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COMMENTS ON STEERING ERRORS AND CORRECTIONS 

IN A SMALL RECIRCULATOR 

David L. Judd 

July 1994 

I. COMMENTS ON EFFECTS OF ERRORS 

Analyses of the effects of steering errors (discrepancies.in bending fields) often 
tend to become somewhat elaborate, making it unnecessarily difficult for everyone 
to have a good "feel" for the magnitudes of the physical quantities involved. We 
try to overcome this tendency by dealing with a simpler problem. 

Particles in an ideal ring tend to oscillate in the transverse directions (betatron 
oscillations) relative to the desired path (optic axis, or reference trajectory). The 
simplest version of this motion (considering the in-plane transverse coordinate x) 
results from applying the smooth approximation which replaces the actual 
focusing forces of alternating sign (alternating-gradient or AG focusing) by a 
constant restoring force that produces the same average frequency, measured by 
or, the phase advance per spatial period 2L of the structure. [L is the half-lattice-
period (HLP).] In terms of the radian wave number k = 2TT/X (with X the 
wavelength of the oscillation), 

' *(.s) = acos(ks + 6) 

with a and 8 constants defining the amplitude and phase of the oscillation, and 
s the distance along the reference path. The phase advance in a distance X is 2TT, 
so a = 2TC(2L/X) = 2kL. [ a may refer to one particle alone (ob), to the 
behavior of one particle in the presence of many others (usually denoted by a), 
or to the coherent motion of the entire beam in the presence of steering errors, a 
"coherent" o = OQ , which may differ from o"o because of wall image effects that 
are important for intense beams.] 

Let us ask what happens if a = 0 (no oscillation) upstream of a certain station so 
at which a one-time error "kick" AFX is applied. The equation of motion will be 
AFx = m a x , or 

md^x/dt^ = mv^d^x/ds^ = AFX , 

using ds = v d t . If the kick is due to a bending-field error AE (or AB for a 
magnetic bending field) then 

,2 = AFx/mv^ = (AFx/F0)/p = (AE/E)/p 



? 

.with.JFo;. =. mv 2 / p . the desired bending force and p the radius of curvature in 
. .the bend.. If a fraction f of the ring's circumference is devoted to bending, then 

p = f R with- R the radius of the ring. 

We imagine the. error kick to be applied over the length f L of a bending element, 
assuming that every HLP contains one bending element filling a fraction f of its 
length. Then • 

• • (AFx/mv2)fL= (AE/E)(fL/fR) = (I/R)(AE/E). 

We take the error force to be applied locally, over a distance short enough that the 
oscillation's phase does not change much; that is, f L < < X. This requirement is 
the same as f < < 4TT/ OO . [For the small ring described in John Barnard's Note # 
26, an approximate value of f is « 1/3, and a typical value of a 0 is « 1 radian, 
so the requirement becomes 1 < < 4u/f « 40, which is well satisfied.] During 
this kick, the displacement x will not change from zero, but the slope will change; 

J d 2 x / d s 2 d s = (dx/ds)after-(dx/ds)before = x'after 
kick 

= (AFx/mv2) Jds = (AFj/niv2) (f L) = (L/R)(AE/E). 
kick 

Note that we use a prime for d/ds. For distances beyond so, the slope will be 

x'(s) = x'after cos [k(s-so)] 

and the displacement will be 

x(s) = (x'after/k) sin [k(s-s0], 

corresponding to the new "initial conditions" just after s 0 : x = 0, x' = x'after. 
Therefore the kick has induced an oscillation of amplitude 

a = (I/R)(AF/E)/k; 

using k = OQ/IL, 

a = (2I/a0)(iyR)(AE/E). 

Let us find the numerical magnitude of this oscillation for the small-ring 
parameters in Barnard's Note # 26: 2rcR/L is the number N = 40 of LHP's in the 
ring, L = 36 cm, and oo is about one radian on the average, so 

a = [(4TT x 36 cm)/(40 x 1] (AE/E) = 11 cm x (AE/E). 

From this we learn that (subject to our approximations) a fractional error of 1 % in 
a single bending field will induce an oscillation of amplitude 1 mm. A simple-
minded estimate of the effect of applying M random (uncorrected) errors with 
1 % rms gives a rms displacement of M ^ 2 mm. After 15 laps of 40 errors 
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each, M = 40 x 15 = 600, and x rms = 2.7 cm. Along the way, extreme values 
exceeding the rms by a factor of three have a non-negligible probability, giving 
with some odds a maximum displacement of 8 cm. 

With a pipe radius of 3.5 cm and a maximum beam radius of 1.4 cm, the largest 
tolerable displacement would seem to be about 2 cm, showing that the assumed 
rms fractional bending field error of 1 % is intolerably large by a factor of about 
four; it should not exceed (0.01/4) = 0.0025 . At this stage we consult the last-
entry on page 4 of Note # 26, finding 

(dE/E)rms (dipole field strength) = 0.00244 . 

The degree to which this close agreement is coincidental is not clear, but at the 
least our confidence in the qualitative validity of these simple analytic estimates 
is strengthened. 

[We must point out that the kicks will be multipied by a sinusoidal factor; the 
square root of the average of its square is 2 -1/2 t s o . that our simple-minded 
estimate is pessimistic by this factor; but, on the other hand,the estimate in Note 
# 26 is no doubt based on a more accurate treatment of AG oscillations, and may 
depend on other considerations as well.] 

Proceeding more systematically, we assume thet every bending field has an error, 
whose combined effect at a distance s is 

M 
x(s) = (4Ttl/N)Z(l/oon)(A^i/^)sm[(a 0n/2)(s/L-n)] 

n=l 

in which N is the number of half-periods in the ring and M is the largest integer 
less than s/L We assume that the errors at different bending elements have 
statistically independent values, and also that the errors at each bend are 
statistically independent on each successive turn, because the bending fields vary 
with time according to prescribed functions which will not be perfectly realized. 
Notice that the effects of errors on the later laps are more than twice as serious as 
those on early laps because a0 falls from about 1.4 to about 0.6 radians during 
acceleration. By squaring this equation and making the usual assumptions one 
obtains the conventional estimates about rms values. The uncertainties in our 
crude estimate are due not only to our cavalier treatment of AG oscillator 
waveforms but also to uncertainties in the form of the distribution function from 
which the individual random bending errors are assumed to be drawn. The 
Gaussian distribution (defined by its standard deviation) is often assumed, but a 
distribution of errors uniform over a symmetrical range, and zero outside it 
(defined by the magnitude of its boundaries) may better represent the result of 
efforts to limit errors in real electrical or mechanical systems. It is well known that 
the half-width of this distribution is 3 */2 times its standard deviation. The 
factor 31/2 « 2 may not seem very important to a theorist, but it may loom very 
large in the problems of an engineer seeking to make a real-world system meet a 
tolerance. 
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Real systems do not exist in an abstract world of exactly symmetric error 
distributions. It. is. of interest to examine the impo'rtance of a limited succession of 

.terrors. ..of the same'size and sign; such an episode might be termed a "local 
systematic errorcregion" to distinguish it from random uncorrelated errors. We 
assume the.succession of identical error kicks to persist only over a region As 
within which the sine factor in the equation above does not change sign; that is, 
Oo An/2 =.TE , or An = 2u/a0.. For o0 = 0.6 radian, An is about ten kicks. Then 
the^sum of the trigonometric factors is 

10 
£ sin (rai/10) « 6 , 
n=l 

and Ax = (4TTI/O-0N) (6 AE/E) « 50 (AE/E) cm. 

It is our perception that an rms error of 0.2 % may be unattainably small, 
perhaps by an order of magnitude, in a practical system whose design is tightly 
constrained by a minimal budget. For a reasonable estimate AE/E = 2 %, this 
Ax is a centimeter, the same order of magnitude as the total allowable 
displacement. If there is approximately one such episode per lap and fifteen laps, 
one might expect Ax = 151/2 = f o u r times this large if the individual episodes 
are uncorrelated. Even for 1 % errors the displacement is intolerably large, as we 
also found for individual random errors. Thus we are forced to contemplate the 
problem of steering the beam, which will no doubt require solution in any power 
plant driver, and in intermediate-scale systems as well. .. 

E. COMMENTS ON STEERING 

Employing our idealized simple-harmonic model of transverse oscillations, 
imagine that an unknown set of error kicks upstream of a certain station at s = s a 

has led to a displacement there of 

x(sa) = A cos ij>, 

beyond which we assume that no further error kicks occur. Measuring stations are 
to be established both at- sg. and at another station sb further along by a 
distance A s m = s a - SK m = "measuring". 
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We abbreviate k A s m as p m . It is considered practical to measure the 
displacements x a and xb , but not the slopes. [The displacements considered 
are of the beam centroids, but we may think of a single particle having o = 
^coherent of a beam.] 

Let the phase between xa and the point of maximum displacement be denoted by 
i{>. Then 

xa = A cos ij> and xb = A cos (pm - i|>) • 

Solving for A and ij), 

A = [xa2 - 2xaxb cos p m + x b 2 ] 1 / 2 / [sin pm) , 

tan ij) = [xb/xa - cos Pm]/[sin pni] , cos ip = ± xa/A. 

Attention must be paid to the signs. We choose to represent the displacement due 
to this oscillation, for s > sa, by specifying two constants, A and q>, in the form 

x(s) = A cos [k (s-sa) - i[>]; 

x(s) attains a maximum at s = s m , where k (sm - sa) = ip. If the maximum 
occurs upstream from sa, Sm - sa is negative, so TJ) is taken as negative. 
Similarly, if the maximum occurs for s m > s a we take TJJ to be positive. [These 
assignments are arbitrary because we could have chosen the argument of x(s) to 
be k (s - s a ) + ij> •] Further, k As - ij) is taken as positive for s m < sb , and 
negative for s m > sb- All these-signs are irrelevant in the equations 

xa = A cos ij), xb = A cos (pm - i}>) 

because the cosine is an even function, but a consistent set of choices must be 
made, as we now explain. The phase angle ij) is determined only by specifying its 
tangent. For a given value of xb/xa, and thence for tan TJ) , the solutions i}> and 
ijj ± TT all satisfy the equation defining tan ip, while an ordinary calculator will 
always give the "principal value", lying between - TT/2 and + TT/2. It is evident 
that on passing from a positive value of x a to a negative value for a fixed positive 
value of xb this principal value of ij) will jump from + TT/2 to - TT/2, although 
the physical situation has not changed. Similarly, in passing from a negative 
value of xa to a positive value for a fixed negative value of xb the principal 
value will again jump from + TT/2 to - TT/2 . We denote this "twice-jumping" 
function of principal values by i|>p on Fig. 1 below. The situation is clarified by 
representing x a and xb as Cartesian coordinates in a plane. Because the 
physical problem is linear, we may consider the point with these coordinates to lie 
on a circle of arbitrary radius. [See Fig. 1(a).] As the point traverses this circle in 
the counterclockwise direction, starting from xb = 0, xa > 0, one sees that in 
the first quadrant xa and xb are both positive; in the second, xb > 0 and xa < 
0, etc. To eliminate the discontinuities just described we could invoke two rules: 
(1) to the principal values of i|>'in the second and third quadrants, add Tt; and 
(2) to the principal values in the fourth quadrant add 2TT. AS a result the only 
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•discontinuity in i[> will occur when crossing the starting line at \'a > 0 and xb = 
'0, where i|) just below this line-will exceed ty just above it by 2n . We.denote 
this function with a single jump at the starting line by ipo on Fig. 1. The phase 
angle ip is, of course, only defined modulo 2TT , so we expect a remaining 
element of arbitrariness in specifying a particular range of this angle. As 
adjusted, it will increase by 2TT in going counterclockwise once around the circle 
just described, dropping discontinuously by this amount at some azimuth, chosen 
to be the starting line in the description above; but we may choose this azimuth as 
we wish. Because of the greater symmetry to be shown below, we suggest rotating 
this azimuth of discontinuity backward by 135° , placing it at the bisector of the 
third quadrant where Xa = xb with both negative. We denote this function by 
•tyc • To accomplish this we replace the former two rules by these: (1) to the 
principal values in the second quadrant and the first (upper) half-sector of the 
third quadrant add -a; And (2) to the principal values in the second (lower) half-
sector of the third quadrant subtract TT. With these rules, ip will have a 
discontinuous decrease of 2TC at 225° and will be continuous elsewhere. The 
three functions (ipp, ipo. and o|)C) are graphed vs. the polar angle n in Fig. 1(b). 
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The algebraic relations associated with the various regimes of the parameter 
space (x a •' and • xb as Cartesian coordinates) turn out to be unexpectedly 
complicated. We display some of the connections in the graph of Fig.'2 and the 
sketches of Fig. 3. 

In Fig. 2 we have again used x a and xb as Cartesian coordinates, and have used 
the rules leading to the angle 1|)C [shown in the right part of Fig. 1(a) and 
graphed in Fig. 1(b)] which undergoes a discontinuous decrease of 2TT when 
passing the third-quadrant bisector in the counterclockwise direction. Here and 
in Fig. 3 we have replaced the angle pm - ij> by cp, so that 

Xa = AcosiJ), xb = A cos <p. 

It must be remembered that cp is not an independent variable, but only an 
abbreviation. However, the values of ij> and q> are found to be interchanged by 
reflection across the line with rotation angle \i = 45° (and 225°), displaying the 
symmetry referred to above. The values of ip and <p are marked on Fig. 2 along 
the coordinate axes, along the line jx = 225°, and along the first-quadrant lines 
Pm = xt/xa w n e r e "ty changes sign and p m = xa/xb where <p changes sign. 

The purpose of Fig. 3 is to aid in. visualizing the various possible relations among 
the positions at which xa and xb are measured and that at which the maximum 
vaulue A is attained. It consists of a number of sketches of displacement vs. 
angle ks, on which are shown ip, <p = pm - % and k As for different sectors of 
the plot of xb ys. xa in Fig. 2. In every sketch the relation 

<p + ij) = kAs = p m 

is illustrated, although in many of them <p or ij> is a negative angle so that - (p 
or - ip is the labeled angle. 

Consideration must be given to the spacing sb - Sa = Asm between the two 
measuring stations. As it is increased a larger number of error kicks will occur 
during the measurement process, lowering its accuracy. In particular, the scheme 
fails if pm is near to u (sin p m -» 0). On the other hand if the spacing is too small 
relative to the wavelength of the oscillation being measured the error in 
determining its slope (and thence one of its two orthogonal components) will be 
too large. The value p m = TT/2 is optimum. Of course, it is not possible to use this 
valuebecause the spacing must for practical reasons be a multiple of the HLP, but 
it will not be a multiple of the phase advance per half-period (which in any case 
will be changing during acceleration). If oo ranges from 1.36 to 0.63 radian per 
period (as in Recirculator Note # 26) the wavelength goes from about 8 to about 4 
periods (16 to 8 HLP's), so a spacing of 4 HLP's is unusable near the end of 
acceleration. One could choose 3 HLP's, but if many measurements are to be made 
in each turn this will not divide evenly into 40. Perhaps a reasonable practical 
compromise spacing is 3 HLP's. In preparing Figs. 2 and 3 the restriction pm < 
u/2 has been used. 
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The information gained from such a pair of measurements will contain 
inaccuracies, both from the measuring process and from steering errors at 
bending elements within the distance As , of which there might be four if As = 3 
HLP's as suggested above. Even if it were exact, what is to be done with it? 

If we had complete freedom to locate a special correction kicker at a station of our 
choice for each error, we would choose one at which the error oscillation has zero 
displacement, and simply straighten it out with a kick that would cancel its slope. 

\ \ 

• ^ s 

However, correction kicks can be applied only at fixed stations where regular 
bending elements or special correction kickers are located, so we must consider a 
two-kick method for undoing error oscillations.. 

4 If the first correction kick is to be applied at a station s = sc , let us suppose that 
the error oscillation displacement and slope there are 

x(sc) = Ccosksc + Dsinksc, x'(sc) = - k [C sin k Sc - DcoskSQ\ . 

The parameters C and D which define the "correction regime" are related to the 
parameters A and <p of the "measurement regime" defined above as follows: 

C = A cos (ks a + ij>), D = A sin (k§a + "«J0; 

it will be recalled that when evaluating i|> careful consideration must be given to 
the signs and relative magnitudes of x a and xb . 
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•-VVe. apply-a'kick at s c which increases the slope there by Ax' = 8c . to be 
determined. Then 

. x'*(sc) = -k[Cs inks c -Dcosksd + 0C = x'(sc) + 6C , 

•the asterisk denoting a value after application of the kick at sc • 

Proceeding downstream from SQ, 

x(s) = x(sc) cos k (s - sc) + [x'*(sc)/k] sin k (s - s c ) , 

x !*(s) = - k x(sc) sin k (s - Sc) + x'*(s c) cos k (s - sc). 

Our second kick will be applied at s = sd , where 

x*(sd) = x(sc) cos k (sd - St) + [x'*(sc)/k] sin k (sd - Sc) = x(sd) + (8CA) sin k(sd-sc), 

x ,w(sd) = -:kx(sc)(sink(sd-sc) + x'*(sc) cos k (sd - Sc) . 

At this station we choose 9c to make x*(sd) vanish , and we choose the second 
kick, 0d, to cancel the slope x**'(sd). The expressions for the required kicks 8C 

and 0d may be written in several forms. The abbreviation pr (r = "reckoning") 
for k(s c -sd), the phase between the measuring and correcting intervals simplifies 
some of them. Explicitly, with k(sd - s c) denoted by p c (c = "correcting") , the 
first kick is required to be 

6C = -x'(sc) - kx(sc)cotpc, 

which may also be written as 

6C = - [k/sin pd x(sd) , 
or alternatively as 

8C = - [k/sin pc][C cos k sd + Dsinksd] 

= . [kA/sin pc] cos [k(pm + p r.+ pc) - ip] 

= Dk/sin 2 p c ][-x a sin(p r +pc) + xb sin (pm + p r + Pc)] • 

For the second correction kick 

8d' = k x(sc)/sin pc, 

which may also be written as 

6d = -x'*(sd) + kx*(sd)cotp c, 

or alternatively as 

.__ - ' Gd = [k/sinpd[Ccosksc + Dsinksd 
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. ' = [kA/sin p c] cos ( p m + pr - ij)) 

= [k/sin 2 pc][ - xa sin p r + xb sin ( p m + p r ) ] . 

As mentioned above, the final result at s = sd will not be the perfect absence of 
unwanted oscillation; at every bending element from sa to sd another random 
error kick will occur. If s D - s a = As is equal to 3 L, as suggested above, and if the 
same interval is suitable for sd - Sc , this amounts to eight error kicks, to which 
must be added those in the open interval Sc - sb • The choice of this distance will 
depend on the time required after receiving measurements to calculate the 
corrections and apply them. It seems plausible that this may require a similar 
interval of 3L, and perhaps more, since the time to pass one HLP at the final 
energy is about 0.3 usee and the operation may well require at least one 
microsecond. Thus a number of uncompensated error kicks Ne of order ten or 
more may contaminate each correction operation. They will contribute a root-
mean-square displacement of order 

AArms = 2 "1/2 N e

1 / 2 (4TTl/a0N)(AE/E)rms • 

With L = 36 cm, a 0 = 0.6 (near the end of acceleration),. N = 40, Ne = 10, and 
AE/Erms = 2 %, this number is 0.84 cm. We also need to consider the 
contributions to this amplitude from errors of measurement at s a and sb and 
errors in applying corrective kicks at sc and sd. Combining all these errors in 
quadrature, 

Arms2 = (l/2){[N e (AE/E)2

e +(AE/E)2

C + (AE/E)2d][4TTL/cr0NJ2 + (Axa)2 + (Axb)2}, 

in which Ne is the number of kick errors in s a =s s s sd ; the ratios (AE/E)C and 
(AE/E)d are the rms errors in the applied correcting fields as fractions of the 
desired bending fields; and Axa and Axb are the rms errors in measuring 
oscillation displacements, at s a and sb • We use the parameters above, 2 % for 
all the (AE/E)rms values, N e = 10, and (Axa)rms and (Axb)rms = 2 mm. Then 

Arms = 2 - 1 / 2 { ( 4 T I X 3 6 cm/0.6x40)[12 x (2x10 " 2 ) 2 ] + 2x(0.2) 2}l/2 
= 2 -1/2[1.84 + 0 . 0 8 ] 1 / 2 = 1 cm . 

Evidently, for the parameters assumed here the most important contribution is 
» that of the random error kicks occurring between the start of the measurement 

and the end of the correction. Further, the amplitude thus induced will be 
approximately proportional to oo~^ . 

To estimate the number of measurement and correction operations that will be 
needed we consider the rms amplitude induced by M error kicks: 

Arms=2- 1 /2(4TtI/a 0N) M ^ 2 (AE/E)rms. 

For the parameters above, 

Arms = 2- 1 / 2 (4Ttx36cm/0.6x40)(2xl0- 2 )M 1 / 2 = 0 . 2 7 M 1 / 2 c m . ' 
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• Jf..we gofor a full turn between corrections this value will be 0.27 x 4 0 * ' - = 1.7 
cm,- which is clearly too large, considering that a value of twice Arms has 
significant probability. Choosing M = 10 HLP's gives A r m s = 0.85 cm, but 
requires tightly spaced correction operations. [These numbers are pessimistic by 
about a factor of two at the start of acceleration when OQ is about 1.36 radian.] 

. With four corrections per turn and 15 turns there will be <30 corrections; the 
. probability of a residual random error after a correction operation exceeding 
twice the rms value (estimated here as of order 1 cm) is non-negligible. 

It has been pointed out by Alex Friedman that the loss of effectiveness from 
choosing A s m and Asc smaller than optimum may be more than compensated 
by the introduction of fewer error kicks during a cycle of measuring and 
correcting. To illustrate this effect we consider the error in amplitude A after 
such a cycle owing to errors in the correcting kicks 0 C and 6d . The errors in 
displacement and .slope at sd due to an error in 6c are 

Ax*(sd) = (A9c/k) sin p c , Ax'*(sd) = A0C cos pc; 

the error in slope at sd due to an error in 0d is 

Ax*(sd) = A0d.' 

The resulting oscillation, for s < sd, is 

Ax(s) = k ~! [A6C sin k(s - s c) + A8d sin k(s - sd)] • 

It can be shown with a little calculation that the amplitude of the error oscillation 
composed of these two components is 

(AA) 2 = (A8C) 2 + 2 (A9c)(A8d) cos p c + (A9d) 2 . 

Each of the two angular errors will have terms in the two position measurement 
errors Ax a and Axb ; 

A9C = (k/sin p c ) [ - Ax a sin ( p r + Pc) + Axb sin ( p m + Pr + pc)], 

A9d = (k/sin pc)[ - Ax a sin p r + Axb sin (pm + Pr)] • 

After inserting these expressions, the error amplitude will be of the form 

: (AA) 2 = C n (Ax a ) 2 + 2 C i 2 (Axa)(Axb) + C 2 2 (Axb) 2 • 

If the Ax's are statistically independent random variables drawn from Gaussian 
distributions with the same rms value, the rms value of the product Axa Axb w * u 

vanish, so that AArms = ( C n 2 + C 2 2 2 ) * / ' 2 Axrms • Collecting all the terms, 

AArms/Axrms = (sin _ 1 p c ){s in 2 p r + s i n 2 ( p m + p r ) + sin 2 (pr+Pe) + s i n 2 ( p m + p r + p c ) 

+ 2[sin p r sin (pr+p c) + sin (pm+Pr) sin (Pm+Pr+Pc)] cos p c } l / 2 • 
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The three arguments occurring here are p m = k(sb-Sa), Pr = k(s c -sb) , and p c 

= k(sci - s c ) . Because k = o/2L and we may consider the s-values to be separated 
by multiples of L, the values of the p's are integers times a / 2 . The smallest 
possible values of the integers n m and nc are unity; other possible values 
mentioned above are 2, 3, and 4. The integer n r may be larger. The ratio 
A A r m s / A x r m s above is graphed-vs. the integer n r for three values of n m (1, 2, 
and 3) assuming that n c = n m , and a = 0.63 radian, the value at the end of 
acceleration in Note #26, in Figure 4(a), and again for a =1.36 radian, at the start 
in Figure 4(b). 

ElG RB± 
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Notice that for a= 0.63 = TX/5, in Figure-4(a), the angle k(sa-sb) = Pm = (° /2)n m 

is exactly 90°, the value'recommended as optimum above, for nm = .5. For this 
choice of measuring interval the ratio A A r m s / A x r m s is exactly 2^/2 for all 
values of n r , as expected when two independent measurements contribute. For 
the least-favored choice ( n m =.1) the ratio is over five times as large for the 
reasonable range nr from 2 to 6. 

For the other value, o = 1.36 = TC/2.3 in Figure 4(b), the choices nm = 2 (for 78°) 
and n m = 3 (for 117°) bracket the optimum angle. For them the ratio is within 
about 30 % of 21/2 f o r the range of values of n r shown. For the other values, 
n m = 1 and 4, the ratio is larger by a factor of up to about 2.5 . 

All of the discussion above has been based on consideration of a sequence of 
random error impulses having average value zero. There is also the possibility of 
additional error impulses that are uniform around the orbital path. The 
tolerances on these are perhaps tighter than the rms value of 2 % that we assumed 
above; for the parameters of Note # 26, a uniform error of 2 % will displace the 

• orbit by 1.6 cm. If the 2 % is regarded as an rms value for a random (temporally) 
distributed error, one would expect some values twice as large as the rms, which 
are intolerable. 

Such errors may be regarded in three ways: (1) they result in a reference path of a 
different radius; (2) the particle energy needs to have a different value to give a 
reference path of the desired radius; or (3) the position detectors all have the 
same zero-offset error. Ignoring the last possibility, a technical problem exists in 
determining whether it is more practical to correct the particle energy or to 
correct all the bending fields by the same amount. To implement either choice, 
information on the uniform component of error kicks will be needed, requiring 
three rather than two measuring"stations for each measurement operation. Let us 
locate them at distances s a , sb, and s c with equal separations k A s m , where 
displacements Ax a, Axb, and Axe are measured. We could represent them in 
terms of A and tj) as in the treatment above and the new parameter % which 
measures the uniform displacement, and perform a more elaborate analysis 
similar to the one above: 

x a = A cos [ -k Asm - tyj + I 
xb = Acos[-tj>] + | , 

Xc = A cos [k As m - tj»] + 1 . 

By inverting these equations we find: 

tan y = (xc - xa)(l - cos k As)/(2xb - xa - xc), 
cos y = (2xb - x a - xc)/2A(l - cos k As), 
sin tj> = (xc - x a)/2A . 

A2 = (xa-2xb + xc)2/(l-coskAs) + (xa-x c)2; 
| = (xa + xc - 2xb cos k As)/2(1 - cos k As). 

We will not pursue this topic further here. 
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Finally some comments are in order on the differences between our approximate 
results and accurate ones that do not depend on the smooth approximation. The 
correct' response to a'kick is described in terms of the beta-function for the actual 
A.G. b'etatron orbits, well known to accelerator designers. This function may be 
described as the local radian wave length of the oscillation; p(s) = X(s)/2u . The 
effect at distance s of an angular kick 9 applied at distance s Q is to produce a 
displacement 

s 
x(s)'= e[p(s0)p(s)]l/2 sin[/p-l(s)ds] 

s 0 

for s > so, compared with the simpler equation for the smooth approximation; 

x(s) = [8/k) sin k(s - so). 

The beta function for an orbit in a ring is the closed periodic solution af a certain 
nonlinear second-order differential equation which depends on the lattice 
function K(s) in the betatron equation d^x/ds^ + K(s) x = 0. In the smooth 
approximation K is constant and 0 = constant = k ~1 = K "1/2 m if K(S) is piecewise 
constant, it can be shown that 0(s) is a sinusoidal function plus a constant in F 
regions, a hyperbolic function plus a constant in D regions, and a parabolic 
function in the drift regions between them. In the thin-lens limit of a symmetrical 
FODO lattice, this function consists of symmetric sections-of parabolas. 

In Figure 5 are graphed the beta-functions for three lattices which have the same 
phase advance per period, 1.36 radians. One is the smooth-approximation 
constant; the second displays the parabolas for the thin-lens FODO lattice; and the 
third is for a FODO lattice very similar to that in Note # 26. For this lattice the 
positions of electrodes providing the bending kicks are approximately midway 
between F and D regions, where all three beta functions are nearly equal. 
Therefore the largest actual displacements induced by error kicks, which occur in 
the F regions, will be larger by the factor ( P F / P 0 ) 1 / 2 *** ( 8 6 / 5 5 ) 1 / 2 = 5/4 
than estimated from the smooth approximation. On the other hand, the 
measuring stations are projected to be located inside the quadrupoles, where the 
beta function is a maximum or a minimum; here, when a detailed evaluation is 
needed, there is room for improvement over our approximate treatment. 

