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Abstract

The close-coupling method relies on the reformulation of the Schrodinger equation
into an infinite set of coupled-channel equations by expanding over the complete set
of target states. The difficulty in applying this approach is that the continuum chan-
nels are known to be very important in the intermediate-energy region and coupling
to them must be included with little approximation. We discuss the application of
the Convergent Close-Coupling (CCC) method which allows the continuum to be
treated in a systematic manner via the use of square-integrable states. The CCC
method utilizes an expansion of the target in a complete set of orthogonal L2 func-
tions which form a basis for the underlying Hilbert space. The utility of the method
relies on being able to demonstrate convergence in the scattering amplitudes of
interest as the basis size is increased.

1 In t roduct ion

In the preceding three years, a method of solving the close-coupling equations
known as convergent close-coupling (CCC) has been developed and applied
with outstanding success to electron scattering from atomic hydrogen [1-7].

1 electronic address: igor@esm.ph.flinders.edu.au
'' electronic address: stelbovi@atsibm.csu.murdoch.edu.au

Preprint submitted to Computer Physics Communications 6 September 1994



In a series of papers, elastic, inelastic, ionization (integrated and differential)
and total cross sections have been calculated at a broad range of energies in
a systematic manner so that estimates of the convergence can and have been
assigned. The method has been extended to other systems, including positron-
hydrogen (neglecting positronium formation) [8,9], electron-helium ion [10],
electron-helium [11,12] and electron-alkali [13-15] scattering. In all cases where
the effect of the treatment of the target continuum is substantial the CCC
method has been able to reproduce it very accurately. The method involves
representing the target-atom states in a basis of square-integrable (L1) func-
tions, which span the target discrete as well as the continuum function spaces.
The solution of the close-coupling equations is based on the momentum-space
method of McCarthy and Stelbovics [16]. This method has been extended so
that the close-coupling equations are solved in a "new" form [2,17,18] which
properly incorporates the effect of antisymmetrization and which leads to nu-
merically stable integral equations for the on- and off- shell T-matrices.

In this article we review the essential ingredients of the method and address
numerical details which have been discussed only briefly in earlier articles. In
order to make the discussions as transparent as possible we will use numerical
examples for the well-known Temkin-Poet problem [19-23] to illustrate the
methods. This model has the complexities of the treatment of the continuum
and exchange of the full problem of electron-hydrogen scattering. Because it
treats only states with zero orbital angular momentum it has been solved to
a high accuracy [21] using techniques specific to this model. As such, it is an
ideal testing ground for any method claiming to give accurate solutions to real
scattering problems.

2 Close-coupling fundamentals

The time independent Schrodinger equation for electron scattering from atomic
hydrogen is

(E-H)\9s) = 0 (1)

where the Hamiltonian

H = A'i + ui + I<2 +1>2 + vu (2)

and the subscripts 1 and 2 refer to electrons one and two. The kinetic energy
operators are K\ and Ki. The electron-proton potentials are vt and v2, with
U12 being the electron-electron potential. The wave function must satisfy the
symmetry condition



r2,r1) (3)

where S is the total spin. To derive the close-coupling equations we obtain the
(complete) set of target states by solving

(4)

where the completeness relation for the states is expressed as

01, (5)

with the subscripts indicating the electron space. The index i is discrete for
negative energies and continuous for positive energies. One can then proceed
in the usual fashion to introduce the projections (5) over the target states to
form the explicitly symmetrized expansion

5 » ) = f $ (*te)*?(n) + (-l)SA(r»)if (rs)) • (6)

The effect of this expansion when inserted into the Schrodinger equation and
folded on the left with target states is to remove the dependence on one of
the coordinates at the expense of introducing a new dependence on the target
energies. The advantage gained in reformulating the Schrodinger equation in
this manner is that it provides a physical picture of the scattering in terms
of coupling to the excited target states and as such provides a motivation
for neglecting some classes of target states in order to obtain models for a
particular scattering process. For example at scattering energies below the first
excited threshold, inclusion of only the first few target states in the expansion
gives a fairly accurate description for the elastic scattering amplitude.

2.1 The CC equations

The close-coupling (CC) equations one gets upon inserting the eigenfunction
expansion are

% + V^)Ff = (E-ei)Ff (7)

where

Kf = (<t>i\VS\<t>i), Vs = v1 + v1^ + {-l)s(H-E)PT. (8)



P, is the space-exchange operator interchanging the coordinate labels for ri
and r2. The CC equations may be written more compactly as

(Go'(£) - ^ H l * * ) = 0 (9)

where Go ' s the operator with matrix elements

(G0(E))h = S^E - t, - A')"1 (10)

and \FS) is the column vector whose components are the Ff.

