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Abstract.

The basic QCD expectations concerning the deep inelastic scattering at low x
where x is the Bjorken scaling variable are reviewed. This includes discussion of
the Lipatov equation which sums the leading powers of ln(l/x) and the shadowing
effects. Phenomenological implications of the theoretical expectations for the deep
inelastic lepton-hadron scattering in the small x region which will be accessible at
the HERA ep collider are described. We give predictions for structure functions F%
and Fi based on the kr factorisation theorem and discuss jet production in deep
inelastic lepton scattering. The list of other topical problems relevant for the small
x physics is given.

• Introductory talk at the Workshop: "HERA - the New Frontier for QCD", 21-26
March, 1993, St. John's College, Durham, United Kingdom.
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Deep inelastic lepton-hadron scattering at small x where x is the Bjorken scaling
variable probes the parton distributions in a limit when the momentum fraction x
carried by a parton is very small [1,2], QCD predicts several novel phenomena to oc-
cur in this limit such as the very strong increase of parton densities, parton screening
effects possibly leading to parton saturation [3-8]. Understanding the behaviour of
partou distributions in this new regime is one of the most interesting and challenging
theoretical problems in QCD.

The main aim of this talk is to summarise the QCD expectations concerning the
small x behaviour of deep inelastic scattering and to discuss their phenomenological
implications for HERA.

The dominant role at small x is played by the gluons and so at first we consider
the small x limit of the gluon distributions. The relevant framework for calculating
the parton distributions in perturbative QCD in this limit is the leading log(l/x)
(LLl/x) approximation. It corresponds to the sum of those terms which contain the
maximal power of /n(l/x) at each order of the perturbative expansion. The basic
quantity in this approximation is the unintegrated gluon distribution /(x, k2) which is
related in the following way to the conventional (scale dependent) gluon distribution

g(*,Q2y.

—-f(^) (1)

In the LLl/x approximation the unintegrated gluon distribution satisfies the following
equation [3-16]:

df(x,k2) _ 3a.(*a)_Ł

dx n Ją Jb'2 l | fc' 2-fc 2 | [4fc'4 + Jb4p/2 i

5/ (2)

which is called in the literature the Balitzkij-Fadin-Kuraev-Lipatov equation or., in
short, the Lipatov equation. It corresponds to the sum of ladder diagrams (see Fig.
1) but unlike the Leading Log Q2 approximation which gives the Altarelli-Parisi
evolution equations [1,2,17-19] the transverse momenta of the gluons are not ordered
along the chain. The kernel Ki of the eq.(2) contains both the real gluon emission
terms as well as the virtual corrections. The former correspond to terms proportional
to f(x, k'2) while the latter to terms proportional to /(x, fc2) in the rhs. of the eq.(2).
The virtual corrections correspond to the "gluon reggeisation"[9-12] (or to the "non-
Sudakov" form factor [14-16]). The variable(s) k2(k'2) correspond to the transverse
momenta of the gluons. The parameter k\ is the infrared cut-off which is necessary



if the running coupling constant effects are taken into account. (Strictly speaking,
within the genuine LLl/x approximation, the QCD coupling a, should be set to be
k2 independent.)

When the running coupling effects are neglected (i.e. when one sets aa(k
2) = a , )

and when fcjj = O then the equation (2) can be solved analytically and the leading

small x behaviour is then found to be given by the following formula:

— X

J\X) AJ j ^ COTl$t{IC ) rj j — . x l 1 j~ [1 "T C/( l/lYll 1/X )\ (3)

where

7T

It should be noted that the exponent A can have potentially large magnitude
~ 1/2 or so.

If the running coupling effects are taken into account then the leading small x

behaviour is:

/(x,*2)~x-* (5)

The exponent A has to be now calculated numerically and is upon the infrared cut-off

fco [20-23]. More recent discussion of the Lipatov equation including, in particular,

the cut-off dependence of its solution is given in [24-26 ].

