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Abstract

A candidate of ci > 1 Liouville gravity is studied via infinite dimensional
representations of Uqsl(2, C) with q at a root of unity. We show that vertex
operators in this Liouville theory are factorized into classical vertex operators
and those which are constructed from finite dimensional representations of
Uqsl(2, C). Expressions of correlation functions and transition amplitudes are
presented. We discuss about our results and find an intimate relation between
our quantization of the Liouville theory and the geometric quantization of
moduli space of Riemann surfaces. An interpretation of quantum space-time
is also given within this formulation.
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1 Introduction and Setup

Liouville field theory, classically, has a deep connection to the geometry of Rie-
mann surfaces. Indeed, the solution to the Liouville equation yields Poincare metric
on the upper-half-plane or the Poincare unit disk on which Riemann surfaces are
uniformized [1]. In the light of this fact it is natural to expect that quantum Liou-
ville field theory gives some insights into quantum geometry of surfaces. Physically
speaking, this problem is nothing but the quantum gravity of ID space-time. The
appearance of the Liouville theory as a theory of quantum gravity, so-called Liouville
gravity, was first recognized by Polyakov in the study of non-critical string theory
[2]. In ID conformal field theory on a Riemann surface E, the partition function is a
function Z[g] of the surface metric, j . Z[g] is invariant under the group of diffeomor-
phism acting on the metric g, while it transforms covariantly under local rescalings
of the surface metric as,

* ^ s ^ (1.1)

Here 5x($) is the Liouville action with the background metric g, and is written as

(1-2)

The metric on the Riemann surface parameterized by the complex coordinate (z,z)
is given by ds2 = e^z'^gzzdzdz. We denote by 7 and A the coupling constant
and the cosmological constant, respectively. R^ is the Gaussian curvature given
by Rg = — 2gzzdzdz\og gzz, and Qo is a constant to be determined. Up to now, a
number of works (there are too many works to cite here, see, e.g., Refs.[3, 4, 5, 6]
and Ref.[7] for review) have looked at the quantum Liouville gravity and revealed
many remarkable results.

One of the important features is that the quantum Liouville theory possesses
quantum group structure of Uqsl(2, C) implicitly. Precisely, vertex operators in the
theory can be expressed in terms of the highest weight representations of £7,5/(2, C).
We should now remember that, as in the classical algebra s/(2, C), there are two kinds
of highest weight representations of Uqsl(2, C), i.e., of finite dimension and of infinite
dimension, and they are completely different from each other. Owing to this fact,
one can expect that there are two entirely different versions of the quantum Liouville
theory. In one version either finite or infinite dimensional representations are well-
defined and we will show that which type of representations appears depends on the
charges of the vertex operators. The quantum Liouville gravity investigated so far
are mainly associated with the finite dimensional representations of £7,5/(2, C)[8]. In
this case, however, we have a strong restriction on the central charge of the Liouville
gravity, CL > 25, so-called D = 1 barrier. Such gravity is often called the Liouville
gravity in the weakly coupled regime.

On the other hand, one expects that the quantum Liouville gravity associated
with the infinite dimensional representations is completely different from the pre-
vious one and that the central charge in this case takes its value in the region
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1 < C£, < 25. The Liouville gravity whose central charge is in this region is often
called the strongly coupled Liouville gravity. One of the progresses for the strongly
coupled Liouville gravity has been made by Gervais et. al.[10]. They have shown
that, upon using infinite dimensional representations of Uqsl(2, C), consistent grav-
ity theories can be constructed if and only if the central charge takes the special
values 7, 13 and 19. Thus the Liouville gravity associated with the infinite dimen-
sional representation will be in the strongly coupled regime. However noticing that
the deformation parameter q of the algebra Uqsl{2, C) dealt with in Ref.[10] is not a
root of unity, it should be emphasized here that the infinite dimensional represen-
tations of Uq5l(2, C) when q is a root of unity are drastically different from those
with generic q [11]. In particular, a new and remarkable feature is that every ir-
reducible infinite dimensional highest weight representations necessarily factorizes
into a representation of the classical algebra s/(2, R) and a finite dimensional one of
Uqsl(2, C). Along this line, it is worthwhile to investigate the Liouville gravity as-
sociated with the infinite dimensional representations with q at a root of unity and
observe how the characteristic feature of the representations works in the theory
of Liouville gravity. Motivated by this, the aim of this paper is to investigate the
quantum Liouville gravity via such representations with hoping that such a theory
would lead us to a different strongly coupled Liouville gravity from [10].

Recently, a manifestly geometric approach to the Liouville gravity has been pro-
posed by Takhtajan [13]. Along the Polyakov's original formulation of quantum
Liouville theory, he started with conformal Ward identities via functional integral.
Upon perturbation expansions around the classical solution corresponding to the
Poincare metric, he obtained a quite important result; the central charge is given
by CL = 1 + I2/72 including the strongly coupled region, 1 < CL < 25. In that
work, Takhtajan treated a quantum Riemann surface as a total system of a classi-
cal surface endowed with the hyperbolic geometry and quantum corrections around
it. Indeed, the classical limit of his model recovers the underlying hyperbolic ge-
ometry of Riemann surface. We should remark further that mathematical features
such as uniformization of Riemann surfaces, Kahler geometry of moduli space and
the modular geometry of Friedan-Shenker, played important roles in his formula-
tion. Although his formulation of quantum Liouville gravity is, as gravity theories
should be, rich in geometric concepts, the algebraic structure, especially from the
viewpoints of quantum groups, is yet hidden.

We will see that the Liouville fields $(z, z) of the theory treated in this paper
should be expanded around the classical Liouville field <^c;(z,z) as $ = ipci ® cf>, <$>
representing quantum fluctuations around the classical field (see also Ref.[12]). In
other words, the metric with which our quantum Liouville theory is constructed
should be chosen as ds2 = eK^z^g where K is some constant and g is the Poincare
metric g — eVct^z'z^dzdz playing the role of the background metric. In view of this,
it will turn out that our Liouville theory is composed of two Liouville theories, one
is the classical Liouville theory Scl(<pci) and the other is the Liouville theory Sq((j))
with respect to the field (f>(z,z). The sector Sq((f>) represents quantum fluctuations
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and is the Liouville theory associated with the finite dimensional representations of
Uqsl(2, C). We will also show that, under some condition, our Liouville gravity is
actually in the strongly coupled regime, i.e., 1 < CL < 25.

