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ABSTRACT

Accurate Monte-Carlo simulation data show a consistent crossover in different char-
acters of tunneling hops in two-dimensional systems of strongly localized electron? in
the presence of scattering and quantum interference of hopping paths. The results also
suggest a negative answer to the question whether there is a two-dimensional sign phase
transition. The fractal behavior observed in the direction perpendicular to the hopping di-
rection is found to be similar to that for eigenstates in one-dimensional localized systems.

MIRAMARE - TRIESTE

November 1995

'Submitted to Physical Review B.
'Permanent address: Theoretical Department, Institute of Physics, P.O. Box 429 Bo

Ho, Hanoi 10000, Vietnam.



The role of Quantum Interference Effects (QIE) in systems of strongly localized elec-
trons has b<:en intensively studied for the last decade [I-10J. The main mechanism for low
temperature conduction in this regime is Variable-Range Hopping (VRIf). According to
the Mott's idea of VRH [11] the typical hopping distance Rh depends on temperature T as
Rh SB ̂ (To/T)v, where f is the localization length, Te is a characteristic temperature, and
the exponent v depends on the dimensionality of system and on whether Coulomb effects
are important [12]. At low temperature the distance /?/, is much greater than the average
distance between localized states (say, impurities). Therefore, in a course of tunneling
hops between localized states an electron has to undergo multiple elastic scattering by
intermediate impurities [1,2]. The electron hop is then no longer a single event, but a
superposition of many possible tunneling paths, connecting the initial and the final states.
Consequently, the electron tunneling probability (and then conductance) in such systems
is essentially determined by impurity scattering and QIE, the most interesting appear-
ances of which are, for instances, a large negative magnetoresistance and a reproductable
conductance fluctuation observed in different materials at the VRH regime [4,13].
A simple model for investigating effects of impurity scattering and QIE on tunneling hops
has been proposed by Spivak, Shklovskii and one of the authors [3](NSS). The two- di-
mensional (2D) case of the model, which will be only concerned here, is geometrically
illustrated in Fig.la. The initial and the final localized states arc assumed to be placed
on diagonally opposite sites i and j of a square lattice, while the scattering impurities
are located at random on the other lattice sites. There are clearly many paths, by which
an electron may follow in tunneling from i to j , and due to the fact that each of these
paths migla contain random scattering centers the tunneling probabilities associated with
them are yet random variables. The overall probability for the tunneling hop from site i
to site j is then obtained by the sum of these random probabilities for all possible paths,
connecting two sites. Quantitatively, the NSS-modcl is described by the Anderson Hamil-
tonian:

(1)
(*) (MO

where e* is the energy of the state at site k, \Vu\ = V, if fc, I are nearest neighbours, and
0 otherwise. The energies of the initial and the final states, Si and £,-, are assumed to be
zero, i.e. to equal to the Fermi energy in the model, while the energies at other sites are
equal to W or W/A, following the distribution g(ek) = (1 -x)S(e f c - W) + x6(e fc- W/A).
The quantities x and A (\A\ > 1) can be thus explained as the impurity concentration
and the effective scattering amplitude, respectively. The condition W/\A\ 3> V is also
regarded that describes the strongly localized regime, and that leads to a favourite of
the model: all backscattering paths seem to be less important and their contributions to
the overall tunneling probability can be ignored. The forward-scattering paths, directing
from i to j , will then only be in further considerations [3].
The tunneling amplitude associated with the directed path F (see Fig.la) is given by cpr
= FlOfc. where a* = 1 or A at random in an accordance to that the site energy e* = W
or W/A, respectively; the index k runs over all the sites, belonging to the path F. The
conductance associated with the electron hop i —• j is then entirely determined by the
quantity J, which contains yet all informations on scattering and QIE:



where the sum is taken over all possible directed paths F, connnecting site i to site j . For
each realization of scattering centers with given x and A the quantity J of Eq.(2) could
be calculated for all sites in the lattice of Fig.la. Particularly, the set of values of J,
corresponding to sites along the diagonal (i — j), already gives a dependence of J on the
tunneling distance r between initial and final states.
In previous studies [3-10] different behaviors of J have been analyzed for various values
of x and A. In connection to hopping conduction problems the most of attentions has
been given there to the quantity < In \J\ > and its fluctuations, where < ... > denotes
the average over realizations of scattering centers. A particularly interesting problem was
also appeared in analyzing distributions of J and differences on its sign probabilities, A P
= P+ - P_, where P+(P-) is the probability that J is positive (negative). NSS[3] had
suggested a Sign Phase Transition (SPT) in the sence that for a given A < 0 there exists
the critical concentration, x = xc, such that AP(x < xc) > 0, while AP(i) = 0 for all
x > xc. The mean field theory developed by Obukhov [14] supports an idea of SPT, but
it unfortunately valids for dimensions d > 4 only. On the other hand, it is clear that
there is no transition, when d —• \. The question whether there is SPT in 2D systems
has been repeatedly examined in Rcfs. [3,7,9] > but to our knowledge it is still unanswered.
This question is more interesting since the SPT is assumed to relate to a change in the
frequency of Aharonov-Bohm oscillations [4,8].
It is imporlant to note that all the searches for SPT performed in Rcfs.[3,7,9] are based
on checking the dependences AP(i , r) for sites along the lattice diagonal (i — j). While
for large values of x one can believe that used simulation systems may be considered as
infinite, i.e. AP(x) does not depend on r at large distances, for small values of x the
role of finite size effects is still not clear that one can not confirm whether the simulation
value of xc is the true critical concentration for SPT: the larger simulation sample size,
the smaller xc is suggested (see below).
In the present paper we will show that there has a crossover in behavior of AP as a func-
tion of r from exponential for large values of x to logarithmic for small x. Such a crossover
seems to be consistently observed in behaviors of different characters of J, including a
fractality in the direction perpendicular to the hopping direction. On the other hand, our
simulations also shed light on the problem of 2D SPT.
Let us at first show our extended data for AP(x, r). The simulations are concentrated
for the case of A = -1 , and mostly in the region of small x, x < 0.05, where a SPT should
be expected, and where the existential simulation data are not accurate enough. In Fig.2
the quantity AP(x, r) is plotted against ln(r/\/2) for some values of x, and for distances
20\/2 < r < 600\/2 (in units of lattice constant). The number of realizations used for
averaging all quantities throughout this work is 2000. As can see in this figure, simulation
data for x < 0.03 are shown to follow the scaling equation

AP(x, r) = - & In r + amsl, AP > 0, (3)

where the positive factor /3X depends on x. However, for large x, x > 0.0-1 (only the cases
for x = 0.04 and 0.05 are shown here), as was already remarked by Wang et al.[6] and
Zhao et al.[8], AP(r) decreases exponentially with increasing r. It should be emphasized



that we have tested different functional dependences for AP(r) before accepting Eq.(3)
as the bist one for x < 0.03. So, Fig.2, in fact, shows a crossover in scaling behavior of
AP(r) from the exponential-like to the log-like at the concentration x ^ 0.03.
On the other hand, note that the factor px in eq.(3) strongly decreases with decreasing
x, for instance, the least square fits of all simulation points for r > 50\/2 in Fig.2 give fix