The validity of the Lipatov equation is, in principle, restricted to the region

where aaln(l/x) ~ 0(1) and aaln(Q2/Ql) « 1 where Q§ is some moderately large

scale (Ql > > A2 ). Possible extension of the Lipatov equation beyond this region

is provided by the Marchesini equation [16] which treats both (large) logarithms

ln(l/x) and ln(Q2/Ql) on equal footing. In the region of large values of x this

equation becomes equivalent to the Altarelli-Parisi evolution equations.

For xg{x, Q2) growing as x~A the transverse area 5(x, Q2) occupied by the gluons

5(x, Q2) ~ const xg(x,Q2) *^|- (6)

can, for sufficiently small value of x and for fixed Q2 become comparable to the

transverse area of a hadron Sn — irR2^ where RH is the hadronic radius. When this

happens (and in fact before this happens), the gluons can no longer be treated as

free partons. and their interaction leads to screening (or shadowing) effects. The

main effect of shadowing is to tame the indefinite increase of parton distributions.



One finds instead that at the sufficiently small values of x and/or Q2 the gluon
distributions approach the so-called saturation limit xg$at(x,Q2) [3-6]

^ H Q * (7)

In some models [27] the saturation limit contains some remnant weak x dependence.
The most dramatic effect is the linear scaling violation exhibited by xgaat(x,Q2).

If one assumes that the gluons are not distributed uniformly within a hadron
but are concentrated around the "hot-spots" [28,29] having their radius Rh.s. much
smaller than the hadronic radius RH then the shadowing effects are expected to be
stronger. The saturation limit xgaat{x,Q2) is then controlled by the radius Rh.a. and
not by RH-

The shadowing effects modify the Lipatov equation by the non-linear terms [3-
7,21,30]:

= 3a,(fc2),2 f°° dk» f(x,k'2)-f(x,k2)
J k'2 V |Jfc'2ife2|

= f
dx 7T Jkl k'2 V |Jfc'2-ife2|

The equation (8) is called in the literature the Gribov, Levin, Ryskin (GLR) equation.
The second term in the right hand side of the eq.(8) which is quadratic in the

gluon distribution describes the shadowing effects. They correspond to the diagrams
shown in Fig.2. The parameter R describes the size of the region within which
the gluons are concentrated. It arises from the integration over the 4-momentum 8
flowing along the gluon ladders in Fig.2. Specifically R comes from the integration
over the transverse components of 6,

and its value depends on how exactly the gluon ladders couple to the hadron. If
the ladders couple to two different partons, then the form factor is characterised by
the hadronic radius, that is R ~ 5GeV~x or so. If we include a possibility that the
ladders couple to the same constituent of the hadron then it is appropriate to take R
to be the radius of a valence quark, that is R ~ 2GeV~1. In the latter case we speak
about "hot spots" [30,31].

Analysis of the equation (8) permits to study the onset of the singular x~x

type of behaviour generated by the Lipatov kernel and a simultaneous taming of

5



this behaviour by the non-linear shadowing term. This analysis has been performed
in [21] where the eq. (8) was solved by evolving in x downwards starting from the
phenomenological boundary conditions at x = xo = 10~2.

We can quantify the role of the shadowing effects introducing the parameter
W'(xtQ

2) equal to the ratio of the quadratic term to the linear term in the rhs of
the eq.(8). One may consider three regions in the (x,Q2) plane depending upon the
magnitude of W'(x,Q2).

(i) In the region where W'(x,Q2) « na(Q
2) the shadowing is negligible.

(ii) For W'(x,Q2) ~ as(Q
2) the shadowing becomes significant. It is expected

to be described by the "leading" term which is quadratic in the gluon distribution as
in the eq. (8).