None of the comments, assumptions, methods, or numerical values in this paper 
are presented as being accurate or conclusive. Rather, thay are offered with the 
intention of stimulating discussion of the physical issues, drawing attention to 
some of the relevant numerical magnitudes, and indicating where the greatest 
concentration of effort may be needed and where the most difficult requirements 
for precision may be found. Obviously they are only scratching the surface of the 
problems of steering a beam in a small recirculator. 
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HIF Note Number 94-2 August 12,1994 

To: HIF Note Distribution 
From: Joshua Rintamaki, U. of Michigan Grad Student 
Subject: Evaluation of a Capacitive Beam Position Monitor 

Diagnostic for use on the Heavy Ion Recirculator 

L Introduction 

One of the methods being looked at to measure the position of the beam inside the 
HIF recirculator is a capacitive probe. The probe would consist of a metal plate with a 
dielectric between the plate and the beam tube wall. (Figure #1) The probe would be a 
non-invasive way to measure beam offset. It may also be possible to use this probe as a 
beam current meter, and also for pulse shape analysis. 

Figure#1: 

J 
IL Project and Goals 

My project this summer was to construct working models of this probe, and 
answer the following: 

(1) 
(2) 
(3) 

(4) 
(5) 
(6) 

What is the physics behind its operation? 
Will it work? 
What configuration works best? 
What precision should it be able to measure? 
What materials can be used? 
What future work should be done with this probe? 

III . Theory and Calculations (Partially taken from Recirculator Notes #10, November 19,1993) 

A beam with current Ib(t) flowing with a velocity of bb c down a beam tube will 
have a charge density of: 

qb(t) = Ib(0 
Pbc 



Anequal but opposite charge will appear on the inside of the beam tube that this 
•• beam is-traveling down.- For an electrode-with length L in a tube of radius R and - • 
asrimuthal̂ angle f, (Figure #2) this charge is-given as:' _••<•-.' -r •-.>..«. 

Qp(t) = 

Figure #2: 

<J>LIb(t) 
2 7cPt>c 

K * \ 

If there is a dielectric between the electrode and the beam pipe wall with some 
dielectric constant k and thickness D, (Figure #2) a capacitance will exist given by: 

C = (frLReK 
D 

Where e is the permitivity of free space. 

Now with this capacitance, the current flowing into the capacitor is equal to the 
time derivative of the charge on the electrode (Figure #2): 

k g ) - d Q p ( t ) * L d f e r c Ddlb(t) 
27tCpbcdt 27cpbcREKdt 

The capacitor integrates this current, giving a voltage across this capacitor of: 

<}>LIb(t) DIb(t) 
Vp(t) = 

27tCPbc 2 rc pb c R e K 

Now if two plates are used to measure X-direction offsets, and the beam is off-
center on the X-axis, the charge on each plate will be multiplied by this distribution: 

V V A 2 - B 2 
tan 

VA 2-B 2tany 2 

A+B V A 2 - B 2 
tan" 

V X ^ t a n ^ 
• 1 . 2 

A + B 
; 

R 2 -x 2 

2X 

Where A = (- x 2 - R 2), B = 2xR, x = the distance offset, R = the inner radius of 
the tube, and X = half of the azimuthal angle of the electrode. If the beam is also off-
center on the Y-axis, then the charge is ALSO multiplied by this distribution: 



VA2-B2 tan £ 

VA2-B2 
tan" 

A + B V A ^ B 2 tan" 
V A 2 - B 2 t a n ^ R 2 2 

A + B 

Where A = (- y 2 - R 2), B = 2yR, y = the distance offset, R = the inner radius of 
the tube, and Y = the azimuthal angle of the electrode. These distributions model the 
change in the electric field on the capacitor due to change in position of the beam center. 

Now for the actual experiments, a "simulated" beam was used. This beam 
consisted of a copper rod with a pulse generator attached. In order to model the geometry 
of the rod, the signal voltage was multiplied by this approximation:. 

1 
i_ Rout 
l n - p ^ 

where RoU't is the Inner radius of the tube, and R,-n is the radius of the rod. This equation 
came from looking at textbook modeling of cylindrical capacitors, and should be 
regarded as an approximation only. 

TV. Experiments and Data Collected 

Five different setups of the diagnostic were created during this project The 
schematic for equipment setup is given as Figure #3. The end-view of each setup is 
given as Figure #4: 

Figure #3: 
Diagnostic Tube n Y 

ill 

Signal Out 

*A,$< 2 ] Copper Rod 

Signal Out 

Signal from 
Pulse Generator. 

Translation Stage 



Figure#4: 

i i -u ' - ^y r t, . 

Setup #1 Setup #2 
Teflon 

Setup #3 
Kapton 

Setup #4 

Setup ffi; 

Setup #1 was a very rough design just to see if the theory worked in reality. The 
diagnostic was set up using a 1 7/8 " ID pipe, with 30 mil teflon dielectric and 20 mil, ~ 
135 degree copper plates. An actual beam could not be obtained, so a "simulated" beam 
consisting of a copper rod hooked up to a pulse generator was used. Two different 
diameter rods were looked at: 1/2" and 1/4". 5 Volts was run through a 50 Ohm 
termination resistor on the rod, generating a 100 mA current The tube was fixed and the 
rod was attached at one end to an X-Y translation^ stage with 2 " of movement on the Y-
axis and 1" of movement on the X-axis. 

Analysis #1: 

The plots of the data from this setup showed some linearity of voltage versus 
position for 1cm offset from the center of the tube (Figures #5-#8), and so it was shown 
that the idea would work, but that further work was needed for precision. The center ± 10 
mm was decided on as the region of interest due to its linearity. The 1/2" rod generated a 
larger signal voltage, but since all it was doing was shortening the distance between the 
input pulse and the plates due to its larger diameter, the 1/4 " rod was decided upon as the 
one to use. At the center of the tube, the top plate gave 48 mV, the bottom plate 44 mV. 
Calculations estimated the signal voltage to be ~ 49.7 mV at the center. 

Figure #5: Figure #6: 

Setup #1 -1/2 inch rod Setup #1 • 1/4 inch rod 
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Figure #7: Figure #8: 

Setup #1 -1/2 rod - ROI Setup #1 - 1/4 inch rod - ROI 

•iTop Plate Q Bottom Plate • Top Plate Q Bottom Plate 
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Setup #2: 

Setup #2 looked at the possibility of having 4 plates all in the same diagnostic. 
The diagnostic was set up using a 2 3/4 " ID pipe, with 30 mil teflon dielectric and 20 
mil, 60 degree plates spaced equally along the inside of the tube. (Figure #4) The 1/4" 
copper rod was used with the same signal setup as setup #1. The translational setup 
remained the same. 

Analysis #1: 

The calculated voltage for this setup with a correction for the simulated beam 
gave an answer of 10.7 mV. Measured center voltages gave 10 mV, 9.5 mV,9.5 mV, and 
11 mV. These values were close enough to the calculated values to show that the 
calculations were modeling reality well, considering that all the plates were hand-fitted 
into place. Plots of the voltages observed for each pair of plates were made (Figures #9-
10) and compared to calculated voltages (Figure #11) for the 20 mm x 20 mm center 
region of interest. The behavior was similar, and so the next step was to have a setup with 
the plates more exactly positioned using a printed PC board. 

Figure #9: Figure #10: 
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Figure #11: 
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Setup #3: 

Setup #3 had the same geometry as setup #2 except that the plates were now 
printed as a PC board on 5 mil Kapton. The 1/4" copper rod was used, except a 10 Volt 
signal was used, generating a 200 mA current. The translational setup remained the 
same. 

Analysis #3: 

The top and left plates for this setup read higher that the bottom and right for no 
real apparent reason. The device was rotated, and the readouts from those positions 
remained the same. I have no explanation for those differences. The calculated voltage 
for this setup with a correction for the simulated beam gave an answer of 4.36 mV. 
Measured center voltages gave lOmV, 11 mV, 7 mV, and 6.5 mV. These voltages did 
not correspond well with the calculated voltage. Due to the high probe capacitance of the 
thin dielectric Kapton, the measured signal was very low. The next step was to look at 
making the plates a full 180 degrees and with a "double" dielectric to increase the signal 
and try and reduce the effect of the transverse offset on the measured signal. 

Setup #4: 

Setup #4 had another 4 plate.configuration, in an attempt to remove some of the 
geometry effects that the shapes of the plates were having on the measured signal. The 
diagnostic was set up using a 2 3/4 " ID pipe, with a 30 mil teflon dielectric and the plates 
printed on 5 mil Kapton. The 1/4" copper rod was used, with the same signal setup as 
setup #3. The tube was fixed and the rod was attached at both ends to X-Y translational 
stages, with 1 inch of movement on both axes. 

Analysis #4: 

This setup gave the highest signals of all, and also raised some questions on what 
outside signals could be affecting the plates. The calculated voltage for this setup with a 
correction for the simulated beam gave an answer of 27.70 mV. Measured center 
voltages gave 31mV, 32.5 mV, 32.5 mV, and 29.5 mV. These voltages came pretty close 
to what was calculated, and plots of the voltages observed for each pair of plates, 
(Figures #12-13) were compared to calculated voltages (Figure #14) for the 20 mm x 20 
mm center region of interest. These show that the near 180 degree plates do not cancel 
out the effect of transverse offset on the measured signal, but that the effect is reversed; 
i.e. for a 60 degree plate the edges had lower voltages, but for the 180 degree plate the 



edges had higher voltages. The "double" dielectric raised the signal to much more 
acceptable levels, and made it easier to read output on the oscilloscope. With what time 
was remaining, the next step was to look at altering the azimuthal length of the plates to 
see if a plate size somewhere between 60 and 180 degrees would minimize the effects of 
transverse offset on the measured signal. 

Figure #12: Figure #13: 
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Figure #14: 
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Setup #5; 

Setup #5 was a two plate setup, looking at different size azimuthal length plates to 
see the geometry effects that the shapes of the plates were having on the measured signal. 
The diagnostic was set up using a 2 3/4 " ID pipe, with a 30 mil teflon dielectric and the 
plates printed on 5 mil Kapton. The plates were cut from the near 180 plates to 160,150, 
140, and 130 degree plates. The 1/4" copper rod was used in the same setup as setup #4. 
The translational setup remained the same. 

Analysis #5: 

The different azimuthal length of the plates does affect the transverse offset on the 
measured signal. It would seem that a'maximized length is less than 130 degrees but 
greater than 60, it is probably around 100 degrees. There was not enough justification to 
cut up the rest of the PC board plates to keep lowering the length by 10 degrees to see 
when the crossover would happen. Since it is not known how the diagnostic will react in 
an actual vacuum with a beam, trying to maximize the signal for a rod is not worth the 
effort, since a beam is what will actually be measured. 



V; Final Analysis + Suggestions for Future Work; 

-.:. w- • ••- t-*a..*:.•>-.<.z- -After allfiv£:setupsare looked at,-this project gives definate proof-of-principle 
• -+.•.•:'- rbut.it needs much more work-before it can be used as a useful diagnostic on the HIF 

• recirculator. All of the work done with the diagnostic models was somewhat rough and 
. needs to be refined for better accuracy of the diagnostic. Listed below are some of the 
things necessary for future work to have, the diagnostic be a useful tool: 

1) The diagnostic needs to be manufactured in a tube that is the exact size as that 
which will be on the recirculator. The closest model was mounted in a 2.75 inch 
ID tube, but where the diagnostic would be mounted is a 2.70 inch ID tube. If 

. accuracy is to be measured in the sub-millimeter range, the sample diagnostic 
must be exactly to scale. 

2) The diagnostic needs to be fitted onto an actual beam line. In all of the setups, 
there is the possibility of error in the alignment of the tube itself. If the tube was 
mounted onto a beam line, this error could be completely removed. 

3) An actual particle beam should be run down the center of the tube in a vacuum. 
This is by far the most important suggestion in this list. There are far too many 
unknowns on how this diagnostic will react once it is used in vacuum with a 
beam. The materials used for the dielectric may become charged or have poor 
vacuum properties, the beam will most certainly act different than the pulsed rod 
will, and the behavior of the diagnostic in general is not known in the situation in 
which it is planned to be used. All of the data assembled here should be helpful 
preliminary work for the diagnostic, but the really useful data will be collected 
once the diagnostic is used to look at a real beam. 

4) The size and shape of the plates needs some further looking into. This should be 
done after the diagnostic has been tested with a real beam, for then it will be 
known if a near 180 degree plate is the best choice, or if there is some in-
between size that will produce a more linear signal over transverse offsets. 

5) The actual materials used in the diagnostic and the methods of mounting the 
plates should be looked at more. Currently Teflon and copper plated Kapton were 
looked at, with the plates being held in by ring tension. How these materials and 
that method of mounting will work in a vacuum is not known. 

6) The plates should be impedance matched to get rid of "ringing" in the output 
signal. Short cables from the plates to the analyzing hardware will also lower the 
capacitance of the diagnostic, giving it a higher signal voltage. 

7) A computerized/digital system is needed to acquire the signal outputs and analyze 
it. In order to calibrate this diagnostic to sub-millimeter dimensions, a more 
accurate method than oscilloscope readings is needed. Using a CAMAC type 
setup to integrate the pulses and look at total collected voltage per plate and 
differences between opposed plates will give a much more precise diagnostic. 

8) The diagnostic has the ability to replicate the beam waveform. Figure #15 
is a digitized polaroid of input and output signals from setup #4 of the diagnostic. 
With the pulsed rod, the pulse length was exactly seen, and the relative 
amplitude of the input pulse was also observed. With a beam, different 
modulated pulses should be sent down the tube to see what the diagnostic sees. 

http://rbut.it


Figure #15: 

4.8 V, 10 usee Input Pulse 

~16 mV, 10 usee Output Pulse 

9) The diagnostic should be "calibrated" by using a target at the far end of the beam 
tube that can be damaged or have a mark left by the impact of the beam. The 
beam could be moved off center using the steering plates, and by looking at what 
readings the diagnostic's plates gave, the location of the hit on the target could be 
matched with the output voltages of the plates. By using a target, a better 

mV calibration offset curve (in —) would be generated that through calculation mnv 
alone, for the diagnostic may react differently in reality than it does on paper. 
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H I F N o t e N u m b e r 94-3 Augus t 17, 1994 

^ ^ - ^ To: HIF Note Mailing List 
From: Steven Lund 
Subject: Beam steering with dipole biased electrostatic quadrupoles 

Comment - An earlier version of this note was distributed on July 5 as recirculator 
note 29 (distributed to some incorrectly labeled as recirculator note 28). Although the 
conclusions of that note along with the final design equations presented were basically cor
rect, it turned out that several results in the intermediate analysis suffered from numerical 
errors and errors in interpretation. This version corrects those problems and also expands 
and generalizes the analysis, including several important practical extensions to the theory. 
This corrected and expanded note supersedes the earlier version. 

B E A M STEERING W I T H DIPOLE BIASED ELECTROSTATIC 
QUADRUPOLES, W I T H APPLICATION TO THE SMALL 
RECIRCULATOR MATCHING SECTION 

I N T R O D U C T I O N 

The small recirculator matching section will be constructed from a section of the 
SBTE electrostatic transport lattice loaned to us from Lawrence Berkeley Laboratory. Be
cause this section has a 15.24 qrh (6 in) half lattice period, and the small recirculator has 
a 36 cm half lattice period, only every other quadrupole will be used towards the end 
of the matching section. Several of these "extra" quadrupoles will be removed from the 
lattice to make room for beam diagnostics. Tom Fessenden has suggested that two of these 
"extra" electrostatic quadrupoles should be left in for use in beam steering - which will 
be needed to compensate for inevitable beam offsets due to lattice misalignments. This 
steering will be accomplished by biasing the quadrupole conductors so that they have ap
propriate dipole field components to deflect the beam and thereby correct the offsets. In 
this note we derive simple equations that describe the biasing potentials needed to correct 
a given misalignment of the beam centroid. These equations include a single numerical 
coefficient calculated from the full three dimensional lattice geometry that relates the bi
asing potentials to the bending dipole field component. This coefficient enables a concrete 
connection of the theory to the experimental apparatus and should also render the results 
presented here accurate. Later notes, will include both envelope and detailed three dimen
sional particle-in-cell simulations of the matching section. In these simulations we will 
evaluate the influence of these steerers on beam quality, which is an- issue of concern not. 



-.̂ i..̂ •;,*;:-• -••• addressed in ihia-note..-Although-tfyeanalysis presented below is.performed specifically, in . , 
-•• •• : ' s . ' - : freferen«e:torther.small-recirculator/matching section, the results derived should be readily , , .... 

•'..<(. • • applicable'to other-machines with beam focusing provided -by- a lattice of alternating gra
dient electrostatic quadrupoles. Furthermore, many of the results can be carried over with 
straightforward modifications to analyze steering voltages required to correct particular 
beam centroid errors in the main ring of the small recirculator. It is also possible that the 
theory can be applied to enable a relaxation of the mechanical alignment criteria for linear 
and recirculating machines by allowing for compensation of these errors through the use of 
dipole steering fields, thereby offering the possibility of reduced machine fabrication costs. 

ELECTROSTATIC POTENTIAL OF A DIPOLE BIASED QUADRUPOLE 

In Fig. 1, a diagram of the matching section by S. Eylon and T. Fessenden is presented. 
The seven electrostatic quadrupoles of the matching section used for beam focusing and 
envelope manipulations axe labeled Ql - Q7 and the two quadrupoles to be biased for 
beam steering are labeled Si and S2. Qualitatively, SI will produce a dipole bending field 
to an offset beam centroid, making it converge back towards the machine axis, and S2 will 
zero that convergence as the beam crosses the axis, thereby correcting the misalignment 
as the beam exits S2. Several quadrupoles have been removed (between Q3 and Q4, Q6 
and Q7, and after Q7) to make room for diagnostics. The full quadrupole lattice (i.e., 
with no quadrupoles removed) has a half lattice period of L = 15.24 cm (6 in), and each 
quadrupole has an axial length £ = 10.16 cm (4 in), an aperture a = 2.54 cm (1 in), and a 
rod radius of 2.54 cm (1 in). 

In an ordinary focusing quadrupole, the quadrupole conductors along the x and y 
transverse axes of symmetry are biased to potentials Vq and — Vq. Because the orientation 
of the misalignment errors are unknown apriori, the rod biases must be changed to obtain 
bending dipole field components along both the x and y transverse axes of symmetry. 
This can be accomplished by adding potentials Vx and Vy to the "quadrupole" conductors 
in the positive x and y directions and potentials — Vx and — Vy to the conductors in the 
negative x and y directions. A transverse cross-section of this structure is sketched in Fig. 
2. To calculate the fields resulting from this bias configuration, note that the linearity of 
Maxwell's equations can be exploited to regard the fields as resulting from a superposition 
of three "quadrupoles," one (quadrupole 1) with the conductors along the y axis grounded 
and the conductors along the positive and negative x axes at potentials Vx and — Vx, 
another (quadrupole 2) with the conductors along the x axis grounded and the conductors 
along the positive and negative y sixes at potentials Vy and — Vy, and a third conventional 
quadrupole (quadrupole 3) with conductors at potentials ±V9 with the usual quadrupolar 
symmetry. This situation is sketched in Fig. 3. The potential <f> of the full dipole biased 
quadrupole is given simply the sum of the potentials of the three quadrupoles, i.e., <f> — 
<f>i + <f>2 + <f>z- We now analyze these three contributions to the potential in turn. 

The electrostatic potential of quadrupole 1 (<f>\) is symmetric in the azimuthal angle 
9 and can therefore be multipole expanded (see Appendix A for a'review: of vmultipple. ...-. :.«;•,*,•.• 
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expansions) as 

l,k a 

Here, r is the radial coordinate, k and I are integers giving the radial and azimuthal order 
of the multipole moments rnj^j. The multipole moments {m^k} are dimensionless and 
vary with the axial coordinate z. The {a~kmi>k} can be interpreted as the usual multipole 
moments due to a quadrupole 1 configuration with Vx = 1. Furthermore, by symmetry, 
the potential along the axis of symmetry r = 0 is zero, and therefore mo,o = 0 for all 
z. Likewise, under the transformation x —» —x and y —*• y the potential transforms as 
<f> —> —<f>, whereas cos(/0) —> COS[7(TT — 0)] = cos(/7r) cos(70). It follows that all even l 
moments vanish for all z in the expansion (1). Using similar arguments to those employed 
in recirculator note 24, it is also possible to show as a consequence of Maxwell's equations 
that for any given value of /, that the moments will only be nonvanishing when k = I, 
1 + 2, 7 + 4, 1 + 6, '". Also, the nonvanishing higher-order moments m^k with k > I 
are related to axial derivatives of each "fundamental" moment mtj (see Appendix A) and 
consequently, axial integrals of these so-called "pseudo-moments" with k > I will vanish, 
L e-> SZo** mt,h>i = 0- The axial integrals of the pseudo-moments will also vanish in each 
half-space, i.e., for a lens axially centered at z = 0, J_00dz mitk>i = J0 dz m/Jjt>/ = 0. In 
summary, the nonvanisbing moments of the expansion (1) with cos(0) azimuthal variation 
will be m\ti, mi,3> m i ,5» *"» whereas the nonvanishing moments with cos(30) azimuthal 
variation will be 'm3t3, m 3 > 5 , m3f7, • • -, etc. 

To obtain the electrostatic potential of quadrupole 2, note from Fig. 3 that quadrupole 
2 can be obtained by rotating quadrupole 1 through an angle —TT/2 about the axis or 
symmetry and replacing Vx with Vy. Therefore, the potential of quadrupole 2 can be 
expressed as <}>2(r,8) = (yy/Vx)4>i{r,6 — 7r/2), or 

*2=V,Y, "*'.*(*) c o sW* - */2)] (L) k • (2) 
v Ik 

Finally, the potential of quadrupole 3, ^3 , is just the usual quadrupole potential due to 
conductors biased to potentials 6zVq with quadrupolar symmetry. We multipole expand 

* <}>z in a manner analogous to Eq. (1) as 

h=vgY^qi,k^)co<mC-)k- (3) 

Using similar arguments to those following Eq. (2) it can be shown that the z-dependent 
multipole moments {g/.jt} are nonvanishing only for I = 2, 6,10, • • •, and k —1,1+2,1 + 4, 
- -: Thus, there is no overlap between the {mi,k} and the {#,&} moments. Also, as for 
the mitk, higher order pseudo-moments qitk with k > I will be related to axial derivatives 
of each fundamental moment qij, and consequently axial integral of the pseudo-moments 
vanish, i.e., J^^dz qi,k>i = J_oadz qi,k>i = / 0 dz qitk>i = 0. Combining these Tesults,.the. ..-. :.-^.v . 



•. ,.. —•; potential*>f the full.dipole biased .quadrupole <f> =.<f>i + $2 +..^3 is given,by. 

0 0 0 0 f. 

; ' * " " V = ' E ' E .rrilik(z){Vxcos(W)+Vycos[l(6-K/2))}£) 
1=1,3,—k=l,1+2,— 

oo oo t 

7=2,6,— fc=l,J+2,— 

The dipole component of the dipole biased quadrupole potential is given by the 
fundamental I = 1, k = 1 indexed term of Eq. (4), i.e., <f>d = mi^VcX + Vyy)/a, 
and the quadrupole component is given by the I = 2, k = 2 indexed term, i.e., <j>q = 
V^32,2(^2 —y 2 ) /^ 2 • Clearly, for a good quadrupole with dipole bending field components, all 
higher-order "quadrupole" multipole coefficients q^k should be small compared to the fun
damental quadrupole moment §2,21 and all higher-order "dipole" multipole coefficients mitk 
should be small compared to the fundamental dipole moment 7711,1 • The SBTE quadrupoles 
have been carefully shaped to suppress higher-order multipoles with quadrupolar symme
try, and therefore the higher-order qitk moments should be small compared to 52,2* and we 
will neglect them in the present analysis. On the other hand, this detailed shaping will not 
necessarily suppress the higher order mifk moments, and some analysis of these nonlinear 
focusing terms will be appropriate. However, it should also ~be stressed that the symmetry-
based conclusions above on which moments are nonvanishing.do not depend on the details 
of the shape of the quadrupole conductors. Provided, of course, that all conductors are 
of the same shape and are arranged such that they have reflection symmetry about the 
lines at angles 6 = ±?r/4 through the origin that divide the transverse quadrants. It is 
also clear from the analysis above that the leading-order fundamental error term of the 
potential will be the sextupole component given by the I — 3, k = 3 term of Eq. (4), 
i.e., fa = m3j3[Vx cos(30) - Vy sin(30)](r/a) 3 = m3>z[Vs(xz - 3xy 2 ) + Vy(yz - Zxy)]. Fi
nally, it should also be stressed that by symmetry there is no coupling between the dipole . 
and quadrupole potential terms and their related error field components. For example, if 
Vq = 0 then only the fundamerital dipole potential term and associated higher-order error 
terms exist, and no terms with quadrupolar symmetry exist. Conversely, if Vx = Vy = 0 
and Vq ̂  0, then the fundamental quadrupole potential term and associated higher-order 
error fields exist, and no terms with dipolar symmetry exist. Because of this feature, the 
quadrupole bias components will not generate dipole and related error field components, 
and conversely the dipole bias components will not generate quadrupole and related error 
field components. This independent variability of the quadrupole and dipole field strengths '• 
for beam focusing and bending is, of course, a desirable feature in actual experiments. 

Because the geometry of the matching section lattice is fixed, it is convenient to cal
culate the multipole moments rrik,i numerically. To do this, we employ the detailed three-
dimensional SOR Poisson solver in the particle-in-cell simulation WARP3d to calculate the 
electrostatic potential,- and then extract the multipole moments from the potential using 
an algorithm based on a least square error fit. More specifically, this algorithm is based 
on a harmonic azimuthal decomposition of the potential for each azimuthal mode number 
/, followed by a linear least-square fit to the reduced radial expansion-to-«xtraEtvthe rri^k. . ;.:*?*,:: . 

(4) 
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moments with k = I, I + 2, I + 4, • • •, fcmax, where kmax is some maximum power cutoff on 
'• the radial expansion: "This method is detailed in Appendix B. The code tools used in the 

three-dimensional field solver were developed primarily by Dave Grote, and the algorithm 
to extract''the multipole moments was developed by the author. In these numerical cal
culations we regard the detailed "potato" shaped conductors of the SBTE quadrupoles as 
cylindrical rod sections with the characteristic dimensions quoted previously. Also, to ob
tain a realistic axial dependence of the multipole moments, we perform these calculations 
on a three quadrupole length of lattice with the middle quadrupole centered on the grid 
and dipole biased with Vq = 0, Vx = 1, and Vy — 0 and with all conductors of the two adja
cent quadrupoles grounded. Fourhundred axial gridpoints and an 80x80 rectangular array 
of transverse gridpoints are used. In Fig. 4 we contour the resulting electrostatic potential 
^ in the axial midplane of the dipole biased quadrupole. In this figure the transverse x 
and y coordinates are in meters. The maximum radial extent of the beam in the region of 
these steerers will be less than 1.4 cm. For coordinates within this characteristic radius, 
it is apparent from Fig. 4 that the potential contours are fairly flat and uniformly spaced, 
as one would expect for a good electrostatic dipole. The leading order multipole moments 
mttk corresponding to this solution for the electrostatic potential are plotted in Fig. 5(a)-
5(i) for I = 1, 3, and 5, and k < 7. The oscillations in the pseudo-multipole moments m/,* 
with k > I tend to mitigate, in part, their influence on the dynamics of the beam centroid. 
Evidently, the dipole moment m^i dominates the field expansion, and as expected, the 
leading order error field component is the sextupole moment m j ^ . Although the sextupole 
moment appears disturbingly large, it is best to keep in mind that the maximum radial 
extent of the beam will be roughly 1/2 the quadrupole aperture. Therefore, the peak field 
field intensity associated with the dipole moment will scale directly with the peak value of 
"*i,i ( a * all particle radii), whereas at the maximum particle radii, the peak field intensity 
associated with the quadrupole and sextupole moments will scale as 1/4 the peak value 
of 77*3,3. Furthermore, we will find that the dipole bias voltages needed to correct typical 
errors of the beam centroid are small, thereby further mitigating the intensity of the non
linear sextupole fields and their influence on the beam distribution. Finally, it should be 
pointed out that the actual SBTE quadrupole conductors are carefully shaped to suppress 
higher-order multipoles when biased in a quadrupole configuration, and these details may 
alter the multipoles plotted in Fig. 5. Nevertheless, we expect that the qualitative features 
of the multipoles will be insensitive to these details. 

» For purposes of conducting analytic calculations of the beam optics associated with a 
dipole biased quadrupole, it is convenient to construct a hard-edge approximation to the 
potential (4). In this regard, we define hard-edge multipole strengths m^k and q^k by 

fni,k£= dz mitk(z), 
\ (5) 

qiM = dz qi,k{z). 