The organization of this paper is as follows: Section 2 looks at the classical
Liouville theory in some details, especially from the viewpoints of geometric and
algebraic structures of the theory. In Section 3, we will investigate the quantum
Liouville gravity in terms of the infinite dimensional representations of Uqsl{2, C)
when q is a root of unity, and give a concept of quantum space-time. We further
discuss about transition amplitude of the theory. It will turn out that our formu-
lation of the quantum Liouville theory admits a nice interpretation in the context
of the geometric quantization of Kahler geometry of moduli space. Here the clas-
sical sector, whose appearance is the peculiarity of our formulation, of correlation
function plays an important role, i.e., the Hermitian metric of a line bundle over
the moduli space. In section 4, some discussions are given. Appendix reviews the
infinite dimensional representations of Uqsl(2, C) with q at a root of unity.

Hereafter we denote by 3}/n/ the infinite dimensional representations of Uqsl(2, C)
with q at a root of unity, and by 5)Fin the finite dimensional ones.

2 Classical Liouville Theory

In this section, we will introduce some backgrounds of the classical Liouville theory
and Riemann surfaces for our later use, especially algebraic and geometric aspects
of the theory.

It is known that the classical Liouville theory describes hyperbolic geometry of
Riemann surfaces. Let SSi/v be a Riemann surface with genus g and iV branch
points {z{} of orders k{ € N>2- The equation 6SL = 0 yields the Liouville equation
of motion

Mz) = ^e*(z'sK (2.1)

Here we have made a specific choice of the background metric as gab = 6zS. In
that case, the Gaussian curvature is given by Rg — —A, i.e., constant curvature.
According to the Gauss-Bonnet theorem, S5i/v admits metrics g with constant neg-
ative curvature, called the Poincare metric, for the negative Euler characteristic
x(Sfl,yv) < 0. Noticing that, for any metric <jf on S3)/v, there exists a scaling factor
eA such that g = e~xg has constant negative curvature Rg = — 1, we can set A = 1
hereafter. Note however that such a setting cannot be allowed for the quantum case.

Let us explain the connection between the Liouville theory and the Fuchsian
uniformization of Riemann surfaces. The uniformization theorem states that every
Riemann surface with negative constant curvature is conformally equivalent to the
quotient of the unit disk D = {w € C| \w\ < 1} by the action of a finitely generated
Fuchsian group F, i.e., SSiyv = D/T. In terms of the uniformization map, Jv; : D —>



ff);v a solution to the Liouville equation (2.1) is written as

Upon rewriting J£x(z) = w, the coordinate on D, the solution (2.2) gives the
Poincare metric on D,

A ' - J ^ . (2.3)
(1 ww)2

Note that the SL(2, C) fractional transformations for J^{z) leave the metric in-
variant. This is the evidence of the fact that the classical Liouville theory possesses
the 5Z/(2, C) symmetry.

The classical Liouville field tlveoiy i« a ^onformally invariant theory. This is due
to the fact that, upon setting QQ = Qci ="1/7, the energy-momentum (EM) tensor
defined by Tab = 2w/,/g(6SL/8gab) is traceless, i.e., T& = 0. The (2,0)-component
is given by

? ^ \ \ ] (2-4)
and is conserved, i.e., dzTfz — 0. Here it should be emphasized that the second term
in eq.(2.4) coming from the last term of the action (1.2) is indispensable in order
for the EM-tensor to be traceless and satisfy the correct transformation law of a
projective connection under holomorphic coordinate change z = f(z),

• (2-5)

Indeed, using the fact that the metric e*(Z|5) is a primary field of dimension (1,1),
or equivalently, it transforms under the coordinate change as

, , (2.6)
dz

one can check that the EM-tensor satisfies the transformation law (2.5). This trans-
formation law of EM-tensor indicates that the central charge CQ of the classical
theory is

co = 12/7
2 . (2.7)

We next discuss the algebraic structure of the classical Liouville theory. To see
this, let us take the a-th (a € Z/2) power of the metric (2.2). One immediately finds
there are two entirely different regions according to charges, namely, (I) a = — j < 0
or (II) a = h > 0. It lies in this fact that there are two kinds of quantum Liouville



gravity, i.e., of strongly coupled and weakly coupled regimes. In order to see this
more explicitly, we calculate the a-th power of eq.(2.2),

(I) e-»M = ( I - ' ^ j M = ± N>Ji(z)V(z) (2.8)
y/dJ^dsJi

2h

1 • m=-:

(II) eW* = (^\tf) =f)^A?(,)A*.'(z)> (2.9)
r=0

where N^, Nf are normalization constants. Although we can represent the func-
tions i>3

m{z) and A£(z) in terms of a free field, we are not interested in the explicit
expressions within the latter discussions. T^e crucial fact is tWt •' • ' ) a:\i.,X^(z)
fonn, respectively, finite and ii.cr.ii!"'*. ir'-H îsi.-.v'-ai re-;;,-v-mKfcionF ' •"' and V£ ..of
s/(2,C): Denoting by E+,E-,H the generators of s/(2,L) satisfying '..Lcsiorations
[E+,E-] = 211, [H,E±] = ±E±, these representations are,

Vfl = {i>l{z) | E^] = E-ilj = 0, Hfa = m^, -j<m< j},

« h h h = (h + r)\h
T,r = 0,l,...}. (2.10)

One can further show that the chiral sector ^ ( 2 ) and X^(z) satisfy the Poisson-Lie
relations of the algebra s/(2, C)[14, 15].

where rJ'1J'2 is the s/(2, C)®s/(2, C) valued classical r-matrix. The same relations hold
also for X^(z). Upon the general philosophy that the quantization of the Poisson-
Lie algebra g yields the quantum universal enveloping algebra Uqg endowed with
Yang-Baxter relation, these algebraic structures will be essential later.

As the last comment, it is necessary for the later discussions to summarize the
geometrical aspects of the classical Liouville action. Since our main concern will
be on the N punctured sphere, i.e., a sphere with iV branch points of orders in-
finity, we will confine ourselves to the surface Sofyv where punctures are located at
{zi, Z2> • • •, 2/v = 00}. Two Riemann surfaces of this type are isomorphic if and only
if they are related by an element of the group PSL{2, C) — a group of all auto-
morphisms of P 1 . Using this freedom we can normalize such Riemann surfaces by
setting z/v_2 = 0,2yv-i = l,2jv = 00, then S0,yv = C\{zj, • • • ,2/v_3,0,1}- Defining
the space of punctures as T/v = {(21, • • • ,2^-3) G Cs/V~3|2t- ^ ZJ, fori ^ j}, one sees
that a point in 7/v represents a Riemann surface of the type S0,/v. Tyv is nothing but
the Teichmiiler space of the surfaces So,;v and dim7/v = iV — 3. Moreover, if two
So./v's are connected by an action of the symmetric group Symm(iV), they should be
regarded as the same with each other. Hence, we get the moduli space of Riemann
surfaces of the type So.yv &s,

M0,N = TN/Symm(N). (2.12)



For the surface So.Ar, the Liouville field $(z,z) has the following asymptotics
near the punctures,

9>(* ^ f = 3 / ~2 1 oS Ci-21og|loge,-|, e1 = \z-zi\, for i ^ N, .
l ? l Z j ~ \ -21og |z | -21og | log | 2 | | , for i = AT.