2.2 Lippmanv-Schwinger forms

An alternative approach to solving the coupled equations for the Ff in differ-
ential form is to use the integral form one derives by using Green's functions to
obtain a Lippmann-Schwinger (LS) equation. The LS equation for the system

\ff) = \iki) + G0(E^)Vs)Ff), (11)

and |ik,-)j = 6y$;|k,-) is the incident-channel asymptotic state function. We
adopt the Green's function Go(£'+ ') which ensures outgoing spherical-wave
boundary conditions. In practice, it is more useful to use a LS equation for
the 7'-matrix operator which we formally define by

\F?) = [1 + Go(fi<+))r5(£«+»)]|ik1-). (12)

It is easy to check that the LS equation for T becomes

Ts(E(+>) = VS(E) + Vs(E)Ga(E^)Ts(E1^) (13)

The momentum-space matrix elements of the T-operator are

^ (14)

In order to solve the integral equation the momenta p,-, Pj are allowed to take
on all possible values. The scattering amplitudes are derived from the on-shell
amplitudes for which p,- = k,- and c; + f̂c? = £,• + ^kj = E



S.3 Non-uniqueness of the scattering solutions

A consequence of using the explicitly symmetrized expansion (6) is that the
Ff are not uniquely determined. This point has been discussed by Castillejo
el al [24]. The non uniqueness of the scattering equations can be easily demon-
strated; for example if one finds a solution of the system for S = l,say F* then
it is easy to substitute in the form f} — F{

1 + a,̂ ,- where o, are arbitrary con-
stants and note that it also gives the same three-body scattering wave function
(6). The degree of non-uniqueness can be determined as follows. Suppose we
restrict the expansion (6) to the first N states. Then the general non-unique
solution can be expressed as a sum of the true (unique) solution and a linear
combination of the functions describing the target in the close-coupling ex-
pansion. For the case of atomic hydrogen, it has been shown [IS] that if the
close-coupling expansion is truncated to N discrete states the subspace of func-
tions leading to non-uniqueness can be categorized completely. The subspace
dimension of the non-unique solutions is Ns = ^N[N + (—l)s+1], leading to a
total of N2 solutions over singlet and triplet scattering. The solutions can be
determined as combinations of the N target states in the expansion in closed
form and the singlet and triplet subspaces of solutions are orthogonal. The
reader is referred to the above reference for details.

Any attempt to solve the system of equations without ensuring the solution
is unique will generally lead to numerical instabilities. This observation is in-
dependent of whether one solves the CC equations as a system of coupled
integro-differential equations or in the integral-equation LS form. One of the
earliest studies of the instability was by Norcross [25] who showed that they
could be removed by orthogonalizing the scattering function \FS) to the states
in the close-coupling expansion. In the LS form (equ. 11) the non-uniqueness
manifests itself as energy-independent solutions to the homogeneous equation.
In turn this means that the operator (1 — GoV5)"1 required for the correct
solution cannot be formally well defined. Interestingly, numerical solution of
the equations for small target expansions often give answers which are accu-
rate to a few percent. The reason for this is that any numerical discretization
introduces some approximation and instead of there being Ns homogeneous
solutions which correspond in the LS formalism to eigenfunctions of the ker-
nel V'6'o with eigenvalue 1, the eigenvalue differs from one by one part in 10'
say. For small N this enables one to construct an approximate inverse operator
which yields reasonable on-shell amplitudes. As the accuracy of the discretiza-
tion is increased and/or as the number of expansion functions is increased the
inverse-operator construction becomes increasingly unstable. For large-scale
expansions a more reliable method is needed and we turn to its construction



2.4 Removal of spurious solutions

The LS equations (11,13) form a Fredholm-equation system of the second kind.
The scattering boundary conditions are contained in the inhomogoneous term.
By the Fredholm-alternative theorem, the solution for the scattering problem
will be unique only if there are no solutions to the homogeneous equation.
The example we gave for a non-unique solution can be shown to be one such
solution of the homogeneous equation.

