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ABSTRACT

A layered velocity model is obtained using the arrival-time data of P- and S-waves from
local earthquakes for the Central Region of Madagascar. A damped least squares method
is applied in the inversion of the data.

The data used are 770 P-wave arrival times for 154 events which have epicenters
in the region inside the Malagasy network operated by the Institut et Observatoire de
Geophysique d'Antanauarivo (IOGA). These data are jointly used in the inversion for the
earthquake hypocenters and P- and S-wave velocity models. S-waves are not used in the
first step of the inversion, since its use lead to large location errors. If the error on the phase
reading for the P-wave is about 0.1 s, for S-wavc this error is much biggf r. The reference
average model used here is a variant of the model given by RAKOTONDRAINIBE (1977).
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1 Introduction

The most seismically active areas in Madagascar are the Maltajauga^ Karoo basin
and, in the Precambrian basement, the Alaotra, Ankaratra, Itasy and Famoizankova
(Figure 1). The Central region of Madagascar studied in this paper is the Precambrian
basement near the seismic network stations (Figure 2): Ankaratra and Itasy (between
latitude -1SD.400,-19°.900 and longitude 46°.100,47<\800). The seismicity of this area
seems to be concentrated along several zones following the fault N8°\V for Ankaratra and
Itasv regions (RAKOTONDRAINIBE,1977; RAMBOLAMANANA,19S9; RAMBOLA-
MANANA and RATSIMBAZAFY.1991).

The first Malagasy seismic station was installed by Jesuits'Company in 1898 at the
site of the Observatory' of Antananarivo. It was a vertical short-period seismograph. In
1967 RAKOTONDRAINIBE installed a 3 short-period stations network. In 1988, this
network was extended to 5 stations, with digital recording, covering the area around
Antananarivo and the North-East of Ankaratra region. The network records around
1700 earthquakes (ML > 2.9) originating in the Central region of Madagascar every
year. The most important events occured are the 1985 October 5 (A/j, = 5.2), in the
Andaingo region and the 1991 April 21 (Mi = 5.5), in the Famoizankova region.

The method used to determine, the location has been developed by RAKO-
TONDRAINIBE (1977) and it is based on least-squares calculations that give the ap-
parent velocities of P- and S-waves, the receiver-source azimuth and the arrival-times of
the seismic wave front. The distance to the epicenter (D) is given by the formula

where Tp and Ts are arrival-times, Vp and Vs the velocities of P- and S-waves respec-
tively, and E JS a parameter which depends on the crustal model and the focal depth
(RAKOTONDRAINIBE.1977). The epicenter locations are calculated by varying E in
steps of 0.1 s for all combinations of three stations and for direct and refracted waves.
From 1988, the method used is based on least squares too, but the configuration of the
network does not allow an accurate hypocenter determination. For the location the pro-
gram chooses the depth which corresponds to the smallest residual. Since irost of the
event occur outside the network. A first attempt of simultaneous inversion of nypocen-
tral parameters and velocity structures was done in 1992 (RAMBOLAMANANA, un-
published), but the results were not very satisfactory. In July 1994, the configuration
of the network was changed. Station ATG has been installed to include within the net-
work the Ankaratra and Itasy regions (Figure 2). The seismicity of these regions is very
important, since it is high and reletively near to the capital. In 1897 an event occured
in the Itasy region with an intensity VIII in the Mercalli's scale. In 1945 and 1955,
two other events with intensity approximately VII in the Mercalli's scale occured in the



same region. If a major event occurs in these regions, it will certainly produce severe
damage in the capital and in the nearby cities. The Ankaratra region is around 40 km
South-West of the capital and the Itasy region around 80 km to the West. To reduce
seismic hazard it is necessary, as a first step, to have a more reliable velocity structure
for these regions based on the observational data recorded. The second step is to study
the effects of important events occuring in the surrounding cities and the capital, and
for this purpose microzoning studies may be conducted. In this paper we address the
first step of the seismic hazard mitigation.