Of course, such asymptotics enjoy the Liouville equation (2.1). Denote by Q a class
of fields on S0,w satisfying asymptotics (2.13). Due to the asymptotics, the action
(1.2) diverges for $ € S and a regularized action has been obtained by Takhtajan
and Zograf [17] in a reparametrization invariant manner as

' 5 £ ; i") = Km { ( d2z (ds$ds$ + e*(2lf)) + 2zN log e + 47r(./V - 2) iog I log e | | , .

• (2.14)
where E£ = S \ UJl^flz - z{\ < e} U {\z\ > 1/e}. The Euler-Lagrange equation
8SL = 0 derives the Liouville equation (2.1). Owing to the regularization, however,
the classical action SL{<PCI) is no longer invariant under the action of Symm(Ar)
on 7/y. According to Ref.[16], one can find, for a real constant k, 1-cocycle f£ of
Symm(Ar) satisfying

exp (^SL{<PCI) O A |/^|2 = exp f ̂ L ( V C O ) • (2-15)

Here Symm(./V) acts on the trivial bundle 7/y x C —> T^ as (t,z) H-> (at,f^(t)z),
where i G 7/v, 2 € C and cr € Symm(./V). It follows that the cocycle /£ defines a
Hermitian line bundle C^. = 1~N * C/Symm(Ar) over the moduli space .Mo./v and the
function exp(£s£cl) can be interpreted as a Hermitian metric in the line bundle Ck-
This fact will play an important role in the next section.

3 Quantum Liouville Gravity

As we have seen in the previous section, the classical Liouville theory describes
the hyperbolic geometry of Riemann surfaces. Indeed, the classical Liouville field
ipci(z,z), which is a function on S, defines the Poincare metric in terms of the
Fuchsian uniformization. On the contrary, in quantum theory, the Liouville field
$(z,z) becomes an operator and so does the uniformization map J^}(z). In other
words, the coordinates (w,w) on the unit disk are not ordinary complex numbers but
in some sense quantum objects. In this fact, we can glance at quantum fluctuations
of metrics of the surface. This is the reason why we regard the quantum Liouville
theory as a theory of quantum 2D gravity or quantum geometry of surfaces.

The holomorphic sector of the EM tensor is obtained as

T2Z = 1 [-\(d2$)2 + iQod2^] . (3.1)



The constant Qo should be determined by some criterion and satisfy Qo —> Qcl = 1/7
in the classical limit 7 —» 0. The central charge of the quantum Liouville gravity is
calculated as

cL = l + 12QI (3.2)

On the other hand, the trace part Tzi is equal to zero upon the equation of motion.
Correlation function of N vertex operators Vai(z{,Zi) which carry charges a,- at

the points (z,-, z,-) on a sphere is defined by the following functional integral,

^ ( * . * ) . (3-3)

.vkf.x . Jin** viiLex operato: . . i th charge, a-.; !„ • ' •••'•.-,;•-> -%il .

Vai{zitzi) = eai*l*'3il (3.4)

Notice that, in this definition, the base manifold on which the vertex operators
live is not the punctured sphere Eo,w but just the sphere P 1 , and the functional
integral is performed over the space S of all smooth metrics §(z,z) on P 1 . When
a vertex operator corresponds to the branch point of order k, the vertex carries
charge a = (1 — k~2)/2^7. Since puncture corresponds to the branch point of order
infinity, all the punctures on 2o,jv correspond to the vertex operators with charges
a,- = I/272 i = 1 ~ N. Although this definition of the correlation function is
rather the standard one, we should remember here that there is another definition
of the correlation function, denoted as (So,w)- When all the branch points are the
punctures, it is given by means of £ L ( $ ) in eq.(2.14) as

(SOliv>= [me-^"LW. (3.5)

These two approaches (3.3) and (3.5) should derive the same results. Needless
to say that they both are functions on the moduli spaces, especially, in our case,
they are functions on the space of punctures 7/v. The latter definition seems to be
geometrically natural. In the following, however, we will take the previous one (3.3)
because in view of the section 2, the quantum group structure will appear in the
vertex operators.

Let us turn our attention to the quantum group structure of the quantum Liou-
ville theory. Since, as in the classical theory (2.S) and (2.9), there are two distinct
regions according to the value of the charge a, i.e., (I) a < 0 or (II) a > 0, the
quantization should be discussed separately. Of course, as in the classical theory, the
Liouville theory in which vertex operator in the region (I) (resp. (II)) is well-defined
possesses Uqsl(2, C) structure of finite (resp. infinite) dimensional representations.

First of all, it should be mentioned about the region (I): i.e., a = — j < 0.
Quantum group structure of the Liouville gravity in this region has been studied



extensively in [S, 9] and a crucial fact is that finite dimensional representations of
Uqsl(2, C) appear. To be precise, denoting the vertex operator having charge —j as

(3.6)
m=-j

they have shown that #4( z) i m = ~h''' iJ f ° r m a finite dimensional representation
of Uqsl(2, C) with q = exp iirj2/2 and satisfy the braiding-commutation relations,

where i2j1^2 if. the univero-U i?-matrix of Ugsl{2,C) satisfying the Yang-Baxter re]ac-
tion. The braiding-commutation relation (3.7) reduces to the Poisson-Lie relation
(2.11) in the classical limit, 7 —> 0. This fact is in agreement with the general con-
cept of quantum groups as the quantization of Poisson-Lie algebras of classical Lie
groups.