(Hi) In the region where W'(x,Q2) » a,(Q2) (i.e. W'(x,Q2) =.0(1)) the
"leading" shadowing approximation may become inadequate. This is the very inter-
esting region characterised by high density of weakly interacting partons (we assume
that aB(Q2) is small) [27]. In this region the par ton distributions are expected to be
close to their saturation limit. It turns out that in the region of x and Q2 which may
be relevant for HERA magnitude of the parameter W is still relatively small at least
for R~hGeV-1.

In Fig.3 we show the regions in the (fn(l/x),fn(Q2/A2)) plane where various
equations discussed above are expected to play the dominant role. We also indicated
the region of high parton densitiy where parton saturation may take place. The region
of low Q2 (Q2 < lGeV2 or so) is presumably dominated by confinement effects and
perturbative QCD is not applicable there.

We shall now discuss quantitative predictions for the behaviour of the structure
functions F2(x,Q2) and FL(X,Q2) at small x which will be directly based on the
Lipatov equation [31]. The relevant diagrams are shown in Fig.4 and the contribution
to the (transverse and longitudinal) deep inelastic structure functions can be written
in the following factorizable form:

Jx * J 3 (10)

where x/x' is the longitudinal momentum fraction carried by the gluon which couples
to the qq pair. The functions F^ denote the quark box contribution to the photon-
gluon subprocess shown in the upper part of the diagrams shown in Fig. 3. In other
Arords F^L, or to be dimensionally correct F^/h?, may be regarded as the structure
functions of a gluon of approximate virtuality k\. The function f{x/x', fcf) is the



unintegrated gluon density corresponding to the sum of ladder diagrams in the lower

part of the diagrams shown in Fig. 3. In the leading log (1/x) approximation or, to be

precise in the leading \og(x'/x) approximation, the unintegrated gluon distribution

f is given as the solution of the Lipatov equation. We may also study the effects of

shadowing by using the function f which is the solution of the GLR equation (8).

The formula (10) is an example of the k-p factorisation theorem which is the basic

tool for calculating the observable quantities (i.e. in this case the structure functions)

at small x [32,33]. It should be noted that the integration over the gluon transverse

momentum k is not restricted at small x to the strongly ordered configuration. In

the approximation when the transverse momenta are strongly ordered i.e. when

kT << K\ « Q2 for FT and kT « K\ ~ Q'2 for FL the formula (10) reduces to

the standard QCD expressions for the structure functions in the approximation when

the quarks coupled to the virtual photons are radiated from the gluons. Here k? and

KT denote the transverse momenta of the gluons and quarks* respectively (see Fig.4).

The strongly ordered configuration is however the dominant one only then when

the corresponding integrals are of the logarithmic dkr/kT form. This is not the case

at small x due to Lipatov and/or shadowing effects. The solution of the Lipatov

equation (2) at small x is given (for the fixed QCD coupling «,) by the formula (3).

We note, in particular, the factor {kT)1^2 which may be traced to the anomalous

dimension having magnitude 1/2 [34]. Due to this factor the region of strongly

ordered transverse momenta is no longer dominant. The integrals are no longer of

logarithmic dk^/k^ form and we must use exact kT dependence of FT L as well as

integrating over the full region of phase space of transverse momenta.

In the region of very small values of x the singular x~* behaviour of f will be

tamed by shadowing effects which lead to parton saturation. The saturation limit

faat of f grows linarly with k\ and so , as before, the kj- behaviour requires that we

must integrate over full phase space of transverse momenta [35].

Both the analytic solution of the Lipatov equation given by the formula (3) as

well as the saturation limit overestimate their respective effects. The numerical so-

lution of the Lipatov equation shows, particularly when the effects of the running

QCD coupling are included, that the approximate analytic form considerably over-

estimates the actual solution [26]. Secondly, the numerical solution of the Lipatov

equation with the non-linear shadowing term included (see eq. (8)) shows that the

saturation limit is approached rather slowly [21] and is irrelevant for x > 10~4 which

will be probed at HERA . In order to obtain reliable prediction it is therefore neces-

sary to use the "exact" (numerical) solution f of the Lipatov equation in the formula



(10) and this calculation has been performed in the ref. [31].
In Fig.5 we give results of this calculation for the structure functions F2(x,Q2)

and Fi{x,Q2) in the small x region relevant for HERA. We find, in particular, that
the shadowing effects are very small.