In fact the arrival-times of lnicroearthquakcs originating near and inside the network
area provide us with the possibility to determine tlie; velocity structure inside the regional
network being used.

In geophysical observations, the inversion of data is essentially based on the iterative
procedure of refining an a-priori established earth model by introducing small pertur-
bations (BACKUS and GILBERT,19G7;1968;1970; WIGGINS, 1972).

CROSSON (1976 a,b), as well as AKI and LEE (197G) developed n non-linear least-
srjtiares modelling procedure to simultaneously estimate hypocenter parameter, station
corrections and a velocity model, by using arrival-times from local earthquakes. PAVLIS
and BOOKER (1980), SPENCER and GUBBINS (1980) improved their method by
means of the mathematicaly decoupling of the hypocenter parameters from the veloc-
ity parameters in the inversion procedure. In this study, for the definition of velocity
structure and hypocenter parameters, we apply the method by MAO and SUHADOLC
(1992) which determines the model parameters perturbation, resolution and covariancc.

2 Inversion Theory
The usual data obtained with local seismic networks are the arrival times of body

waves radiated from seismic sources within the network. Such data contain information
about the location of these sources and about the seismic velocity structure. We can
write the arrival-time of i-th event recorded at. the j-th station as

k=l,...l where fO;,:r;,i/i,2i are the hypocenter parameters and i\k the parameters which

describe the structure ( velocities, thicknesses, densities )
A small change in travel-time is given by

-rrr
0T». ™ (flu Oiu , oil, , OJ,J ,

ATjj = —— dtm + — dzi + ~n~^ "/A + ~zr^ «~i

that can be put in the form

(2)

Following MAO and SUHADOLC (1992), we can write equation (3; in the form

(3)

(4)

where r is an L-dimensional (L=NS x NE) vector of travel-time residuals, NS is the

number of stations and NE is the number of events used, 6h is a 4NE-dimensional
vector of hypoccnter parameters adjustment, 8a is a Q-dimensional vector of structure
parameters adjustment, B is an L x 4NE matrix of derivatives of travel-tlines with
respect, to the hypoccuter parameters and A is an L x Q matrix of the derivatives of
travel-times with respect, to the structure parameters. For this study a represent the
slowness of the structural model.

The matrices B and A caii be written as

JB, 0 . . . 0 \

0 B2 ...

\ 0 0 . . .

.4 =

where

B, are NS x 4 submatriccs
.4, are NS x Q submat rices
i=l , NE
The basic problem is to find i5h and 5a that minimize

(5)

Following CROSSON's (1976a) method, the solution of equation (5) requires large quan-

tities of computer time and storage due to the large number of equations, a few thousand,

and several hundred UKknowns.
Therefore, in the inversion, the hypocentral parameters should be separated from the

structural parameters (SPENCER and GUBBINS, 1980),



6h = B+(r-A<5n), (6)

<5Q = (OA)+ O r, (7)

where "+" denotes the Moore-Penrose gcnentlizrcl inverse of a matrix, and O is given

by

O = A T - A T B B + , (8)

Equation (7) indicates that the determination of Sn has no direct relation with 6h;
it depends only on the current model parameters. Hi i-an be then obtained from the
structural parameter adjustments Sn.

Equations (6) and (7) show that it is needed (o find the inverse of two matrices: the
Q x Q matrix OA and the L x 4NE matrix B. B is a large matrix, but since it is a block
diagonal matrix, its inverse can be obtained from the generalized inverse submatrices Bj
(MAO and SUHADOLC,19S9;1992).

According to the singular value decomposition theorem, the generalized inverse of
matrix B is written as

B+ = W S"1 U r , (9)

where U is an (L x L) orthogonal matrix, W is an (4NE x 4NE) orthogonal matrix,

S is an (L x 4NE) diagonal matrix with diagonal elements consisting of the values
Sj(i = 1,2, ...4ArfJ) . Si are the non-negative square-roots of the eigenvalues of B T B.
The matrix S"1 is denned by s,-"1 = - if ft > 0 and «,"' = 0 if st = 0. It means that
even if some s, = 0 , the inverse exists.