The existence of the spurious solutions is an indication that some further
constraint on the symmetrized expansion is required on physical grounds. It
is straightforward to deduce upon expanding the Ff(r) in terms of the target
states and applying the symmetry condition (3) that an additional required
condition is that

{iA,|F/)=(-l) s{&|.r?). (15)

This condition may be inserted directly in the close-coupling equations (6) or
their LS form (10). There is no unique manner in which it can be applied, but
the net effect is that there are an infinite number of different new equations
which give the required unique solution. To our knowledge no other system of
scattering equations has this interesting property. Examples of different choices
which have been used are given in references [2,17,18]. We have adopted that
of reference [2] for our recent work. No attempt has yet been made to find an
optimum choice by a more rigorous variational principle.

The symmetry condition can be expressed in terms of space-exchange and
completeness-relation projection operators (5) for the Hilbert spaces of elec-
trons 1 and 2 as

72|*
s> = ( - l ) s / 1 P r / 2 | * s ) . (16)

The advantage of this projector notation is that we can formulate the system of
equations in terms of the full scattering wave function <PS. With this condition
it is demonstrated in reference [2] that the close-coupling equations can be
reconstructed to ensure a unique solution for the scattering energies. The final
form of the "new" equation is

h(E - A', - A'2 - v2)I2\9
s) = I2V

s(0)h\Vs). (17)

This equation differs from the original CC equations only by the replacement
of V s given by equ. (8) with Vs(0) which is defined as

Vs\0) = Vl+ w - EOh + {-l)S(H -E(l- 0))PT. (18)



Note that the three-body scattering wave function "9s is independent of ar-
bitrary constant 0 in (17) despite the explicit 6 dependence in the coupling
potentials. See reference [2] for details.

The T-matrix amplitudes are formed as follows:

(19)

) ( l + (-l)sPr)|*5(+»(!;k,))

(20)

using (16). On the energy shell the second terra in (20) disappears leaving us
with the usual definition for the T matrix. The notation (+) indicates outgoing
spherical wave boundary conditions. Any non-zero value of 6 will ensure the
CC equations have the unique solution. As the notation suggests, the T-matrix
(19) is independent of 6. It is readily shown that with the above definition the
LS equation for the 7'-matrix is the same as equ. (13) with Vs replaced with
Vs(0).

So far we have paid no attention to the facts that there are an infinite number
of target states, the continuum states are non-L2 functions and the summation
over those states is an integration. In all numerical implementations of the CC
equations the target space is approximated by using a subset of Z2 functions
to diagonalize the target Hamiltonian. The CC equations are then solved using
the set of approximated target wave functions. We now turn to a discussion of
the underlying Gaussian quadrature and the nature of the convergence implicit
in such an approximation method for the special case of the Laguerre-function
basis of the Hilbert space of I? functions.

3 Treatment of the target states

The target states cannot all be included in any practical implementation of
the close-coupling equations. A pragmatic way to approach a calculation is
to include the effects of the target states which are liable to be most impor-
tant, for example in the hydrogen target to choose just the n = 1,2 levels.
Unfortunately it has been observed that such expansions are inadequate at all
but the lowest energies; there is considerable evidence that the coupling to all
open channels must be included in some way. Above the ionization threshold
this means that allowance for coupling to continuum channels must be made.
An efficient way to include such coupling is by means of taking a subspace of
the one-body Hilbert space of the target. A convenient basis for the one-body
Hilbert space is that provided by the Laguerre functions. In this section we



discuss this method in some detail, with the primary purpose being to eluci-
date the sense in which these finite-basis expansions of the target approximate
the true target states so that convergence of the CC equations can b<; studied.

3.1 Expansions of the target Hamiltonian in L2 functions

We assume that we have a basis of 1? functions for the Hilbert space of Uie
target. A common method of constructing a subspace of the full Hilbert space
has been to use non-orthogonal Slater functions r"' exp —A,r and to form a
set of approximate target states by diagonalizing the target Hamiltonian in
the subspace spanned by the functions. Often in this approacli one chooses to
include Slater functions from which the lowest-lying states of the target can
be exactly reproduced. Thus, suppose we have in some manner obtained a set
of states which span a subspace of the full Hilbert space of the target. Without
any essential compromises to our following discussion we issume that the set
is orthogonalized (if it is not we can perform a Gram-Schmidt procedure on
the Slaters). Let us denote the set { î},i = 0 ,1 , . . . ,N — 1. Further we now
diagonalize the target Hamiltonian (eq. <1) in this basis. Thus we replace the
target Hamiltonian h by ]NhIN where 7" is the unit operator on the subspace
determined by our L2 functions:

e cigen states and eigenfunctions of this operator are defined by

As one extends the space of I? functions, and without loss of generality we
again assume that the extension can be achieved by choosing function!) that are
orthogonal to the existing subspace, one observes a characteristic trend in in
the pattern of the eigenvalues. The lowest lying eigenvalues and eigenvectors
approach the exact target states, then there are other negative eigenvalues
which are not clearly associated with particular negative-energy excited states
and finally for positive energies the L2 states have no obvious accumulation
point apart from zero energy. The spacing in energy of the eigenvalues is non
linear and they become sparser with increasing energy. The states which don't
correspond to sharp eigenstates of the true target Hamiltonian are referred to
as pseudostates. Before we discuss the properties of these states it is convenient
to choose a basis for Hilbert space so we can explain constructively some of
our ideas.