There are several "dedicated" measurements of the small x physics which are
aimed at revealing the QCD dynamics at small x. The deep inelastic lepton-hadron
scattering containing a measured jet is one of the ideal processes for this purpose
[22,36-39].

The idea is is to study deep inelastic (x, Q2) events which contain an identified jet
(XJ, k\T) where x « XJ and Q2 ~ k\T. The process is illustrated in Fig.6. Since we
choose events with Q2 ~ k\T the QCD evolution (from k2

T to Q2) is neutralised and
attention is focussed on the small x , or rather small X/XJ behaviour. The small X/XJ
behaviour of the jet production is generated by the gluon radiation as shown in the
diagram of Fig.6 . Choosing the configuration Q2 ~ k\T we eliminate by definition
the gluon emission which corresponds to strongly ordered transverse momenta i.e.
that emission which is responsible fof the QCD evolution. The measurement of
jet production in this configuration may therefore test more directly the (X/XJ)~*

behaviour which is generated by Lipatov equation where the transerse momenta are
not ordered.

The differential structure functions for the process 11jy(Q2)n +p -+ jet(xj, k) + X
may be written in the form:

d2FTiL(x,Q2;Xj,k
2) 3aa(fc2)fY^ 2 ,=, (xj,k

2) 3aa(fc) fY^ 2 ,=, (x 2 2

'L(x~' fc )
J

where , for convenience, we denote the transverse momentum of the jet as k = kj> and
where, assuming the t-channel pole dominance the sum over the parton distributions
is:

5 > = * + 5E (12)

with S denoting the sum over quark and antiquark distributions. The factor F,-
(i = L,T), which have the dimensions of k2 represents the photon-gluon process;
that is Fi/k2 can be identified with the gluon structure functions integrated over the
longitudinal momentum of the gluon. At small z = X/XJ the functions F< are given by
the sum of ladder diagrams shown in Fig.6 which will generate the singular z~x type
of behaviour. If the gluon radiation is neglected then the functions FT,L{Z, k2,Q2) are
given by the quark box (and crossed box) contribution F^L{k2, Q2) to the gluon+'V



scattering. The functions F^L{k2,Q2) are denned in terms of F^L(x',k2,Q2) defin-
ing the deep inelastic structure functions through the fcy factorisation formula (10)

)= / — FTL(x,k ,Q ) (13)
Jo x

Let us now discuss the feasibility of using the deep inelastic events which contain
a meaured jet to identify the singular z~* type of behaviour at HERA [27,45,46,48].

One practical limitation is that jets can only be measured if they are emitted
at sufficiently large angles ($j > 5°) to the proton beam direction in the HERA
laboratory frame. Large Xj jets are only emitted at small 0J; for a given 6j we can
reach larger XJ by observing jets with larger kT but with a depleted event rate. In
order to identify the Lipatov z~* behaviour we need deep inelastic + jet events,
with k\ ~ Q2, over an interval of z = X/XJ which covers values of z as small as
is experimentally possible. As a compromise we select the region XJ > 0.05 and
z < 2 * 1 0 - 3 .

Fig. 7 shows the predicted x dependence of the deep inelastic+jet cross-section
relevant for HERA [39]. (The cross-section shown in Fig.7 has been calculated as-
suming the following constraints: Xj > 0.05 and 6j > 5°, \Q2 < k^ < 2Q2). The
continuous curves give the values of the cross-section when the Lipatov effects are
included. These are to to be contrasted with the dashed curves which show the values
when the Lipatov effect is neglected, that is when just the quark box approximation
is used to evaluate the corresponding differential structure functions. The steep rise
of the continuous curves with decreasing x (i.e. decreasing z = X/XJ) reflects the z~x

Lipatov effect generated by the gluon radiation

To sum up we have briefly recalled in this talk the basic QCD expectations
concerning the small x physics and their possible implications for deep inelastic lepton
scattering.