In practice, due to numerical errors, very small singular values *•,- of the coefficient
matrix are usually encountered.

LEVENBERG (1944)and MARQUARDT (1063) developed the so-called "damped
least-squares" method. According to this method, the matrix B + is defined as

UT, (10)

where 8 is an adjustable parameter. 0 is usually much smaller than the largest singular

value S\.
The resolution matrices corresponding to the solution vectors (6) and (7) are

R h = B+B - B+A(OA)+OB, (11)

R n = (0A)+OA, (12)

where Rh and RQ relate the true solution to the estimated solution. WIGGINS (1972),
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AKI (1980), MENKE (1984), give the meaning and the qualitative definition of good res-
olution. If the resolution is an identity matrix, each component of the model parameter
vector is perfectly resolved and our solution is unique. However, because of inadequa-
cies in our model and data, a unique solution may never be obtained. The resolution of
model parameters is a measure of the inversion results, but not a unique standard, since
it cannot estimate the accuracy of the inversion results. For this purpose, the covariance
matrices are introduced by

Ch = CT2(B+ - B+A(OA)+O)(B+ - B+A(OA)+O)'

CQ = CT2((OA)+O)((OA)+O)T,

(13)

(14)

where a- is the standard deviation of the observed data ( MAO and SUHADOLC, 1992).

It. is well known that there is a trade-off betwen resolution and covariance. An increase in
the density of model parameters is accompanied by a decrease in the resolution of model
parameters. Thus, the resolution and the covariance of model parameters depend on
the model parametrization. The adjustable parameter 8 controls the trade-off between
resolution and covariance. In general, it is desirable to choose 8 as small as possible to
get a maximum resolution bui, in practice, small values of 8 gives an instability in the
inversion.

3 Data selection

We used the arrival-time data from the Malagasy seismological network of the Institut
et Observatoire de Geophysique d'Antananarivo (IOGA). One-second vertical compo-
nent seismographs are in operation at 5 stations in a region of about 190 km by 140 km
(Figure 2). 770 P- and S-wave arrival times from 154 earthquakes were chosen among
the events occuring in the time interval September 1994 to May 1995.

We used the program HYPO71PC to refine the location and especially the depth
from the routine package ISIS (Integrated Software In Seismology-) developed by the
Laboratoire de Detection et de Geophysique (LDG) in France. The results of the location
given by IOGA are used as a priori input data for HYPO71PC. The locations obtained
in the two ways do not show a great difference but the focal depths obtained from
HYPO71PC do not present artificial concentrations at certain depths. In fact, ihe ISIS
located depths show concentrations at 16 km, 18 km, 27 km and 37 km (Figure 4a).

The first velocity model of Madagascar was determined by RAKOTONDRAINIBE
(1977), using a simplified approach based on the difference Ts — Tp and a geometrical
method. IOGA used this model and method for the location of earthquakes up to 1988.
From 1988 to 1994, the location package ISIS developed by the LDG (France) was used
to locate earthquakes. Since 1994, an update of this routine is being used. The velocity



model used in this routine is an average of the 1977 model. This average model and the
hypocenter location obtained with the HYPO71PC package, were used for the a-priori
model input.

Figures 3, 4b, 5b show the distribution of the epicenters and the hypoconters in the
(x,y,z) space. All of the events are located inside the network, and are concentrated in
the Western region of Ankaratra and in the volcanic region of Itasy. These events are
recorded at five stations linked via radio with a common time system.

We used for the inversion only the events in the magnitude range from M^ = 2.0
to Mi = 4.7. This means that we used in the inversion only well-determined first
arrival-times.

The accuracy of the reading-time for P phases is 0.1 s. In the first step of the
inversion, we used only P-arrival times to obtain the velocity structure for P-wavus. The
location obtained from this first step is subsequently used for the determination of the
S-vmves velocity structure. Therefore the use of the location obtained from P-phases
minimizes the instability in the S-waves velocity structure inversion. Doth direct and
refracted waves are considered in the inversion.