3.2 The Laguerre basis

It is well known [26] that the L2 functions r '+I+ 'exp-Air for integer / and
A/ > 0 form a complete set in Hilbert space of L2 functions. To form a basis
we take orthogonalized functions from this set. One possibility is to choose
the Laguerre functions:

),i = 0,1 (23)

where L;'+2(Ar) are the associated Laguerre polynomials, / is the target an-
gular momentum and A is a positive number. Originally, pseudostates were
regarded as L2 functions which were useful to include in target expansions
to describe longe-range features of the polarization potentials such as polariz-
ability. With the advent of a different stream of ideas for using I? functions in
scattering problems referred to as the ./-matrix method [27-32], the nature of
the psendostates became more transparent. The culmination of the analytical
work must surely be in the paper by Yamani and Reinhardt [30], where a
general expansion of the hydrogenic continuum wave functions was given in
closed form for a Laguerre basis. Using a slightly different basis to the one
above, (which is not quite orthogonal but spans the same subspace as the £n)
namely

0,- = (Ar)'+Iexp(-Ar/2)L|'+1(Ar) (24)

enables one to establish some important conclusions about the relationship
of the expansions of the hydrogenic target states and a class of orthogonal
polynomials which form part of the Fourier coefficients. Consider the partial-
wave projected Coulomb Hamiltonian (atomic units are assumed)

1 <P 1(1+1) Z

'" = + ^2—7 (25)

where Z > 0 for an attractive potential. If the Hamiltonian is diagonalized
in the Laguerre basis Qj,j = 0,1,... the coefficient matrix after a little rear-
rangement and mapping of the energy into a variable x defined by

(26)

is tridiagonal and the resulting recurrence leads naturally to a system of or-
thogonal polynomials known as the attractive Coulomb Pollaczek polynomials



(ACP) denoted Pj(x). The hydrogenic target states expanded in this basis are
constructed in terms of the fundamental Fourier expansion

( 2 7 )

We will also have recourse to use the finite sum truncated to the first N terms

!£/,"(*)) = INP,(x)), (28)

where IN is the projection (21). The closed form for the polynomials is

where 7 = 1/k, k = \/2E and x = cos0. In terms of this expansion, the
hydrogenic target states are be found to be

\<t>m) = Bnl\U,(xnl)}, \4,El) = Ba\U,[x)) (30)

where

and

- 1,)7. (33)

In terms of these functions the completeness relation for the target states can
be expressed as

22'A
)^i^jWWI- (34)

Here the measure /i|(x) is the one which defines the orthogonality of the ACP
polynomials and is itself defined by

10



dx ~ 22IA nV(z-*„,) + g B | , j . (35)

Further details of the underlying mathematics of the ACP polynomials are
given in references [33-35].

3.3 Physical interpretation of pseudostates

In this subsection we derive the relationships connecting the discretization
of the target in finite subsets of the basis {£}• The selection of the first N
functions from the basis will define a sequence of approximations labeled by
the superscript N. We state a number of results that can be obtained. By
choosing a subset of the basis we have truncated the Fourier expansion. This
is equivalent to imposing the boundary condition that the N + lth coefficient
is zero, namely that

^N~l(xti) = °> t = O,l,...,JV —1. (36)

As the notation implies there are N real roots to this equation. We associate
a pseudoenergy ejV through the mapping (26):

*ffe *„(£#). (37)

The pseudostates are given in terms of the UiN{x) functions (28) as

)£/( (Xti )), (So)

where

,,/N Jr(./V + 2/ + l)! 1

The Wfi are the weights of the Gaussian quadrature associated with the mea-
sure fn(x):

f ff/(*£)• (40)

This is a highly specialized quadrature as it approximates a joint infinite
summation and integration. The sum of the weights is

11



Thus the weiglits of the quadrature rule are not all positive in general. It
can be shown that A > 2/(1 + 1) is a sufficient condition to ensure: positive
definiteness. There is a direct connection with the quadrature rul<! anil the
pseudostate completeness relation. Using equ. (38) one sees that

It is sometimes stated in the literature that the completeness relation in this
subspace of Hilbert space is a Gaussian quadrature of the true completeness
relation (5). This is not quite correct since there is an additional requirement
to make the correspondence exact; one must first project the exact states onto
the subspace spanned by the first N basis states, only then the quadrature is
truly Gaussian.