Computing these quantities numerically from the results, above, we obtain the "average" 
dipole, sextupole, and decapole moments m^i = 1.0644, m 3 ) 3 = 0.2431, and fhs)5 = 
—0.0094. Also, for the pseudo-multipole moments m^k with k > I we obtairT'for-Z- = . 1$. ; •-. 
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• --^ij3 —:.%5.6aklQ75«...m1.5 =--1.5. x 1 0 ~ n , and m 1 ) 7 = -,3.5 x 1Q - 1 ?; for / = 3, m 3 | 5 = 
- i- i—a^2».'X:.10-?:{Btodvm3]7^?= -^ ' . I -X-TIG" 1 0 , ; and-for I •= 5, m 5 ) 7 = —8.4 X . I O - 4 . These 

• small:averag^ivalues of :the / = l.;and / = 3 pseudomultipole moments compared to their 
fundamental moment values indicate consistency with general considerations that predict 
a zero average value for all pseudo-multipole moments, while the higher order / = 5 results 
appear to be suffering to some degree from numerical and truncation errors. On the other 
hand, deviations from ideal quadrupole behavior in the SBTE geometry should be small, 
so we approximate 52,2 = 1- Taking this multipole to be unity will also enable a concrete 
correspondence to quadrupole focusing strengths obtained in earlier ideal analyses of the 
beam envelope performed in recirculator note 31. Motivated by the numerical analysis 
above, we neglect all but the fundamental dipole, quadrupole, and sextupole moment 
terms and approximate the electrostatic potential (4) as 

<f> ~ mltl + Vq-j— + m 3 ) 3 -3 , (6) 

within the dipole biased quadrupole lens, and zero outside. The hard edge potential (6) 
contains the dipole bending field, the quadrupole focusing field, and the leading order 
nonlinear error field associated with the sextupole moment. This approximate expression 
will be used in all subsequent analyses of the beam optics of the lens. 

EQUATIONS OF MOTION OF THE B E A M CENTROID 

We now write the equations of motion of a centroid particle in the field described 
by the hard-edge electrostatic potential (4). For a beam made up of particles of charge 
state q and energy S, the nonrelativistic and paraxial equations of motion of the x- and 
y-coordinates of the beam centroid can be expressed as 

*" ± k*x = -kdx - k3

3X(x2 - y 2 ) + 2h%xy, 

y" =F %y = -kdy + k*y(x2 - y2) + 2k*axxy. ( 

Here, primes denote derivatives with respect to the axial coordinate z, kdx, kg, and hsx 

» are the x-dipole, quadrupole, and s-sextupole couplings denned by kix = qVxrh\ti/2£a, 
kq = ? l ^ | / £ a 2 > a^d &ax = %qVxrhz,z/2£a? within the lens and zero outside. Analogous 
expressions with Vy replacing Vx define the y-dipole andy-sextupole couplings kdy and kay. 
The plus sign in Eq. (7) is for Vq > 0, and the minus sign is for Vq < 0, corresponding to 
focusing and defocusing quadrupole strengths along the ar-axis. All so-called energy effects 
associated with the change in axial velocity as the centroid particle encounters differing 
electrostatic potentials are neglected in Eq. (7). For the 80 KeV heavy-ion beam and 
characteristic focusing and steering potentials associated with the matching section, such 
effects should be negligible for transverse displacements of the beam .centroid expected 
from on-axis (corresponding to zero potential). 
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L I N E A R O P T I C S O F T H E B E A M C E N T R O I D 

In calculating the beam optics of the dipole biased quadrupoles, we will first analyze 
the linear optics described the the equations of motion (7) by taking the sextupole couplings 
k3X and kay to be zero. Investigation of nonlinear effects due to the sextupole field will 
be investigated after the linear optics has been thoroughly characterized. For present 
purposes, we take kax — ksy = 0, and then the equation of motion (7) for the x-centroid 
coordinate reduces to 

x"±k2

qx = -kdx. (8) 

For initial conditions x = XQ and x' = x'0 at an axial coordinate z = 0, the solution to Eq. 
(8) can be expressed as 

(x\--k, ni-cos(M]/*?

2 

\x'J- Kd*\ sin(kqz)/kq 
+ 

cos(kgz) 0-jkq) sm(kqz) 
-kg sin(kqz) cos(kgz) ft) (9a) 

and 

\x'J a x \ smh(kgZ)/kg J 
cosh(fcgjz) (l/kq)swh(kqz) (x0\ ,-,v 

kg sinh(kqz) cosh(kqz) \x'o) 

fpr focusing and defocusing quadrupole strengths within the lens, and as a simple drift 

(9c) (;) - [J ;l (s) 
outside the lens (kq = k&x = 0). In writing these solutions, we have, of course, assumed 
that kdx and kq have not changed over the axial distance \z\ measured from the initial 
conditions at z = 0. 

In the conceptual design of the matching section, it is currently planned to employ 
dipole biased quadrupole beam steerers with zero quadrupole beam focusing, i.e., Vq = 
0 = kq. To examine this situation, we take the limit of vanishing quadrupole strength 
(kg —»• 0), thereby reducing Eqs. (9a) and (9b) for the x-centroid trajectory to 

(;)-^C?Ms;]ft) (10) 

Comparing Eqs. (9) and (10), it is interesting to note that [1 — cos(kqz)]/k2 < z2/2 and 
sm(kgz)/kg < z, whereas [cosh.(kqz) — l]/k2 > z2/2 and svah(kqz)/kq > z. From these 
bounds one can conclude that the effective dipole bending strength is weakened by the 
presence of a quadrupole field component that is focusing in the plane of bending and 
strengthened by a quadrupole field component that is defocusing in the plane of bending. 
The dipole beam steerers will be constructed from two lenses separated by a drift distance 
d as sketched in Fig. 6. Denote the dipole coupling strengths of the first and second lens as 
kdxi and kdX2- Here, and in other similar quantities, we will use the additional s*tibscriptsl 
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. - . . -and:2 to. refer ^-.quantities associated with the first and second lens. For abeam entering 
j - 'f;the^firstlens:;withvCentroid-coordjnates XQ and x'0, it is straightforward to .show, from Eqs. 

;. • (9). and (10) that the x.and x' centroid coordinates on exiting the second lens are 

\:)'^ifl)-^{Ki+rnhliivt](i)- ( i i ) 

For zero centroid error, we set x = 0 = x' in Eq. (11) and solve for the dipole voltages Vxi 
and VX2 of the first and second lens. This solution yields 

2£ [x0+(d + Se/2)x0]a 

25 (xQ+£x0/2)a K } 

q V x 2 ' m1A £{d + £) ' 

Some investigation of characteristic magnitudes predicted by Eq. (12) is instructive. 
For example, assuming a pure displacement centroid error with x'0 = 0, and employing 
the lattice parameters consistent with the conceptual design sketched in Fig. \l— 10.16 
cm (4 in), d = 20.32 cm (8 in) , a = 2.54 cm (1 in), the beam energy S = 80 KeV, 
and approximating fh\}\ ~ 1, we obta in the correction voltages per centimeter of centroid 
displacement as 

Ik _Jk _!*!£. ( 1 3 0 ) 
XQ XQ cm 

Therefore, to correct a characteristic 0.1 cm s-centroid displacement, we would need dipole 
biasing voltages on the order of ±130 V on both lenses. On the other-hand, for the same 
situation and a centroid with a pure axial divergence error with Xo — 0, Eq. (12) gives the 
correction voltage per radian of axial divergence as 

v * ARfiT 1 ^ v**- fifi7KV • r u n 
17" = 4 6 , 6 7 ^ d "V 6- 6 7raT ( 3 ) 

Therefore, to correct a characteristic axial divergence x'0 ~ <roXo/(2L) ~ 0.0003, we would 
need dipole voltages on the order of ±14 V on the first lens and ±2 V on the second 
lens. Of course, for the correction of general centroid errors with both displacement and 
divergence components, the biasing voltages required will be a linear combination of the 
values indicated in Eqs. (13a) and (13b). Implementation of signals of this magnitude will 
pose no technical problems. 

Because of the approximation of zero sextupole couplings, the voltages for linear 
optics corrections of centroid errors along the x and y principal axes can be calculated 
independently. Furthermore, the derivation of the corrections along the y axis parallels the 
derivation of Eq. (12). Therefore, we can immediately summarize the correction voltages 
to zero a beam centroid error with coordinates x = XQ and y = yo and convergences•&'..= x'0, . 
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and y' — y'0 measured on entry to the first beam steering lens as 

28 [x0+(d + 3£/2)x'0]a 
qVxi — — 

qv2 x2 

mi,i t(d + £) 
_ , 28 (x0+£x'0/2)a 

mi,i £(d + £) ' 
_. 28 [y0 + (d+2£/2)y'0]a ( W ) 

qVy2 = 

mj,! £(d + £) 
28 (y0+£y'0/2)a 

"mi,i £(d + £) 

Here, V xi and V î are the x and y correction voltages on the first "quadrupole," etc., 8 
and q are the energy and charge of a beam particle, £ is the quadrupole length, d is the 
drift length separating the lenses, and m^i is the hard-edge dipole strength parameter. 
For the SBTE lattice, mhl = 1.0644 ~ 1. 

Some discussion on extensions and limitations associated with Eq. (14) is appropri
ate. First of all, the conceptual design of the beam steerers has zero quadrupole bias, 
and therefore the zero quadrupole couplings prevent errors in the envelope manipulations 
of the matching section. This i s a good feature of the design, but one might wish for 
more diagnostic space between the beam focusing quadrupoles. In light of the decou
pling between the field components due to the quadrupole and dipole biases of the lens, 
one might imagine exploiting this feature by adding the dipole correction voltages to two 
quadrupoles used for beam focusing and envelope manipulations and thereby eliminate the 
need for extra steering lenses. /Furthermore, in the conceptual design indicated in Fig. 1, 
there is a conventionally biased quadrupole lens for beam focusing between the two dipole 
biased quadrupoles for beam steering. Such a situation also exists in several other design 
alternatives, and since the voltages for beam focusing are much larger then the dipole bias 
voltages for beam steering, the intermediate quadrupole field may significantly influence 
the centroid trajectory of an offset beam. We now generalize the previous analysis for 
steering voltage specifications to include these effects. 

First, we examine the situation where the first and second dipole biased quadrupoles 
forming the beam steerers have focusing and defocusing quadrupole couplings kq\ = 
^qlVgi \/8a? and kq% = y/q\^q2\l8c? in addition to the dipole biases denoted as previ
ously, and as previous, the two lenses are separated by a drift distance d with no interme
diate quadrupole lenses. Paralleling the development leading to Eq. (14), some analysis 
shows that the centroid correction voltages for this situation are specified •myrthe-matrix 
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equations^ 

= J ^ { ( 1 0)[QD2][D](BF1) 
m i , i I 

1 0 
1 0 + (1 0) [B D 2 ] 

0. l l 
0 0 + 

(0 1)[QD2][D](BF1) [J °] + (0 1)[£D 2][° J ] } [ Q D 2 ] P ] [ Q F I ] ( * , ° ) , 
(15) 

(0 l)[Q«][2>](2fci) [J j ] + (0 l)[2*«][j| J ] } W « ] [ I > ] W D I ] ( 2 ) , 

if the first and second lenses are defocusing and focusing along the x-axis. In this equa
tion, [QFI] and [QDI] denote the usual 2 x 2 focusing and defocusing quadrupole advance 
matrices of the first lens, 

in, 1 - \ ^s{kql£) (l/kql)sm(kql£)] 
WFiJ - ^ _ ^ s i n ( A . 9 i ^ cos(fcgl^) J ' 

, n , f cosh(fc9l£) ( l / fc ? 1 )sinh(& f f l ^] 
WD1*- [kqlsir&(kql£) cosh(kq\£) J ' 

(16a) 

(BFI) and (i?£>i) denote 2 x 1 bending advance vectors associated with the dipole fields 
in the presence of focusing and defocusing quadrupole fields of the first lens, 

( 2 ? F l ) - \ , s i n ( M ) / f c ? 1 J ' 

^D*>-{ S inh(fc ? 1£)/* ? 1 j ' 

[D] denotes the 2 x 2 advance matrix for a simple drift of length d 

(166) 

P] = 1 d 
0 1 

(16c) 

and { [• • •] } _ 1 denotes the inverse matrix of [•••]. Expressions analogous to (16a) and 
(16b) are defined for the second dipole biased quadrupole lens by replacing kqi with kq2. 
Equation (15) is cumbersome to analytically expand, but it is straightforward to use nu
merically because the matrices and vectors given by Eqs. (16a)-(16c) are of dimension 
2 x 2 and 2 x 1 and depend only on geometric factors and quadrupole couplings. Note 
that the quadrupole couplings kq\ and kq2 will be fixed by the envelope manipulations 
required by the matching section. If the first dipole biased quadrupole is defocusing and 
the second focusing, then Eq. (15) can be modified for this situation by replacing all focus-
ing/defocusing matrices and vectors with defocusing/focusing matrices and vectors,- i.e., 
[ Q F I ] —*• [QDI] and (BFI) —*• (BDI), etc. Also, if there are mtermediate-qttadrtipole .and. 
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drift spaces between the two dipole biased quadrupoles, then the drift matrix [D] should 
„be replaced by the the appropriate 2 x 2 advance matrices. For example, if the drift space 
is replaced by an intermediate quadrupole that is focusing along the a;-axis and flanked by 
two equal drift lengths of length d on either side, then we replace [JD] -* [D][(3F]P] and 
[D] —»• [JD][QD][J5] in the x- and y-plane dipole bias equations. Here, [QF] and [QD] denote 
the usual 2 x 2 focusing and defocusing quadrupole advance matrices defined analogously to 
Eq. (16a). Similar substitution patterns are obvious to modify Eq. (15) appropriately for 
any conceivable combination of dipole biased quadrupole beam steerers with intermediate 
quadrupole lenses and drifts. 

We now apply Eq. (15) and the substitution patterns discussed above to examine 
several situations of interest in the conceptual design of the small recirculator matching 
section. First, we check the validity of our general formula by checking to see if it gives 
the same correction voltages as Eq. (14). To do this, we set the quadrupole couplings of 
the first and second dipole focusing lenses to zero (i.e., kq\ = kq2 — 0) and regard the 
intermediate space between the lenses to be a free drift. Then applying Eq. (15) with the 
conceptual design lattice parameters, we obtain the correction voltages 

(*vxi\ _ 2£a f 0.003229 0.1148 ] fx0\ 
\qVx2J ~ m1A [-0.003229 -0.01640J \x'0J ' 

(lVyi\ _ J£fL f 0.003229 0.1148 ] (yo\ 
\<lVyi) m l f l [-0.003229 -0.01640J \y'0J' 

(17a) 

Here, the initial centroid offsets XQ and yo are measured in centimeters and all other 
quantities carry the dimensions discussed previously. Plugging lattice numbers in Eq. (14) 
obtains the same formula as Eq. (17a), verifying in part the more general formula (15). 
Next, applying the substitutions described above, we apply Eq. (15) to correct for the 
presence of the beam focusing quadrupole Q5 positioned between the two dipole biased 
beam steerers with zero quadrupole couplings. This intermediate quadrupole has the same 
characteristic dimensions as the beam steerers will be quadrupole biased to Vq = 2.135 
KV, as required by the envelope solution of the matching section (see recirculator note 
31). For this'situation, we obtain the correction voltages 

(qV*A -2&L\ 0.001812 0.1076 ] fx0\ 
\qVx2J ~ m M [-0.004567 -0.02320 J \x'J ' 

0.004094 0.1192 1 fy0\ 
\\y'o)' 

rqVyl\==2£a, 
\qVy2J m1A 

-0.002438 -0.01239 

Note that for the effect of the intermediate quadrupole has tended to decrease the correction 
voltage in one plane while increasing it in the other, as should expected on qualitative 
grounds. In addition, note that the correction voltages given by Eq. (17b) are substantially 
different from those given by Eq. (17a). Evidently, even though a quadrupole field has a 
weaker bending strength than a dipole field, the voltages for quadrupole focusing are much 
larger than the voltages for dipole bending, and therefore the intermediate quadrupole must 
be taken into account to accurately calculate the dipole bias voltages for 'ths correction, of 
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-.-, : .-centroid;errors.. Finally, we examine the possibility,of adding dipole bias voltages to Q6 ( i , 
: -• -saadr-QT.̂ tof&ffijn a'steering lens •combination, (see ,Fig. .1). This would allow, the.removal . . 

rof the-.twd-.single-purpose lenses for quadrapole steering, thereby creating additional room 
for experimental diagnostics. Furthermore, note that Q6 and Q7 are near the end of the 
matching section, and therefore if these lenses are dipole biased, then they could be used 
to correct centroid errors accumulated along the 3/4 of the matching section rather than 
1/2 the matching section as the conceptual design steerers SI and S2 would. To analyze 
this case, we take the first and second lenses to have quadrupole biases Vq\ = —2.096 KV 
and Vq2 = 1.959 KV, as required by the envelope solution of the matching section (see 
recirculator note 31). The drift distance between these two lenses is d = 20.32 cm (8 in) 
and contains no intermediate quadrupoles. For this situation, we the correction voltages 

(qVxi\ _ 2£a [ 0.007075 0.1266 ] fx0\ 
\qVx2) ~ fh1A 1-0.003450 -0.01694 J \x'0J ' 
fqVyi\ _ 2 S a [-0.0005976 0.1025 1 fy0\ 
\qVy2J ~ m1A [ -0.003025 -0.01593J \y'0J ' 

Again, note that the correction voltages given by Eqs. (17c) and (17a) are substantially 
different, showing that the presence of alternating gradient quadrupole fields for beam 
focusing substantially alters the required dipole fields. Nevertheless, the characteristic 
voltages predicted by (17c) are still small, and their synthesis would pose no technical 
problems. So this alternative design for extra lattice space is also a valid option. Finally, ! 
it should be mentioned that Eq. (15) has been checked by employing the voltages predicted 
by Eq. (17) with several choices of centroid errors and then numerically integrating the 
equations of motion (7) (with zero sextupole couplings, i.e.j k3Xi = ksyi = 0, etc.) to verify 
that the final centroid error is zero. 

An issue of concern in using dipole biased quadrupoles is the number of power supplies 
required. For a conventional quadrupole biased with single-polar power supplies, two 
high-voltage power supplies are required for each quadrupole. For each dipole biased 
lens, two single-polar power supplies will be required for each orthogonal direction, for 
a total of four supplies per lens, or one power supply per rod. By choosing appropriate 
bias voltages for each rod, this four supply dipole biased configuration can also be used 
to produce a quadrupole focusing component. Thus for pure dipole or combined function 
dipole/quadrupole lenses, a total of four power supplies per lens will be required. However, 
as in the conceptual design application discussed above, it is possible that the dipole bias 
voltages required for centroid correction with no quadrupole focusing component could 
be small enough to eliminate the need for special high-voltage power supplies. On the 
other hand, for combined function lenses, high-voltage power supplies will be necessary. 
Assuming identical high-voltage supplies are used for all biases, then the conceptual design 
would require 8 additional power supplies for beam steering, whereas the alternative design 
with dipole biases added to Q6 and Q7 would require only 4 additional supplies. 

Another issue of practical concern in the use of combined function lenses might be that 
if all four conductors of the lenses are biased independently to voltages of high magnitude, ; 
then regulation errors in the power supplies could be significant compared tOtheFBomponent. ..-. ̂ vv . 
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of the voltages intended to correct centroid errors of the beam. For the small recirculator 
•matching section, the quadrupole biases will be on the order of ±2 KV, and the centroid 
.correction biases should be smaller than ±150 V. Thus, each rod in a combined function 
lens could be biased to a voltage on the order of 2.2 KV. The high-voltage power supplies 
on order for the beam steerers and quadrupole focusing lenses of the small recirculator 
have a programmable voltage outputs that can be adjusted over the range 0.5-5.6 KV 
to an accuracy of 0.1% + 5 V, and are regulated to 0.05% of full scale. Thus, for our 
characteristic 2.2 KV voltages, we would expect uncertainties on the order of 7 V, which is 
5% of the 150 V contribution to the bias for the correction of centroid errors. Therefore, it 
is unlikely that the component of the biases intended for the correction of centroid errors 
in a combined function lens would be obscured by inaccuracies in the programming or 
regulation of the power supply. It should also be pointed out that the high-voltage supplies 
have unrated performance for outputs below 0.5 KV, and therefore would be unsuitable 
in the absence of voltage dividing for biasing the beam steerers of the conceptual design, 
which have no quadrupole component for beam focusing. Furthermore, because the power-
supplies are programmable and computer interfaced, the voltage components required for 
beam focusing and dipole corrections can be clearly separated in the controlling program, 
thereby giving the experimenter distinct adjustment "knobs" to independently control the 
quadrupole focusing strength for beam focusing and envelope manipulations and the dipole 
bending strength for elimination of centroid errors. It is also relevant to point out that the 
"sense" of centroid errors will be apriori unknown, and therefore the polarity of the dipole 
biasing voltages needed to correct them will also be unknown. Therefore, because power 
supplies are typically only single polarity, it follows in a pure dipole biased lens that the 
polarity of the supplies may need to be flipped if the sense of the error changes. Needless 
to say, this could prove inconvenient in practice. On the other hand, for a dipole biased 
quadrupole lens, the dipole biasing voltages will be small compared to the quadrupole 
bias, and therefore any change in the sense of the errors will not require a change in the 
power supply polarity, only a consistent change on the magnitude of the bias voltages on-
particular quadrupole conductors. 

MODIFICATIONS FOR N O N S Y M M E T R I C DIPOLE B IASES 

In the conceptual design configuration, the number of power supplies required per 
dipole biased lens could be lowered from four to two if the biases could be added to 
the quadrupole conductors in a nonsymmetric fashion, say rather than dipole biasing 
the conductors along the plus and minus a;-axes to -\-Vx and — Vx, bias them to +VX '• 
and zero, etc. A transverse cross-section of this structure is sketched in Fig. 7. Note 
that this asymmetric dipole bias configuration would simplify the wiring of the power 
supplies in response to a change in the sense of centroid corrections. Such a configuration 
would also increase the so-called energy effect, where beam particles change axial velocity 
when crossing potential lines on entry and exit to a lens. Fortunately, given the small 
characteristic dipole voltages of the steerers and that the heavy-ion beam has an energy 
of 80 KeV, it is clear that such effects' will still be negligible. However, it is. also clear that 
the field structure of such a configuration will be different than the previousxosfiguration.. ..-. :._AV..V . 
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...r>, . Tp.;understand precisely, how it differs, we examine the fields of a dipole biased quadrupole • 
..•• ,. •• ..withconductors along the positive.^and negative rc-axes biased to potentials ¥q.+.-Vx and . . 

Vq, and conductors along the positive, and negative y-.axes biased to potentials — Vq -f Vy 

and — Vq. Proceeding analogously to our previous field calculations, we refer to Fig. 8 
and exploit the. linearity of Maxwell's equations to regard the fields as resulting from a 
superposition of three "quadrupoles," .one (quadrupole 1) a pure dipole biased configuration 
with Vx —* Vx/2 and Vy ^ Vy/2, another (quadrupole 2) a conventional quadrupole 

• with conductors at potentials ±Vy with the usual quadrupolar symmetry, and a third 
distorted quadrupole (quadrupole 3) with conductors along the rc-axis at potential Vx/2 and 
conductors along the y-axis at potential Vy/2. Paralleling the analysis presented earlier, 
it is then straightforward to show that the electrostatic potential of this configuration can 
be expanded as 

*= E E ^ f ^ ^ c o s ^ + ^ c o s f ^ - ^ ) ] } ^ ) " 
f=l ,3 , .»*=M+2,-

+ V< E E 9iAz)cos(W)Qk 

+ E E ^p- iv* co<w) + vv «»P(* ~ »/2)]} ©* • 
/=0,2,— k=l,l+2,— 

In Eq. (18), the first, second, and third summation expressions correspond to the po
tential contributions from quadrupoles 1, 2, and 3. The moments {m/,*} and {<#,*} are 
precisely the moments introduced previously, and the moments {dj,jt} are due to the dis
torted quadrupole 3. The {d^k} can be thought of as the ^-dependent moments due to 
a "quadrupole" configuration with the conductors along the z-axis held at unit potential, 
and the conductors along the y-axis grounded. Note that the / = 0, k = 0 term of this 
expansion with moment cfo.o takes into account the nonzero on-axis electrostatic potential 
of this configuration. Furthermore, note that all m^jt moments enter the expansion with 
a multiplying factor of 1/2. Therefore, the dipole bias Vx will need to be doubled in this 
configuration to achieve the same dipole bending field strength as the previous configu
ration. However, in contrast to the previous situation, this dipole bias will generate a 
quadrupole field component due to the moment ^2,2, and thereby modify the beam focus
ing properties of the lens. Clearly, this is not a completely desirable situation, but because 
the quadrupole bias component Vq still generates no dipole fields, it is possible to change 
Vq by an appropriate amount to compensate for the quadrupole fields generated by the 
dipole biases. To understand this further, it is first best to relate the $*,* moments to the 
di}k moments. It is straightforward to show that 

ffl,* = <*!,*[!-cos(W2)]- (19) 

Note that this equation shows explicitly.that 57^ = 0 for I = 0,4, 8, • ; • and that q^k — 2d^k 
for nonvanishing q^k corresponding to / = 2, 6, 10, • • •. Using Eq. (19),-"Eq. fl-8)-€an. be. ..-. :.̂ -̂ .v 

(18) 
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expressed as 
00 00 / N 

<t> = E E '^^{Vxcos{ie) + Vycos[l{e-^2)]}(^ 

' =r' =''r" ° k (20) 
+ E E *.*(*) {K/2 + V, + (y,/2-yg)co8(Z*/2)}««(/«) ( I ) . 

/=0,2,— Jfc=/,/+2,— 

It is evident from the 1 = 2 term of Eq. (20) that Vg can be adjusted such that 2Vg+Vx/2— 
Vy/2 remains constant to maintain fixed quadrupole focusing strength while Vx and Vy are 
varied. Such a prescription can" be readily programmed in a modern, computer controlled 
power supply, thereby eliminating a potential problem associated with asymmetric dipole 
biases. For reference purposes, it is also clear from the analysis above that the potential 
for an asymmetrically biased quadrupole configuration with conductors along the x- and 
y-axes biased to potentials Vqx and Vqy is given by 

+ = E E dl>k(z){Vqx + Vqycos(l*/2)}cos(W)Qk. (21) 
1=0,2,— k=l,l+2,— 

Note that the conventional expression is obtained for the usual ± biased configuration when 
Vqx = -Vqy = Vq and q\tk = rfi,i[l-cos(k/2)] is substituted. Evidently, if Vqx-Vqy = 2Vq, 
the fundamental quadrupole field (labeled with 7 = 2) and all field components labeled by 
I = 6, 10,14, • • • will be identical to those resulting from the usual bias configuration, while 
on the other hand, there will be additional error fields labeled by Z = 0,4, 8, • • •, that do not 
exist in the usual bias configuration. Finally, it is worthwhile to mention that the moments 
{wi/.jfc} and {dttk} from a complete basis set for the quadrupole geometry and can therefore 
be used to construct the field lor any bias configuration on the quadrupole conductors. 
Thus, a calculation of the {m/^} and {d/.jt} moments, which depend only on geometric 
factors, is equivalent to a calculation of the general field structure of a particular quadrupole 
geometry. In this regard, a through understanding of the structure and properties of these 
geometric moments is particularly valuable. 

From the analysis above, there appears to be few detrimental consequences from 
using asymmetric dipole biases, provided the quadrupole focusing voltages are adjusted 
consistently to compensate for any quadrupole field components generated by the dipole 
correction voltages. For completeness, and to provide information that would allow a 
more concrete estimation of both intrinsic quadrupole field errors and quadrupole field 
errors due to any asymmetric dipole biases, we now present numerical calculations of the 
ditk moments. These numerical calculations are performed analogously to those presented 
previously to calculate the m/}fc. In these calculations, we used the same numerical and 
lattice parameters as previous and set the central quadrupole conductors along the positive 
tc-axis to unit potential, and grounded all other conductors. The electrostatic potential 
obtained is contoured in Fig. 9, and the corresponding ditj, moments are plotted in Fig. 
10(a)-10(i) for / = 0, 2, and 4, and k < 6. Analogously to Eqv (5), we defined a hard-edge 
multipole strength 

dt,ki = Jdz di,h{z), . . „- _ ^ . . . . . . (22) 
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.and calculated <*b,Q= 0.7504, d2,z = 0.6089, and eZ4)4 = 0.0022. This shows that £2,2 = 
• 2^2:2 -={1:2178,-which is considerably more than the ideal value 52,2 = 1' assumed in the 

previous analysis. Withthis^in mind, it would be better to replace kq\ = -\/q\Vgi\/Sa2 by 

kqi = y2qd2>2 l ^ i |/£<*2, etc., in.the previous formulas when a more precise correspondence 
to the actual experimental system is desired. (The envelope calculations, which determined 
the quadrupole focusing voltages, did not employ this correction factor, so it was better not 
to employ it in the previous numerical examples that employed that data.) As discussed 
for the m^k and-5/^ moments, general considerations dictate that ditk = 0 for k > I. In our 
numerical calculations we obtain for 1 = 0, <io,2 = —9.1 x 10~ 6 , do,4 = —2.2 x 1 0 - 1 2 , and 
dp,6 = - 4 . 5 x 1 0 - 1 9 ; for 1 = 2, J 2,4 = -1 .3 x 10~ 4 and J2,6 = -3 .9 x 1 0 - 1 1 ; and for I = 4, 
d6je = —4.2 x 1 0 - 3 . Again, it appears that the lower order moments are consistent and that 
possible truncation and numerical errors are influencing the higher order terms. Finally, it 
should be stressed that the detailed shaping associated with the actual SBTE quadrupole 
conductors was not included in this calculation. This shaping was designed to suppress 
higher-order multipoles in a quadrupole configuration and may alter the multipoles plotted 
in Fig. 10. 