4 Velocity structure

The maximum cpicentral depth of the events chosen for the inversion computation
is about 48 km; the velocity structure will therefore be defined above this depth. As we
can see from Figure 3 , the area inside the network may bo divided into three regions:
region 1 (west, Ankaratra) is between A' = -GO, —\2\)km;Y = — 20, — &ikm, region 2
(Itasy) is between X — — 80, — 120fcwi: V = +15, — 2Qkm, and region 3 (Famoizankova)
is A' = — CO, — 120fc7n;Y = +15,+60fcm. Due to the small number of events, we can
not separate these regions in the inversion. RAKOTONDRAINIBE(1977) formulated
2 structural models for Madagascar, one for its western and one for its eastern part
(Table I). Thus we used as a-priori model n variant (Table 2) of the model given by
RAKOTONDRAINIBE (1977) for the Western Madagascar.

The formalism for ray-tracing in one-dimeusional layered models is given by LEE and
STEWART (1981). The trial take-off angle is given by MAO and SUHADOLC (1992)

i ' (15)

where Vj and hi are the velocity and thickness of the j-th layer, A is the epicentral

distance and £ the depth from the top of the j-th layer. We used both direct and head
waves in the inversion. The calculation of the derivatives of travel-time with respect to
hypocenter parameters and velocities are given by MAO and SUHADOLC (1992). The
control of the inversion accuracy is given by LEONARD and JOHNSON (1987)

r = ̂ g^> (16)
where N is the number of travel times used in the inversion, n is the i-th travel-time

residual and o~t is the observational error of the i-th travel time. An acceptable model
is obtained when \2 is approximately equal to 1.0. The validity of this method tested
with synthetic data is shown by MAO and SUHADOLC (1992).

The selection of layer thicknesses plays an important role in arrival-time inversion
results and their resolution. The layer thicknesses is assumed a priori on the basis of
independent information from geophysical and geological studies.

In the Central region of Madagascar, little geophysical information is known.
From the results obtained by RECHENMANN (19S2), FOURNO(1992), RAKOTON-
DRAOMPIANA (1995) it appears that the thickness of the crust under the Ankaratra
region and the Itasy region is more than 37 km, but the incertainty is big. We plan to
study the depth of the Mohorovicic's discontinuity in a future paper.

In general, small thicknesses, compatible with the error in the phase readings and
therefore with the attainable resolution, should be sought for the parametrization of the
velocity model. In this case the limited ray coverage, due to the focal depth distribution
and the number of the events used in the inversion, prevents the use of small layer
thicknesses.

5 Results

We started with the a-priori model shown in Table 2. After 7 iterations, we obtain
the results for the velocities and the resolution matrix show in Table 3.

We have to calculate the hypocenter adjustment 5h and after, to estimate the
structure parameter Sa. So we have to use two rallies of the adjustable parameter 9.
One for calculating the generalized inverse of the submatrices Bi+ , and one for the
submatrices OAi+ . We choose 9B = 0.1 % s\, where Si is the maximum value of the
singular values of the submatrices B s

+ and 6OA = 0.1 % S2, where s2 is the maximum
value of the singular values of the submatrices OAj+ . Values smaller than these do not
give stable results in the inversion, while values greater than these do not lead to a good
resolution of the model.

The resolution matrix shown in Table 3-b indicates that only the velocity of the first
and third layer are sufficiently well resolved. Thus we decided to use another initial model
(Table 4). After 2 iterations, we obtain the results shown in Table 5. The resolution
matrix given in Table 5-b is quasi identity matrix .