The positive-energy pseudostates have an interpretation in terms of the true
continuum states of the target. On truncating the Fourier expansion of the
true continuum states (30) to the first N terms we obtain, upon comparison
with the completeness relations for the true target states with the discrelized
ones, the result

Itfeff)) = B,E\U,(x%)) ~ B.gWfl^)) = B^

This correspondence has been noted many times in the literature. The rate
of convergence can be determined by using known large-N asymptotic forms
for the Laguerre basis functions and the ACP polynomials. It has bei'ii shown
[36] that the dominant large-n behaviour of the nth term of the Fourier expan-
sion of the continuum states is n~3'4 multiplied by an oscillatory sign term.
Convergence relies on the alternation of sign and is of conditional nature only.
Numerical examples are given in the above reference. It is worth emphasising
that this convergence is optimal in the sense that we are trying to use a basis
of L2 functions to represent a continuum function which is not an element of
the Hilbert space of L2 functions nor is of bounded variation. If for example
one develops expansions in terms of other sets of independent functions, say
Slaters, then one finds that the pseudostates are given by a sum of alternating
terms whose coefficient size grows to such an extent that loss of precision due
to roundoff becomes a serious problem for basis sets containing morn than 15
functions. With the Laguerre bases no numerical difficulties are experienced
in developing expansions containing up to 100 terms.

12



Negative-energy pseudostates are also present. As the subspace of Laguerre
functions is increased these states converge to the discrete spectrum of the
target. The rates of convergence for these states can be shown to be those of
a geometric series, i.e. those with nth term of the form ;". In practice while
\z\ < 1 for all states of the discrete spectrum, it can be quite close to unity for
excited states near the continuum. A detailed discussion with examples has
been given by Winata [35].

4 CCC method and numerical techniques

Thus far we have formulated the CC equations in a new him that is stable
when solved numerically. We also discussed the precise manner in which the
treatment of the target Hamillonian in a Laguerre basis set provides a math-
ematical interpretation for replacing the completeness sum over true target
states by a discrete sum over the subspace spanned by the finite basis. We
now sharpen our ideas about the form of the CC equations and the conver-
gence of the amplitudes as the approximate target-space basis is increased. In
order to avoid the distraction of large numbers of angular momentum labels
(in view of the fact we will be giving numerical examples for the Temkin-Poet
model) we confine our discussion to a target of s-states and total angular
momentum J = 0.

4-1 CCC equations

The momentum-space T-matrix equation for the J = 0 partial-wave yields
a linear integral equation with a complex kernel. If, instead of using outgo-
ing splierical-ivave boundary conditions we use standing-wave boundary con-
ditions we obtain the A'-matrix equation. This equation requires only real
arithmetic and hence is to be preferred for numerical computation since less
storage of arrays is required. It is given by

k,fN || KSN || iNkt) = (kjf || VSN(0)

(44)

The on-shell T-matrix amplitudes are readily derived from the A'-matrix using
the identity

13



J
"x\ini + \irkn(knn

N || A'sw || iNk)) ,

(45)

which is valid only for the on-shell amplitudes. Here we use iN, fN, nN to
denote target states in the N basis. The momentum integral is of principal
value type over the projectile momentum k'.

The convergent close coupling method is implemented as follows. We note for
discrete excitations involving only bound states that as N —> oo, li^) —t \i).
We make the ansatz, for the discrete states that

<*// || Ts || ik) = Km (k,f \\ TSN \\ iNk{). (46)
IV—*OO

We emphasize we have not proven the existence of this limit in a rigorous sense.
However in the examples we will give, and in all previous applications the
existence of the limit is demomonstrable by numerical calculations. Typically
the calculations are repeated for increasing basis size until convergence of
the on-shell amplitudes is obtained to a few %. It is also possible; to obtain
converged estimates for summed cross sections such as the total and ionizalion
cross sections. To see this consider the partial cross sections (in units of irai)
for excitation to a final state / from an initial state i:

cs
n = (25 + l)^\(kjf || Ts || i*j)|». (47)