NONLINEAR OPTICS OF THE BEAM CENTROID 

We now analyze the influence of leading-order nonlinear field components on the 
dynamics of the beam centroid. In this analysis, we will employ the full equations of 
motion with sextupole couplings given by Eq. (7). The influence of the nonlinear sextupole 
terms will be evaluated in the conceptual design configuration sketched in Fig. 1 with two 
pure dipole biased lenses for beam steering (SI and S2) and an intermediate quadrupole 
lens Q5 for beam focusing. Other possible configurations should yield similar results. The 
sextupole terms are analyzed by numerically integrating the full equations of motion (7) for 
a number of initial centroid errors, and then determining how the nonlinear sextupole terms 
influence the final centroid coordinates. In particular, for the given lens configuration and a 
set of initial centroid errors, we will employ the correction voltages predicted by Eq. (15) in 
the absence of sextupole couplings, and then we will numerically calculate the final centroid 

, coordinate errors in the presence of sextupole couplings that depend on these correction 
voltages. Deviations of the final coordinates from zero will indicate how large an effect the 
nonlinear sextupole fields have on the dynamics of the beam centroid. If the deviations are 
small, then their concomitant influence on the dipole biasing voltages required to correct 
errors in the beam centroid should also be small. It should also be pointed out that 
nonlinear corrections to the centroid trajectory due to sextupole couplings can be calculated 
perturbatively and formula (which must be solved numerically) for the correction voltages 
in the presence of small sextupole couplings can be derived. However, these formula 
are complicated and difficult to interpret, while in contrast, the numerical calculations 
presented here are easy to understand. The influence of nonlinear field components on 
both the beam envelope and quality will be assessed in future studies by particle-in-cell 
simulations with WARP3d. • ' -: - *?--.•••-•-
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In our numerical calculations, we take both the dipole and quadrupole biases to be 
given in the usual ± configurations. In addition, we take the hard-edge dipole and sex-

• tupole moments to be the calculated values m^i = 1.0644 and m 3 j 3 = 0.2431. While on 
the other hand, we take the hard-edge quadrupole moment to be the ideal value 52,2 = 1 5 

so that the quadrupole focusing strengths obtained from the beam envelope solution con
structed in Recirculator note 31 can be applied directly. From that envelope solution, we 
set the quadrupole bias on the intermediate quadrupole to be Vq = 2.135 KV. Correspond
ing to this situation, we will employ the centroid correction voltages predicted by Eq. (17b), 
which are calculated in the absence of sextupole couplings. Using these voltages for a given 
initial centroid error entering the first steering lens, we then numerically integrate the full 
equations of motion (7) with nonlinear sextupole couplings fcfrl = 3qVxiTnztz/2£a3', etc., 
to obtain the final centroid coordinates on exiting the second steering lens. For nonzero 
sextupole couplings, these final coordinate will in general be nonzero, constituting a cen
troid error. In Fig. 11, we plot the errors in final centroid coordinate on exiting the second 
steering lens verses the initial error on entry to the first steering lens. In Figs. 11(a) and 
11(b) we plot errors in the final centroid position and divergence as measured by y/x2 + y 2 

and y/x'2 + y ' 2 verses a pure coordinate error in the initial centroid. In Figs. 11(c) and 
11(d) we plot errors in the final centroid position and divergence as measured by y/x2 -f- y2 

and y/x'2 + y'2 verses a pure divergence error in the initial centroid. The centroid and 
divergence errors are taken to range from 0 to 0.5 cm and from 0 to 0.002 rad, respectively, 
along both the principal x- and y-axes. It is evident from these plots that even for errors 
significantly larger than the 0.1 cm and 0.0003 rad coordinate arid divergence errors ex
pected, that the final coordinate and centroid errors due to the nonlinear sextupole fields 
will be very small. For example, for a 0.2 cm initial error in the centroid coordinate, the 
final error will be less than 0.002 cm, or less than 1% of the initial error. Because these cor
rections are so small, there is little incentive to carry out the detailed perturbative analysis 
necessary to derive nonlinear corrections to the centroid correction voltages. Furthermore, 
for such small corrections it is likely that other effects neglected in the present analysis 
would enter at a similar order, making it questionable if such an analysis would even be 
relevant. In conclusion, for reasonable centroid errors, it appears that the nonlinear optics 
corrections to the dipole correction voltages are negligible. 
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A P P E N D I X A T H R E E D I M E N S I O N A L M U L T I P O L E E X P A N S I O N S 

In an unbounded region of space with some charge density /?(x), the electrostatic 
potential <j> can be expressed simply in terms of the free-space Greens function l / | x — x' | 
as 

<*V J^L. (Al) 
|x —x'| 

Li (r, 0, z) cylindrical-polar coordinates, l / | x — x ' | can be expanded as 

j ^ b f = | E f * « I I ( ' - O oo8[* (* - z')tf(*r<)*/(fcr>). (A2) 

Here, jTm(jc) and iirm(a:) are mth order modified Bessel functions of the first and second 
kind, and r> and r< denote the greater and lesser of r and r ' . We will examine geometries 
where all charges are external to some lens aperture of radius r = a. Then for the fields 
of interest interior to the lens aperture (i.e., r < a), we can employ Eq. (A2) with r> = r' 
and r< = r. Expanding Ii(kr) in the resulting expression as 

~ i / k r \ l + 2 p 

W-£WT3T(T).- (A3) 

* = EE™f,p(*)cos(Z0) 0 * " ' + EEm?, p(*)sin(Z0) 0 ^ * { M ) 

shows that <f> can in turn be expanded as 

1=0 p=0 1=1 p=0 

Here, mf and mf are ̂ -dependent multipole moments associated with the even and 
odd parts of the potential with respect to the azimuthal angle 6. The integers I and 
p that label each multipole coefficient are associated with the azimuthal (~ cos(W) for 
mf and ~ sin(Z0) for mf ) and radial (~ rl+2p) variations. Note that the moments are 
nonvanishing only for radial variation ~ rk with k satisfying k = /, Z+2,1+4, • • •• Explicit 
integral expressions for the multipole moments mf p and mf p are straightforward to derive. 
Except for very regular geometries, these integral expressions are of limited practical utility. 
Examples of their use and derivation have been presented in a slightly different context from 
the present in recirculator note 24. In the present note, we employ symmetry arguments 
to deduce the nonvanishing moments, and then calculate these moments with a numerical 
procedure detailed in appendix B. However, some useful results follow from the integral 
expressions for the mf and mf . In particular, it is straightforward to derive the recursion 
relation 

where mi>p denotes either mf or mfp. Using this recursion relation, all mj > p for p > 0 can 
be calculated from a 2pth order axial derivative of mij as 

(_l)p/l g*p 
m ^ Z ) = 4?Pl(l + P ) ! d ^ m i ^ Z ) - • • , - : ?,-,-,. ( A 6 ) . 
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With this feature in mind, the moments with labeled with p = 0 (i.e., the raj(o) are 
called fundamental multipole moments, and the moments labeled with p > 0 are called 
pseudomultipole moments. It follows from Eq. (A6) that all pseudomultipole moments 
exist only in three-dimensional geometries and are associated with the finite axial length 
of the lens. Assuming reasonable decay in field intensity at axial coordinates far from the 
lens, it also follows from Eq. (A6) that axial integrals of the pseudomultipole moments 
vanish, i.e., 

/•OO 

dz mi7P(z) = 0 (A7) J 
for all p > 0. Furthermore, in the usual situation where the lens is formed from some 
transverse structure that is axially extruded over a finite length in z, then it also follows 
from Eq. (A6) that the axial integrals of the pseudomultipole moments also vanish over 
each longitudinal half-space, i.e., for a lens axially centered at z = 0 

/ dz mttP(z) - j dz mitP(z) = 0. (A8) 
JO J—oo 

Because of these average properties, the pseudomultipole moments of a lens m/ ) P with 
p > 0 are typically not as important as their corresponding fundamental moments m/,o, 
because particles transversing the lens will sample less of their force on average insofar as 
the transverse coordinates of the particle do not rapidly vary while traveling through the 
lens. 

In actual applications, detailed shaping of the transverse cross-section of a lens can 
be employed to suppress unwanted fundamental multipole moments rn^o* These shap
ing, insofar as they reduce or eliminate a fundamental multipole produce a concomitant 
reduction or elimination of the" corresponding pseudomultipole moments that depend on 
axial derivatives of the fundamental multipole moment. Beyond that, the pseudomultipole 
moments can be further reduced by increasing the aspect ratio (i.e., the ratio of axial 
length to aperture radius of the lens). For a small aspect ratio lens, the fundamental 
multipole moments vary strongly in z and the pseudomultipole moments associated with 
the dominant fundamental moment characterizing the lens can lead to error fields with 
unacceptably large amplitude. The only way to reduce such error field components is to 
increase the aspect ratio of the lens, thereby reducing three-dimensional effects. Finally, in 
the main text, we chose to label the multipole moments with the indices 1 and k = l + 2p 
so that the radial dependence associated with each multipole moment of the field is more 
clearly expressed. In terms of this index relabeling, the multipole expansion (A4) becomes 

OO OO L OO OO j . 

^ = E E rnlk(z)cos(W)Q + £ £ m^)sin(W)Q , (A9) 
1=0 k=l,l+2,- {=1 Jt=f,/+2,.» 

and the recursion relations (A5) and (A6) become 

"»'.**(*) = (jfe _ i + 2)(* +1 + 2) Mmi'k{z)> 
- (-i)(*-Q/2zi a*-' ( A 1 0 ) 

mi>k{Z) ~ 4(*-0/2[(jfe _ Z)/2]![(fc + 0/2]! dzk~imW>'-- -: - , - , - - . . . . . . 
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A P P E N D I X B ; : N U M E R I C A L CALCULATION O F T H E 
M U L T I P O L E M O M E N T S . 

To develop a numerical method for the calculation of the general multipole moments 
mftk(z) and m°k(z) in Eq. (A9), we first exploit the orthogonality associated with the 
trigonometric basis expanding the azimuthal angle dependence in 6 to obtain 

i d6<f>cos{l0) = x ^2 "* /%(- ) 

d6<f>sm(W) = TT £ mlkQ 
(51a) 

Jt=M+2,. 

for / 7̂  0, and 
rl-K 

\ ° Jo d6 <j> = 2z ] T 
*=0 ,2 , -

m. u©' {Bib) 

for / = 0. If the sums in k associated with the radial field expansions are cut-off at some 
value k = fcmax and the truncated expressions are evaluated at n different radial data 
points at r = r i , T2, • • • r n , then the resulting set of equations can be expressed in matrix 
form as 

" ( r i / a ) ' (Ti/ay+2 ••• ( r i / a ) * m " 1 / m M \ / I , 
(r2/a)1 ( r 2 / a ) ' + 2 ••• ( r 2 / a ) * m ~ m M + 2 

(rn/a)1 ( r n / a ) ' + 2 . . . (r n/«)< 

(52) 

\ mi,k„ 

Here, m/ffc denotes either the even or odd multipole moment m* k or m° fc, and J,- denotes 
the integrals 

/ ( l /?0 !Tde 4>(r = n) cos(W) for £ ^ 0, 
Ti = 

I (1/2*) / 0

2 \ t f # r = n) for £ = 0, 

"i/,fc = "*?,*> and 

«Wtf(r = rt-)sin(W) 

(53a) 

(536) 

for m^jt = 7nffc. If n = (fc m a x - /)/2, then the matrix in Eq. (B2) is a square matrix 
of dimension n x n, and the system can, in principal, be solved by the usual numerical 
methods for the vector of multipole moments (my , mij+2,'", m/,fcm»x)- ^ actual practice, 
this method of solution is not generally acceptable due to the possibility of numerical 
noise rendering the matrix nearly singular. To avoid this problem, n is chosen such that 
rc > (&max—0/2 a^d the overconstrained vector of multipole moments in Eq. (B2) is solved 
for using a linear least squares method. 

Equation (B2) for the truncated vector of multipole moments 
(my,m/,7-1-2, • • • 5"i/,fcm M C) forms the basis of our numerical calculations. -:Lr:ap"plying.this 
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equation, <f> was first calculated on a three-dimensional cartesian grid using a detailed SOR 
fieldsolver in the particle-in-cell simulation WARP3d. This fieldsolver returns <f>ix,iv,ix, 
where i x , iy, and iz denote the x—, y—, and z— grid indices labeled from 0 to n x , n y , and 
nzi with corresponding grid increments dx, dy, and dz. Also, the minimum grid coordinates 
at ix = iy = iz = 0 are x = Smin? V = ymin, and z = ^min- The moments are calculated at 
each axial grid index i z by numerically solving Eq. (B2) at each corresponding gridpoint. 
In this procedure, we first fix the n distinct radial data points by setting 

- 1 ) / ^ 2 + ^ 2 ,- = ( n g m l n + i - 1 W Z-2- (£4) 

with i = 1, 2, '•-,n and n g m in > 1 an integer fixing the minimum data point radius. 
In the usual situation where the quadrupole is centered on a square transverse grid with 
dx = dy, note that the radial data points will correspond to transverse grid points along 
the principal x and y axes. Take the quadrupole center or other axis about which the 
moments are to be calculated to have transverse coordinates x = xc and y = y c . Then 
using area weighting to interpolate the potential from the nearest grid points, the / ^ 0 
azimuthal integral If = (l/7r) fQ *dd <f>(r = r,-) cos(Z0) in Eq. (B3a) can be approximated as 

2 "' 
Ii = — X ) cos[2n(ie - l)/ng]{ &,,*,,*,[(*« + l)dx - JB-C][(t, + l)dy - yc]+ 

^ + i A A [ « « - *.<&][& + l)dy - y c ]+ ( 5 5 ) 

and the expressions for If = (1/TT) /„ w<f0 ^(r = r,-) sin(Z0) and If = (1/2TT) JJ, "tW ^(r = r,-) 
can be obtained by replacing cos[- • •] with sin[« • •] and 1/2, respectively. In Eq. (B5), n$ 
is the number of points used to discretize the azimuthal integral / 0 *:d6 • • •, and the grid 
indices ix and iy are given by / 

i x = In t{s c — xmin + n cos[27r(z0 — l)/ng]}/dx, 
iy =Int{y c — y m i n + r,- sin[27r(£tf - l)/ng]}/dy, 

where Int{- • •} denotes the integer truncation of • • •. To avoid interpolating the potential 
multiple times from the same set of transverse grid points in the discretized azimuthal 
integral in Eq. (B5), rig can be chosen such that 

ng = Int { 2TT . r*' \ . (JB6) 

Furthermore, the minimum grid index n g m j n that determines the r,- through Eq. (B4) 
must be chosen appropriately. Setting n g m i n = 1 would result in a coarse approximation 
to the discretized azimuthal integral, at least for the first few radial data p"bhrfcs.-''0a the 
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other hand, taking n g m ; n too large would result in data points at large radii being used 
in the calculation, rendering the radial cutoff at k = & m a x questionable. When I > 1, a 
suitable choice for n ginj n can be estimated as follows. The angular period associated with 
the azimuthal variations of the moment m/tfc [~ cos(W) and ~ sin(W)] is 6p = 2TT/1. On 
the other hand, for the data point at radius rt-, the azimuthal integrals I,- are discretized 
with an angular increment 89 ~ y/(dx2 + dt/ 2)/2/r,-. Thus, if nr > 2 summed points are 
required in ah angular period 6p of the discretized integral, then it follows that n g m j n = 
1 — i + Int{(n r — l)//27r}.. TO insure that the resolution criteria will be well satisfied for 
all data points, we fix n g m j n with the data point of smallest radius (ri) corresponding to 
i = l , obtaining n g m j n = Int{(n r — l)l/2ir}. For the case of I = 0 or I small, it is also not 
desirable to let n g m in become too small or too few steps will be employed in the discretized 
azimuthal integral. A suitable minimum value is n g m i n = 2. Therefore, we take 

where, Max denotes the maximum of the list of arguments. For a typical requirement of 
nr = 9 points of resolution over the azimuthal angular period of interest and a higher-order 
moment with / = 6, Eq. (B7) yields n g m ; n = 7. This choice should also allow a reasonable 
number of radial data points (n) to be used for typical transverse grid resolutions. 

With the radial data points chosen and the integrals approximated as outlined above, 
Eq. (B2) can be numerically solved for the vector of multipole moments 
(m^f, mij+2, - • •, "i/,itm m x) using standard linear least squares methods. The procedure is 
carried out for iz = 0, 1, • • •, nz to obtain the z-dependence of the vector of multipole 
moments, and can be repeated for each azimuthal mode number / of interest to numerically 
calculate the three dimensional-multipole structure of the lens. To apply the least squares 
method, the number of data points n should be chosen such that n > (fcmax — l)/2 is 
well-satisfied so that the results will not be sensitive to numerical noise, but not so large 
that the radial cutoff becomes a poor approximation at the maximum radial data point 
where r = rn [i.e., for a good cutoff (rn/a)kmmx <C 1]. For a high degree of noise immunity, 
it is appropriate to implement/the linear least squares solution of Eq. (B2) using singular 
value decompositions. To explain this method we write Eq. (B2) in matrix form as 

[r/a]-{m) = {I). (B8) 
Here, we have denoted the n x (kmax —1)/2 matrix of powers of r/a as [r/a], the (k — 7)/2 
length vector of multipole moments m^* as (m), and the n length vector of integrals J,-
as (J). The best solution for (m) in a least squares sense will minimize the square of the 
error vector (E) = [r/a] • (m) — (J). The solution to this problem is given simply as 

(fcm*x-0/2 

(m)= £ m)-(I)}(Vi), (B9) 

where (£/,-) and (VJ) are vectors of length n and (fcmax — 0 /2 formed from the columns of 
the matrices [U] and [V] defined in terms of the usual singular-value decomposition of the 
matrix [r/a] as 

[r/a] = [U][W][V]T. • -- •-: - - , - . . (510). , 
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Here, [U] is an nx(£ m a x —1) /2 column-orthogonal matrix, [W] is a (fc m a x — l) /2x(k m a . x ~l)/2 
diagonal matrix with positive or zero elements, and [V]T is the transpose of an (kmax—Z)/2x 
(fcmax — 0 / 2 orthogonal matrix [V]. Routines to accomplish this matrix decomposition are 
standard in many numerical math libraries. Sample singular-value decomposition routines 
along with more detailed explanations of linear least squares methods are presented by 
W.H. Press et al in Numerical Recipes, The Art of Scientific Computing (Cambridge 
University Press, New York, 1986). 
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Fig. 1. Diagram of the small recirculator matching section. 

Fig. 2. Transverse cross section of a dipole biased electrostatic quadrupole. 
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Fig. 3. Dipole biased electrostatic quadrupole as a linear superposition of three simpler 
quadrupoles, two purely dipole biased along the x- and y-axes, and the third a conventional 
quadrupole configuration. 
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Potential Contours 

.05 -

>- 0 

-.05 

Fig. 4. Contours of the electrostatic potential <j> in the axial midplane of a dipole biased 
quadrupole with Vq = 0, Vx = 1, and Vy = 0. ~ -.. 

M u l t i p o l e Moments 

Fig. 5(a). Multipole moment m^i (dipole moment) verses the axial coordinate z for a 
dipole biased quadrupole centered at z = 0.254 meters with VJ, = 0, Vx = 1, and Vy = 0. 
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M u l t i p o l e Moments 

06 -

Fig. 5(b). Multipole moment m^^ verses the axial coordinate z for a dipole biased 
quadrupole centered at z = 0.254 meters with Vq — 0, Vx = 1, and Vy = 0. 

Multipole Moments 

Fig. 5(c). Multipole moment m ^ verses the axial coordinate 2 for a dipole biased 
quadrupole centered at z = 0.254 meters with Vq = 0, Vx = 1, and T̂ , =̂  0 . - : =—•••-...... 
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Multipole Moments 

Fig. 5(d). Multipole moment m^j verses the axial coordinate z for a dipole biased 
quadrupole centered at z = 0.254 meters with Vq = 0, Vz = 1, and Vy = 0. 

M u l t i p o l e Moments 

CO 
CO 

I . 1 -

Fig. 5(e). Multipole moment 1713,3 (sextupole moment) verses the axial coordinate z for a 
dipole biased quadrupole centered at z = 0.254 meters with Vq = 0, V± =• ipajErd-.¥y = Q... 
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M u l t i p o l e Moments 

. 02 
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CO 

Fig. 5(f). Multipole moment 7723,5 verses the axial coordinate z for a dipole biased 
quadrupole centered at z = 0.254 meters with Vq — 0, Vx = 1, and Vy = 0. 

Multipole Moments 

Fig. 5(g). Multipole moment mzj verses the axial coordinate z for a dipole biased 
quadrupole centered at z = 0.254 meters with Vq = 0, Vx — 1, and T̂ , =; Q. ~r «-.-•—.. . . 
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Mul t i p o l e Moments 
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Pig. 5(h). Multipole moment ms,s (decapole moment) verses the axial coordinate z for a 
dipole biased quadrupole centered at z = 0.254 meters with Vq — 0, Vx = 1, and Vy = 0. 

M u l t i p o l e Moments 
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0 -llrllf-
<S CO 

Fig. 5(i). Multipole moment m^j verses the axial coordinate z for a dipole biased 
quadrupole centered at z = 0.254 meters with V̂  = 0, Vx = 1, and Vy = 0. ~r *?•-.•••--
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Fig. 6. Geometry of two dipole biased quadrupole lenses for beam steering. 

Fig. 7. Transverse cross section of a dipole biased electrostatic quadrupole with asymmetric 
dipole biases. - - — «•.-_-•--. 
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Fig. 8. Dipole biased electrostatic quadrupole with asymmetric dipole biases as a linear 
superposition of an ideal dipole biased quadrupole, a pure quadrupole, and a distorted 
quadrupole. 
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Fig. 9. Contours of the electrostatic potential <f> in the axial midplane of a quadrupole 
configuration with conductors along the rr-axis biased to .unit potential and conductors 
along the y-axis grounded. 

Multipole Moments 

Fig. 10(a). Multipole moment <f0jo (scaled on-axis potential) verses the axial coordinate 
z for a quadrupole configuration centered at z = 0.254 meters and with conductors along 
the a;-axis biased to unit potential and conductors along the y-axis grounded."--.-— .... . . 
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Multipole Moments 

-.02 

Pig. 10(b). Multipole moment e?o,2 verses the axial coordinate z for a quadrupole config
uration centered at z = 0.254 meters and with conductors along the z-axis biased to unit 
potential and conductors along the y-axis grounded. 

Multipole Moments 

Pig. 10(c).- Multipole moment cfo,4 verses the axial coordinate z for a quadrupole config
uration centered at z == 0.254 meters and with conductors along the rc-axis biased to unit 
potential and conductors along the y-axis grounded. 
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M u l t i p o l e Moments 

Fig. 10(d). Multipole moment do,6 verses the axial coordinate z for a quadrupole config
uration centered at z = 0.254 meters and with conductors along the x-axis biased to unit 
potential and conductors along the y-axis grounded. 

M u l t i p o l e Moments 

CM 
CM 

Fig. 10(e). Multipole moment ^2,2 (quadrupole moment) verses the axial coordinate z for 
a quadrupole configuration centered at z = 0.254 meters and with conductors along the 
x-axis biased to unit potential and conductors along the y-axis grounded. 

- 3 5 -



M u 1 t i p o I e Moments 

- . 0 2 

Fig. 10(f). Multipole moment ^2,4 verses the axial coordinate z for a quadrupole config
uration centered at z = 0.254 meters and with conductors along the x-axis biased to unit 
potential and conductors along the y-axis grounded. 
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Fig. 10(g). Multipole moment ^2,6 verses the axial coordinate z for a quadrupole config
uration centered at z = 0.254 meters and with conductors along the s-axis biased to unit 
potential and conductors along the y-axis grounded. 
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Mu I t ipo1e Moments 

Fig. 10(h). Multipole moment d^ (octupole moment) verses the axial coordinate z for 
a quadrupole configuration centered at z = 0.254 meters and with conductors along the 
rc-axis biased to unit potential and conductors along the y-axis grounded. 

Mul t ipole Moments 
.005 F r, r 

sO 

-o 

- . 0 0 5 -

<S CM 

Fig. 10(i). Multipole moment d^ verses the axial coordinate z for a quadrupole configu
ration centered at z = 0.254 meters and with conductors along the rc-axis biased to unit 
potential and conductors along the y-axis grounded. 
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Fig. 11(a). Position errors in the final centroid coordinate (s/x2 4- y 2 ) as a function of the 
an initial centroid error XQ with yo = x'0 = y'Q = 0 (solid curve) and another initial error 
yo with XQ =x'0=y'0 =0 (dashed curve). 
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Fig. 11(b). Divergence errors in the final centroid coordinate (y/x'2 + y'2) as a function 
of the an initial centroid error xo with yo = x'0 = y'0 = 0 (solid curve) and another initial 
error yo with xo = x'0 = y 0 = 0 (dashed curve). 
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Fig. 11(c). Position errors in the final centroid coordinate (y/x2 + y 2 ) as a function of the 
an initial centroid error x'0 with xo = yo = y'o — 0 (solid curve) and another initial error 
y'Q with XQ = yo = x'0 = 0 (dashed curve). 
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Fig. 11(d). Divergence errors in the final centroid coordinate (y/x'2 + y'2) as a function 
of the an initial centroid error x'0 with xo = yo = y'0 = 0 (solid curve) and another initial 
error y'0 with XQ = yo = x'0 = 0 (dashed curve). 
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H I F N o t e N u m b e r 94-4 Sep tember 11 , 1994 

To: HIF Note Mailing List 
From: John Barnard 
Subject: Estimate of emittance growth from rotated quadrupoles... 

E s t ima te of emi t tance growth from ro ta t ed quadrupoles 
w i th appl icat ion t o t h e Small Recircula tor ma tch ing section 

I. Introduction 

When the alignment of the electrostatic quadrupoles in the recirculator matching 
section was examined by EG&G it was found that, although the displacement of the 
quads from the centerline was small, the quadrupoles were rotated about the longitudinal 
(z) axis by as much as 8 mrad. Rotated dipoles will cause the beam centroid to wander 
off axis, (since they give the beam an impulse in the vertical direction), but rotated quads 
will not cause an initially aligned beam centroid to become misaligned. Quad rotations do 
however, create a coupling between the two transverse directions: x (in the bend plane) and 
y (in the vertical direction). Since this coupling enters linearly in the equations of motion, 
we felt that it was prudent to estimate the effects on the emittance of the quad rotations 
that were measured by EG&G. In order to make the estimate, we derived a set of moment 
equations, which serve as a generalization to the conventional envelope equations. We shall 
show' that even under linear equations of motion, the beam emittance in the laboratory 
frame is not conserved, and that the beam acquires a finite angular momentum, which is 
also not conserved during the passage of the beam through the rotated quadrupoles. 