One of the important features of the Liouville gravity in the region (I) arises in
the relation between Qa and the coupling constant 7,

Qo = ^ + l (3-3)

Substituting (3.8) into the general expression of the central charge (3.2), one obtains

V2 4-
(3.9)

and finds that the central charge satisfies c/, > 25 (< 1) for real (imaginary) 7, and
in some literatures the gravity in this region is called the weakly coupled Liouville
gravity. The very origin that restricts the gravity to the weakly coupled region is the
relation (3.8). The relation (3.S) was first obtained in Ref.[lS] by requiring that the
EM tensor (3.1) satisfies Virasoro algebra. Once Virasoro structure is found, one
can apply the Coulomb gas formulation of CFT to the Liouville gravity, although
the Liouville field is not a free field. Let us explain briefly. Noticing that the
parameter Qo corresponds to ia0, #0 being the background charge in the Coulomb
gas formulation, the highest weight vector $j(z) can be related to the primary field

of the type V2j+lil(s) in the Kac's table, where K.mtz) =: e'"n-m^ : with the charge
Qn,m = {(1~n)a+ + (l— m)a_}/2 and afreefield <f>(z). Upon comparingeq.(3.8) and
the relations a0 = a + + a _ , or+a_ = —2, one immediately sees that the coupling
constant 7 is related to one of the screening charges, say, a+ as 7 = ia+. With
the above connections at hand, the correspondence between the metric e*^'2^ and
the screening operator e"1"̂ ^ which has conformal dimension 1 is now clear. Then
the dimension of the metric e*^) is (1,1) as required [6]. Thus the relation (3.8)
works quite well for both the requirements that the quantum Liouville theory is
conformally invariant and that the metric e*^'5' has dimension (1,1).



In the above discussions, we have confined ourselves to the Liouville gravity
associated with the finite dimensional representations, in other words, the Liouville
gravity of ther region (I). However, it is important to note that the above discussions
hold also for the Liouville gravity in which vertex operator in the region (II) is well-
defined. Namely, as long as the relation (3.8) holds, the Liouville gravity based
on the infinite dimensional representations is also conformal and the metric in the
gravity has dimension (1,1). Indeed, Gervais and his collaborators [10] have shown
that, under the condition (3.8), quantum Liouville theories having central charges
CL = 7,13 and 19 provide consistent gravity theories where infinite dimensional
representations of Uqsl(2, C) do appear. In summary, the values of 72 which derive
consistent theories are the following; (i) 0 < 72 < 2 corresponding to the Liouville
gravity with ci > 25, (ii) — 2 < -y7 < 0 corresponding to the c^.< 1 minimal matter
rather than gravity, and finally (iii) 72 = — 1 + i\/3, 2i, 1 -f iy/3 which provide
Liouville gravities with CL =7, 13, 19, respectively (see eq.(3.9)). For the cases (i)
and (ii), there appear finite dimensional representations of Ugsl(2, C). On the other
hand, infinite dimensional representations appear in the cases (iii) and the Liouville
gravities in those cases actually have central charges in the region 1 < ci < 25,
often called strongly coupled region. At this stage we have an interesting question:
Are there any other Liouville gravities in the strongly coupled region? It can be
expected that such a gravity is associated with infinite dimensional representations
of Uqsl(2,C). To try to answer this question is the next task.

However we should recall here that, as discussed in the above, the condition
(3.8) prevents us from obtaining other strongly coupled Liouville gravities than
those with central charges CL, =7, 13 and 19. Therefore, we have to get rid of
the relation (3.8), although without the relation EM tensor no longer satisfies the
Virasoro algebra. Fortunately quantum group structure has nothing to do with
whether Virasoro structure can be found or not in a theory. Before going to our
discussion, it is interesting to mention about a quantum Liouville gravity in which
the relation (3.8) does not hold. Quite recently, Takhtajan has investigated quantum
Liouville gravity in a geometrical manner [13], where the value of QQ is chosen not as
(3.8) but as the classical one, i.e., Qo = Qd = I/7. Upon a perturbation expansion
of functional integral around the classical theory, the central charge was obtained as

cL = l + ^ . (3.10)

This is consistent with the general expression of the central charge (3.2) under the
choice Qo = 1/7- The central charge (3.10) is always greater than 1 including the
strongly coupled region 1 < CL, < 25. Although his formulation is geometrically well-
established and probably is a successful candidate for the strongly coupled Liouville
gravity, the quantum group structure is still unclear.

Let us begin the discussions on the quantum Liouville gravity associated with
infinite dimensional representations of Uqsl(2,C). As was shown in Ref.[ll], the
representations of C/,s/(2, C) when q is a root of unity, i.e., 3D/n/ are quite interesting



and are drastically different from those with generic q. It is therefore natural to
expect that the Liouville gravity via £)/„/ is completely different from those with
CL, =7,13,19 in which the parameter q is not a root of 1. In the following discussions,
the only essential assumption is that our Liouville gravity possesses the structure
of S)/n/- We are going to the quantization of the region (II), that is, every vertex
operator carries charge a = h > 0. The quantum version of the vertex operator
(2.9) with charge h is

efc*(*.*) = •£#£<* A*(z)J
h'r(z). (3.11)

r=0

The vectors A£(z),r = 0,1,-•• form an infinite dimensional highest weight repre-
sentation Vh of Uqsl(2, C) with q = e*n I2. In the following, let q be a p-th root of
unity, *, i.e.,

q = e«i i.e., £• = t , (3.12)

with p,p' € N, coprime with each other. Such representations are reported in the
Appendix. Once the parameter q is set to the value (3.12), the infinite dimensional
highest weight representations are parameterized by two integers y. and u such that
h —• h^v — CP ~ 3 where £ = u/2p', j = (fi — l)/2. We denote by V^ the
module on the highest weight state of weight h^ and by A£"(z) the r-th weight
vector in the module V ît/, namely, it corresponds to the r-th holomorphic sector
in the decomposition of the vertex operator eh^(z'z). One immediately sees that
the terms A^+5(ar)A'"/l"J' *(z), k = 0,1, •••,5 = /.i,---,p — 1, disappear from the
vertex operator e11""^2^ because, as shown in eq.(A.6), A^ + s are the elements in
3£filU, the space of zero norm states, and so the vertex operator is given by means of
the summation only of A£p+S(2)A'"/' p *(z), s = 0 ,~ /.i — 1, namely, the elements
in the irreducible highest weight module V"* = V^.iA^,,. Therefore we can now
use the important theorem in Appendix, more concretely, the relation (A.18): The
irreducible highest weight module VJ" is isomorphic to the tensor product V£l ®5Jj
where V£l and QJj are, respectively, the highest weight representation of the classical
algebra s/(2,R) with highest weight £ and the (2j + l)-dimensional representation
of [7,0/(2, C). Owing to the isomorphism, the holomorphic sector factorizes as