The total cross section can be obtained in two ways; either by summing the
excitation cross sections for all open channels at the given incident electron
energy or by using the optical theorem. Since the elastic scattering amplitude
converges it is clear that that summing over all the open channels includ-
ing those with positive-energy pseudostates is a convergent process, so one is
justified in writing

°Li = $™°Z£i= £ -If- Ms)

This can be seen directly from equ.(47) as well. The absolute square of the
T-matrix can be regarded as a product of two matrix elements formed by
inserting the projector lfN){fN\. While this projector has no limiting value
for positive-energy states, a sum over the range of energies of the open chan-
nels approximates the infinite sum over the discrete excited states and an
integration over the target continuum functions for the open channels on ac-
count of the equivalent quadrature defined by equ. (42) to the completeness

14



relation (34). The ionization cross-section is defined as a sum over the open
positive-energy channels:

*2»« = JiSL«C< = E <• (49)

Other equivalent formulae for ionization are given elsewhere [3].

4.2 Discretization of the LS equations

In order to solve the fundamental system (44) one must approximate the inte-
gration over the electron momentum by a numerical integration and close the
system by fixing all the momentum variables to be restricted to the quadra-
ture. Continuation to other momenta may be effected by using an interpolation
of the grid-point solution through the integral equation (44). The quadrature
rule must be such that for an arbitrary function f(k), we may replace

g »?/(*?>• (50)

The original atomic momentum space calculations [16] used several methods
which have since been improved. There are a number of suitable ways to
choose the weights u>" and the corresponding knots k". A recent discussion of
these issues has been presented by Bransden el al [37], and references therein.
Unfortunately, no single method appears to be superior to all others. There are
a number of difficulties that need to be addressed. Firstly, the quadrature rule
must be able to handle the singularity, which varies in position with channel.
We do this by taking an even number of Gaussian points in an interval which
is symmetric about the singularity. This requires us to allow the w" and k"
be different in each channel, as implied by the superscript n.

Rather than simply cutting the integral at say &„,«%, we assume that the
integrand falls off as k~p past some value of k,. Thus, for open channels
(E — (% > 0) the integration interval is typically split into four parts consisting
of the interval containing the singularity, two on either side which complete
the integration from zero to k,, and the last completes the integration from k,
to infinity. The exception to this occurs whenever the singularity is close to
either 0 or k3, in which case only three intervals are used. For closed channels
(E — c% < 0) there is no principle-value singularity, and we may divide the
interval into only two parts determined by k,.

15



Often there may be over a 100 channels in our calculations (although for the
Temkin-Poet model 30 channels suffices for most purposes), making it highly
desirable to generate quadratures automatically. This is done by specifying
the size of the interval containing the singularity, the number of points to be
used in that interval (we favour Gaussian rules; they seem to be the most
efficient and robust), as well as those surrounding it. We also specify ks, the
fall-off power p and the number of points to be used in the last interval.

Choosing an optimal grid, the grid with fewest points that still yields the re-
quired accuracy, is the hardest aspect in running our CCC code. Generally,
the fewer number of states coupled the fewer ^-integration points are neces-
sary. Conversely, as the number of coupled states is increased, the required
computational resources grow rapidly.

4.3 Strategies for minimizing memory and storage

Having chosen the N states to be coupled and the quadrature parameters, the
resultant equations may be written in the form

where Nm is the sum of all quadrature mesh sizes for the N channels. The
indices a, b, c label each quadrature point in the N channels. The index a,
indicating :m initial state, is confined to the subset of grid points for open
channels denoted by iVo. On the other hand, 6, c must be allowed to take the
full range in order for us to close the system and obtain solutions for A',fj.
Typically, JVm » No.

As we wish to solve (51) for the two spin states, we take advantage of the fact
that the VSN is symmetric and real. Tiie large array VSN, S = 0,1, is stored in
a single square array VM AT( JVm, ATm+1) with the 5 = 0 matrix elements being
stored in the triangle (VMAT(6,a), a = 1, Nm; b > a), and the S = 1 matrix
elements being stored in the triangle (VMAT(a,6+ 1), a = 1, Nm; b > a).
Typically we have A'm =» 5000. In this case VMAT occupies 100Mb of core
memory whenever single precision real numbers are stored in four bytes. I'or
the calculations in the next section the largest runs used 20Mb.

