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ABSTRACT

In tin's article we investigate some statistical properties of the even and odd squeezed

(squeezed Schrodinger cat) states. The quasi-probability distribution functions especially

\V(a) and Q(a) are calculated and discussed for these states. The phase distribution

function is discussed. A generation scheme is proposed for either the squeezed generalized

Schrodinger cat, or the squeezed number state.
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1 Introduction

In recent years much attention has been directed towards the problem of generating

arbitrary states of the radiation field. Different schemes have been proposed to generate

controllable distributions using micromasers by conditional measinrements of the atomic

excitations [1,2], back action evasion [3,4], quantum non-demolition detection [5-7] and

interference methods for superposition of coherent states [8,9]. The Gluuber coherent

states which are the eigenfunctions of the annihilation operator (a) of the radiation field,

can be superposed to produce even and odd coherent states (named Schrodinger cat

when well separated). The resulting states are eigenstates of the operator a2; and their

properties have been studied recently [10,11]. The properties of the even-binomial state

which tends to the even-coherent state in a limiting case of its parameters has been

discussed recently [12]. One of the states that has attracted great interest in recent years

is the squeezed state [13-17]. It is one of the non-classical states of the electromagnetic

field in which certain observables exhibit fluctuations less than in the vacuum state. Many

schemes have been discussed and executed experimentally to generate these states [18].

The single mode squeezed state are eigenstates of the operator 6 = fta + i/a+ with (a) as

defined before and a+ its hermitian conjugate is the creation operator of the field mode

and /i and v are related by |;i|2 — |i>|2 = 1. In an analogous description to the even and

odd coherent states, the even and odd two-photon coherent states have been introduced

recently [19]. These states are eigenstates of the operator b-. Some of their mathematical

and statistical properties have been studied there.

In this article we throw some light on the quasi-probability distribution functions

especially the Wigner and the Husimi functions for such states. The phase distribution

functions are calculated and discussed. A production scheme is sought for the generation

of squeezed generalized Schrodinger cat state.

2 Even and odd squeezed states
(Squeezed Schrodinger cats)

The single mode squeezed (or the two-photon coherent) state \(3), = |a,r) is the eigen-

function of the operator 6 with eigenvalue f) [13-17], i.e.

with P = (1)



where /i may be taken real and put = cosh r. It can be written as the state that results

from applying the squeezing operator [16,17]

S(r) = e ^ - ° + 2 > (2)

on the vacuum state |0), and then shifting the resultant state by the displacement operator

D{a) = eaa+-a'a (3)

Its expansion in the number (Fock) states {|n)} is given by [14,15,16,18]

«

where //,,(:r) is the Hermite polynomial of order n. We consider the convention that

r > 0, and the only phase of significance is the phase 8 of the coherent excitation a.

This phase represents the inclination of the coherent excitation a (coherence direction) to

the minor axis of the error ellipse (squeezing direction) [20-22]. For real a the direction

of coherence is in coincidence with the squeezing direction and the photon distribution

exhibits subpoissonian behaviour. The two directions are perpendicular to each other

when 0=z-, and the superpoissonian behaviour is demonstrated. When we use this

convention, then u is real and may be taken = sinhr, Further, for r = 0 we get the

coherent state \a) while when a = 0 the squeezed vacuum |0,r) is obtained. The set of

states {|n,r)} are not orthonormal since

sech(r, - r2)

(5)

However, they are overcomplete when they belong to the same parameter r.

Now we move on to the definition of the even and odd squeezed states symbolized by

|a , r ) r and |a,r)o, respectively. They are defined by

lQ-r>S = lXl { K r > ± | - o , r ) }
(6)

The normalizing factors A< are given from

|Ae|
2 = e'«* (cosh | / 3 | T \ |A0|

2 = e ^ s i n

by using Eq.(5).
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The expansions of these states in the number (Fock) states are given by

\a,r)o =

,/(icosh|/3|2 ~oV4

• y\—\
sinhl/?!2

 n=oV2/V

g Ue) (6b)

These definitions coincide with those of Ref.[19]. It is obvious from these definitions that

the transition probability between these two states vanishes. Having defined these states,

we now direct our attention towards the calculation of the quasi-probability functions.

3 Quasi-probability functions

The quasi-probability function was first introduced by Wigner [23] to study quantum

corrections to classical mechanics. Other quasi-probability functions were introduced

[24,25] and found their use in quantum optics. In this approach the states are described by

functions in configuration space. These functions have proven to be of great use, because

they can provide insights into connections between classical and quantum treatments.

3.1 Wigner function

The symmetrically ordered characteristic function Xu-(£) for the density operator p is

[26]

The Wigner function W is defined as the Fourier transform of Xn'(?) through

;•>•-«••» d2c (8)

When the density operator p given through the even and odd squeezed states of (6) is

introduced and the integrations carried out, we get the following expressions

it /icosh[/?[2

+ V — t2-Y}<2m-") (—]
£f2m!v- ' ; W

(9a)



it /jsinh|/3p
+m+l

(9b)

with Z4"°(z) = £ fc.™) *ir- " « associated Laguerre polynomials. The surfaces for

these functions are drawn in Figs.l and 2, when the double summation in the expressions

(9) are not taken into consideration. This amounts to averaging over the phase of the

7 variable, and hence having symmetry around the IV-axis. Different values for the

parameter v = sinlir are taken, but however, they are small compared with the coherent

excitation o which is taken to have the value a = iy/E. Thus 0 = i\/E (/z — v) =

i\/E c~r which decreases by increasing r. Figs.l and 2 show that the Wigner function

attain negative values which is a signature of non-classical effect. Interference fringes

are apparent. The nonclassical effects are more pronounced for the odd-squeezed states

rather than the even-squeezed states for the chosen set of parameters.