A£;+3(2)~A<(2)(g)vFm(2), (3.13)

and also does the anti-holomorphic sector.
Keeping this remarkable facts of 5D/n/ in mind, let us discuss the ./V-point corre-

lation function in the Liouville gravity associated with 2D/n/,

(3.14)

^ n this paper, as a matterr of convention, q such that qp = —1 for 3p G N is also called a root
of unity.
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where V ,̂.w(z,-,5,-) = e^fi*^11*'), and m = (m,m) stands for the moduli parameters
of the surface. In order to obtain a transition amplitude, we have to integrate Zs[m]
over the moduli space M9,N with Weil-Peterson measure d(WP). Note here that we
do not have to restrict our discussions to the case when the topology is iV-punctured
sphere. Thanks to the factorizations of the holomorphic sectors (3.13) and also of
the anti-holomorphic sector, the vertex operators in (3.14) are factorized as follows,

k=0 m=-ji

(3.15)

where ipci(z,z) and <l>(z,z) are, respectively, the classical and the quantum Liouville
fields. With the remarkable decompositions of the vertex operators, we can now
conjecture that the action also separates as

i 1 ,-2

(3.16)

Here the actions Scl(tpci) and Sg((f>) are the Liouville gravity actions with respect to
the fields ipci(z,z) and <f>(z,z), respectively, and are explicitly given by

(3.17)

S*(<f>) = Jd2z(dz<t>ds<f>+lQR!i<!>(z,z) + A2e
K'X2'~z^. (3.18)

A new coupling constant /3 has been introduced for the classical sector because, at
the moment, we have no idea how it should be. On the contrary, remembering that
(see Appendix) the finite dimensional representation 2}j has the same deformation
parameter q as that of V£", the coupling constant for the quantum sector should
be the same as the original one, 7. However the relative strength K2 between the
classical and quantum sectors has been introduced and can be renormalized into the
coupling constant 7.

Some remarks are now in order. The above result we have got seems to suggest
that, in the quantum Liouville gravity via ©/„/, the Liouville field §(z,z) should
be expanded around the classical solution ipci(z,z) as $ = T(pci + tuf> with r being
some normalization constant related to f3. We therefore interpret the field <j> as
the quantum fluctuation around the classical field ipci. In other words, the metric
ds2 = e^'^dzdz is to be written as ds2 = e"*''1*^ where g is the Poincare metric
g = eVc'^'s^dzdz and eK^z<s) represents quantum fluctuation of metrics around the
Poincare metric. At this point, one finds a similarity between our Liouville gravity
based on £>/n/ and Takhtajan's one. Now, within our formulation, we can give a pos-
sible interpretation of quantum 2D space-time according to the above observations:
Quantum space-time with metric e*^'s) should be considered as the total system of
2D classical space-time with the Poincare metric and quantum fluctuations around
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the classical surface. This seems to be quite natural. From the viewpoint of eq.(l.l),
the action Sq{<f>) in (3.18) has arisen in the way Z[e"+g] = exp(-consi • Sq{<j)))Z[g\.
Note also that the action Sq((f)) governing the quantum fluctuations is again the
quantum Liouville theory associated with S)Fin- Here it is worthwhile to comment
the difference between our formulation and the standard ones [3]-[6] which derive
weakly coupled Liouville gravity. In the standard approaches, whose action is de-
noted as SL(^>) tentatively, the theory SL(4>) is also associated with 2) Fin- But unlike
the theory 5'(^>), the metric is chosen as ds2 = e^'^dzdz, that is to say, the back-
ground metric is not the Poincare metric eVc^z'^ but the flat metric. Indeed, the
metric in the conformal gauge ds2 = e^'^dzdz is equivalent to the metric in the
light-cone gauge ds2 = \dx+ + fidx^\2 [3], which is certainly the metric around the
flat metric. Thus the appearance of the classical sector in addition to the quantum
Liouville theory associated with £>F,n is the characteristic feature of our formulation
via £)/„/. We will recognize later the importance of the classical sector in the dis-
cussion of the transition amplitude from the viewpoints of geometric quantization
of moduli space.

Upon the assumption that [d$] = [^c/][(f^] up to a constant together with
(3.15) and (3.16), the correlation function (3.14) is finally factorized into classical
sector and quantum sector, i.e., up to some constant, the correlation function can
be written as

Zs[va : {/z, u}] = Zd[m : { ( } ] Z > : {j}}. (3.19)

Here the classical sector is given by

N

Zcl[m : {C}] := l[dipe{\ e ^ 5 " ^ f[ e<""'l«>gi\ (3.20)
J t=i

N

t=i

and the quantum sector is

Z"[m : {j}] := f[dtf>] e f ^ ' W TJ e-i.-*(*.-.*), (3.21)
J 1=1

where we have described 7 = 7//C as the renormalized coupling constant.
The functional integral (3.20) in the classical sector is trivial and yields

Zcl[m : {C}] = e-&r'(*«\ (3.22)

where CQ = 12//32 is the central charge of the classical Liouville gravity, and Sc (< ĉ/)
denotes the classical action defined on punctured surface and regularized by sub-
tracting the singularities near the points where vertices are inserted. In particular,
in the case when the topology is the iV-punctured sphere, i.e., all the vertices carry
the charges Cv = 1/2/52, S° (<pci) is given by eq.(2.14).

Let us turn to the quantum sector. As stated above, the action Sq(<f>) corre-
sponds to the Liouville action in the conformal gauge ds2 = eK^3'z^gZzdzdz with the
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renormalized coupling constant 7 and the Poincare metric g as a background metric.
The central charge coming from this sector is

c, = 1 + 12Q2. (3.23)

Suppose that the correlation function Zq[m, {j}] admits holomorphic factorization
as,

2>'J (3-24)

where NIJ is some constant matrix. Here tyi[m : {j}] is expected to be a holomor-
phic section of a line bundle over the moduli space M9IN. We will see later that
this expectation is acceptable.

Now we are at the stage to discuss transition amplitudes of the Liouville grav-
ity. Combining (3.22) and (3.24) and integrating over the moduli space, iV-point
transition amplitude -4AT({C}) {j}) n a s *n e following form,

, {J}) = E K''J [ d(WP)e-^C'^I[m; {;}] *j[m : {;}], (3.25)
I,J J-Mg,N

where d(WP) is the Weil-Peterson measure on the moduli space. Although this
expression (3.25) holds for any topology of Riemann surface, we will restrict our
discussions to the case of iV-punctured sphere. For that case, quite remarkable facts
about the connection between the classical Liouville theory and Kahler geometry of
the moduli space of complex structure have been shown by Zograf and Takhtajan
[17]. The important facts are as follows: First the Liouville action evaluated on
the classical solution is just the Kahler potential of the Weil-Peterson symplectic
structure, i.e., u>wp = iddS /2. Second the accessory parameters c;,i = 1 ~ N are
written as — 27rc,- = dSc /dzi.2 From these facts, one can show that the functions
c; are in involution, i.e., {C{,CJ}WP = 0, {ci,Zj}wp = ibij, where { , }wp is the
Poisson bracket with respect to the Weil-Peterson symplectic 2-form uiwp- Thus
the classical Liouville theory can be regarded as the Kahler geometry of the moduli
space of surfaces.