To solve (51) the linear equations are expressed as

£ » ? - VFWKS1 = Vfs, (52)

16



which is of the form AXS = Bs, where A contains the required elements for
both spin states. Using the LAPACK routine SSYS v [38] we do not need to use
substantially more memory than is already being used by VMAT. Firstly the
driving vectors Bs are formed for each spin state. These take little memory as
No Ĉ Nm. Then for each spin state the matrix A is formed in the appropriate
triangle of the VMAT array, and routine SSYSV called. This returns the result
in Bs, and destroys that part of VMAT corresponding only to the current spin
S. The other part is left completely untouched, and so may be used in the
second call to SSYSV. After the two calls the VMAT matrix is completely
destroyed, but the required results A's have been obtained.

5 Numerical examples of the CCC method

For the purposes of our discussion we consider the Temkin-Poet [19-23] model
for the J = 0 partial wave. We denote the class of calculations with Ar dis-
cretized target states by CC(N) where the states approximate the whole target
Hilbert space in the sense discussed earlier. We begin by showing the target
hydrogen-atom spectrum for the N-dimensional subspace formed from the first
N Laguerre basis functions. In Fig. 1 we show the spectrum for the case of
A = 1.0 and varying N. The negative-energy levels converge, with increas-
ing N, to the true bound state eigenstates from above as required by the
Hylleraas-Undheim theorem. The positive-energy states do not converge but
provide a dense covering of the continuous spectrum in the limit TV —» oo. The
eigenvalues also possess the interlacing property

iV-i <• N <- , /v- i
—1

which follows from the theory of the Gaussian quadrature for the ACP poly-
nomials. The expanding nature of the spectrum for positive energies is due
to the fact that the roots of the Pollaczek polynomials are determined in the
variable x rather than energy and in that variable they are regularly spaced
in the interval x 6 [—1,1]. Also in Fig. 1 we show the effect of varying the A
of the Laguerre functions; a larger value moves the spectrum up in energy, a
smaller value down. We see that small variations in A may be used to fix one of
the positive energy levels. This will be useful when studying pseudoresonance
phenomena. In these calculations we used values of around unity for A so that
the first fciv states are essentially exact when expanded in the increasing-N
bases.

We now turn to illustrations of the main aspects of the application of the CCC
nethod. In the sequel, our fundamental equation is the LS equation for the
A'-matrix, equ.(44). In Fig. 2 we show the instabilities in the "old" CC equa-
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Fig. 1. The spectrum of the hydrogen target is shown for various Laguerre hases.
On the left-hand side we keep A = 1. On the right-hand side A is varied so as to
keep one of the positive energy levels constant at 0.2 Rydbergs. A logarithmic scale
is used for the positive energies.

tions in the simple static-exchange model (CC(1) in our notation) for triplet
scattering. For singlet scattering in this model the "old" and "new" forms ar<:
identical. In the left-hand figure we show the A'-matrix solution for the "old"
CC equations for two slightly different but accurate quadrature meshes. The
difference between them is only in the last few points. The incident energy
is 54.42 eV which corresponds to the on-shell value of k = 2 atomic units.
The solution vector for the A'-matrix contains the half-otf-shell amplitude,
from which we extract the on-shell amplitude. Also shown is the inhoinogc-
neous term for the A'-matrix equations, which is the half-on-shell potential
for the two grids. It is seen that the half-off-shell A'-matrix solutions for the
two meshes differ markedly except at the on-shell value, in agreement with
our theoretical discussion. In the right-hand figure we plot the A'-matrix for
two forms of the new CC equations, with 0 = 1,2. In this case the potentials
are significantly different for the two values of 0 chosen, but the solutions for
the half-off-shell amplitudes are the same even though we have retained the
different quadrature grids. Since the on-shell amplitudes are the same for this
example with the "old" and "new" forms one might ask what is the need
for using the new form of equation. In larger calculations the instability of
the equations becomes acute with unacceptable loss of accuracy even for the
on-shell K matrix.
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off-shell linear momentum k (a.u.)

Fig. 2. Half-otf-sliell triplet V and K matrix elements arising in the static-exchange
model of e-H scattering are shown for the "old" CC equations (0 = 0), and the "new"
form with 9 = 1,2. The two integration grids (upright and inverted triangles) differ
only in the last few points. The incident energy of 54.42 eV corresponds to the
on-shell value of k = 2 atomic units (denoted by o).

Thus far we have demonstrated that the "new" form of equations leads to
stable half-off-shell matrix elements, whereas the "old" form did not. We are
now in a position to study convergence systematically as the basis size is
increased. To this end we stay with the above choice of incident projectile
energy, and observe the effect on the half-off-shell elastic matrix elements as
we increase the basis size, while keeping A = 6 = 1.