I I . Equa t ions of Mot ion 

To obtain an estimate, we assume that the force on an ion comes from two sources 
only: The external focusing from a purely quadrupolar field, and the space charge of the 
beam (image forces have been iieglected). For the purposes of this calculation we assume 
that the space charge is distributed in a uniform density ellipse, but we allow the semi-
axes of the ellipse and the rotation angle of the ellipse to evolve as a function of the axial 
coordinate z. We assume that the quadrupoles are rotated by an angle 6 from the s-axis, 
and that the beam is rotated by an angle a from the x-axis. The relation between the 
coordinates in the quadrupole frame (indicated by subscript 0) and the lab frame (no 
subscript) are given by: 

x = XQ cos 0—yo sin 0; y = yocos6 + xosw.6 (1) 

Similarly, the relation between the coordinates in the rotated beam frame (in which 
the beam semi-axes are parallel to the coordinate axes and are indicated by subscript b) 
and the lab frame are given by: 

x — {x) = Xb cos a — yi sin a; y — (y) = y& cos a + Xb sin or (2) 



. Here (.} indicates a statistical average over the distribution function. For a non-relativistic 
beam moving at .constant velocity /3c, the paraxial equations of motion can then be written 
as: 

x" = Kqxxx + Kqxyy + Kaxx{x - {x)) + Kaxy{y - (y)) (3) 

y" = Kqyyy + Kqyxx + Ksyy(y - {y)) + Kayx(x - {x)) (4) 

Here prime (') indicates derivative with respect to z and 
Kqxx = KgXQ cos 2 6 + Kgyo sin 2 6 = Kqx0 cos 26 
Kgxy = (Kgxo — Kqy0)(smdcos6) = Kqx0 sin 26 
Kqyx = (iirg xo - Kqy0)(sm6cos6) = . K ^ 
iir gy y = Kqy0 cos 2 0 + JS^o sin 2 6 = - i f ^ o cos 20 
TV TV 5 . TV - . 2 

and where 

Kaxx = iiTaI6 cos 2 a -+ Kayb sin 2 a 
Kaxy = (iT3r& — liTay6 )(sin a cos a ) 
Kayx = (Kaxh - iT a j,6)(sino:cosa) = Kaxy 

»s2 a + K3xb sin 2 or ir 3 J , j , = Kayb cos 2 a; + #„& sin 2 or 

^ = ± ^ p ^ 2 ^ ; K<» = ~Kgx° ( 5 ) 

^ 6 = 2(As 2 +(As 2 Ay 2 ) i / 2 ) ; X'v^WMHAzjASiW) ( 6 ) 

and A x 2 and Ay 2 are the moments in the rotated beam frame: 

Arc2 = A x 2 cos 2 a + Ay 2 sin 2 ot + 2Axy cos a sin or (7) 

Ay 2 = Ay 2 cos 2 or + A x 2 sin 2 a — 2Axy cos oc sin a: (8) 

Here, K = 2qI/(PzAI0) is the perveance, q is the charge state of the ions, A is the 
atomic mass of the ions, ft is the velocity of the ions in units of c, I0 = 4ireompcz/e is the 
proton Alfven current (=31 MA), mp is the proton mass, I is the ion beam current, Vq is 
the voltage on a quad (with centerline at zero voltage), rp is half the aperture distance, 
and the operator A is defined (as in ref. 1) by Aab = (ab) — (a) (6) (e.g. Ax2 = {x2) — (x)2 ), 
where ( ) indicates average over particles. 

Note that the space charge force, is just the force obtained from the potential of a 
uniform density ellipse (ref. 2), but where the semi-axes a and b have been replaced by 
2 ( A x 2 ) 1 / 2 and 2 (Ay 2 ) 1 / 2 , respectively, and where the location of the centroid determines 
the zero point of the space charge force. 

The beam rotation angle a may be expressed in terms of second order moments. From 
eq. (2), Ax2 — Ay2 = (Asf - Ay 2Jcos2a: and Axy = (l/2)(Aa;f — Ayf)sin2a, so that 

2Axw , x 
isa2<"=Ax*-Ay* ( 9 ) 
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In deriving eq. 9 we have made use of the fact that Axyj = 0. 
I I I . Moment Equations 

Let the distribution function / , be the number of particles dN per unit transverse 
phase space volume, 

f(x,x,y,y ,z) = 
dxdx'dydy' 

The evolution of / is described by the Vlasov/Boltzmann Equation: 

%+<%+'%+<%+'%'•* ' CUO 

The equations of motion for x" and y" may be substituted into eq. 10. 
The average of a variable f over the continuous distribution is given by: 

(fl(«) = J J J J £/(*, x', y, y', z)dxdx'dydy'. 

Using integration by parts, it is then straightforward to calculate the evolution of the 
following second order moments: 

4§f£ = 2Axx' 

*&• = Ax' 2 + KxxAx2 + KxyAxy 

y$£ = 2Kxx&xx' + 2KxyAx'y 
^ = 2Ayy>-

*&• = Ay12 + KyyAy> + KysAxy 

*%f = 2KyyAyy' + 2KyxAxy' 
^L = Ax'y + Axy' 
^ = Ax'y'' + Kxx Axy + Kxy Ay2 

*%£ = Ax'y' + Kyy Axy + KyxAx2 

^ L = Kxx Axy' + KxyAyy' + Kyy Ax'y + KyxAxx' (11) 
Similarly the evolution of the first order moments is given by: 

^ = <*') 

# = (y'> 
^ = Kqxx{x)+Kqxy(y) 
^ - = Kgyy(y)+Kqyx{x) (12) 

Ineq. 11, 
•ti-xx — -"-qxT i -"-sxx 
^vy = Kqyy + Ksyy 
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•&xy = -K-qxy T J^-sxy 
l\yx = &qyx T - ^ s y i = -^-xy 

Note that the first order.moment equations depend only on first order moments, and 
the second order moment equations depend only on second order moments, so that the ten 
equations for the second order moments form a closed set and the four equations for the 
first order moments form another closed set. The centroid motion is thus decoupled from 
the envelope motion calculated with respect to the centroid. 

The normalized rms emittance denned along the x and y lab frame axes are defined 
by: 

enx = 40 (Ax 2 Ax 1 2 - (Arcs ' ) 2 ) 1 7 2 

e n j , = 4 / ? ( A y 2 A y ' 2 - ( A y y ' ) 2 ) 1 / 2 

Using eqs. (11) we can calculate the derivatives of e 2

r and e 2

y (again assuming 
constant /?): 

AJl 
- Z2p2Kxy(Ax2Ax'y - AxyAxx') 

de2 

dz 
de 2 

-=22. = 32fi2Kyx(Ay2Axy' - AxyAyy') (13) 
az 

Since the rotated quads will induce finite correlations between x and y the normalized rms 
emittance is not conserved. 

We may also define a quantity / = Axy' — Ax'y, which is proportional to the z 
component of the angular momentum. Again using eqs. (11) and some manipulations 
using the definitions, eqs. (4),' (5) and (9), we find, 

£ = iPm - Kqxx)Axy + Kqxy(Ax2 - Ay2) (14) 

As can be seen from eq. 14, the angular momentum is not necessarily conserved when the 
quads are rotated. Physically/after a beam has passed through a quad the beam will in 
general be elliptical. On passing through a quad rotated relative to the first, the principal 
axis of the elliptical beam will not align with the quadrupole axes and a torque will be 
applied to the beam, causing a rotation of the beam. (Note also that eq. 14, does not 
depend on the self space-charge forces of the beam, as expected). 

Because the focusing strength is a function of z, the effective external potential well 
within which the beam travels is z dependent, and so the transverse beam energy H is also 
not a constant in z. However, in the hard-edge model, within each quadrupole and drift 
section the focusing strength is assumed constant, and therefore the transverse energy is 
constant. We may use the result of ref. [1], adding the kinetic and potential energy terms 
to obtain a total transverse energy. To obtain the potential energy of the beam in the 
external quad field, we transform Axjj and Ay2 to the lab frame. The result is 

2H = Ax'2+Ay'2-KqxQ ((Ax2 - Ay 2 ) cos 29 +]Axysm2d)-K]n ( (Axf ) 1 / 2 + ( A y 2 ) 1 / 2 ) 
(15) 
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Here Axf and Ay2 may be expressed in laboratory quantities using eq. (8). 

A Mathematica code was written to integrate the eqs. (11). The code uses a Runge-
Kutta routine from ref. [3], which allows a fixed step size, in the integration routine. The 
results are plotted in figures 1 and 2. A plot of H vs. z (figure (e)) shows the constancy 
of the energy in each drift or quad segment, and a plot of I vs. z shows that the angular 
momentum is conserved in each drift section, both of which help to give some confidence 
in the code results. 

I V . Appl ica t ion t o t h e Match ing Section 

Measurements of the matching section alignment that were made by Don Sharver of 
EG&G are presented in table 1. x-y is the position in x of the middle of the upper electrode 
relative to the middle of the channel as defined by the point halfway between the left and 
right electrodes, and x^ is the position in x of the lower electrode. Similarly, y\ is the 
position in y of the left electrode, relative to the midway point between the upper and 
lower electrodes, and tfe is this position measured for the right electrode. All of these 
measurements are in units of thousandths of an inch (mils). Sx is the difference between 
X2 and #1, and similarly Sy = t/2 — yi- We may define rotation angles 69x = Sx/2rp and 
S6y = Sy/2rp, where rp is the half aperture (1 inch). All but three of the measurements 
indicate that \Sx — Sy\ < 2 mils, indicating that the quad^ misalignments were generally 
consistent with a pure rotation. The rotation angles found were less than 8 mrad. We have 
used the maximum (in absolute value) of the two measurements (8max) for the values of 6 
that appear in eq. 11. We have used only those quads designated by asterisks in table 1, 
since these are quads that will remain after the SBTE transport section is converted to the 
small recirculator matching section. Two cases are presented in figures 1 and 2. The first 
figure shows the integration of eqs. 11, with zero quad rotation errors. The parameters 
were chosen to be the same as those used by Steve Lund in ref. 4. The equations (when 
the rotation errors are identically zero) are then exactly equivalent to the conventional 
envelope equations, and reproduce the results of ref. 4 to three significant figures. In 
these equations the emittance/is not assumed to be constant, and there was only a slight 
numerical increase of emittance of .0002%, giving confidence in the code results. When 
the maximum angles of the EG&G measurements were used for the rotation angles of the 
quadrupoles, the final rms emittance shows an increase of 4% (having reached a maximum 

» increase of 6%). This is an acceptable growth of emittance, since a factor of 2 increase 
in normalized emittance is allotted from injector to insertion section. The scaling of the 
emittance growth is such that if all of the rotation angles 6 are multiplied by a constant 
factor fi, then 4*(ff«*ai) - 4x(*«n«*tai) °c {J.2. 

V . Is t h i s emi t t ance g rowth ' r e a l ' ? 

Since the equations of motions are linear, it may be of some surprise that the emittance 
changes at all. In order to examine whether there is a frame where the emittance has not 
grown, at each point in z we may calculate the emittance in a frame rotated by an angle i}>, 
and rotating with instantaneous rotation rate ip'. The emittance in such a frame is given 
by: 
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eniCVs V,z) = 4/9 ( ( A s 2 cos 2 ip + At/ 2 sin 2 ip + 2Axy cos if> sin ip) 

x (Ax'2 cos 2 V> + Ay' 2 sin 2 if) + 2Ax'y' cos ̂  sin ^ 

+2^> (—Axx' sin ̂ » cos ̂  + Ayy' sin V> cos ip — Axy' sin 2 ^ + Ax'y cos 2 V") 

+ ^ 2 ( A x 2 sin21/; + Ay2 cos 2 ^ — 2Axy cos x}> sin ^)) 

— (Axx' cos21/> + Axy' cos tf> sin r̂  + Ax'y cos ̂  sin ̂  + Ayy' sin 2 ^ + 

2 \ 1/2 
»̂ (—Ax2cosV>sin^ + A y 2 c o s ^ s i n ^ — Axysin 2V' + Axycos 2^*)) J (16) 

We then used Mathematica to find the minimum emittance as a function of ij> and ip'. 
The value of the minimized normalized emittance is plotted in figure 4, together with the 
values of the x and y normalized emittance in the lab frame. As can be seen, the minimum 
emittance remains very nearly equal to the original emittance, throughout the entire length 
of the matching section. (There are small (< 0.1%) spikes which occur when the beam is 
nearly round. At these points rj> is rapidly varying, and so numerical inaccuracies may be 
a cause of these spikes. However, the spikes scale with rotation angle error, which may not 
be consistent with numerical errors). A comparison of the plot of the angle ipmin at which 
the emittance is minimized, and the rotation angle a of the beam indicates that, except 
at the points where a undergoes rapid change (again when the beam is nearly round), the 
curves are very nearly equal. Howevever, a comparison of the rate of change of a with 
the ip' which minimizes the emittance ( ^ t - n ) shows that $„fn ^ a' indicating that the 
rotating beam frame is not the frame which minimizes the emittance. 

Assuming that in some rotated (and rotating) beam frame the normalized emittance 
is conserved, is the emittance growth real? The results of a two slit scanner experiment 
would, in an ideal experiment,/show an emittance given by figure 2 (e) and.so we would 
conclude that there was growth. All of the second order moments would also be calculable, 
though, and the minimum emittance could then also be calculated. If the beam rotation 
rate were large, it would, in principal, be possible to correct for the rotation of the beam, 

• by some set of rotated quads, but it may be impractical. If not corrected, the beam with 
finite angular momentum, which translates into a larger emittance in the laboratory frame, 
will presumably focus down to a larger final spot than a non-rotating beam. 

V I . Conclusion 

We have estimated the emittance growth from rotated quads in the matching section, 
and have found the emittance growth to be at an acceptable level. We have used a 
formulation, in which the major assumption is that the space charge force can be calculated 
by assuming that the beam remains a uniform density ellipse with a shape that evolves in 
z. Under this assumption we have a derived a set of moment equations which generalize 
the conventional envelope equations. We have found the misalignments cause the beam to 
acquire an overall angular momentum, and an increase in emittance measured relative to 
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fixed laboratory axes. Particle-in-cell results, however, are required to validate this method 
of estimating emittance growth from rotated quads. Finally, we point out that this method 
may also be applied to estimate rotation alignment tolerances in the ring itself. 
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Table 1 
Quad Xi Z2 8x 0* J/i V2 6y 6y "max 
No. (mil) (mil) (mil) (mrad) (mil) (mil) (mil) (mrad) (mrad) 

1* -2.6 -4.1 -1.5 -0.8 -2.2 -1.3 -0.9 -0.5 -0.8 
2t* 2.6 -7.4 -10.0 -5.0 -1.5 -2.3 -0.8 -0.4 -5.0 
3* 1.2 -1.5 -2.7 -1.4 0.0 -1.7 -1.7 -0.9 -1.4 
4 2.8 -1.1 -3.9 -2.0 0.7 -2.2 -2.9 -1.5 -2.0 
5* 1.0 2.4 1.4 -0.7 0.7 -2.1 -2.8 -1.4 -1.4 
6 2.7 0.0 -2.7 -1.4 2.1 -2.1 -4.3 -2.2 -2.2 
7 t* 5.4 -4.0 -9.4 -4.7 7.2 -6.1 -13.3 -6.7 -6.7 
8 7.0 -6.1 -13.1 -6.6 5.4 -9.0 -14.4 -7.2 -7.2 
9* 4.7 -4.5 -9.2 -4.6 4.6 -4.5 -9.1 -4.6 -4.6 
iot 5.1 -7.2 -12.3 -6.2 6.4 -9.7 -16.1 -8.1 -8.1 
11* 3.5 -8.1 -11.6 -5.8 3.6 -7.0 -11.6 -5.8 -5.8 
12 7.4 • -4.3 -11.7 '-5.9 5.4 -6.4 -11.8 -5.9 -5.9 

* indicates quadrupoles which will remain intact for the recirculator matching section. 
• indicates quads for which \8x — Sy\ > 2 mil, and so the assumption of a pure rotation is 
a poor approximation. 

Figure Captions 

1. Second order moment evolution with NO quad rotation errors, (a). Conventional 
envelope parameters, and quad focusing strength, (b). The six second order moments 
which do not involve x-y coupling, (c). The x and y normalized emittance, and the four 
second order moments which are coupled in x and y. (d). 6 vs. z, a vs. z, and a' vs z. 
(e). The normalized emittance. on an expanded scale (upper plot) showing that apart from 
small numerical errors is constant, and the transverse energy (middle plot) showing that 
it is piecewise constant. The lower plot shows / (proportional to the z component of the 
angular momentum), showing vs. z, which in the case of no rotational errors is identically 
zero. 

2(a)-(e). Same as figure 1, except the quad rotation errors that were used are the Bmax for 
the quads which will remain in the matching section, as measured at EG&G. In figure (e), 
note that the emittance is no longer conserved, and that the transverse energy remains 
piecewise constant. Also note that the rotational misalignments have induced a finite beam 
angular momentum and that the angular momentum is constant within drift sections. 

3. Minimum normalized emittance plotted along with the laboratory normalized emit
tance; a zoomed in minimum normalized emittance; the beam rotation angle at minimum 
normalized emittance; and z derivative of beam rotation angle at minimum normalized 
emittance. 
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Figure 1 (b): No quad rotation errors 
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Output from 'momentrunge.m': 
Input Parameters: 
zvalues(m) ={0., 0.1016, 0.2032, 0.254, 0.3556, 0.4064, 0.508, 0.7112, 
> . 0.8128, 1.016, 1.1176, 1.3208, 1.4224, 1.6256, 1.7272, 1.9812} 
Quad voltage values (kV)={0., 2., 0., -4.1, 0., 3.5, 0., -2.184, 0., 2.135, 
> .0., -2.096, 0., 1.959, 0.} 
Quad, rotation angles (theta) (radians) = 
> {0., 0., 0., 0., 0., 0., 0., 0., 0., 0., 0., 0., 0., 0., 0.} 
Energy (eV) =80000 
Current=0.002 

-8 . 
Initial normalized x emittance (pi meter-rad)=5. 10 

-8 
Initial normalized y emittance (pi meter-rad)=5. 10 
perv=0.000358418 
rpipe=0.0254 
chargestate q =1. 
ion mass (amu)=39. 
rigidityo=0.255229 
thetarms (rad) (avg of (delta theta)^2P(1/2)=0. 
dthetarms (rad) (avg of (delta theta-thetaavg)^2)A(l/2)=0. 
thetaavg (avg of theta) (rad)=0. 
nmax (number of points .plotted per z interval)=40 
plotting and integration step dz (m)=0.00651282 
Derived Parameters (mks units): 
a0=0.005 b0=0.005 
amax=0.0152952 bmax=0.014619 
amin=0.00500002 bmin=0.00499997 
amax-amin=0.0102952 bmax-bmin=0.00961905 
afinal=0.00911828 bfinal=0.014619 
ap0=0. bp0=0. 
apmax=0.0476525 bpmax=0.041328" 
apmin=-0.0258154 bpmin=-0.0385775 
apmax-apmin=0.0734678 bpmax-bpmin=0.0799055 
apfinal=-0.0179289 bpfinal=0.0259404 

Emittance va lues (pi m e t e r - r a d ) : 
-8 # -8 

emitnx ( i n i t i a l ) = 5 . 10 emitny ( i n i t i a l ) = 5 . 10 
-8 -8 

emitnx (max)=5.00001 10 emitny (max)=5.00001 10 
-8 -8 

emitnx (min)=5. 10 emitny (min)=5. 10 
-8 -8 

emitnx (f inal)=5.00001 10 . emitny (f inal)=5.00001 10 

Time used=1875.7 s e c . 
Thu Sep 8 16:10:29 PDT 1994 

Input and output parameters for plots in figure 1: 
Quads with no quad rotation errors 
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Figure 2 (a): Quads with finite rotation errors 
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Output from 'momentrunge.m': 
Input Parameters: 
zvalues(m) ={0., 0.1016, 0.2032, 0.254, 0.3556, 0.4064, 0.508, 0.7112, 
> 0.8128, 1.016, 1.1176, 1.3208, 1.4224, 1.6256, 1.7272, 1.9812} 
Quad voltage values (kV)={0.,. 2., 0.,. -4.1, 0., 3.5, 0., -2.184, 0., 2.135, 
>. 0., -2.096, 0., 1.959, 0.} ° 
<2uad rotation angles (theta)' (radians) = 
> {0., -0.0008, 0., -0.005, 0., -0.0014, 0., -0.0014, 0., -0.0067, 0., 
> -0.0046, 0., -0.0058, 0.} 
Energy (eV) =80000 
Current=0.002 

-8 
Initial normalized x emittance (pi meter-rad)=5. 10 ' 

-8 
Initial normalized y emittance (pi meter-rad)=5. 10 
perv=0.000358418 
rpipe=0.0254 
chargestate q =1. 
ion mass (amu)=39. 
rigidityo=0.255229 
thetarms (rad) (avg of (delta theta)A2)*(1/2)=0.00429701 
dthetarms (rad) (avg of (delta theta-thetaavg)^2)~(1/2)=0.00223269 
thetaavg (avg of theta) (rad)=-0.00367143 
nmax (number of points plotted per z interval)=80 
plotting and integration step dz (m)=0.00321519 
Derived Parameters (mks units): 
a0=0.005 b0=0.005 
amax=0.015293 bmax=0.0146196 
amin=0.00500002 bmin=0.00499997 
amax-amin=0.010293 bmax-bmin=0.0096196 
afinal=0.00912148 bfinal=0.0146196 
ap0=0. bp0=0. 
apmax=0.0476559 bpmax=0.041328 
apmin=-0.0258002 bpmin=-0 ^ 0385725 
apmax-apmin=0.0734562 bpmax-bpmin=0.0799005 
apfinal=-0.0179036 bpfinal=0.0259563 

Emittance values (pi me t e r - r ad ) : 
-8 -8 

emitnx ( i n i t i a l ) = 5 . 10 emitny ( i n i t i a l ) = 5 . 10 
-8 -8 

emitnx (max)=5.29538 10 emitny (max)=5.29538 10 
-8 -8 

emitnx (min)=5. 10 emitny (min)=5. 10 
-8 • -8 

emitnx (final)=5.20426 10 emitny (final)=5.20426 10 

Time used=3852.9 s ec . 
Thu Sep 8 20:07:10 PDT 1994 

Input and output parameters for plots in figure 2: 
Quads with finite rotation errors 
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Tom Fessenden and John Barnard 
C-Probes for the Recirculator Experiment 

Introduction 
Perhaps the most important diagnostic planned for the small recirculator experiment is the 

non-intercepting capacitive pick-up probe. We are relying on this type of probe to determine the 
beam intensity and position within the pipe during acceleration. Fred Deadrick proposed this 
diagnostic in Recirculator Note #10. This last summer Joshua Rintamaki studied the operation of a 
C-probe (HIF Note # 94-2) in a small bench set up using a metal rod to simulate the beam. He 
showed that the diagnostic gives an output signal that is reasonably linear with beam position. 
However, his description of the physics of the device was a bit brief and we felt that a more 
complete description was needed. Moreover, with only a slight increase in complexity, we realized 
that it should be possible to obtain both the x and y position of the beam within the pipe as well as 
the total line charge density at each C-probe location. Therefore, with considerable assistance from 
Mathematical we have developed a detailed solution for the case of a line charge of X 
Coulombs/meter within the circular beam tube. 

Physics Model 
Consider the C-probe sketched in Fig 1. Here a beam of 

charge/meter A. is a normalized distance p off center at an angle <p 
to the horizontal. As a result of the presence of the beam, 
charges Qi, Q2, Q3, and Q4 are induced on the four 90° 
sections of the conducting surface;that surrounds the beam. The 
problem then becomes one of finding an expression for the beam 
position and intensity in terms of the four charges Qi, Q2, Q3, 
andQ4 . 

There are several methods of solving this field problem. 
Perhaps the most customary way is by the method of images 
wherein an image line-charge of value -X at an angle <p and 
position R/p from the origin is assumed. It can be shown that the circle of radius R is an 
equipotential in the field of the two line charges. The field component normal to the conduction 
surface gives the distribution of charge around its circumference. From this distribution the total 
charge on each 90° section can be calculated and the voltage on each section determined. Note we 
have assumed that the gaps between plates do not significantly change the distribution of charges. 
A somewhat more elegant solution that is described in detail in the Appendix can be obtained using 
complex variable techniques. One finds the charge on the circumference to be given by 

Fig. 1 Sketch of the C-probe 
problem and geometry 

<**>=M 1-P 2 

l+p 2 -2 /?cos(# - < P ) J (1) 

were G(l9) is the surface charge distribution on the conducting surfaces. Upon integrating this 
expression over the conducting surface at R (easier using complex variable techniques) one obtains 

1 



the sum of the four charges Qt + Q2 + Q3 + Q4=XL as expected. Here L is the axial length of the' 
• • G-probe.' The total charge on the first sector is then given by • . 

n /T - A. f 1-p 2 

Vl'1'- 27C { 1 + D 2 -2DCO; 
r</# (2) - - .• p* - 2p cos(# - <p) 

Similar expressions exist for the other three sectors. Consider the following definitions: 

y-iQi+QA-Qi-Qs). y _ ( Q i + Q 2 - Q 3 - Q 4 ) ,~ 
A-(Qt+Q2+Q3+Q4y ~ M+Qt+Q^Qt) w 

Using the expression for the charge around the circumference given in Eq. (1) and integrating from 
0 to JC as in Eq. 2, one finds an expression for the variable X to be given by 

JT = ^ r|4tan- irY^^-tan(?r/4+<?> / 2)l-i-4tan-irY^^-tan(«:/4—<p / 2)T—2TC|.C4) 

In terms of the Cartesian variables one finds the rather formidable 

X = 2K 
l-^jx2+y2 \ * J 

+4 tan - 1 

l-Jx2+y2 K 2 J 
-2K 

(5) 

Herex andy are the spatial coordinates divided by the pipe radius R. A similar expression can be 
found for Y. One can show thaVX and Y are zero at the origin. For small values of x and y 

X - 4/rc JC; Y ~ 4/rc v (x,y «1) (6) 

or x « JI/4 X; y =~ n/4 Y. (7) 

Within the circle <\]x2+y2 = 0.5, the approximate expressions given in Eq. 7 are accurate 
to better than 7%. Within ^jx2+y2 = 0.25 the error becomes less than 2%. For most situations 
these should be adequate for determining the beam position within the diagnostic. Needless-to-
say, one must multiply the variables x and y by the pipe radius R to obtain the actual offset in 
centimeters or inches. 
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Using Mathematica we investigated the function given in Eqs (4) and (5) in detail. Fig 2 is 
a three dimensional plot of Eq. (5) over the interior of the C-probe. The plot for Y is identical 
except rotated counter-clockwise by 90°. 

Fig. 2 Three dimensional plot of X(x,y). 

A plot of X versus x for parametric y is given in Fig. 3. 

1 
<Q4+Q1-Q2-Q3)/(Q1+Q2+Q3*Q4) v s . x for parametric y 
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Fig. 3 Plot of X(x,y) versus x for parametric y values from 0 to 0.9 in steps of 0.1 
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Perhaps the most useful plot is contained in Fig 4C. This is a contour plot of both functions X and 
Y for values from ^0.9 to 0.9 in steps of 0.1. Thus for a particular experimental situation, if the 
values ofX and Y are measured, the position of the beam within the pipe and be determined. 

Fig. 4 Contour Plots of X and Y. The solid lines are contours of constant X 
in increments of 0.1. The dotted lines are corresponding contours of constant Y 

Electrical Considerations 
Now that we know what it is we have to measure we need only figure out a way to do it. 

Actually, Fred Deadrick and Josh Rintamaki concentrated on this aspect of the C-probe system in 
their earlier notes. Since they have essentially covered this subject, we will add only a few new 
thoughts. 

A circuit of the type sketched in Fig. 5 should produce the desired signal voltages. Here 
the charge on the four sectors is converted to a voltage signal by an external capacitor Cext- The 
voltage is then amplified and buffered by an operational amplifier that drives the signal into the 
control room. This circuit must be located as close as possible to the C-probe. 
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Fig 5 Sketch of an analog C-probe circuit 

The total charge induced on the probe sectors is simply the beam line-charge-density times 
the axial length of the sector L. Assuming a sector length of 0.1 m and a 2 mA potassium beam at 
80 kV, we find that approximately 0.32 nC total or 0.08 nC per sector will appear on the plates. 
Using an external capacitor (Cext) of 0.1 nF as suggested by Deadrick in Note #10 will produce a 
voltage level near 0.8 volts on each of the sectors. Note that it is important to keep the effective 
capacitance of each of the four circuits extremely well balanced. A difference of 5% will cause an 
on-axis beam to appear 5it/4 % off axis. The capacitance of the plates will be near 0.05 nF (50 
pf). Stray lead capacitance (« 30 pfZfoot of cable) will also contribute to the capacitance. These 
effects can be minimized by using a larger external capacitor at the expense of signal strength. An 
external capacitance near 1 nF (1000 pf) producing signals near 32 mV might prove to be a better 
compromise. 

If the series 
resistance of the operational amplifier Rs is 100 k we find that the signal will droop with a time 
constant of 3 usee for a 0.1 nF capacitor and 30 usee if 1.0 nF is used. This can be compensated 
by adjusting the time constant of feedback resistor and capacitor to equal the input droop time. The 
operational amplifier can also be used to increase the signal level. 

/ 
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Appendix I 
Solution for the charge distribution around the pipe circumference 

The field problem is solved using conformal mapping techniques. We look for the analytic 
function <£(z) of the complex variable z generated by a singularity at point Zo within the unit circle. 
The function 4>(z) is sometimes called the complex potential. The real part of <£{z) is the familiar 
solution to Laplace's equation. We look for a mapping into the £ plane that takes the point Zo to the 
origin and the circle Iz! = 1 to l£l = 1. Consider the sketch shown in Fig. Al 

l£l = 1 
. FigAl 

Mapping of the complex z plane to the £ plane 
The point 2b maps to the origin of the £ plane 

Once the mapping is found the problem is essentially finished: The mapping we are looking for is 

C= z-za 

ZZlr-V (Al) 

We next solve for the potential generated by a line charge of strength X located at ZQ in the plane 
and at the origin in the £ plane. The solution in the £ plane is found by inspection to be simply 

*™ - IS**** (A2) 

The solution for the complex potential in the z plane is then found by substituting the expression in 
equation Al into Eq. A2. The charge distribution G(8) around the boundary Izl = 1 is found by 
evaluating 

d&(Z) 
<?(&) = S 0 dr 

where z = re,v. 
r=l 

We next proceed by chain differentiating according to 
d<P(Z) 

dr 
nkin 

*P(0 d; dz 
r=l d£ dzdr r=\ 

Using z0 =pe w .and cranking through yields the desired result 

IKR 11+p 2 - 2p cos(# - <p)\ 

(A3) 

(A4) 

(A5) 

This explanation is rather brief. If you really want to understand this derivation study 
chapter 4 of Functions of a Complex Variable, G.F. Carrier, M. Krook, and C.E. Pearson. 
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Appendix 2. Alternative capacitive probe orientations 

Although we have focused on a capacitive probe in which four gaps lie at d = 0,90,180, 
and 270° (our favored orientation), other possibilities exist. We have also looked at detail at the 
configuration where the gaps between plates lie at 45,135,225, and 315° (see figure A2). 