= 0.148 and 0.029 for i = 0.03 and 0.02, respectively, and Px « 0 for smaller values of x,
x < 0.015. Thus, the present simulations for AP( i , r ) of Fig.2 again suggest an existence
of SPT with the critical concentration xc =s 0.015. However, there remains a question
how the finite size effect is important in this result.
It should be here mentioned that the first simulation data for AP(x,r) of Rcf.[3], limited
by r < lOOv'S with 2000 random realizations, had suggested for xc the value ~ 0.05, and
then, the data for larger systems of r < 300\/2 with 100 realizations of Rcf.[9] support
a smaller value of xc, xc as 0.02. The present data for distances up to 6001/5 with 2000
realizations give for suggested xc the value ~ 0.015. One could perhaps believe that a
further increase on simulation sample sizes should lead to a smaller value of xc, although
it is not easy to follow this way due to the fact that for small x the dependence AP(r) is
as weak as in eq.(3) with very small values of Pz (decreasing with x), and for the smaller
x the larger sample size and the greater number of realizations arc necessary to get ac-
curate data. Moreover, though one can continously increase simulation sample sizes, one
but certainly could never confirm whether the observed xc is the true critical concentra-
tion, and then whether there is a true phase transition on sign of J. On other words,
it seems to be practically impossible to find an answer for the question on SPT by this
way of checking AP(r) only. Let unuselessly note also that by using only the value 0.02
of Ref.[9] and the present value 0.015, an extrapolation of x,; to infinite sample size gives
approximately xc(r —* oo) =s 0. In the next we suggest then to study another quantity
which is equivalent to A P in the sence of probabilities for signs of J and which but may
be more sensitive to a change on r.
The original argument [3] on the SPT is following. Each scattering center of A < 0 creates
a region, where J at any site is negative. The typical area 5 of such a region is assumed
independent of r. For x < xc the area S is small, the regions are generally separated from
each other, and the negative sign of J is therefore less probable, i.e. A P = const > 0.
For x > xc the area <S is relatively large, different regions become to overlap, and two
signs of J are then equal on probability, i.e. AP = 0. Correspondingly, the relative
fluctuation of J, 6JI < J >, changes its r-dependent behavior at x = x^: for x < xc

, dJI < J > is small and vanishes, while for x > xc it diverges with r. Hereof there
seems to have another way for checking the SPT by examining directly the area «S and
investigating behavior of 6Jf <J>.
US is really independent of r, then the total number of sites with negative J in the whole
system, namely M, must scale with system size L as M « L2. Fig.3 shows simulation
data for In .M plotted against In L for various values of x. It is clear that for all values of
x in the study the data for L > 50 are very good fitted by the scaling law

M oc V, (4)

where the values of exponent 7 determined from least square fits of all simulation points
for L > 50 are given in the corner of the figure. For x > 0.05 (all the curves are very
close to that for x = 0.05 shown in the figure), in consistance with the idea of SPT 7 =
2. However, for x < 0.05 7 depends on x and, as can see in Fig.3, it is obviously greater



than 2 even for z as small as 0.005. This means that even for such a small value of x the
typical area S is still enlarged, i.e. the probability P_ for negative sign of 3 is in fact still
increased with increasing distance r, although the effect is un-seen in Fig.2. (Having in
mind that the quantity M is related to signs of 3 at all sites in the system, whereas the
quantity AP is related to a single site in the (symmetrical) diagonal one can guess why
A P is less sensitive to a change of r).
Thus, by investigating scaling character of Eq.(4) we are able to discover that for all
x < 0.03 the difference on sign probabilities is in fact still decreasing with increasing r
that could not be done by simulating AP(r). In other words, Fig.3 could be seen as a
supporter for the idea that there is no SPT in studied systems. Even more, the depen-
dence 7(z) with a maximum at x =a 0.03 gives a more accurate picture for the crossover
observed in Fig.2. The system may be now imaged to change between two limiting ho-
mogeneous states with 7 = 2, the first one for the limit z —• 0 (say, order-homogeneous)
which has never been reachedin simulations, and the second one for large values of ~ (say,
fluctuato-homogencous) which is easily and practically always realized.
We now turn to the simulation results for 631 < 3 >, which, as mentioned above, is also
related to the original idea of SPT. As can see in Fig.4. the most important feature of
these results is that for all values of z in the study 63/ < 3 > always increases with r.
There is no regime, where 631 < 3 > is small and vanishes. Moreover, simulation data
for small x, x < 0.03, at short distances (depending on z) could be quite well described
by the scaling equation