Figure 3 shows the initial (HYPO71PC) earthquake locations and the final ones
determined by the inversion process. The initial and final epicenters are connected with

8



a line. The dashed lines in Figure G show the starting model velocities for P- ind S-
waves and the solid lines show the results obtained by the inversion. The distribution
of the P- and S-wave arrival time residuals is given in Figure 7. The P-wave residuals
obtained from the initial model of Table 4 (dashed line) are mostly negative. The P-
wavc residuals obtained from the result of the inversion (solid lino), model in Table 5-a,
show a normal distribution, and, 71.G % of the P-wave residuals are within the range
of {fob, - fcni\ < 0.075s and 84.0 % of them within the range of \t,^ - tnd\ < 0.125s.
This indicates that the inversion results represent an acceptable 1-D model of the crustal
structure in the Central region of Madagascar. In order to give a general outline of the
variations of the hypocentral location, histograms of the number of earthquakes versus
the variation of the origin time and the space location are shown in Figure S. The
maximum depth variation for some events in the seismic areas of Ankaratra and Itasy
is 5.5 km. For 99 % of the events, the variation in the origin time and in the epicenter
is respectively less than 0.4 s and 2.5 km; for 71 % of the events, the variation of the
focal depth is less than 1.5 km and for 90 % of them, the variation is less than 3.5 km.

In Figure 9, we show the histogram of the. number of earthquakes versus the focal
depth for the relocated events, and the result of the P-wave velocity inversion. Most of
the events are concentrated in the depth range between 15 km and 27.5 km.

As we mentioned before, the location obtained from the determination of P-wave
velocity structure is subsequently used to obtain the S-wave velocity structure. The
error in phase readings for S-wavc is larger than the one affecting P-wave, and we assume
an en or of 0.2 s for S-wave phases readings. The initial model for S-velocity structure
is shown in Table 6. After two iterations, we obtain the result, shown in Table 7. The
resolution matrix given in Table 7-b for the determination of S- velocity structure is a
quasi identity matrix. The convergence to the solution is fast, and the inversion is stable.
The S-wave residuals in Figure 7 (dashed line), derived from the initial model of Table
7 arc mostly positive. The S-wave residuals obtained from the results of the inversion
are, as expected, normally distributed (solid line).

From these results, a VP/Vs ratio can be calculated for each layer, since the velocity
structures are inverted independently for the P-wave and the S-wave arrival times ( see
Table 8).

6 Conclusions
The determination of the crustal velocity within a seismic network, using local travel

time data requires accurate hypocentral locations.
In the case of the seismic area studied in this paper, the network is not very dense

and it is not possible to perform separate inversions for the various seismogenetic areas
of Central Madagascar (Figure 3).

We have obtained both P- and S- wave velocity models by applying the MAO and
SUHADOLC (1992) method of inversion to arrival times of the Central Madagascar

earthquakes. The results obtained with the inversion of P-arrival times indicate that
the velocity in the first layer is about the same as that assumed by IOGA. The P-
wave velocities in the depth range 10 - 30 km are found to be substantially larger than
those assumed in the model proposed by RAKOTONDRAINIBE (1977) and a smaller
difference is found for S-waves velocity. The inversion leads to a well constrained low-
velocity channel in the lower crust between 30 km and 42 km of depth. The 42 km
discontinuity is obviously associated to tiie Molio . This value is slightly greater than the
average, 37 km, proposed by RAKOTONDRAINIBE (1977). FOURNO (1994), in his
study of tiie Moho discontinuity from the inversion of gravimetric data, proposes a Moho
discontinuity at 40 km in the South-Eastern Ankaratra. The relocated hypocenter do
not show any concentration at some depths, and the travel-time residuals are minimized
and have a normal distribution.
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Table Capt ions Table 1

Table 1: Structure Model for Madagascar from RAKOTONDRAINIBE (1977).
a) Western part, b) Eastern part.

V,>= 5.9 km/s
V,, = 6.7 km/s
Vr = 8.0 km/s

Vs = 3.4 km/s h=16 km
Vs = 3.S km/s h=21 km
Vs = 4.6 km/s h= oo

Table 2: First initial P-wave velocity model .

Table 3: a) Results of the inversion (unit in km .s ') for P-wnve. b) Resolution
matrix obtained from the inversion.

Table 4: Second initial P-wave velocity model.