02 

Fig.A2 An alternate orientation 
of the capcitive probe 

We again integrated the charge density on each plate, and formed, alternative expressions to 
measure the position of the beam: 

Y (Qi-Q 3 ) Y (Q*-Q*) 
A l - (Q, +Q2 + Q3+Q4y T l - (C^+Qz+Qa+QJ 

As in our favored orientation, the expressions become linear at small x and y. 

(A6) 

X,s2^x Yt=2^§-y ( x , y « l ) (A7) 

This configuration has one slight advantage, in thatZ/ and Yj can be formed by 
subtracting only two voltages, whereas in the previous configuration X and Fare formed by 
subtracting sums of two voltages each. This was not deemed an important advantage, since the 
electrical circuit in figure 5, is still straightforward. This configuration has the drawback that the 
signal strength is weaker by the ratio of the proportionality constants in eqs. (6) and (A7) (a 29 % 
decrease in signal strength). Figure A3 shows the contour plot of Xj and Yj inthex,y plane 
analogous to figure 4. A second disadvantage is apparent when the beam is at a large distance 
from the origin. At these positions, the determination of the beam location would be problematic. 
As can be seen from the plot, if, for example 7t/4<(p<3ji/4 and p is near unity, all of the induced 
charge would collect on the top plate, so that Xj would be near zero, independent of the actual 
value of x. Nevertheless, in the regime that we hope to operate in, this configuration would be 
satisfactory, in that the accuracy of eq. (A7) is comparable to that of eq. (6). 

A larger number of plates may also have advantages, since in principle this would yield 
more detailed information about the charge density around the circumference of the pipe, which 
may yield more information about the structure of the beam. We have not yet examined in detail 
the use of capacitive probes for measurement of higher order moments of the beam. 
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? Fig A3 
Contour plots for Xi and Y\ for the probe orientation of Fig. A2 
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HTF Note Number 94-6 October 13,1994 

To: HEF Note Mailing List 
From: Dave Grote 
Subject: Analysis of the dipole plate shape and location 

I. Introduction 
The shape and location of the electric dipole plates for the small recirculator have a significant 

effect on the behavior of the beam. The fringe fields out of the plane of the bend have a focusing 
effect on the beam. They also have a significant sextupole component (<E> ~ ̂ cosptp)) which can 
distort the beam's transverse profile and lead to nonlinear beam focusing with associated ernit-
tance growth. The axial fringe fields also focus the beam and have a significant sextupole compo
nent as well. The energy effect in the dipole also focuses the beam, with a strength that varies 
with the location of the potential zero. Also, the energy effect can give a net timing advance or 
lag to the beam: 

The goal of the design is to rrmiimize the detrimental effects on the beam from the plates. 
This is accomplished by making the focusing in the two transverse planes the same, by minimiz
ing the timing errors, and by minimizing the nonlinear (sextupole) fields. Two plate shapes are 
examined, fiat plates and sector plates. Ridges on the top anrf bottom of the plates are used to 
minimize the nonlinear sextupole field. 

Figure 1 shows the geometry of the flat dipole plates and figure 2 shows the sector plates. 

II. Ridges to reduce the sextupole component of the potential 
The fringe fields (both out of the bend plane and axially) produce a sextupole component 

which has a significant effect on the beam. Figure 3 shows what the beam looks like after four 
laps with no ridges on the plates. It's not very pleasant 

An acceptable approach in designing dipole plates is to add enough ridges so that the sextu
pole in the center of the dipole is/small. Typically, this means adding ridges with a height that is 
about 10% of the distance from the plate to the center. Unfortunately, in our case there is also sig
nificant sextupole contributions from the axial fringe fields. Cancelling the sextupole only in the 
center of the dipole is not enough. The approach I have taken is to add the appropriate ridges 
which make the average of the sextupole component over the full dipole field region (including 
fringe fields) small. 

I first looked at flat plates of equal size that were shifted outward in x 2.3 mm from the center-
line. In WARP3d, the dipole plates are made up of grid cells in a Cartesian mesh where the poten
tial is held at the appropriate value. To make the ridges, I added grid cells to the ends of the plates 
until I could not further reduce the average of the sextupole component. The reduction was lim
ited by the resolution of the computational mesh. The procedure I followed was to stack (in x) 
grid cells on the furthest ends of the plates (at fixed y), which reduced the average sextupole, until 
the sign of the average changed. I then removed that last cell and started stacking cells one grid 
spacing further in, in y, until the sign again changed. I continued until I could not add another grid 
cell without changing the sign of the average. 

Figure 4 shows what the ridge looks like after the above procedure. Each box represents a 



grid cell, whose physical size is 1.15 by 1.15 mm. Also shown in the figure is a hand drawn guess 
of what the ridges could look like. Figure 5 shows the sextupole component with and without the 
ridges for flat plates centered about z=-15.6 cm. Without the ridges, the average sextupole was 
about 27 volts at 2/3 the pipe radius (2.46 mm). With the ridges, the average sextupole was 
reduced to under 1 volt Figure 6 shows the potential contours at the axial midplane of the dipole. 
About the same reduction in the average sextupole was obtained for sector plates by using the 
same ridges. 

The ridge described above is not the only possible ridge shape which would make the average 
of the sextupole small. Triangular ridges were also examined. Some results are shown in table 1. 
The three triangular ridges each reduce the average to nearly the value obtained with the more 
carefully designed ridges above. As above, the reduction is limited by the grid resolution. Inter
polating between the first two rows to find the triangle which makes the average vanish gives a tri
angle with a height and width of 12.84 mm. The ridges examined had little effect on the phase 
advance. 

HL Flat versus sector plates 
Tables 2 and 3 give the undepressed phase advances and timing changes for flat plates, with

out and with the ridges described above, as a function of the location of the plates. Table 4 gives 
the same data for sector plates with ridges. Radial means in the * direction. The phase advances 
were calculated by following a single particle that started out off axis (5 mm in either x or y) for 
80 lattice periods. The number of betatron oscillations made by the particle times the ratio 360/80 
gives the phase advance. This method averages the focusing over the transverse range of the 
betatron oscillation of the particle. With the initial offset given, that range covered most of the 
beam size. That method was used since the transfer matrix method is only valid for linear fields. 
The transfer matrix method was tried anyway and the results it gave were dependent on the start
ing positions of the particles. 

The timing change results from the axial variation of the potential through the dipole. As a 
particle traverses a dipole, its curved path takes it off the centerline through the dipole making its 
axial velocity either higher or lower than its nominal axial velocity. That change in velocity 
causes the particle to get ahead of or behind a (fictitious) particle which would maintain its nomi
nal velocity. The beam, on average, will experience a timing advance or lag depending on the 
location of the potential zero of the dipole relative to the beam center. Moving the plates out radi
ally puts the beam closer to the inner plate which is at a negative potential. More of the beam then 
has a higher velocity in the dipole, giving a larger net timing advance to the beam. To avoid hav
ing the complication of including these timing changes in the timing of the acceleration and axi-
ally confining fields, the plates should be located so that the timing change is zero. 

The change is calculated by advancing a single particle, starting on axis, as many time steps as ' 
would be needed to traverse a full period at the nominal axial velocity and noting where it actually 
ended up. If the particle travelled further than one lattice period, it got a positive timing advance. 
The advance is calculated by dividing the distance travelled past the one period by the nominal 
velocity. 

In all cases, as the plates were shifted, the voltage on the plate was adjusted to maintain the 
correct bending strength. The correct strength was found by sending a single particle that started 
on axis in the center of a quadrupole through one full lattice period and adjusting the voltage until 
the particle also exited on the axis. 

In both cases with ridges, the location where the x and y focusing are equal is not the same 
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place where the timing change is zero. For the flat plates, interpolation gives a radial shift of 2.6 
mm to have no timing change. There, the focusing in x is significantly higher than in y. In order 
to meet both conditions, plate shaping is necessary to have the x and y focusing match. One of 
two plate shapings can be done. The first is curving the plates in y, the second is the make the 
plates different sizes. In Recirculator Note 23, Dave Judd theoretically showed that spherical sec
tor plates could result in equal x- and y- focusing with zero timing error. However, this analysis 
did not include fringe field, and WARP3d is currently unable to easily model plates which are 
curved in y. Simulation of plates curved in y is therefore left for future work. 

The focusing in x from the sector plates is higher than that of the flat plates. In the simula
tions, this has proved advantageous as the additional focusing of the sector plates keeps the beam 
smaller as the beam is accelerated. This reduces the emittance growth. The emittance histories of 
two runs, with flat plates and with sector plates, are shown in figure 7. It needs to be noted that 
these runs were with a time step that other simulations showed was too big (i.e. the emittance 
growth is partly of numerical origin). I believe that with a smaller time step, there still will be a 
difference in the emittance growth of the two cases. 

IV. Smaller inner plate 
As flat plates are easier to build and align, I examined whether the focusing in x can be 

increased by shortening the inner plate. Table 5 shows the effect of such shortening. The ridges 
maintained the same shape, but were shortened appropriately on the inner plate. As above, the 
voltage was adjusted to maintain the correct bending strength. -To obtain the same increase in x-
focusing as from sector plates, the length of the inner plate needs to be shortened to about 9.5 cm. 
The current design of the plates does include a differential in the inner and outer plate lengths. 
The lengths are the same as in the sector plates but without the curvature. That is close to row 3 
of table 5. 

To try to match the focusingin x and y, the inner plate was also made narrower in the vertical 
y-plane. The first try I made did not work well. The data is show in table 6. The only significant 
effect narrowing the inner plate had was to increase the sextupole component The phase advance 
in y was essentially unaltered. When the inner plate was narrowed, all other parameters, includ
ing the shape of the ridges were kept fixed. Perhaps if the shape of the ridges were also adjusted, 
the focusing in y could be increased. 

V. Conclusions 
Several adjustments to the shape and location of the electric dipole plates were investigated to 

improve the beam optics. For fiat plates, the radial location of the plates needs to be shifted out 
about 2 mm from the centerline of the system so that the timing errors from the energy effect are 
small. Ridges should also be put on the top and bottoms of the plate to reduce the average sextu
pole component in the dipole. Several possible shapes for these ridges were found. Increasing 
the x-focusing of the dipoles was shown.to be advantageous for rninimizing the beam size and 
thereby reducing the emittance growth. This can be accomplished by either employing sector 
dipoles or by making the inner plate of a planar dipole shorter. With flat plates, making the inner 
plates roughly 9.5 cm long gives the same jc-focusing as sector dipoles. 

No satisfactory case was found in this report for matching thex- and y-focusing. Further stud
ies will be done to find optimal shapes, including study of plates curved in y as well as further 
study of changing the size of the flat plates and the ridges. One more option is to shift the plates 
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out far enough so that the x- and y-focusing do match and including the resulting timing advance 
in the timing of the accelerator gaps. 

One last noteis that each of the adjustments has a small effect on the others. Fully optimized 
plate design would require making the adjustments consistent Whether or not such fine tuning is 
needed is not known but seems unlikely. For example, shortening the length of the inner plate did 
effect the average sextupole field component, but the change in the average was small compared 
to the initial reduction resulting from the ridges. 
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Table 1: Triangular shaped ridges. Height is in x direction, width is in y. 

height (mm) width (mm) average sextupole 
(volts) 

12.7 12.7 0.5 

13.8 13.8 -3.5 

8.1 24.2 1-1 
5.8 34.5 -1.2. 

Table 2: Flat plates without ridges 

radial shift 
(mm) <*OX tfoy 

time advance 
(ns/period) 

voltage 
(volts) 

0. 83.7° 71.3° -1.38 7591 

2.3 81.0° 74.3° -0.16 7612 

4.6 78.7° 77.4° 1.06 7621 

6.9 75.6° 80.1° 2.28 7616 

Table 3: Flat plates with ridges 

radial shift 
(mm) tfox <v time advance 

(ns/period) 
voltage 
(volts) 

0. 83.3° 72.9° -1.4 7485 

2.3 81.0° 74.2° -0.2 7505 

4.6 81.0° 74.3° 1.9 7520 

6.9 79.9° 76.5° 2.2 7528 

9.2 78.7° 76.5° 3.4 7530 



Table 4: Sector plates with ridges 

radial shift 
(mm) OQX °oy time advance 

(ns/period) 
voltage 
(volts) 

-2.3 85.5° 69v8° -1.18 7342 

0.0 83.7° : 70.7° 0.02 7364 

2.3 83.3° 72.0° 1.24 7378 

4.6 82.8° 72.5° 2.46 7388 

6.9 81.5° 74.3° 3.66 7390 

Table 5: Flat plates with ridges and a radial shift of 23 mm, shortening the inner plate -

inner plate 
length 
(cm) 

^OX a o y 
rime advance 
(ns/period) 

voltage 
(volts) 

average 
sextupole 

(volts) 

10.4 81.0° 74.2° -0.2 7505 -0.4 

9.8 83.2° ^ '72.9° -0.5 7631 -0.8 

9.3 83.7° 72.0° -0.8 7770 -1.0 

Table 6: Flat plates with ridges, a radial shift of 23 mm, and 93 cm long, narrowing the 
inner plate 

inner plate 
width 
(cm) 

tfox 

i 

<*oy 
time advance 
(ns/period) 

voltage 
(volts) 

average 
sextupole 

(volts) 

11.06 83.7 72.0. -0.8 7770 -1.0 

10.8 84.4 72.0 -0.8 7765 -1.8 
10.6 84.4 72.0 -0.8 7760 -2.7 
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Figure 1: Geometry of flat plates 
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Figure 3: Transverse prpfile of the beam after four laps with no shaping of the 
dipole plates to reduce sextupole. 
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a) b) 15 mm 

ffffTH 

x . 

Figure 4: Structure of the dipole plate with ridges, a) grid cells which make 
up the ridge. Each square is 1.15 mm on a side, b) approximate idea of what 
the ridge could look like. This was drawn with guess work. The 73° angle 
was given by the dimensions of the ridges. It is about 13 grids high by 4 wide. 
atan(13/4) ~ 73°. This would be a wedged shaped in cross section. 
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Figure 5: Sextupole component over one full lattice period: 1) without ridges, 
2) with ridges. With the ridges, the average sextupole is reduced from 27 volts 
to under one volt The dipole is centered about z=-.156 m. 
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Figure 6: Profile of the dipole plates and the potential contours. 
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Figure 7: Emittance histories of a constant length beam (with the final design 
parameters) over 15 laps with flat plates and sector plates. The larger emit
tance growth occurs with the flat plates. It needs to noted these runs were 
with a time step that other simulations showed was to big. I believe that with 
a smaller time step, there still will be a difference in the emittance growth of 
the two cases. 
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HTP Note Number 94-7 ' October 14,1994 

To: HIF Note Distribution 
From: Fred Deadrick 
Subject: Deflection Dipole Waveform Generation for the 

Small Recirculator 

Introduction 

The problem of generating the precision high voltage electrical waveforms used 
to drive the deflection dipoles around the small recirculator presents, at first look, 
some rather formidable electrical engineering challenge. The voltage on the plates 
must increase from a few kilovolts to nearly 30 kV in approximately 200 jxs (A dV/dt 
on the order of 1.5E+8 volts/sec). This is a fairly high rate of change in voltage. If 
there is significant amount of distributed capacitance in the circuit, these rates result in 
large peak charging currents. Additionally, one would like the dipole voltage to ramp 
up some specified non-linear fashion. The direct approach would be to have an 
arbitrary waveform generator to synthesize the waveform, and a high power/high 
voltage linear amplifier to generate the required high voltage waveform. I'm not sure 
such amplifiers exist at the 30kV level, and if they do, I'm sure they are not cheap. 
Switched circuits rather than linear circuits are generally easier to implement, and it is 
usually easier to discharge capacitors fast than it is to charge them. 

I think that I have come up with a relatively simple scheme to do the job. The 
idea is to take the difference of two voltages: one a constant voltage, and the other a 
time decreasing voltage. See the circuit shown in figure 1. The net voltage 
difference can generate a positive going waveform. If we first charge a fixed 
capacitor to some initial voltage before pulsing the recirculator, and then rely on 
discharging this capacitor in a controlled manner rather than a charging it while the 
beam circulates, the voltage difference can approximate the required dipole 

, waveform. By time varying the resistive load used in the discharge of the capacitor 
a piece-wise fit to the required dipole plate waveform can be realized 

vi n ~-i 1 

VDC 

V2 + 

Figure 1. Simplified circuit used to generate dipole plate voltages. 

O; 

V 0 U t = V1 - V2 



Note: It should be noted that by using this technique, the voltage across the plates 
will not.be symmetric with respect to ground potential. This may result in 
undesireable perturbations to the beam trajectory. 

Waveforms and Circuits 

To evaluate this idea, J first took numbers from Tom Fessenden's calculations of 
the dipole voltage on gap number 5 (Reference: Recirculator Note #27) as a starring 
point. (Note that similar voltages are used on all the plates, and in fact it is planned 
that all the plates can be wired in parallel for the whole recirculator, however in this 
case the initial and final voltages will be slightly different from those given here for 
plate 5 only.) The dipole voltage as a function of time is plotted by the squares in 
figure 2 below. If one does a curve fit to this data, a second order polynomial in time 
fits the data very well (the fit error is less than 1%), as indicated by the solid line plot 
and the coefficients shown in the plot. For purposes of this analysis I will use the 
polynomial fit to the data as my reference waveform to generate. 
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Figure 2. Dipole voltage on gap number 5 as a function of time for 15 laps 
of the recirculator. 

The waveform shown in figure 2, however, is not characterized by what one 
would expect from a discharge circuit—i.e. the voltage is increasing, not decreasing. 
However, by subtracted figure 2 from a constant voltage, say 30 kV, we get a 
waveform like that shown in figure 3. This corresponds to the required capacitor 
voltage. 
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Figure 3. 30 kV minus the dipole voltage waveform shown as a function of time 

Figure 3's waveform could in principle be approximated by resistively 
discharging a capacitor, however, the shape of the decay is not that of a simple 
e-t/x capacitor discharge, and thus a time-varying x would be needed. 

In figure 1VI is fixed at a constant high voltage, and capacitor C would be 
charged to an initial voltage such that the difference between the constant DC supply 
voltage VI and the initial charge voltage V2, would be the initial dipole plate voltage 
at time t=0. Then, as time increases and the ion beam gains energy as it circulates 
around the loop, the capacitor C could be discharged such that the difference voltage, 
Vout approximates the required dipole waveform, figure 2. The problem then is how 
well can a decaying exponential be made to fit the waveform. 

/ 
V2 = Vn * e _ t / T , where Vn is the capacitor voltage at t=0, and x is a function of 

time such that: 
0 < t < t l x = xl 
t l < t < t 2 x = x2 
t2<t<t3 x=x3 
t3<t<t4 x=x4 

tn - l< t< tn x = xn 

To implement this in hardware is simple, the circuit would look like that shown 
in figure 4. The waveform we want to generate is such that the time constant, x — 
Reff * C, decreases with time, so in the circuit, we could sequentially close SI, S2...Sn 
and place the resistors in parallel to decrease the effective value of R in the time 
constant, i.e. t l= R1*C, xl= (Rl I I R2)C,etc. The sequence of closing of the switches 



could be synched, for example to the cycles around the recirculator. Closing the 
switches, and the number of switched terms are really only dependent on how well 
one wants the exponential terms to fit the desired waveform. 

C 

V2 

A S 2 A S 3 A S 4 A S 5 A S r T ^ 

I R2 n R3 ^ R4 | R5] Rn ] 
Figure 4 Implementation of multi-term exponential fit. 

Model Results 

In order to see how well a series of exponential terms fit the required 
waveform, I used a spread-sheet calculation of the polynomial fit to the dipole 
waveform as the reference, and did an approximate fit to the waveform by adjusting 
the value of i at the end of each lap. Figure 5 shows the error in approximating the 
dipole polynomial waveform by a series of 14 corrections to a decaying exponential 
terms, and the % values used are listed in Table 1. 
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Figure 5 Error in exponential fit to dipole waveform. 14 terms used. 

My choices for the values of the decay time constant term x were only 
approximate, and the mathematics for an optimal least squares fit to the data must be 
performed. However, as can be seen the fit is quite good, and the errors in the fit are 
generally better than ±0.5%. 



Taul 3.50E-04 
Tau2 3.06E-04 
Tau3 2.52E-04 
Tau4 2.200E-04 
Tau5 1.925E-04 
Tau6 1.650E-04 
Tau7 1.460E-04 
Tau8 1.250E-04 
Tau9 9.800E-05 
TaulO 9.000E-05 
Taull 7.000E-05 
Taul 2 5.660E-05 
Taul 3 4.300E-05 
Taul 4 3.100E-05 

Table 1 Time constant terms used in exponential curve fit. • 

Implementation 

The hardware implementation shown in figure 4 would require a array of high 
voltage switches such as thyratrons. Tom Fessenden suggested an alternate 
implementation of the form shown in figure 6. Here, for example, the voltage across 
each resistive load could be limited to some fraction of the total voltage, and it may be 
practical to consider solid state switches such as high voltage MOSFETS or SCRs. A 
system of isolated switch control signals would also be needed for such a circuit. The 
values of the time constants are all well within practical physical space, and with this 
scheme or the one shown in figure 4, one does not need to be particularly concerned 
about minimizing the capacitance of the deflection elements and the associated 
voltage distribution. 

S1 

S2 

S3 

S4 

S5 

S6 

Sn 

Figure 6. Alternate scheme for implementing variable time constant decay 
circuit. 



. While the values switched into this circuit were chosen to match a particular 
discharge rate of the capacitor C, it is possible in principle to implement a binary 
encoded array of values which could be computer controlled to provide an arbitrary 
discharge rate. Such a scheme could possibly control the deflection plate voltages in 
real time in a closed loop feedback system which monitors beam energy. Further 
thought needs to be devoted to this scheme. 

HBF Notes Distribution: 

John Barnard L-440 LLNL 
Mike Cable L-473 LLNL 
Debbie Callahan L-440 LLNL 
Fred Deadrick L-440 LLNL 
Andy Faltens L-440 Mailbox at LLNL 
Tom Fessenden L-440 Mailbox at LLNL 
Alex Friedman L-440 LLNL 
Dave Grote L-440 LLNL 
Dave Judd L-440 Mailbox at LLNL 
Steve Hawkins L-440 LLNL 
Butch Kirbie L-440 LLNL 
Bruce Langdon L-472 LLNL 
Gene Lauer L-440 LLNL 
Dave Longinotti L-440 EG&G Mailbox at LLNL 
Steve Lund L-440 LLNL 
Larry Natrass L-446 LLNL 
Mike Nelson L-473 LLNL 
Mark Newton L-440 LLNL 
Craig Ollis L-440 LLNL 
Bill Sharp ' L-440 LLNL 
Simon Yu L-440 Mailbox at LLNL 

2 Copies to LBL L440 Mailbox at LLNL 
Master HIF file L-440 LLNL 



To: HIF Note Distribution 
From: Tom Fessenden 
Subject: Measurement Report from Ron Holsinger 

of Aster Enterprices, Inc. 

• S f | ASTER ENTERPRISES, INC. 
emS^ 19 sterling Road, Unit 5B 

N. Bilterica, Massachusetts 01862 
Telephone (508) 667-6664 

FAX (508) 667-7877 

TO: Dr. Tom Fessenden 
M/C L-440 -

ORGANIZATION: LLNL 

Message sent by 
telephone facsimile to 

FAX: (510)423-2664 

DATE: Oct 13, 1994 

C TOTAL PAGES SENT: 

( 
FROM: Ron Holsinger J 
MESSAGE 

Attached is a summary of the /B'dz measurements for the 15 PMQ's, 
which hopefully arrived in Lrvermore yesterday. Did you receive the 
envelope with the detailed measurement reports that was included 
with the shipment? Please get in touch if you have any questions. 

Yours ' r^&hL- .J*f* 
Strength 

70T 21,1'C 80'F I26.7X 
B'L(T) From Mean ' From Spec B'L(T) From Mean From Spec 

0.9478 
0.9492 
0.952> 
0.9512 

-0.15% 1.91% 0.94249232 -0.15% 1.34% 0.9478 
0.9492 
0.952> 
0.9512 

-0.01% 
0.36% 
O.ZO% 

2.06% 0.94388448 -0-01% 1.49% 
0.9478 
0.9492 
0.952> 
0.9512 

-0.01% 
0.36% 
O.ZO% 

2.44% 0.94736488 0.36% 1.87% 

0.9478 
0.9492 
0.952> 
0.9512 

-0.01% 
0.36% 
O.ZO% 2.28% • 0.94587328 0.20% 

-0.15% 
1.71% 
"l!34% 0.9478 

(X9474 
-0.15% 
-0.20% 

1.91% 
1.87% 

0.94249232 
0,94209456 

' 0.94209456 

0.20% 
-0.15% 

1.71% 
"l!34% 0.9478 

(X9474 
-0.15% 
-0.20% 

1.91% 
1.87% 

0.94249232 
0,94209456 

' 0.94209456 
-0.20% 1.30% 

0.9474 -0.20% 
-0.21% 

1.87% 
1.86% 

0.94249232 
0,94209456 

' 0.94209456 -0.20% 1.30% 
0.9473 

-0.20% 
-0.21% 

1.87% 
1.86% 0.94199512 -0.21% 1.29% 

0.9499 0.07% 2.14% 0.94458056 
0.94259176 

0.9456744 

0.07% 
-0.14% 

1.S7% 
1.35% 0.9479 

0.951 
-0.14% 

, 0.18% 
1.92% 
2.26% 

0.94458056 
0.94259176 

0.9456744 

0.07% 
-0.14% 

1.S7% 
1.35% 0.9479 

0.951 
-0.14% 

, 0.18% 
1.92% 
2.26% 

0.94458056 
0.94259176 

0.9456744 0.18% 
-0.07% 
0.35% 

1.69% 
1.43% 0.9486 

0.9526 
-0.07% 
6."35% 

2.00% 
2.43% 

0.94328784 
0.94726544 

0.18% 
-0.07% 
0.35% 

1.69% 
1.43% 0.9486 

0.9526 
-0.07% 
6."35% 

2.00% 
2.43% 

0.94328784 
0.94726544 

0.18% 
-0.07% 
0.35% 1.86% 

0.9496 0.04% 2.11% 0.94428224 0.04% 
-0.07% 

1.S4% 
0.9486 -0.07% 2.00% 0.94328/84 

0.04% 
-0.07% 1.43% 

0.94926667 0.94395077 
Mean Mean 

"J 



Strangth.Cht 

Integrated Strength (tesla) * /B'dz @ 70*F 

/B'cfc @ 8S0T 

Spec. + 2% 

7 8 9 
Serial No. 