We have shown that the gluon and sea quark distributions and so the deep
inelastic structure functions should grow rapidly with decreasing x. This rapid x~A

type of increase with A ~ 1/2 or so is the reflection of the Lipatov Pomeron which
originates from the gluon radiation.

This indefinite growth of parton distributions cannot go on forever and has to be
eventually stopped by parton screening which leads to the parton saturation. Most
probably however the saturation limit is still irrelevant for the small x region which
will be probed in HERA.

We have also pointed out that the traditional framework based on the Altarelli-



Parisi equations and conventional factorisation formalism may not longer be applica-
ble at small x and one has to use the more general kx factorisation theorem [32,33].

When discussing the phenomenological implications we have emphasised the
role of the jet production in deep inelastic scattering which will be the "landmark"
measurement of the small x physics. We have pointed out that HERA can in principle
measure this process although this measurement would certainly be very difficult.

There have been several theoretical developments concerning the small re physics
which we have not discussed but which are certainly very topical and important. They
are, in particular:
(1) theoretical foundation of the GLR equation [40];
(2) unified treatment of the small and large x regions based on angular ordering [16];
(3) properties of the final states in deep inelastic scattering at small x [41];
(4) small x behaviour of the parton distributions in a photon [23];
(5) theoretical description of structure functions in the low Q2, low x region [42-44];
(6) possible role of the non-perturbative effects at small x [45-46].

These problems, no doubt, will be discussed in detail in the working groups.
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Figure captions

Fig. 1 The ladder diagram for the unintegrated gluon distribution / (x , k2) in the LLl/x

approximation.

Fig. 2 Diagrammatic representation of the quadratic shadowing term in the evolution

equation (8). The box represents all possible perturbative QCD diagrams which

couple 4 gluons to 2 gluons.

Fig.3 The regions in the (/n(l/x), /.n(Q2/A2)) plane where various equations discussed

in the text are expected to play the dominant role. The region of high parton

density where parton saturation may take place is also shown.

Fig. 4 (a) Diagrammatic representation of a gluon ladder contribution to the deep

inelastic structure functions of the proton, q, K, k and p denote the particle 4-

momenta. (b) Diagrammatic representation of the factorisation formula of eq.

(10).

Fig. 5 Perturbative QCD predictions of the behaviour of the structure functions

F2(x,Q2) and FL(x,Q2) at Q2 = 20GeV2 and small x [31]. The continuous

curves are with shadowing neglected, while the upper (lower) dashed curves have

shadowing effects included with R = 5GeV~1 (R = 2GeV~1). For the upper

three curves the infrared cut-off in (8) and in (10) is chosen to be k% = lGeV2

while the lower of the two continuous curves give the unshadowed result for

fcg = 2GeV2. The dot-dashed curves are the background contributions.

Fig. 6 Diagrammatic representation of a deep-inelastic event which contains an identi-

fied jet with longitudinal and transverse momentum Xjp and fcir, respectively.

Xj is chosen as large as experimentally feasible (XJ ~ 0.1) and so we assume

strong ordering of the longitudinal, as well as transverse, momentum at the

parton a - gluon vertex. Parton a can be either a quark or a gluon. .

Fig. 7 The cross section, < a > in pb, for deep inelastic + jet events shown as the

function of x for three different bins of Q2 [39]. The continuous curves show

< a > calculated with the inclusion of the Lipatov soft gluon summation, i.e.

with the full -F(z,Jk2,Q2). The corresponding < a > values calculated with just

the quark box approximation F = F^0^ are shown as the dashed curves and, for

clarity, each is joined with its associated solid curve by a vertical line.
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