Table 5: a) Results of the inversion (unit in km .s ') for P-wave usiu{; the second
initial velocity model, b) Resolution matrix obtained from the inversion.

Table C: Initial S-wavc velocity model.

Vr = 5.9 km/s Vs = 3.4 km/s h=16 km
Vr = 6.7 km/s Vs = 3.8 km/s h=18 km
VP = 8.0 kin/.s Vs = 4.6 km/s h= oo

Table 2

P — velocity (km s )
5.90
5.90
6.70
6.70
S.OO

thickness (km)
9.0
9.0
10.5
10.5
30.0

Table 3

Table 7: a) Results of the inversion (unit in km .s~') for S-wavc. b) Resolution
matrix obtained from the inversion.

Table 8: Vp/Vs ratios derived from the inversion.

+0.993
+0.015
-0.000
+0.001
-0.002

vP5.85
6.08
G.S8
6.59
7.98

+0.015
+0.804
+0.020
+0.004
+0.000

standard errors
0.044
0.007
0.S22
0.230
0.001

(b)

-0.000 +0.001
+0.020 +0.004
+0.997 -0.006
-0.006 +0.891
-0.006 +0.086

-0.002
+O.000
-O.00G
+0.086
+0.563

13 14



Table 4

dty (km.s~l)
5.90
6.10
6.70
6.S0
8.10

thickness (km)
10
10
10
12
20

Table 5

VP

5.84
6.37
6.94
6.64
8.09

standard errors
0.07
0.03
0.02
0.05
0.14

(b)

0.997
0.001
0.000
0.000
0.001

0.001
1.000
0.000
0.000
0.000

0.000
0.000
1.000
0.000
0.000

0.000
0.000
0.000
0.99S
0.002

0.001
0.000
0.000
0.002
0.924
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Table 6

S — velocity
3.30
3.50
3.90
3.90
4.70

Vs
3.45
3.61
3.91
3.83
4.70

(km.s l) thickness (km)

Table 7

N

10
10
10
12
26

standard errors
0.00
0.01
0.01
0.04
0.06

(b)

1.000 0.000 0.000 0.000 0.000
0.000 1.000 0.000 0.000 0.000
0.000 0.000 1.000 0.000 0.000
0.000 0.000 0.000 0.993 0.002
0.000 0.000 0.000 0-002 0.939

Table 8

Layer in km
10.0
10.0
10.0
12.0
26.0

ratio Vp
1.68
1.76
1.77
1.73
1.72
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Figure Captions

Figure 1: Seismicity recorded by the Malagasy network from 1979 to 1994.

Figure 2: a) Map of Madagascar. Inset shows the studied area, b) The Malagasy
seismic network in the studied area.

Figure 3: Map of the initial (dots) and relocated (stars) epicenters. Each relocated
epicenters is connected with a segment to tin: corresponding initial one.

Figure 4: Focal depth distribution in the x-z plane (East-West cross-section),
a) focal depths from ISIS (see text) location; b) focal depths determined by HYPO71PC;
c) focal depths obtained from the solution of the inversion.

Figure 5: Focal deptli distribution in the y-z plane (North-South cross- section),
a) initial distribution of focal depths; b) focal depths distribution obtained from the
inversion.

Figure 6: The doted lines indicate the RAKOTONDRAINIBE (1977) model, the
dashed lines our initial model, and the solitl lines denote the final results of the inversion
(this paper) for the P- and S- wave velocity structures.

Figure 7: Histograms of the arrival-time residuals, a) Arrival-time residuals of
P-waves; b) arrival-time residuals for S-waves.

Figure 8: Histograms of the variations in hypocentral parameters of earthquakes
obtained at the end of the inversion (see text). AT0 is the error in origin time, AX and
AY are the epicentrai errors in the East-West and North-South directions, while AZ is
the error in the hypocentral depth.

Figure 9: Histogram of the number of earthquakes versus focal depth. The results
of the inversion for the P-wave velocity structure is also shown in the figure (dashed
line).
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