In Fig. 3 we show the half-off-shell K'-matrix elements for elastic scattering
from tile ground state for models CC(l-9). The striking feature is that while
for each N the half-off-shell solution is obtained from the new equations and
is numerically stable, there is no demonstrated uniform convergence for the
solution vectors as the target basis is increased. The divergence is most severe
for very small k values. The oscillatory nature of the half-off-shell A'-matrix
elements is reflected at other scattering energies as well. However in each
case the on-shell A'-matrix amplitude has converged. The lack of uniform
convergence for the off-shell amplitude is likely to be due to the second term
in (20). In the case considered here this term is proportional to (k|FpW) off
the energy shell, where the 0 indicates the elastic channel. Thus in the limit
N —» oo we have an overlap between two continuum wave functions. It is
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possible to reconstruct the half-off-shell K matrix dropping this term, and see
if the result is convergent. However, as we require only the physical on-shell
amplitudes, we have not done so.

Having demonstrated convergence in the on-shell elastic amplitude for a par-
ticular energy, we turn to demonstrating convergence in the elastic as well as
inelastic transitions at a range of energies. We follow the same ideas a.i in Ref.
[1] except that we now look in greater detail at what happens in the vicinity of
pseudothresholds. To do this we considerably reduce the energy range studied
earlier, and explicitly present the positions of the pseudothresholds.

0.6
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O.O

-0.2

l - o . 8
a> 0.6

« 0.0
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** 0.6
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0.0

-0.7

.0.4

•0.6

.0.6

singlet triplet

O.I 0.2 O.t I 2 "• lOO.t 0.2 O.I I 2

off-shell linear momentum k (a.u.)

Fig. 3. Temkin-Poet model half-off-shell elastic A'5;v-inatrix elements with incident
energy of 54.42 eV (k = 2 a.u.) for indicated Laguerre-basis sizes. The on-sliell value
is marked with o.
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The study of the convergence in the Temkin-Poet model singlet Is, 2s, 3s,
and ionization cross section is presented in Fig. 4. In order to compare the
convergence near a pseudothreshold we varied A with increasing JV so that
all three basis sizes yield a pseudothreshold at 15.6 eV. For the CC(5) case
this is the only threshold in the presented energy range. The pseudostate
thresholds are indicated on the projectile energy axis. The pseudoresonances,
which are present for the small basis sets at just below a pseudothreshold, as
has been noted many times in the literature for singlet scattering [22,23,28,40-
43], diminish as the basis increases in size. Since the ionization cross section is
small in the energy region shown, minor oscillations in this cross sections can
still be noted with our largest basis of 30 states. Though not shown here, the
convergence is to the correct results of this model, as has been demonstrated
earlier [1].

An extensive set of tables for elastic, inelastic, total and ionization cross sec-
t£cr.= for the Temkin-Poet model using the CCC method is given in ref. [7],
The CCC method provides a complete solution for the model over the whole
range of scattering energies. The reader is referred also to several other meth-
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ods of calculating cross sections for this model [44-47]. Having established its
ability to solve the Temkin-Poet model, these methods may be readily applied
to the full electron-atom scattering problem. The results presented here form
the core of the CCC method and extrapolate with equal success to the gen-
eral electron scatter* -i 5 roblems for a wide range of targets, transitions, and
projectile energies v- -\z .ussed in the introduction.

6 Pu^iive directions

The CCC method has proven to be extremely promising in applications thus
far. The combination of a numerically stable system of equations together
with Laguerre-basi' "coansions of the target have given us a method which
has been extended to \.-;ge general electron-atom/ion scattering problems with
great success. We have also demonstrated elsewhere [5,6] that the method can
be extended to model differential ionization cross sections. This is an area
where the potential of the method will require further assessment.

One general feature of all the detailed calculations that has emerged in the last
few years is that the scale of computation to achieve smooth cross sections
free from pseudoresonance behaviour depends on the relation between the
projectile energy and the pseudothresholds. Typically, we find around 10 basis
functions for the low-angular-momentum target states appear to be sufficient
for reasonable accuracy away from pseudothresholds. However, here and in
the earlier work [1] we have demonstrated that positions of these thresholds
may be ignored if a sufficiently large basis is taken. This gives us confidence
in appropriately choosing the smaller bases, and is the reason for the success
of pseudostate methods that have used much smaller basis- sizes in the past.
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