10 11 12 13 14 15 

Page 1 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

QUADROPOLE HARMONIC ANALYSIS REPORT 
• HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD001.RAW OPERATERs COM 
MEASUREMENT DATE J 27-SEP-1994 TIME: 17:40*13 
MAGNET PART NUMBER: 101167 MAGNET SERIAL NUMBER* 001 
COIL PART NUMBER : 101410 CONDUCTOR SPACING (MM) i .160 
R4 (MM) : 33.020 NO. OF TURNS ON OUTER s 10 
R2 (MM) t -16.510 NO. OF LAYERS ON OUTER: 2 
R3 (MM) 'r « 20.650 NO. OF TURNS ON INNER : 20 
Rl (MM) t -4.140 NO. OF LAYERS ON INNER* 4 
LOW (UNBUCKED) GAIN* 6.640 HIGH (BUCKED) GAIN « 9.970 
MEASUREMENT TYPE t UNBUCKED AND BUCKED 
COMMENTS « 

B'XL(EFF) = .9478 TESLA AT 87.32 DEGREES 
MAGNETIC CENTER: .05 MM AT 14.03 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 67.7 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 . 0 8 9 0 .105E-04 . 0 4 4 2 5 . 0 1 2 3 . 0 
4 . 1 7 4 0 . 2 7 4 E - 0 4 '. ; . 1 1 4 2 7 . 4 3 8 . 1 
5 . 0 5 4 0 .106E-04 . 0 4 4 - 2 4 . 5 - 1 0 1 . 2 
6 . 0 7 4 0 . 1 7 4 E - 0 4 . 0 7 2 1 6 5 . 8 1 . 9 
7 . 0 2 6 0 . 7 1 2 E - 0 5 . 0 3 0 - 5 4 . 0 5 4 . 7 
8 . 0 3 5 0 .111E-04 . 0 4 6 2 5 . 3 4 6 . 7 
9 . 2 3 1 0 .820E-04 . 3 4 1 - 4 7 . 5 - 1 1 3 . 4 

IP 1 . 0 4 1 0 . 4 1 0 E - 0 3 1 . 7 0 2 1 5 1 . 0 - 2 . 3 
1 1 . 0 1 2 0 . 5 0 8 E - 0 5 . 0 2 1 9 6 . 7 - 1 4 3 . 9 
1 2 . 0 0 2 0 . 7 7 8 E - 0 6 . 0 0 3 1 0 1 . 9 1 3 4 . 0 
1 3 . 0 0 1 0 . 3 7 7 E - 0 6 . 0 0 2 - 6 8 . 1 - 1 2 3 . 3 
14 . 0 1 1 0 . 5 8 3 E - 0 5 . 0 2 4 1 4 3 . 3 . 8 
1 5 0 . 0 0 0 0 . 2 8 1 E - 0 6 . 0 0 1 8 9 . 6 - 1 4 0 . 3 
1 6 . 0 0 1 0 . 4 7 3 E - 0 6 . 0 0 2 - 1 4 6 . 1 - 1 0 3 . 3 
17 . 0 0 3 0 . 1 7 8 E - 0 5 . 007 1 1 7 . 5 7 3 . 0 
1 8 . 0 0 6 0 . 3 9 8 E - 0 5 .017 - 5 0 . 1 1 7 8 . 1 



10/10/94 10:15 AM Macintosh HD:MPW Appl:Hal:LIiNL.Quad:L_:QUAD002-RPT Page 1 

ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD002.RAW 
MEASUREMENT DATE t 28-SEP-1994 
MAGNET PART NUMBERt 101167 
COIL PART NUMBER i 101410 
R4 (MM) : 33.020 
R2 (MM) : -16.510 
R3 (MM) t 20.650 
Rl (MM) : -4.140 
LOW (UNBUCKED) GAINi 6.640 
MEASUREMENT TYPE s : UNBUCKED AND 
COMMENTS : 

OPERATERi COM 
TIME: 18:59:15 
MAGNET SERIAL NUMBER? *. 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTERJ 2 
NO. OF TURNS ON INNER t 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9492 TESLA AT 87.57 DEGREES 
.05 MM AT -17.41 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 69.0 
NORMALIZATION RADIUS (MM) 25.40 

N SIGNAL FIELD B(N)/B(2) abe-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .171 0.202E-04 .083 -125.1 -27.8 
4 .126 0.199E-04 " ~ .082 57.4 67.1 
5 .084 0.166E-04 .068 -73.2 -151.1 
6 .115 0.271E-04 .111 165.2 -.3 
7 .072 0.200E-04 .082 -85.0 22.0 
8 .022 0.678E-05 . .028 86.1 105.5 
9 .007 0.233E-05 .010 99.2 31.0 
10 1.022 0.403E-03 / 1.652 153.0 -2.8 
11 .014 0.601E-05 .025 98.3 -145.0 
12 .010 0.465E-05 .019 132.3 161.4 
13 .002 0.111E-05 .005 -178.0 123.6 
14 .010 0.570E-05 .023 134.9 -11.2 
15 .001 0.845E-06 .003 174.7 -58.9 
16 .001 0.351E-06 .001 -158.0 -119.2 
17 0.000 o.niE-^oe 0.000 68.5 19.7 
18 .006 0.409E-05 .017 -48.5 175.1 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, SB 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAMEs QUAD003.RAW 
MEASUREMENT DATE : 29-SEP-1994 
MAGNET PART NUMBER; 101167 
COIL PART NUMBER : 101410 
R4 (MM) s 33.020 
R2 (MM) : -16.510 
R3 (MM) s 20.650 
Rl (MM) 5 -4.140 
LOW (UNBUCKED) GAINi 6.640 
MEASUREMENT TYPE ' 1 : UNBUCKED Al 
COMMENTS s 

B'XL(EFF) = .9527 TESLA AT 
MAGNETIC CENTER: .05 MM AT 

OPERATER: CJM 
TIME: 13:10:53 
MAGNET SERIAL NUMBER: 003 
CONDUCTOR SPACING (MM): 
NO. OF TURNS ON OUTER : 
NO. OF LAYERS ON OUTER: 
NO. OF TURNS ON INNER : 
NO. OF LAYERS ON INNER: 
HIGH (BUCKED) GAIN : S 

BUCKED 

87.43 DEGREES 
•1.02 DEGREES 

.160 
10 
2 

20 
4 
.970 

BUCKED RESULTS: 

BUCKING RATIO i 69.1 
NORMALIZATION RADIUS (MM) 25.40 

N SIGNAL FIELD B ( N ) / B ( 2 ) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .314 0.370E-04 .151 123.5 -138.8 
4 .237 0.373E-04 •' -- .152 -10.2 .1 
5 .102 0.201E-04 .082 133.1 56.0 
6 .117 0.275E-04 .113 99.3 -65.3 
7 .043 0.119E-04 .048 -41.8 66.2 
8 .019 0.606E-05 .025 -41.1 -20.5 
9 .015 0.535E-05 .022 -91.6 -158.5 
10 1.029 0.405E-03 ,j 1.657 152.2' -2.0 
11 .018 0.789E-05 ' .032 88.8 -152.9 
12 .004 0.175E-05 .007 132.1 162.9 
13 .002 0.127E-05 .005 144.6 88.0 
14 .010 0.538E-05 .022 142.5 -1.5 
15 .001 0.867E-06 .004 146.4 -85.0 
16 0.000 0.233E-06 .001 162.4 -156.4 
17 .001 0.346E-06 .001 169.8 123.5 
18 .006 0.403E-05 .016 -50.4 175.9 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (50.8) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAMEs QUAD004.RAW 
MEASUREMENT DATE i 
MAGNET PART NUMBER: 
COIL PART NUMBER : 
R4 (MM) s 
R2 (MM) J 
R3 (MM) t 
Rl (MM) : 
LOW (UNBUCKED) GAINJ 

29-SEP-1994 
101167 
101410 
.33.020 
-16.510 
20.650 
-4.140 

6.640 
MEASUREMENT TYPE 
COMMENTS « 

: UNBUCKED AND 

OPERATER: COM 
TIME* 13»28i38 
MAGNET SERIAL NUMBER: 004 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9512 TESLA AT 87.52 DEGREES 
.04 MM AT -55.51 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 69.1 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B{ !N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .354 0.418E-04 .171 -103.3 -5.8 
4 .254 0.400E-04 .164 45.0 54.9 
5 .228 0.449E-04 .184 -93.6 -171.2 
6 .051 0.119E-04 .049 156.6 -8.5 
7 .033 0.904E-05 .037 43.4 150.7 
8 .003 0.952E-06 .004 -68.8 -49.0 
9 .006 0.219E-05 .009 20.2 -47.5 

10 1.019 ' 0.401E-03 /' 1.643 151.8 -3.4 
11 .008 0.340E-05 .014 127.0 -115.7 
12 .008 0.382E-05 .016 • 158.1 -172.1 
13 .003 0.139E-05 .006 169.4 111.6 
14 .010 0.558E-05 .023 155.8 10.5 
15 .001 0.778E-06 .003 103.8 -129.0 
16 .001 0.338E-06 .001 165.0 -155.3 
17 0.000 0.951E-07 0.000 106.0 58.2 
18 .006 0.419E-05 .017 -47.7 177.0 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME? QUAD005.RAW 
MEASUREMENT DATE : 30-SEP-1994 
MAGNET PART NUMBER» 101167 
COIL PART NUMBER > 101410 
R4 (MM) < 33.020 
R2 (MM) s -16.510 
R3 (MM) : 20.650 
Rl (MM) : -4.140 
LOW (UNBUCKED) GAIN: 6.640 
MEASUREMENT TYPE x UNBUCKED AND 
COMMENTS t 

OPERATERj COM 
TIME: 17t53s41 
MAGNET SERIAL NUMBER: 005H 
CONDUCTOR SPACING (MM)i .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTERJ 2 
NO. OF TURNS ON INNER » 20 
NO. OF LAYERS ON INNER* 4 
HIGH (BUCKED) GAIN i 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTERi 

.9478 TESLA AT 88.19 DEGREES 
.01 MM AT -78.08 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.3 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B | [N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .279 0.329E-04 .137 132.9 -131.7 
4 .048 0.758E-05 -V .031 -81.5 -74.2 
5 .094 0.185E-04 .077 52.8 -28.2 
6 .040 0.949E-05 .039 -70.4 120.4 
7 .096 0.266E-04 .110 16.5 119.1 
8 .059 0.186E-04 .077 61.5 75.9 
9 .063 0.223E-04 .093 49.0 -24.7 

10 .985 0.388E-03 1.611 158.3 -3.6 
11 .020 0.854E-05 .035 120.1 -130.0 
12 .005 0.237E-05 .010 100.2 121.9 
13 .004 0.19IE-05 .008 158.5 92.0 
14 .010 0.562E-05 .023 149.4 -5.3 
15 .001 0.603E-06 .003 170.9 -72.0 
16 .001 0.374E-06 .002 -147.8 -118.8 
17 0.000 0.884E-07 0.000 -123.8 177.0 
18 .006 0.398E-05 .017 -41.2 171.4 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: 

IUUJ VCIKOJ.' 

QUAD006.RAW 
MEASUREMENT DATE : 30-SEP-1994 
MAGNET PART NUMBER: 101167 
COIL PART NUMBER : 101410 
R4 (MM) : 33.020 
R2 (MM) J -16.510 
R3 (MM) : 20.650 
Rl (MM) : -4.140 
LOW (UNBUCKED) GAINi i 6.640 
MEASUREMENT TYPE i ; UNBUCKED AND 
COMMENTS : 

OPERATER: COM 
TIME: 10:38:38 
MAGNET SERIAL NUMBER: 006B 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = .9474 TESLA AT 88.23 DEGREES 
MAGNETIC CENTER: .03 MM AT-110.50 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.7 
NORMALIZATION RADIUS (MM) 25.40 

N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .277 0.327E-04 .136 -17.6 77.7 
4 .203 0.320E-04 "~ .133 79.8 86.8 
5 .066 0.129E-04 .054 133.6 52.5 
6 .061 0.144E-04 .060 132.8 -36.6 
7 .049 0.135E-04 .056 28.5 130.9 
8 .044 0.139E-04 .058 141.9 156.0" 
9 .061 0.215E-04 .089 79.6 5.5 
10 .997 0.393E-03 1.632 158.6 -3.7 
11 .017 0.718E-05 ' .030 138.4 -112.2 
12 .001 0.337E-06 .001 88.4 109.6 
13 .004 0.193E-05 .008 111.4 44.4 
14 .011 0.589E-05 .024 158.0 2.8 
15 .001 0.512E-06 .002 146.6 -96.8 
16 0.000 0.162E-06 .001 132.3 160.6 
17 0.000 0.149E-06 .001 4.3 -55.7 
18 .005 0.357E-05 .015 -33.8 178.0 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
• HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD007.RAW 
MEASUREMENT DATE : 3-OCT-1994 
MAGNET PART NUMBER: 101167 
COIL PART NUMBER i 101410 
R4 (MM) 
R2 (MM) 
R3 (MM) 
Rl (MM) 

: 33.020 
: -16.510 
: 20.650 
: -4.140 

LOW (UNBUCKED) GAIN: 6.640 
MEASUREMENT TYPE : UNBUCKED AND 
COMMENTS : 

OPERATER: CJM 
TIME: 11:35:51 
MAGNET SERIAL NUMBER: 007 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9474 TESLA AT 88.32 DEGREES 
.02 MM AT-100.63 DEGREES 

BUCKED RESULTS: 

NORMALIZATION I RADIUS (MM) : 25.40 

N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .143 0.169E-04 .070 -19.6 75.4 
4 .185 0.291E-04 '; r .121 -74.9 -68.1 
5 .175 0.344E-04 .143 7.6 -74.0 
6 .088 0.208E-04 .086 106.7 -63.2 
7 .083 0.228E-04 .095 -126.7 -24.9 
8 .014 0.444E-05 .018 59.8 73.3 
9 .029 0.104E-04 .043 86.8 11.9 

10 .994 0.39 IE-03 ,, ' 1.626 159.6 -3.6 
11 .006 0.278E-05 ;" .012 149.2 -102.3 
12 .007 0.325E-05 .013 -170.3 -150.1 
13 .001 0.729E-06 .003 66.0 -2.2 
14 .009 0.515E-05 .021 151.1 -5.4 
15 .001 0.769E-06 .003 -155.6 -40.4 
16 0.000 0.222E-06 .001 116.8 143.7 
17 0.000 0.188E-06 .001 -47.3 -108.7 
18 .005 0.375E-05 .016 -34.6 175.7 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD008.RAW 
MEASUREMENT DATE J 3-OCT-1994 
MAGNET PART NUMBER* 101167 
COIL PART NUMBER 
R4 (MM) 
R2 (MM) 
R3- (MM) 
Rl (MM) 

101410 
33.020 
-16.510 
20.650 
-4.140 

LOW (UNBUCKED) GAIN* 6.640 
MEASUREMENT TYPE : UNBUCKED AND 
COMMENTS : 

OPERATER: CJM 
TIME: 13:39:18 
MAGNET SERIAL NUMBER: 008B , 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : ' 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9473 TESLA AT 87.54 DEGREES 
.05 MM AT -2.35 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.4 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B ( N ) / B ( 2 ) aba-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 . 3 2 6 C 3 8 5 E - 0 4 . 1 6 0 - 1 1 3 . 9 - 1 6 . 5 
4 . 3 0 8 0 . 4 8 5 E - 0 4 . 2 0 1 - 3 9 . 6 - 2 9 . 8 

' 5 . 1 4 6 0 . 2 8 7 E - 0 4 . 1 1 9 - 1 5 6 . 6 1 2 5 . 6 
6 . 2 0 7 0 . 4 8 9 E - 0 4 . 2 0 3 1 2 9 . 3 - 3 5 . 9 

7 .023 0.641E-05 .027 10.1 117.3 
8 . 0 2 7 0 . 8 6 0 E - 0 5 . 0 3 6 - 1 6 5 . 5 - 1 4 5 . 9 
9 . 0 0 7 0 . 2 6 4 E - 0 5 . 0 1 1 1 2 6 . 8 5 8 . 9 

1 0 . 9 9 2 0 . 3 9 0 E - 0 3 / 1 . 6 2 3 1 5 3 . 0 - 2 . 5 
1 1 . 0 1 1 0 . 4 6 5 E - 0 5 . 0 1 9 1 2 8 . 1 - 1 1 4 . 9 
1 2 . 0 0 1 0 . 3 5 4 E - 0 6 . 0 0 1 - 2 9 . 4 . 1 
1 3 . 0 0 4 0 . 2 0 9 E - 0 5 . 0 0 9 - 1 6 9 . 0 1 3 2 . 9 
1 4 . 0 1 1 0 . 5 9 7 E - 0 5 . 0 2 5 1 3 5 . 2 - 1 0 . 4 
1 5 . 0 0 1 0 . 8 4 0 E - 0 6 . 0 0 3 1 3 7 . 1 - 9 6 . 1 
1 6 . 0 0 1 0 . 6 6 9 E - 0 6 . 0 0 3 1 3 4 . 3 1 7 3 . 6 
1 7 . 0 0 1 0 . 3 4 5 E - 0 6 . 0 0 1 9 6 . 5 4 8 . 3 
1 8 . 0 0 5 0 . 3 8 7 E - 0 5 . 0 1 6 - 5 2 . 4 1 7 1 . 8 
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ASHER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 PAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT --
HftL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD009.RAW 
MEASUREMENT DATE : 3-OCT-1994 
MAGNET PART NUMBER: 101167 
COIL PART NUMBER : 101410 
R4 (MM) : 33.020 
R2 (MM) : -16.510 
R3 (MM) : 20.650 
Rl (MM) :. -4.140 
LOW (UNBUCKED) GAIN: 6.640 
MEASUREMENT TYPE : UNBUCKED AND 
COMMENTS s 

OPERATER: COM 
TIME: 14:32:41 
MAGNET SERIAL NUMBER: 009D 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN :' 9,970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9499 TESLA AT 88.16 DEGREES 
.03 MM AT -64.85 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.7 
NORMALIZATION RADIUS (MM) 25.40 
N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 

(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .108 0.128E-04 .053 141.0 -123.5 
4 .201 0.317E-04 > .131 2.9 10.3 
5 .132 0.260E-04 .108 36.7 -44.1 
6 .199 0.470E-04 .195 111.6 -57.3 
7 .027 0.731E-05 .030 102.5 -154.6 
8 .042 0.131E-04 .054 58.0 72.7 
9 .046 0.162E-04 .067 57.3 -16.1 
10 .999 0.393E-03 / 1.629 158.2 -3.4 
11 .012 0.502E-05 •' .021 164.9 -84.8 
12 .002 0.844E-06 .003 153.2 175.4 
13 .001 0.527E-06 .002 131.2 65.1 
14 .010 0.554E-05 .023 154.3 .1 
15 .002 0.923E-06 .004 162.7 -79.6 
16 0.000 0.308E-06 .001 -168.6 -139.1 
17 .001 0.427E-06 .002 104.6 45.9 
18 .005 0.366E-05 .015 -36.7 176.5 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUAD010.RAW 
MEASUREMENT DATE t 
MAGNET PART NDMBERJ 
COIL PART NUMBER : 
R4 (MM) : 
R2 (MM) » 
R3 (MM) » 
Rl (MM) > 
LOW (UNBUCKED) GAIN: 
MEASUREMENT TYPE t 
COMMENTS t 

4-OCT-1994 
101167 
101410 
33.020 
-16.510 
20.650 
-4.140 

6.640 

OPERATERt COM 
TIMEJ 10: 4:55 
MAGNET SERIAL NUMBERt 0101 
CONDUCTOR SPACING (MM)x .160 
NO. OP TURNS ON OUTER * 10 
NO. OF LAYERS ON OUTER* 2 
NO. OF TURNS ON INNER » 20 
' NO. OF LAYERS ON INNERx 4 
HIGH (BUCKED) GAIN » 9.970 

UNBUCKED AND BUCKED 

B'XL(EFF) = .9479 TESLA AT 88.83 DEGREES 
MAGNETIC CENTER: .04 MM AT -16.86 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.7 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B(N)/B(2) 
(UV-SEC) (TESLA-METER) ( % ) 

abs-PHASE REL-PHASE 
(DEGREES) (DEGREES) 

3 .195 0.230E-04 .095 -110.6 -17.1 
4 .097 0.152E-04 '•-- .063 34.3 39.0 
5 .088 0.172E-04 .072 -60.4 -144.5 
6 .194 0.457E-04 .190 155.5 -17.5 
7 .078 0.214E-04 .089 -74.3 23.9 
8 .032 0.996E-05 .041 -127.4 -118.0 
9 .032 0.112E-04 .046 59.5 -20.0 
1.0 .998 0.393E-03 1.633 165.4 -2.9 
11 .015 0.647E-05 .027 142.0 -115.2 
12 .007 0.320E-05 .013 -171.0 -157.0 
13 .003 0.174E-05 .007 -177.0 108.2 
14 .012 0.666E-05 .028 157.5 -6.2 
15 .001 0.765E-06 .003 -176.7 -69.2 
16 .001 0.435E-06 .002 117.4 136.1 
17 0.000 0.184E-06 .001 157.5 87.4 
18 .006 0.396E-05 .016 -27.1 173.9 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
PAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAMEi QUAD011.RAW 
MEASURE] KENT DATE : 3 - O C T - 1 9 9 4 
MAGNET 1 PART NUMBER: 1 0 1 1 6 7 
COIL PART NUMBER t 1 0 1 4 1 0 
R4 (MM) t 3 3 . 0 2 0 
R2 (MM) j - 1 6 . 5 1 0 
R3 (MM) : 2 0 . 6 5 0 
R l (MM) : - 4 . 1 4 0 
LOW (UNBUCKED) GAINi 6.640 
MEASUREMENT TYPE : UNBUCKED AND 
COMMENTS t 

OPERATERi COM 
TIME: 12:55s26 
MAGNET SERIAL NUMBER: 011 
CONDUCTOR SPACING (MM): .160 
NO. OF TURNS ON OUTER s 10 

- NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = .9510 TESLA AT 86.75 DEGREES 
MAGNETIC CENTER: .04 MM AT 13.35 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.8 
NORMALIZATION RADIUS (MM) : 25.40 

N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 . 377 0 .446E-04 . 1 8 5 - 9 3 . 7 6 . 1 
4 . 0 2 5 0 . 3 9 1 E - 0 5 \ ' . 0 1 6 - 1 4 6 . 1 - 1 3 3 . 1 
5 . 0 5 5 0 . 1 0 9 E - 0 4 . 0 4 5 - 1 0 2 . 5 - 1 7 6 . 3 
6 . 0 0 8 0 . 1 8 7 E - 0 5 . 0 0 8 5 . 9 - 1 5 4 . 5 
7 . 0 5 0 0.1-39E-04 . 0 5 8 - 9 3 . 8 1 9 . 0 
8 . 0 2 2 0 . 6 9 9 E - 0 5 . 0 2 9 3 0 . 2 5 6 . 2 
9 . 0 3 1 0 . 1 1 2 E - 0 4 . 0 4 6 - 4 7 . 9 - 1 0 8 . 6 

1 0 1 . 0 0 1 0 . 3 9 4 E - 0 3 1 . 6 3 2 1 4 5 . 6 - 1 . 9 
11 .016 0.674E-05 .028 167.6 -66 .6 
1 2 . 0 0 5 0 . 2 4 7 E - 0 5 . 0 1 0 1 4 3 . 0 - 1 7 7 . 9 
1 3 . 0 0 4 0 .X99E-05 . 0 0 8 1 2 5 . 3 7 7 . 6 
1 4 . 0 1 0 0 . 5 5 4 E - 0 5 . 0 2 3 1 2 8 . 5 - 6 . 0 
1 5 . 0 0 1 0 . 5 1 2 E - 0 6 . 0 0 2 7 6 . 1 - 1 4 5 . 1 
1 6 . 0 0 1 0 . 4 5 0 E - 0 6 . 0 0 2 1 3 0 . 7 - 1 7 7 . 2 
1 7 . 0 0 1 0 . 6 6 3 E - 0 6 . 0 0 3 9 7 . 5 6 2 . 9 
1 8 . 0 0 5 0 . 3 7 5 E - 0 5 . 0 1 6 - 6 5 . 3 " 1 7 3 . 3 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

•- QUADRUPOLE HARMONIC ANALYSIS REPORT 
• HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: 
MEASUREMENT DATE * 
MAGNET PART NUMBER: 
COIL PART NUMBER * 
R4 (MM) 
R2 (MM) 
R3 (MM) 
Rl (MM) 

QUAD012.RAW 
5-OCT-1994 
101167 
101410 
33.020 
-16.510 
20.650 
-4.140 

LOW (UNBUCKED) GAIN: 6.640 
MEASUREMENT TYPE « UNBUCKED AND 
COMMENTS : 

OPERATER: COM 
TIME: 15:23:44 
MAGNET SERIAL NUMBER: 012A 
CONDUCTOR SPACING (MM):' .160 
NO. OF TURNS ON OUTER » 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) •= .9486 TESLA AT 87.88 DEGREES 
MAGNETIC CENTER: .03 MM AT-109.81 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.7 
NORMALIZATION RADIUS (MM) : 2 5 . 4 0 

N SIGNAL FIELD B ( N ) / B ( 2 ) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 . 067 0 . 7 8 8 E - 0 5 . 0 3 3 - 1 5 1 . 0 - 5 4 . 7 
4 . 257 0.405E-04 -~ .168 7 . 1 15.5 
5 . 0 5 0 0.981E-05 .041 19.8 -59.6 
6 . 0 7 8 0 .185E-04 .077 9 5 . 9 - 7 1 . 4 
7 . 0 3 0 0 . 8 3 5 E - 0 5 . 0 3 5 1 7 4 . 7 - 8 0 . 5 
8 . 0 5 3 0 . 1 6 7 E - 0 4 . 0 6 9 1 6 0 . 3 1 7 7 . 3 
9 . 0 3 0 0 .107E-04 . 0 4 4 1 2 4 . 2 5 3 . 3 

1 0 .979 0 . 3 8 5 E - 0 3 /. 1 . 6 0 0 1 5 5 . 3 - 3 . 5 
1 1 . 0 1 0 0 . 4 3 0 E - 0 5 " . 0 1 8 1 1 8 . 1 - 1 2 8 . 6 
1 2 . 0 0 4 0 . 2 0 4 E - 0 5 . 0 0 8 1 0 9 . 0 1 3 4 . 4 
1 3 . 0 0 1 0 . 5 1 5 E - 0 6 . 0 0 2 - 1 6 1 . 7 1 3 5 . 8 
1 4 .009 0 . 5 0 7 E - 0 5 . 0 2 1 1 4 9 . 4 - 1 . 0 
1 5 . 0 0 2 0 . 1 2 3 E - 0 5 . 0 0 5 1 3 0 . 0 - 1 0 8 . 3 
1 6 . 0 0 1 0 . 4 1 0 E - 0 6 . 0 0 2 1 6 6 . 4 - 1 5 9 . 7 
1 7 . 0 0 1 0 . 4 0 3 E - 0 6 . 0 0 2 1 3 1 . 4 7 7 . 3 
1 8 . 006 0 . 3 9 0 E - 0 5 . 016 - 4 0 . 9 1 7 7 . 2 

f 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT ---

RAW data file NAME: QUAD013 

ViSKSJ.< 

.RAW 

JW A.J. Al-VWX.-if'k 

OPERATER: COM 
MEASUREMENT DATE : 6-OCT-1994 TIME: 8:52»29 
MAGNET PART NUMBER: 101167 MAGNET SERIAL NUMBER: 013A 
COIL PART NUMBER : 101410 CONDUCTOR SPACING (MM) » .160 
R4 (MM) : 33.020 NO. OF TURNS ON OUTER : 10 
R2 (MM) : -16.510 NO. OF LAYERS ON OUTER: 2 
R3 (MM) « 20.650 NO. OF TURNS ON INNER .: 20 
Rl (MM) J -4.140 NO. OF LAYERS ON INNER: 4 
LOW (UNBUCKED) GAIN) 6.640 HIGH (BUCKED) GAIN t 9.970 
MEASUREMENT TYPE t UNBUCKED AND BUCKED 
COMMENTS : 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9526 TESLA AT 88.19 DEGREES 
.04 MM AT -56.63 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO » 68.8 
NORMALIZATION RADIUS (MM) 2 5 . 4 0 

N SIGNAL FIELD B ( N ) / B ( 2 ) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) { % ) (DEGREES) (DEGREES) 

3 .172 0.203E-04 .084 -126.8 -31.4 
4 .145 0.228E-04 V .094 106.0 113.2 
5 .137 0.270E-04 • 111 -141.1 137.9 
6 .051 0.121E-04 .050 -167.8 23.0 
7 .107 0.295E-04 .122 -45.9 56.8 
8 .053 0.167E-04 .069 112.9 127.3 
9 .009 0.325E-05 .013 31.3 -42.5 

10 1.000 0.394E-03 1.628 158.1 -3.8 
11 .013 0.543E-05 •'' .022 143.6 -106.5 
12 .006 0.307E-05 .013 160.6 -177.7 
13 .004 0.204E-05 .008 146.6 80.1 
14 .009 0.501E-05 • .021 158.6 3.9 
15 .001 0.356E-06 .001 150.5 -92.3 
16 .001 0.457E-06 .002 159.6 -171.5 
17 0.000 0.159E-06 .001 102.9 43.6 
18 .005 0.380E-05 .016 -37.9 174.6 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B N. BILLERICA, MA 01862 
PHONE (508) 667-6664 FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2-1 22-MAR-94 

RAW data file NAME: QUAD014.RAW 
MEASUREMENT DATE : 6-OCT-1994 
MAGNET PART NUMBER: 101167 
COIL PART NUMBER 
R4 (MM) 
R2 (MM) 
R3 (MM) 
Rl (MM) 

101410 
33.020 
-16.510 
20.650 
-4.140 

LOW (UNBUCKED) GAINx 6.640 
MEASUREMENT TYPE * UNBUCKED AND 
COMMENTS » 

OPERATER: COM 
TIME: 10:53:34 
MAGNET SERIAL NUMBER: 014A 
CONDUCTOR SPACING (MM)t .160 
NO. OF TURNS ON OUTER «. 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B'XL(EFF) = 
MAGNETIC CENTER: 

.9496 TESLA AT 86.99 DEGREES 
.05 MM AT -26.47 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 68.7 
NORMALIZATION RADIUS (MM) 25.40 

