Figure 1 : Band tails for the density of states for different disorders X = 0.01 and X = 0.1

in V units.
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