3.2 The Husimi Q function

Instead of using the symmetrically ordered characteristic function we use the anti-normally

ordered characteristic function XA(£) = Tr (p e~Va e£o+). The Q-function is the Fourier

transform of this characteristic function. Thus we have

which is found to be

(10)

(10a)

Using this formula we obtain the following expressions for the even and odd squeezed

states

7r /icosh|/3[2

JL\ 7-2m 2n
2,L)

 7 7

(lla)

and

;r /xsinh |/3|2
JL\2

n+m+l

' — (nb)
The single sum in these expressions have been computed for various values of the param-

eter u and for a = iy/E. The results are shown in Figs.3 and 4 for the even and odd

squeezed states, respectively. For the even squeezed state we note that a peak in the

middle of the hollow Gaussian surface starts to appear as v increases until it dominates

for r > 1.

4 Phase properties

The notion of the phase in quantum optics has found renewed strong interest because of

the existence of phase-dependent quantum noise. The new measurements [27,28] in this

field opened the way to a deeper understanding of the quantum nature of the phase. There

are many different approaches to this problem [29,30], To calculate the phase properties

for the even and odd squeezed states we adopt the Pegg-Barnett formalism [31-33]. In

this approach, on the (s + l)-dimensional subspace, one can choose as bases the ( s + 1)

orthonormal phase states

where

0m = 0o + r ^ r m = 0 , l , . . . , s (12a)
2;rm
7+T

The phase operator is then defined as

(13)
m=0

which has the state \6m) as its eigenstate with the eigenvalue 6m. The probability distri-

bution for any state |J£) is given by

This can be used to compute various moments and then the limit s •

continuous phase distribution P(0) is introduced by

I = lim —— |(0m|^)|2

(14)

oo is taken. The

(14a)



For any state of the form |t/>) = £ c,,|n), we find that P(8) takes the form

(14b)

From this phase probability function moments can be calculated when the phase reference

angle 0o is put equal to zero we find that

(0) = 0 (15a)

(15b)

When this is applied to the even and odd squeezed states (6) the corresponding expressions

for the density functions are

e

and

= -1+ e ^ ^ ' y:[JL)"+m+1.
2n In /icosh |/3p |±£1 \2 / i /

e2i(n-m)9

(16b)

When these functions are plotted for the earlier chosen parameters the splitting of the

distribution is noted (Fig.5). This is due to the superposition of two states with opposite

coherent excitations.

5 The squeezed generalized Schrodinger cat

It is easy to prove that the states (6) are eigenstates of the operator b2 with eigenvalue

P-. They can be cast in the form

which means squeezing of the coherent states \±P}- The states [\P)±\—p)} are the even

and odd coherent states (some times named Schrodinger cat when well separated) [10,11].

In this section we generalize the definition (6). Let the function \4>k (P)) be defined by

= A<« S(r) (17)
3 = 0

are constants and the normalizing factor

P)

c f c*P* e- (17a)

The state (17) is an eigenstate of the operator bk. The sum of the coherent states in the

definition is a generalization of the even and odd coherent states; it is sometimes named

generalized Schrodinger cat when the excitations are well separated [2]. A superposition

of this type which includes a set of coherent states distributed symmetrically in the phase

space over a circle of radius \P\ has been proposed to generate a Fock state in the limit

of very small radius where quantum interference consequences appear [2,8.9].

To cast the definition (17) into the form presented in Ref.[19, Eq.(4.11)] we choose the

constants CJ in the form

i = t = I), L , / £ , . . . IK — L) (*'"/

k

With this choice the definition (17) contains the set {|?iA:-i-<?)} of the Fock states, and the

definition of Ref.[19] is retrieved.

The expression (17) suggests a possible scheme for the production of the state \ipk ) .

The superposition of coherent states can be generated by conditional measurement of the

atomic excitation following its interaction with the field (initially in a coherent state) in-

side the cavity through two-photon transition [2,34]. When considering a sequence of such

measurements, each measurement splits the phase-space distribution of the field created

by the previous measurement into two identical parts whose mean phase difference de-

pends on the atomic time of flight inside the cavity. Squeezing the resulting superposition

generates the desired state. Therefore, depending on the amplitude of the initial coherent

state and the number k either a squeezed generalized Schrodinger cat or a squeezed Fock

state [35] can be produced.

6 Conclusions

The quasi-probability functions and the phase distribution function for the even and odd

squeezed states have been considered. Signatures of nonclassical states and splitting of

the phase distribution are shown in the figures depicting these functions. Casting the

squeezed generalized Schrodinger cat state which is a generalization of the even and odd

8



squeezed states, Li .. form showing it as a squeezing of a superposition of coherent states

symmetrically situated over a circle in the phase space, led us to propose a generating

scheme. This scheme is essentially to squeeze the field in a cavity produced by successive

conditional measurements of the atomic excitation following its interaction with the field.

Squeezed generalized Schrodinger states or squeezed Fock states can be produced accord-

ing to the intensity of the initial coherent field and the number of the measurements.
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FIGURE CAPTIONS

Fig.l The Wigner function \Ve(x,y) for the even squeezed state for aiy/E,

a) v = .1, b) v = .3, c) v = .5, d) u = •/L~25.

Fig.2 The Wigiier function lV0(x,y) for the odd squeezed states, parameters and desig-

nations as in Fig.l.

Fig.3 The Husinii function Qe(x, y) for the even squeezed state, parameters are the same

as Fig.l.

Fig.4 The Husimi function Qa{z,y) for the odd squeezed state, parameters as in Fig.l.

Fig.5 The Pegg-Barnett phase distribution function P{6) for the even squeezed state,

parameters as in Fig.1.
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Fig.2c Fig-3b

Fig.2d
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Fig.4a.

Fig.4b
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