Due to the relation, it is natural to expect the deep connection between our
quantum Liouville theory associated with 5D/n/ and the geometric quantization of
the moduli space corresponding to the phase space of the classical geometry. With
this hope, we should try to observe our result from the viewpoints of geometric
quantization. Before doing this, it is helpful to summarize here the basic facts
about the geometric quantization of a classical theory. Consider a Kahler manifold
M equipped with a symplectic structure u which is written in terms of the Kahler
potential K as a; = iddK. The Kahler manifold plays the role of the phase space
of the classical theory. Geometric quantization is performed by building a line

2This relation between the classical Liouville action and the accessory parameter which is as-
sociated with every puncture was first conjectured by Polyakov.[19]
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bundle £ —* M. over the manifold M. with the curvature two form F = —iui.
The Hilbert space *H is the space of sections of the line bundle C and the inner
product on H is introduced with the Hermitian metric t~K, i.e., for ^ I J V ^ € %,
it is {•01,-02) = S e~K'tl>i • $2, where the measure is that defined by w. Putting our
expression (3.25) together with the fact that, as we have seen in the last part of
Section 2, a line bundle with the Hermitian metric exp(££c) can be constructed
on the moduli space Motw, the holomorphic part <P/[m] of the quantum sector can
be regarded as a holomorphic section of the Hermitian line bundle £<% —>• MO,N
with curvature ^i^wp- On the other hand, the classical correlation function (3.22)
corresponds to a Hermitian metric defining an inner product ( , )Co on the Hilbert
space which is the space of $[m]. Hence, at least for the topology of the TV-punctured
sphere, the amplitude can be written as A = ^2NI>J($/, ^j)co- Thus the quantum
Liouville theory associated with £)/„/ fits well with the geometric quantization of
moduli space. The factorization property into the classical sector and the quantum
sector plays an important role here and is the special feature appearing only in the
Liouville theory associated with £)/„/•

Finally it is interesting to give some discussions about our Liouville gravity ac-
cording to the value of Q. To do this, we first obtain the value of Q. The central
charge CL, of our Liouville gravity is the sum of the central charge CQ = 12//32 of
the classical Liouville gravity and the quantum one given in eq.(3.23). On the other
hand we have to set CL = 26 — D in order that the central charge from the total
physical system, that is, the Liouville mode $(2,2) and the string sector X"(z,z)
embedded in D-dimensional target space, cancels against that from ghost system.
Therefore we get

Q _

Here one can assume that /? is real, then CQ > 0. There are three phases for the
quantum sector Sq(<f>) according to the values of Q. (i) D-\- CQ > 25, (ii) D + CQ < 25
and the boundary case (iii) D + CQ = 25. Before going to the discussions of each
phase, it is convenient to rewrite the action of the quantum sector (3.IS) times
K2/27T72 as

where we have used normalized field ip = <£/-y. In the following, we will use the
notations D' = D + CQ. Let us see these phases separately.

(i) The case when D' — D -f CQ > 25. In this case, Q is a pure imaginary number.
Supposing A2 = 0 and denoting Q = iao, the quantum sector is nothing but the
minimal CFT with the central charge c, = 1 — 12a2). The screening charges are
given by a± = (VD1 - 25 ^ y/D' - 1)/Vl2. The vertex operator e'j^ = e - '>+ v

corresponds to the highest weight state in the (2j + 1) x (2j + 1) dimensional rep-
resentation of t/,s/(2,C) ® (7,5/(2,C) and the section $[m,ji] can be regarded as
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the conformal block of the Virasoro minimal series. Thus, in the region D' > 25,
our quantum Liouville gravity is by itself the minimal CFT theory coupled to the
classical Liouville gravity. The physical interpretation of the quantum surface, i.e.,
quantum space-time in this region is the following: Every point on the space-time
fluctuates by the quantum effect, but the quantum fluctuation separates from the
classical space-time completely and yields minimal matter!

(ii) The case when D' < 25. In this case, Q is a real number and so one should
think that, unlike the previous case (i), the quantum sector represents again quantum
Liouville gravity based on (Dpin rather than matter. However, further investigations
are required before we understand this region precisely.

(iii) The case when D' = 25. Since in this case Q = 0, the quantum sector con-
tributes 1 to the central charge CL, of the quantum Liouville gravity. In this case,
the field tp(z,z) can be interpreted as the (D + l)-th component of the string co-
ordinates, i.e., <p(z,z) = XD+I(z,z). Recall that, in the weakly coupled Liouville
gravity when D = 25, the Liouville field is regarded as the time component of string
in the 26-dimensional Minkowski space. In our case, howevor, the same situation
can happen for a different dimension D by the classical central charge CQ.

In the cases (i) and (iii) and when /? > l / \ /2 , our Liouville theory can be a strongly
coupled Liouville gravity, i.e., 1 < ci < 25, since in these cases the maximal value of
cq is 1. On the contrary, some further discussions are required before the complete
understanding of the case (ii), for example, the relation Q and 7. In the next section,
we will discuss about the remaining tasks briefly.