suggested by Shklovskii and Spivak [2], where the exponent /i but depends on z and equal
« 1.5 for the smallest value of z, z = 0.005, in the study. The larger value of z, the larger
value of /i, and the shorter distance, up to which the scaling equation (5) is followed before
63/ < 3 > becomes to be very large and strongly fluctuated. For z > 0.04, however, the
scaling oq.(5) is no longer followed and 831 < 3 > becomes to increase exponentially
with increasing r. It should be mentioned that an undecrcasing behavior of 63/ < 3 >
was already observed by Medina et al.in Ref.[G], but the simulations of Ref.[6] have been
performed in very small systems (r < 10\/2) and (then) for only relative large values of
x (x > 0.1), while we are more interesting on the regime of small z.
Thus, Fig.4, in full consistency with Fig.3, shows, on the one hand, a crossover at the
same concentration z ss 0.03, where 63/ < 3 > changes its behavior as a function of r
and, on the other hand, an absence of the sign-maintained regime related to the 2D SPT.
In what follows we will show that the crossover observed above at z =s 0.03 may be also
found in the fractal character of 3• Note that until now our (and other's) studies are
concentrated on different characters of 3 along the diagonal (i — j) of lattice in Fig.la
(physically, as a function of hopping distance). Let try to investigate scaling characters
of 3 in the direction, perpendicular to this diagonal. For this aim, regarding that in
the lattice of Fig.la, chosen to optimize a study for QIE, 3 can be calculated not only
at sites in the diagonal, but also at any ones, we can now choose the lattice geometry,
as shown in Fig. 16, which was shortly mentioned in Rcf.[3], and which was also used in
realizing the mean field theory for SPT [2,14]. All physical parameters and the simula-
tion algorithm are the same as introduced above for the lattice of Fig.la, but there are
now many, namely N, initial localized states {i}, located on the left lattice side, and the



quantities J will be calculated at N sites {j} on the right one. The quantity J(j) at
the site j is then obtained by the sum of all 3(i,j) contributed from all initial states
{i}. The periodic boundary conditions are applied to the vertical direction of lattice that
give a favourite for the model: the total number of directed paths, arriving at any site
{j} on the right lattice side is exactly equal to 22N. This means that without scattering
J{j) = 53{i) «7(*i j) are the same and equal to 22'v for all the final sites {j}. A presence
of random scattering centers could produce a strong fluctuation in S(j). The set of final
sites {j} can be therefore used as a ring (one-dimensional (ID) system) for investigating
scaling chiiracters of J in the direction perpendicular to the hopping direction.
The following quantities are calculated for each realization of random scattering centers,
summered at A' sites in the right lattice side, and then averaged over many realizations:
1. the origin-independent charge density [15,16]

E \J'{3 + m)\2> (6)

2. the autocorrelation function

=< j'U)J'ti + K) - (FW)2 > (7)
3. AP = < (P+ - P_) > and
4. * = < ! * 1-7(7)1'>.
where J' = S/Jo, -Jo = 22A, the overbar denotes the average over all final sites j , and
< ... > as used above denotes the average over 2000 realizations ofrandom scatttcring cen-
ters. The root mean square deviations So = (< (£ , |J ' ( j ) |2)2 > - <Zj WU)]* >2) I / 2

arc also included in calculations. Such computations have been performed for the cases
of A = -1 with different values of i , ranging from 0.005 to 0.5 in systems of N = 600
(distance, r = 600V2 correspondingly).
We would immediately note that the quantities AP, a and 6a, included in the last cal-
culations, are simply used for a comparison with those calculated in the lattice of Fig.la
correspondingly, and hereafter we will focus our attention on the charge density of Eq.(6),
which should scale with the length K as [15,16]

a (8)

In the absence of scatterings, x = 0, as remarked above, J' = \ for all sites {j} , and
we have (hen d = 1. The scattering and Q1R may produce states similar to those in
ID-disordered systems, and it should be expected that d < 1 for x > 0.
In Fig.5 the quantity In V is plotted against ln(2/f+1) for some values of x. For each value
of x < 0.03 there seems to exist a typical length, say Kc, for lengths smaller than which
the scaling Eq.(8) is approximately observed, i.e. J has a fractal-like character, while for
larger lengths, K > Ke> the system looks to be homogeneous. The fractal dimension d in
Eq.(8) determined by least square fits for points with K < Kc in Fig.5 is approximately
equal « 0.8 for x = 0.005 and « 0.5 for x = 0.03. On the whole, Fig.5 is very similar to
Fig.l of Soukoulis and Economou [15], where a fractality of cigenstates in ID-disordered
systems was studied for various amounts of disorder. The typical length Kc then plays
the role similar to the localization length in ID-disordered systems [15] or the correlation
length in percolation problems (see, for example, [12]).
The calculations have been also performed for other values of x, changing from 0.04 to