4 Summary and Discussions

We have developed a new approach to the quantum Liouville gravity 5x($) via
£>/„/, i.e., infinite dimensional representations of [7,5/(2, C) when q = exp(7rip'/p).
In the Liouville theory we have dealt with, only the vertex operators with positive
charges a € N/2 can be defined. The characteristic feature of £>/n/ which has played
the central role in our discussions is that every irreducible highest weight module
V£l necessarily factorizes into the highest weight module V£l of the classical algebra
s/(2, R) and Q3y, the (2j-f l)-dimensional representation of Uqsl(2,C). Owing to this
fact, we observed that the vertex operators with positive charge a = h^u factorized
into the classical vertex operator with charge ( and the vertex operator with negative
charge —j as in eq.(3.15), where the relation h^ = £p — j was understood. We
further conjectured that the Liouville action SL{§) should also decompose into the
classical Liouville action Scl(<pci) and Sq((j>) with the Poincare metric eVc^z'z^dzdz as
the background metric. Since the field 4>(z, z) can be interpreted as the Liouville field
which measures the quantum fluctuations of the metric e*^'2^ around the Poincare
metric, the Liouville theory Sq{4>) represents the theory of quantum fluctuations of
quantum Riemann surfaces around the classical surfaces. Namely in our formulation,
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the quantum Liouville theory 5 L ( $ ) describes quantum 2JD space-time as the total
system of the classical space-time and the quantum fluctuations around it. We found
that the Liouville theory governed by the action Sq(4>) was associated with the finite
dimensional representations 1>Fin- We remarked the difference between the Liouville
theory Sq((f>) and the standard approaches [3]-[6] of the weakly coupled Liouville
gravity. Both theories are associated with I^Fim but the difference between the
two appears in the choices of the background metrics. For 59(^), the background
metric is the Poincare metric, whereas the flat metric is selected in the standard
weakly coupled Liouville gravity. It is quite interesting to emphasize that, under
some condition (precisely, D + CQ exceeds 25), the quantum Liouville theory is in
the strongly coupled regime, and in that case the quantum fluctuation around the
classical space-time yields matter and, therefore, S L ( $ ) can be interpreted as the
unified action of matter and classical gravity.

Another interesting result was that our Liouville gravity fitted well with the con-
cepts of geometric quantization of the moduli space of metrics. First of all, we have
noted that the classical Liouville theory is in agreement with the Kahler geometry of
the moduli space, where the Liouville action evaluated on the classical solution <pci
is nothing but the Kahler potential of the Weil-Peterson metric U>WP- Second, we
have observed that the Hermitian line bundle CCQ can be built over the moduli space
MO,N with the Hermitian metric exp {—ffcS ). The role of holomorphic sections of
the line bundle C^ is played by the holomorphic part ty[m; {j}] of the quantum
sector Zq[m : {j}]. Thus, as we have seen in eq.(3.25), the transition amplitude in
our theory agrees with the inner product of two wave functions corresponding to the
sections of the line bundle Cco. Remembering that the quantum Liouville theory
can be regarded as a quantum geometry of Riemann surfaces, our observation of the
quantum Liouville gravity from the viewpoints of geometric quantization of moduli
space seems to be quite natural.

At this stage, it is worthwhile to compare our quantum gravity with that for-
mulated in Ref.[20] where c > 1 two-dimensional quantum gravity was treated via
geometric quantization of moduli space. Riemann surfaces in his consideration are
compact and have genus g > 1. There, the transition amplitude between some ini-
tial state # / and some final state ty? is given by the inner product (see eq.(5.7) in
Ref.[20])

(*/, $F) = J d(WP)ZL[m]^l[m]^F[m], (4.1)

where Zz,[m] is the Liouville partition function (let cr(z,z) be the Liouville field).
ty[m] is a holomorphic section of a line bundle over the moduli space and can be
identified with the conformal block obtained by solving the conformal Ward identity
of Polyakov [3]. Therefore ty[m] is considered as the holomorphic sector of the par-
tition function in the weakly coupled Liouville gravity. In that paper, the metric on
the Riemann surface is parameterized as ds2 = e"^3^\dz + fidz\7. Now it is easy to
find intimate relations between the formulation of Verlinde and our Liouville grav-
ity except only one big difference. In both theories, a quantum Riemann surface
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is composed of two sectors, one is the Riemann surfaces as a background and the
other corresponds to quantum fluctuations around the background surface. In the
Verlinde's formulation, the quantum fluctuation is parameterized by the Beltrami
differential fx. The difference arises in the choice of background surfaces; the back-
ground Riemann surface in our theory is just the classical surface with the Poincare
metric eVc'(*'*\ while in the Verlinde's formulation it is again a quantum surface
with the metric e"(*'s\ Because cr(z,z) is not a classical field, the partition func-
tion Zi[m] in eq.(4.1) cannot be written as Zd[m] in our theory. Note again that
the holomorphic sections \J/[m] in both theories are related only to the quantum
fluctuations.

Although we have observed some remarkable features of the quantum Liouville
theory associated with 3 / n / and obtained a natural concept of quantum 2D space-
time within the framework of our formulation, there still remain some important
problems to be investigated. I list some of them below. First, the explicit relation
between our quantum Liouville gravity and Takhtajan's one is still obscure. What
we have seen in this paper is a conceptual agreement and no more. Inspired by
the conceptual agreement, it is quite interesting and important to find the relation,
although at first glance these two approaches are completely different, i.e., one is
fully geometric and the other is algebraic. Second, the relation between the quantum
sector Sq(cf>) corresponding to the quantum fluctuations around the classical gravity
and the weakly coupled Liouville gravity should be clarified. What we know at
present is just the fact that they both are the theories associated with £>£-,„ but are
different in the choices of background metrics. In order to answer these questions,
it is quite important to understand the quantum sector Sq((f>) in more detail, for
example, what kind of equation governs for the correlation functions Zq[m : {j}].
Of course, in the standard weakly coupled Liouville theory, the equation is the
conformal Ward identity. Remembering that our quantization of Liouville theory
can be related to the geometric quantization, we expect that such equation has
something to do with polarization for the section of a line bundle. Furthermore
we need to know the relation between Q and 7. To know this is to know the
relation between Qo ar>d the original coupling constant 7. Third, does the metric
e^(z'z) actually have the conformal dimension (1,1)? We have not considered the
conformal dimension of operators in our model at all. In order to see this in the
framework of quantum groups, we have to examine the braiding matrix in terms of
the q-6j symbol of the case S}/n/- Thus the key to the complete understanding of
our Liouville gravity is the quantum sector Sq((f>).
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A Infinite Dimensional Representations with q
at a root of unity

The Appendix gives a brief review of Ref.[ll] where the infinite dimensional highest
weight representations of Uqsl(2, C) is examined for the case when the deformation
parameter q is a root of unity. Let q = exp vi/p. 3 The most essential feature which
we have made full use of in our discussions is stated in the following theorem;

Theorem. Every infinite dimensional irreducible highest weight representation,
denoted as Vj q is necessarily isomorphic to the tensor product of two highest
weight representations as

yUqsl(2,C) ^ ys/(2,R) £ > yUqsl(2,C) , ^ ^

where Fs'(2iR) is a representation of the classical algebra su( l , l ) = s/(2, R) and
VF

qS ^ ' is a finite dimensional representation of f/,s/(2, C).