0.5, however, for all x > 0.04 the simulation curves of Eq.(6) are very close to each other
(for example, the curve for x = 0.05 is shown in Fig.5), and moreover they strongly and
unsystematically fluctuate by the way that the length Kc seems to be vanished and the
curves do not look to have any defined feature. This may be explained as for x > 0.04
systems behave almostly homogeneous at all length scales.
Therefore, Fig.5 shows one more appearance of the crossover in behavior of J at x m 0.03:
for x < 0.03 in systems there exists a typical length, up to which the charge density of
Eq.(6) has a fractal behavior, while for larger values of x the systems may be seen as
homogeneous at all length scales, (as a first attempt on testing fractal character of J
our study is restricted by confirming qualitative behaviors of Fig.5 in the sence that the
numerical values of Kc and d shown there are very approximate.)
In order to find a possible explanation for the length Kc, in Fig.6 the autocorrelation
function of Eq.(7) is plotted against length K for several values of i . Note that this figure
is again very similar to those for cigenstates in 1 D-disordcred systems [15,16]. The fact
that the autocorrelation length Ka, defined as the length at which approximately one
half of maximum value 5(0) is located, fast decreases with increasing x demonstrates an
affect of '"amount of disorder" on "degree of localization". From such an analogy of two
problems one can assume to identify the typical length Kc with the length Ka that could
be really believed by comparing directly corresponding curves in Fig.5 and Fig.6.
In conclusion, we investigated some scaling characters of quantity J', which determines the
probability of tunneling hops in systems of strongly localized electrons in the presence of
scattering and QIE within the framework of NSS-model. Accurate data show a crossover
at roughly x s= 0.03, where all investigated characters change their behaviors as functions
of hopping distance and, where interestingly, J is first found to have a fractal behavior.
The simulation results also suggest a negative answer to the question whether there is a
SPT in 2D-systems. Experimentally, this answer is supported by the fact that only the
superconducting period has been realized in Aharonov-Bohm oscillations of Ref.[10].
As a particular interest, the fact that both typical characters for fractality of J, the
typical length Kc and the fractal dimension d, depend on impurity concentration i in the
same way as corresponding quantities for eigenstates in 1 D-disordrcd systems depend on
amount of disorder, prompt us to the idea that two problems might belong to the same
universality. However, while the role of the localization length in kinetic problems is well
established (see, for example, Ref.[12]), we do not know whether the fractal dimension
plays any role there. Having answers on this interesting question one could improve
simulations to get accurate values for Kc and d, and furthermore one could extend present
studies for checking fractal characters of both J in magnetic fields and magnetoresistance
itself. In particular, there might have a relation between the crossover discovered here
and negative magnetoresistances observed experimentally.
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Figure Captions

Fig.l. Lattices used for simulations of J. One of directed paths between
the initial site i and the final site j is shown.

Fig.2. AP(z, r) is plotted against ln(r/\/2) for various values of x (two
lirst lines from top are for x = 0.005 and 0.01).

Fig.3. inM is plotted against In L to test scaling cq.(4). Values of z and
exponent 7 are shown.

Fig.4. \n(SJ/ < J >) is plotted against ln(ln(r/\/2)) to test scaling
eq.(5).

Fig.5. On fractality of charge density V. The curves arc shifted in the
way that they are coincided with each other at the top points,
which are taken to be zero. The typical lengths Kc are
approximately indicated by arrows.

Fig.6. Autocorrelation functions Q. The correlation length Ka is defined
(is the length, where G(Ka) 5= S(0)/2.
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