Below we will prove this theorem (see Refs.[ll] for the detailed discussions).
Let X+, X-,K = q1* be the generators of the quantum universal enveloping

algebra Uqsl(2, C) satisfying the relations

\X X 1 = ~ KX+ = a^X K (A t)
q-q-1

To get infinite dimensional representations, we define hermitian conjugations as
Xj. = — A'T, lO = K~l. As in the classical case, we represent Uqsl(2, C) with these
conjugations by constructing the highest weight module Vh on the highest weight
state AS such as A'_A^ = 0, KA% = ̂ A j ,

Vh = {A* | A* := TTfAj, r = 0,1,---}. (A.3)

Upon using the hermitian conjugations and the relations (A.2), the norm of the
state A(? is easily calculated as

II Ar
A | | 2 = 2h +

r
r ~ l (A.4)

L J q

with the normalization || AQ ||2= 1.
The first problem we come across when q is a p-th root of unity is that the norm

of the state A£ diverges owing to the factor [p] = 0 in the denominator. Thus, for

3In the previous sections, we used the choice q = exp wi^-. For the brevity of our discussions,
we will choose p' = 1 in the appendix. The essential parts of our discussion is independent of the
choice for p'.

IS



arbitrary highest weight h, the highest weight module Vh. is not necessarily well-
defined. The only way to avoid this undesirable situation is to require that there
exist two integers n € {0,1, • • • ,p} and v G N, such that the highest weight is given
by,

h = hltw:=-{pv-fi + l). (A.5)

For the highest weight h^, the factor [2/^,, + ft — 1] = 0 appearing in the numerator
of the right hand side of the norm (A.4) makes the p-th state a finite-norm state,
and so the module Vh^ is well-defined. However, due to the zero, there appears the
set of zero-norm states

One can immediately show that, upon the relation [kp + a;] = (—)k[x], || x l |2 = 0
for x € %n,v It is interesting to notice that the Vh^ actually form a discrete series
parameterized by the two integers /.i and v. This is a characteristic feature of £)/„/.
Indeed this is not the case for the infinite dimensional representations of the classical
algebra s/(2, C) and of f/9s/(2,C) with generic q ac well. It will be turned out that
one of the parameter, say, u parameterizes the classical sector ys'(2-R) and the other,
H, is concerned with VF

qT' ' .
Let V^u := Vh^ and A{?" := Aj?'"'. The second problem we encounter in the

construction of an irreducible highest weight module is that X± are nilpotent on the
module V^, i.e., (X±)PA = 0 for VA € V^u- Therefore one cannot move from a state
to another state by acting X+ or X- successively. Moreover, the relation K2N = 1
on Vp,u indicates that one cannot measure the weight of a state completely. In order
to remedy these situations, we should change the definition of [7,5/(2, C) by adding
new generators,

9 (A.7)

to the original ones, X+,X- and K = qH. The complete highest weight module
V^u is constructed by acting X+ and L-\ on the highest weight state AQ" which is
defined by the relations, A'-AQ" = £IAQ" = 0.

The third problem, which we do not encounter in the classical case and the case
when q is not a root of unity, is that there is an infinite chain of submodules in V^^.
That is to say, V^tU is no longer irreducible. Let us observe this characteristic feature
briefly. First of all, one sees that the state A£" is a highest weight state because
both A'_ and L\ annihilate this state. Therefore a submodule exists on the state
A£". Since this state has weight /i,i;t + /.i = h_fW, the submodule can be regarded
as V-w Next one again finds a submodule Vp<u+i on Ap^ G V-w Repeating this
procedure, one obtains the following chain of submodules in the original module

V^ D V-w D V^u+2 D V-w+2 D - - - D V^+2k D V-^+2k D • • • • (A.8)
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Then, irreducible highest weight module on the highest weight state AQ", denoted
by VJ", is obtained by subtracting all the submodules, and it is obtained as

| a = 0 , l > . . - f / i - l > . (A.9)
k=o

It should be noticed that all the states subtracted in the procedure are the elements
in the set X^,, and, therefore, no zero norm state exists in V^jJ, namely,

We have now obtained irreducible highest weight modules. Notice that every irre-
ducible infinite dimensional highest weight representation is composed of an infinite
number of blocks V^, k = 0,1, • • •, each of which contains finite number of states.
This feature is the very origin of the fact stated in the Theorem (A.I). To see this
is the next task.

Now we are the last stage to prove the Theorem. To complete the proof, we make
some observations. In the following we will denote the level of a state by kp + s
where s runs from 0 to ft — 1 and k = 0,1, • • •, instead of r, r = 0,1, • • •.

OBSERVATION 1. On V£'"

ykp+s rk Yr

- S ) \ ~ K ' k\ [s)\' K '

OBSERVATION 2. The sets of generators {X+,X-,K} and {Li,L-i,L0} are mu-
tually commutable on the irreducible highest weight module V"J,-

These observations indicate that there exists a map p : V"J, —> Vlni ® V, where
V is the finite dimensional space composed of /.i states. Further p induces another
map p : J7,s7(2, C) -> Uinf ®W, such that p{0\) = p(O)p{\). In the second paper
in Ref.fll], such the isomorphisms p and p have been obtained. In the following,
we shall restrict the module V"l to the unitary irreducible representation. In that
case,

and

where ( = v/2, j = (/* — l)/2 and m = — j + s.

OBSERVATION 3. The actions of {J±, K.} e U on the state $ i , e V are calculated

as
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OBSERVATION 4. The actions of Gn,(n = ±1,0) e Uin} on \[ e VinI are as
follows,

The OBSERVATION 3 shows that J±,K. satisfy the relations of Uqsl(2,C), i.e.,
U = C/qS/(2, C) with the hermitian conjugations J± = J^,iO = K.~l. Therefore,
taking it into account that v$3

m has positive norm, V is a unitary finite dimensional
representation of £/,s/(2,C) with the highest weight j . We rewrite such the repre-
sentation as $Jj, i.e., dim. QJj = 2j + 1. On the other hand, OBSERVATION 4 leads
us to the following relations among Gn, n = 0 ,± l ,

and hermitian conjugations G±i = G^i,G0 = Go- Therefore we can conclude that
U%n* is just the classical universal enveloping algebra of su( l , l ) = s/(2,R), i.e.,
Uinf = Usl(2,R) and Vinf is the unitary highest weight representation of s/(2,R)
with highest weight (. We denote the representation by V^1. We have now finished
the proof of the theorem and obtained the important structure of 2)/n/ as

In the Theorem, V™, V? and 93; are denoted by y^2'c\ V6'(2-R) and y^"5 '^0 ' ,
respectively.
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