N SIGNAL FIELD B{ !N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 . 4 0 9 0 . 4 8 3 E - 0 4 . 2 0 0 5 1 . 7 1 5 0 . 7 
4 . 0 6 0 0 . 9 4 5 E - 0 5 v ^ .039 - 5 5 . 7 - 4 3 . 7 
5 . 1 5 7 0 . 3 1 0 E - 0 4 . 1 2 8 1 7 7 . 2 1 0 2 . 3 
6 . 0 6 1 0 . 1 4 5 E - 0 4 .060 8 9 . 0 - 7 3 . 0 
7 . 0 5 5 0 . 1 5 2 E - 0 4 . 0 6 3 - 1 1 0 . 2 . 9 
8 . 0 2 8 0 . 8 9 4 E - 0 5 . 0 3 7 . 7 8 . 3 1 0 2 . 4 
9 . 0 2 3 0 . 8 1 2 E - 0 5 . 034 4 9 . 9 - 1 3 . 1 

1 0 1.007 0 . 3 9 7 E - 0 3 1 .644 1 4 6 . 0 - 3 . 9 
1 1 . 0 1 7 0 . 7 5 5 E - 0 5 * . 0 3 1 9 2 . 3 - 1 4 4 . 6 
1 2 . 0 0 1 0 . 3 1 1 E - 0 6 . 0 0 1 . 7 3 6 . 8 
1 3 . 0 0 4 0 . 1 8 0 E - 0 5 .007 1 3 2 . 2 8 1 . 3 
1 4 . 0 1 0 0 . 5 5 7 E - 0 5 . 0 2 3 1 3 2 . 9 - 5 . 0 
1 5 . 0 0 2 0 . 1 4 4 E - 0 5 . 0 0 6 1 5 5 . 1 - 6 9 . 8 
1 6 . 0 0 1 0 . 4 9 5 E - 0 6 . 0 0 2 1 4 8 . 0 - 1 6 3 . 9 
17 0 . 0 0 0 0 . 1 6 5 E - 0 6 . 0 0 1 7 2 . 2 3 3 . 4 
1 8 . 0 0 5 0 . 3 6 5 E - 0 5 . 0 1 5 - 5 9 . 9 1 7 4 . 2 
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ASTER ENTERPRISES, INC. 
19 STERLING ROAD, 5B 
PHONE (508) 667-6664 

N. BILLERICA, MA 01862 
FAX (508) 667-7877 

QUADRUPOLE HARMONIC ANALYSIS REPORT 
HAL VERSION 2.1 22-MAR-94 

RAW data file NAME: QUADOIS.RAW 
MEASUREMENT DATE 6-0CT-1994 
MAGNET PART NUMBER: 101167 
COIL PART NUMBER : 
R4 (MM) : 
R2 (MM) : 
R3 (MM) : 
Rl (MM) : 
LOW (UNBUCKED) GAIN: 

101410 
33.020 
-16.510 
20.650 
-4.140 

6.640 
MEASUREMENT TYPE 
COMMENTS : 

: UNBUCKED AND 

OPERATER: COM 
-TIME: lOt 1:15 
MAGNET SERIAL NUMBER: 015 
CONDUCTOR SPACING (MM) : .160 
NO. OF TURNS ON OUTER : 10 
NO. OF LAYERS ON OUTER: 2 
NO. OF TURNS ON INNER : 20 
NO. OF LAYERS ON INNER: 4 
HIGH (BUCKED) GAIN : 9.970 

BUCKED 

B>XL(EFF) = 
MAGNETIC CENTER: 

.9486 TESLA AT 86.49 DEGREES 
.01 MM AT -85.17 DEGREES 

BUCKED RESULTS: 

BUCKING RATIO : 69.0 
NORMALIZATION RADIUS (MM) 25.40 

N SIGNAL FIELD B(N)/B(2) abs-PHASE REL-PHASE 
(UV-SEC) (TESLA-METER) ( % ) (DEGREES) (DEGREES) 

3 .323 0.382E-04 .159 -81.4 19.2 
4 .039 0.618E-05.y- .026 12.7 26.7 
5 .069 0.137E-04 .057 62.7 -9.7 
6 .152 0.360E-04 .149 -151.3 49.7 
7 .070 0.192E-04 .080 -43.3 71.3 
8 .021 0.655E-05 .027 130.7 158.8 
9 .016 0.567E-05 .024 -84.0 -142.4 

10 .998 0.393E-03 / 1.631 141.6 -3.3 
11 .011 0.473E-05 •*" .020 141.6 -89.8 
12 .003 0.141E-05 .006 150.9 -167.0 
13 .003 0.148E-05 .006 90.5 46.1 
14 .011 0.580E-05 .024 133.7 2.8 
15 .001 0.615E-06 .003 55.8 -161.6 
16 .001 0.560E-06 .002 165.4 -138.5 
17 .001 0.501E-06 .002 161.5 131.2 
18 .005 0.379E-05 .016 -68.8 174.4 
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H I F No te N u m b e r 94-9 December 13, 1994 

To: HIF Note Mailing List ' ;'"' 
From: Steven Lund 
Subject: Generation of Electric Dipole Bending Waveforms 

GENERATION OF ELECTRIC DIPOLE BENDING WAVEFORMS 
FOR THE SMALL RECIRCULATOR 

Recently, there has been concern over the electrical engineering requirements for the 
generation of high-voltage waveforms to apply to the dipole deflection plates for beam 
bending in our small recirculator experiment. Likely voltage waveforms are characterized 
in Recirculator Note 26 (John Barnard) and Recirculator Notes 27 and 32 (Tom Fes-
senden). In the continuous approximation where the beam uniformly gains energy linearly 
in distance propagated, the dipole bending waveforms can be thought of as being initial 
±6.8 KV signals simultaneously applied to all dipole plates that increase in time (with a 
component linear and quadratic in time) to ±27 KV over the 230 fis residence time of the 
beam in the ring. In practice, a fair degree of flexibility in^the waveform shape is desired 
to accommodate various acceleration schedules,.and it is also possible that the waveforms 
will need to be "tweaked" (i.e., slightly modified in shape and amplitude) at each indi
vidual dipole in the ring (or perhaps groups of dipoles) to correct for the the head-to-tail 
variation in beam energy, realistic (discrete) acceleration schedule, waveform synthesis er
rors, etc. These tweaker signals could also be critical for beam steering to correct for the 
in-plane trajectory errors in bending the beam as a result of alignment errors, waveform 
errors, etc. The tweaker signals will likely be on the order of ±150 V or less, and will 
need to be timed correctly with flexible waveform shape and duration (1-4 pes). Current 
estimates dictate that the rms voltage error over the pulse must be less than about 1% for 
a high degree of confidence that the errors will not have a significant detrimental influence 
on beam dynamics (Bill Sharp, HIF Group Meeting, 10-18-94). In certain situations it 
is also likely that the amplitude of modifications involved in the possible tweaking of the 
dipole signals could Be on the order of this 1% tolerance. The tweaking amplitude will be 
maximum if two waveform generators are used for all dipole plates (one for the + plate 
and one for the - plate) and of lesser magnitude if a number of waveform generators are 
used and appropriately distributed and synchronized around the ring. In the limit where 
a separate (smooth) waveform generator is used for each dipole plate, no tweaking signals 
would be needed in the absence of waveform synthesis and alignment errors. However, in 
the real machine, it is likely that at least some minimal number of tweaked dipoles set by 
beam steering requirements will prove necessary to compensate for in-plane bending errors 
due to waveform synthesis and alignment errors. This could be true even if the tweaking 
components needed to correct for the head-to-tail variation in beam energy, discrete accel
eration schedule, etc., are below the needed 1% tolerance and have negligible influence on 
the beam dynamics. 



--*.':• i.«».*: -. -- - • - .The .purposeiofathis-note is -distribute several potential solutions for the dipole wave-
•v.". •-••*• '"'v.^-form'synthesis pYdfolem-that'were'^Ommunicated to Usby Ed Bowles of General Atomics. 
.--• - . , -'---: Fred'Deadrick_presented an interesting and potentially simple solution to the waveform 

• "generation problem in-HIF Note 94-7. In this solution, he proposed charging a capacitor 
with a-high voltage DC source and then discharging this capacitor through a time-varying 

•"" resistor and obtaining the desired dipole plate voltage as the difference voltage between 
this DC source and across the capacitor. The desired difference voltage waveform for beam 
bending- would be achieved by tailoring the time-varying resistor appropriately such that 
the difference voltage fits the desired dipole waveform. In practice this resistor could imple
mented by a circuit that rapidly (and perhaps flexibly) switches in appropriate resistance 
values. The waveform obtained in each switching cycle can be easily calculated using linear 
circuit analysis. This solution could be characterized as a passive solution. In contrast, the 
waveform synthesis options presented in this note are active solutions in the sense that a 
modulator or pulse transformer directly drives the capacitive load of the dipole plates. Sev
eral of these active solutions may be more complicated and/or potentially more expensive 

' than Fred Deadrick's passive solution presented in HIF Note 94-7. Nevertheless, certain 
active options may offer advantages including, smooth waveform structures that would be 
more compatible with any tweaker signals and possibly lower noise, potentially greater 
flexibility, and their existence in proven working designs operating in similar regimes to 
what we need. Several options could possibly be purchased.to specification through Gen
eral Atomics or implemented using borrowed hardware currently at Livermore. La that 
regard they could provide attractive fallback options in the event we decide to-contract 
out the waveform synthesis problem to Russian research institutes or if we have a design 
or fabrication failure. 

The three active waveform synthesis options presented here are a pulse transformer 
method, a planar triode modulator, and a solid state switched modulator. We will discuss 
each of these options in turn. It should be stressed that the example designs presented 
are due to Ed Bowles of General Atomics, and not the author of this note. The purpose 
of this note is only to communicate these options and a few relevant characteristics to 
the group. More detailed information on the electrical engineering implementation of the 
example designs can be obtained from Ed Bowles. 

**»> GENERAL ATOMICS 

EDWARD E. BOWLES 
PRINCIPAL ENGINEER 

ELECTROMAGNETIC SYSTEMS 

3550 GENERAL. ATOMICS COURT 
PO BOX 85608. SAN DIE60. CALIFORNIA 92186-9784 

(619J 455-2304 FAX (619) 455-4341 

Several estimates and arguments are also provided in this note by the author in an effort 
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to illustrate and compliment the communicated material. In these estimates, material 
characteristics and possible approaches were obtained from conversations with Ed I5o»\ les, 
Andy Faltehs, Lou Regihato, Fred Deadrick, and Tom Fessenden. However, any errors in 
these estimates are due entirely to the incompetence of the author in this subject matter. 

Before overviewing the design options, a summary of a relevant system parameters 
that impact the designs is appropriate. First, the capacitance of the deflector plates can 
be estimated from a simple parallel plate capacitor model as 

Cd = e0eh/2rp ~ 1.6pF, 

where €Q = 8.85 X 10~ 1 2 C 2 /N meter 2 is the permittivity of free-space, rp ~ 3.5cm is the > 
pipe radius, I = 3.7r p is the effective axial length .of the dipole, and h ~ 10cm is the vertical 
height of the dipole plates. Here, and in all following estimates,, ring parameters are taken 
from Recirculator Note 26 by John Barnard. In certain configurations, it is likely that 
the waveforms will be guided to the dipoles by coaxial cables. For typical 50ft impedance 
cables of length ^ b , the cable will have an characteristic capacitance of 

Ccab = 10l4ab pF, 

with £ca.b measured in meters. To the driving circuit, this cable capacitance will appear in 
parallel with the capacitance of the deflecting dipole to the driving circuit. The same lead 
lengths can be used for all dipoles to simplify timing and analysis. For the purposes of this 
note, we will assume that to be the case. However, it is possible that the waveform output 
by a single circuit that is applied to a group of dipoles will need to be slightly attenuated 
between individual dipoles in that group. Such an attenuation could account for the head-
to-tail energy variation in the beam, but would also-result in a more complicated load 
structure than outlined above. For a common waveform source with no attenuation, the 
minimum cable lengths would be the recirculator radius (waveform source in center of the 
ring), corresponding to ^Cab = .2.3 meters, and the likely maximal cable length would be 
half the recirculator circumference of 14.4 meters plus some stand-off distance (waveform 
source outside the ring). For a 2 meter standoff distance, the cables will be ^ c a b = 9.2 
meters long, with a corresponding capacitance of C c a b = 930 pF. For a rough estimai.es of 
energy and current required to charge the dipoles and cables, we take the voltage across 

* the bending dipole to be given by 

Here, t is the time, rv = 230 [is is the pulse duration, and V{ = 6.8 KV and Vf = 27 
KV are the initial (t = 0) and final (t = r p ) pulse voltages applied to a dipole plate. 
This waveform corresponds to the approximation where the beam is accelerated uniformly 
in time from 80 KeV to 320 KeV over r p seconds. Using this bending waveform, the 
electrostatic field energy { £ = \GV} ~ IGVf [1 + {y/vjjvi - l)(t/rp)]4 } energy 
stored in each of the 40 beam bending dipoles will increase from 0.15 to 2.3 mJ over the 
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- .duration of- the,pulse.; This will correspond to an instantaneous power { P — d£/dt ~ 
•-•• •'(^CV^/Tp){y^^A)[i^Xy/V^^l)(t/Tp)]3 } flowing into-the dipole that increases 

-. from 2.6 'to-20-W over the duration of the pulse. Also, the current to charge each dipole 
will ramp linearly in time from 0.19 to 0.37 mA over the duration of the pulse. On the 
other hand, the field energy stored in and power flowing into each cable will increase from 
9.3 to 150 mJ/meter and 0.16 to 1.3 KW/meter, respectively, and the current to charge 
each cable will linearly ramp from 12 to 24 mA/meter over the duration of the pulse. For 
the maximal cable length of ^ c a b = 9.2 meters, these values are 580 times those of the 
bending dipoles. From these estimates it is clear that the cable lengths and impedances 
(along with any stray impedances) will need to be carefully controlled to limit the power 
requirements and concomitant cost of the circuitry. 

Another point that should be .brought out is that any viable waveform generation 
scheme must ultimately be compatible with insertion and extraction of the beam into.and 
out of the ring. This will require certain dipoles in the ring to be biased with opposite 
polarity on the final lap to help kick the beam out of the ring. This procedure is illustrated 
in detail in Recirculator Note 26 by John Barnard. One solution would be to drive these 
dipoles by a separate waveform generator. An alternative solution that might be cheaper 
and more simple would be to use a fast high voltage switch to disconnect these dipoles 
from the normal orbit waveform after the beam passes them on the final normal lap, and 
then connect these dipoles to static bias voltage set appropriately for beam extraction. 
At the final designed beam energy, there would be approximately 10 fis for the switching 
and for the switching noise to decay before the head of the beam transverses the ring and 
arrives back at the dipoles. This should be acceptable, and of course, extraction under 
this scheme would become easier at lower beam energies and the static biases would need 
to be preset at the correct valiies for the lap on which the beam will be extracted. 
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Pulse Transformer: 
The pulse transformer option is attractive because it is conceptually simple and flexible. 
The basic idea is illustrated on the figure at the end of this section. A low voltage ooi.Ui-ol 
waveform is fed into a a step-up transformer with a ferrite or Metglas core and transformed 
to the desired level. The pulse transformer shown is a 600 V to ±30 KV transformer with 
a 4/4S pulse duration recently constructed by General Atomics. A photograph of this 
oil-packed transformer is attached. Provided a pulse transformer is operated far from 
saturation, the response is very repeatable. Pulse transformers are also straightforward to 
construct, and a 1% tolerance should be achievable in a careful design. 

A circuit diagram of the pulse transformer option is given below. 

i© 

V,(-i) Y*@ G 

Here, C is the capacitive load of the deflecting dipoles, cables, feedthroughs, stray capac
itances, etc., Vd(t) is the desired dipole voltage waveform, Va(t) is the required voltage 
waveform to be applied to the pulse transformer and Ia(t) is the consistent current associ
ated with the applied voltage pulse. If the magnetic material is operated in a linear region 
and can be described by a permeability fi, the fields can be approximated by those of an 
ideal solenoid of cross-sectional area A and length I (B = fiNI/i), and all flux is linked, 
then we have / 

Va(t) = jfevftj, 

^ ^ 
dVd(t) dVd(t = 0) 

dt dt + liNiN2fA 
I dt' Vd(i'). 

Jo 
Here, Ni and N2 are the number of windings in the primary and secondary coil, and / is 
the packing fraction of the magnetic core material. An arbitrary additive constant in the 
applied current Ia has been set to zero since it would require that additional energy be 
supplied by the applied waveform generation circuitry (static magnetic field energy stored 
in the inductor). From Faraday's law, it can be estimated that the core will undergo a flux 
swing AB over the pulse duration that satisfies 

2(Vf-Vi)Tp = N2fAAB. 

The cross-sectional area A of the core and the number of secondary windings N2 should be 
chosen large enough to keep the flux swing AB from being driven into or near saturation. 

5 -



.:.J-.;Tq estimate the core.area needed, some ferromagnetic material characteristics must 
.-•firsfe;.be .discussed.. ;-For-iron alloys, the. saturation field is roughly proportional to the 

r fraction of iron contained times 2 Tesla, the saturation field of pure iron. Using this rule, 
"Metglas". (80% iron) and silicon steel (97% iron) have saturation fields 2? s a t = 1.6 Tesla 
and 2? s at = 1-97 Tesla, respectively. Also, the packing fractions of Metglas and silicon 
steel are / = 0.7 and / = 0.9, respectively. Ferrites typically have a lower saturation field 
of BsaX = 0.7 Tesla and a packing fraction of unity ( / = 1). Provided the core is reset 
between shots with a pulse to drive the field to negative saturation, the flux swing during. 
the pulse can be double the saturated value. In practice the core should only be driven 
a fraction of this swing, say for estimation purposes AB ~ (3/2)5 s a t - Then the product 
N2A should be chosen such that 

OJ JDsat 

For Metglas and ferrite, this corresponds to N2A > 5.5 meters 2 and N2A > 8.9 meters 2 , 
respectively. The number of secondary turns N2 should be chosen large enough to limit 
the core to a practical (economical) size, but not so large that leakage inductances and 
capacitances between the secondary windings become too large. Estimations of these 
leakages and their influence, along with breakdown considerations, will become important 
in a detailed design. Several electrical engineers have expressed the opinion that a pulse 
transformer with a large number of secondary windings JV2 could prove practical for our 
particular problem. 

As a practical example, consider- a ferrite core of circular cross-section with a 4 cm 
radius. Then the number of secondary windings should be chosen such that N2 >' 1770. 
To allow the use of an inexpensive, low voltage solid-state arbitrary waveform genera
tor and solid-state amplifier combination to drive the transformer primary, the winding 
ratio N1/N2 should be chosen such that 2V/Ni/N2 < 250 V. Consistent with these re
strictions, we choose iVj = 10 and N2 = 2000. For these parameters, the the applied 
voltage waveform should increase from 34 to 135 V over the 230 (is pulse duration with 
the same time-dependence as the desired dipole voltage. To estimate the consistent cur
rent in the transformer primary, we employ the previous formulas with the ideal waveform 
corresponding to uniform acceleration to obtain 

i m A*!?* ( lYl-X (±\ + nViT* P-+ WvtfVi-WM?-1 
a U~*JV"! rp \yVi J \TJ + ZpNrNtfA {y/VfJ7i-l) 

•The primary current will be maximum at the end of the pulse (t = TP). TO apply this 
formula, we must first fix the length of core material £, and estimate the magnetic per
meability fi and capacitive load C. The core should be chosen sufficiently long such that 
the outer layers of the secondary windings are not far from the core material. Break
down between winding layers can be prevented with mylar insulating layers. Generally the 
detailed geometry and the lead positions will most strongly influence breakdown consider
ations. And, of course, the transformer can be oil-packed to simplify breakdown problems. 
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A £ = 10 cm core length will probably-meet these practical requirements. As a crude 
order of magnitude estimate, we take the permeability of ferrite to be y. ~ 2500/Jo- where 

,/z0 = 47T X 10~7,H/meter is the vacuum permeability. The actual value of y. will d-. pcnd 
both on the detailed material composition, the regime of operation, and the prior magneti
zation history. This value represents a typical maximum permeability, which should not be 
too different from the effective linear value in the regime of operation proposed. Finally, we 
estimate capacitive load to be C ~ (1.6n + lOln^] , ) pF> where n is the number of dipoles 
being driven by the pulse transformer and ^ c a b is' the dipole cable length, in meters. A 
single pulse-transformer driving a single (n = 1) dipole with a zero cable length (£Cab = 0), 
the peak primary current will be Ia ~ 2.3 A. On the other hand, for a single pulse trans
former driving all 40 dipoles with maximal cable lengths of £ c ab = 9-2 meters, the peak 
primary current will be Ia ~ 870 A. If a typical arbitrary waveform generator with a high 
impedance output is used to generate the waveform, then in all realistic cases it will need 
to be amplified with a fast, high power amplifier to drive the pulse transformer primary. 
It is evident from this calculation that the driving circuitry may by much smaller and 
cheaper if a separate pulse transformer is used for and mounted near each dipole. Finally, 
it should be stressed that to achieve the 1% tolerances desired, it is likely that a careful 
design including stray impedances, detailed material characteristics, and readily available 
component parameters will be necessary- In particular, models for the stray, inductances 
and capacitances of the secondary windings will need to be established to determine the 
load and actual waveform shape more precisely.' Also, a pulse transformer may prove diffi
cult to operate with feedback correction circuitry. However, provided leakage inductances 
are adequately controlled, the input waveform can be tailored appropriately such that the 
desired waveform is obtained at the dipoles. 
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Planar Triode Modula tor : 
Another possible option is a planar triode modulator that would function as a high voltage 

IIU ' and power amplifier that would amplify a low voltage waveform to directly a. .ve Uie 
capacitive load of the bending dipoles and cables. The basic geometry would be similar 
to the schematic on the following page. This schematic represents the modulator used 
to drive the ATA beam correction coils (the load represents an impedance consisting of 
cables, a splitter/inverter, beam coils, and a damping resistor). Two similar circui> could 
be used to drive the beam deflector plates with the required ± biases. The modulators 
constructed for the ATA correction coils could function for this purpose with litt'e. or no 
modification. They have a designed 0 —» 25 KV output with a bandwidth of 50 MHz and 
a 5 ns slew rate. It should also be possible to use a 30 KV power supply with the current 
tubes to obtain the needed peak 27 KV signal output. The modulator input is 0 — 5 V * 
and is designed to be driven by an arbitrary waveform generator. This input drives a 
fast, buffered operational amplifier, which drives a power MosFET, which in turn drives 
the planar triode. The circuit is air-cooled and an array of planar triodes were used to 
obtain a 180 A current capacity at 25 KV. For a single modulator driving all 40 dipoles 
with maximal 9.2 meter cableJengths, a 8.7 A peak instantaneous current (or 470 KW 
peak power) would be expected, well within the 180 A capacity of the modulator. Also, 
a 1% output tolerance should be readily achievable and the system should be well suited 
for use with feedback corrections. An advantage of this modulator over switched solid 
state modulators is that it has a smooth output and would likely have lower noise. For 
our low-power application, only a single tube should be necessary. A 65 KV tube rated 
2 MW is available and should function well for this purpose. This tube would allow a 
substantial margin in the voltage output' should increased bending strengths be necessary. 
Also, depending on the cable arrangement and the safety margin desired in the peak output 
voltage, the 2 MW capacity of this tube should be adequate. Several tubes and tube arrays 
are illustrated on the page following the circuit schematic. 

Modulators of this type are currently being produced by General Atomics for Physics 
International. They cost on the order of 75 thousand dollars each. However, it is possible 
that they could be manufactured for our application somewhat cheaper, since the tubes 
are the dominant cost in the manufacture and our low-power application would require 
only a single tube as opposed to an array of tubes. Even in this case, it seems likely that 
these modulators would be too expensive to be used to drive each dipole individually. Two 

< modulators would most likely be used to drive all dipoles simultaneously. In this case, 
any fine-scale tweaking of the main signal at the individual dipoles would likely require 
considerable additional waveform generation circuitry, further driving up the cost and 
complication of the system. On the other hand, it is also possible that the needed number 
of ATA modulators could be borrowed for our experiment making this an attractive option 
if tweaking proves to be unnecessary. Some number of the original ATA modulators are 
still at Livermore, although Steve Sampayan is currently using some fraction of those in 
his experiments. For reference purposes, a portion of a research memo "Specifications and 
Original Baseline Description of the Fast Coil System" is included at the end of this note. 
This portion of the memo contains further descriptions of the modulator. 
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(C) 

A) 32 MW, 50 MHz PLANAR TRIODE TUBE ARRAY 
17 ns RISETIME, >0.6 GW|m3) 

B) 32W1W TUBE ARRAY ON ETA-II INDUCTION CELL 
(TESTS COMPLETED OCTOBER 89) 

C) MODIFIED CIRCUIT FOR 65 kV PLANAR TETRODE 
(3 IN. DIA, 2 MW EACH) 

DM75 kV PLANAR TETRODE, EIMAC YU-146 
6 IN. DIA, 5 MW EACH) 



Solid S t a t e Switched Modulator : . . -
' ''Another option "is" a solid-state-switched modulator. This circuit would also function as a 

high voltage and power amplifier that would amplify a low voltage waveform to directly 
drive the capacitive load of the bending dipoles and cables. A practical implementation 
of such a modulator is illustrated on the following page. In this circuit a low-voltage 
waveform from anarbitrary waveform generator would drive a fast, high impedance input 
analog to digital converter which would in turn drive the gates of a switched power supply 
constructed with IGBTs FETs or some other fast, high voltage solid-state switch. The. 
circuit sketched is a 20 KV supply with an 8 bit analog to digital converter operating the 
gates of IGBTs. The 8 bit resolution corresponds to a 78 V resolution in the least significant 
bit. This circuit was used in a long pulse application for which a pulse transformer would 
not have been practical. Two similar circuits could be used to drive the beam deflector 
plates with the required ± biases. Such a circuit should be fast and be wellsuited for 
operation with feedback corrections. For our application, a circuit similar to the one 
illustrated with a maximum output of 40 KV and a 10 or 12 bit digital to analog converter 
would have 39 V and 9.8 V resolutions on the least significant bit, which are well within 
the required 1% tolerance at the initial 6.8 KV waveform amplitude. The the switches for 
the most significant bits would also need to be constructed from a chain of FETs or IGBTs 
in series to avoid voltage breakdown. Power requirements of the load along with the power 
capacity of the circuit will dictate if several modulators will need to be ganged in parallel. 
Implications of noise generated by the switching on the dynamics of the beam may also 
need to be considered. Cost estimates will also need to be performed to determine if the 
circuitry would be cheap enough to allow separate modulators to drive each individual 
dipole and eliminate the possible need for any additional tweaking circuitry. 

/ • 
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Introduction 

The fast correction coll system 1s a set of coils that provide tranverse" 
magnetic fields to electron beams at wide bandwidth to correct beam position 
and angle during the beam pulse. Beam position and angle are derived from 
beam position monitors along the beam line. Error signals are produced and 
fed into function generators which drive amplifiers which drive colls to 
produce the correcting fields. A basic assumption 1s*that these corrections 
are repetitive from pulse to pulse and that changes in the beam occur slowly. 
Bandwidths of 30 HHz minimum 1s required. The maximum repetition rate is 800 
Hz. Individual pulses are 70 ns FWHH with 10 ns rise'time required. 

The approach 1s to use a wideband amplifier based on planar triodes. These 
tubes can drive up to 15 amperes apiece at voltages up to 15 kV with 
bandwidths limited by the circuit application. They can be operated in 
parallel and provide a source/of multimegawatt power as amplifiers, albeit, 
unipolar and nonlinear. 

3. • Amplifier Circuit Oesign 

The amplifier circuit used to drive .the fast correction colls will be designed 
to meet the following requirement: . 

1. Rise time < 10 ns. 
2. Supply a maximum of 120 amps to opposing sets of steering colls with a 

positive pulse to one coll and a negative pulse to the other. 
3. Drive a total cable impedance of 100 ohms. 
A. Accommodate (attenuate) the reflections caused by one end of the coils 

being grounded. 



The complexity of the steering system, especially the control subsystem, will 
be reduced by minimizing the number of steering bars to four. The maximum 
coll length has been chosen to minimize the amount of current needed from the 
driver circuits to achieve a steering field of +300 6-cm. The 15 cm beampipe 
I.D. for the steering coil matches that of the rest of the transport system, 
although this might be increased in later designs to lower the driver current 
requirement. A clear space diameter of 7.5 cm was found to give suitable 
steering field uniformity in the beam region. H, the per length mutual" 
inductance between the beam current and each bar, is 92 nH/m. 

The impedance of each 1.6 cm steering bar, referenced to the beampipe wall, is 
100 Q. Lower impedances cause a dramatic increase 1n the driver current 
requirement. Each pair of steering bars In the baseline coil design produces 
the equivalent of a 1 Gauss field per 9.2 A current. Since the driver 
circuits have a unipolar output, the steering bars must work against an 
externally generated DC bias f'leld to allow beam deflection 1n any direction.t 

To produce the specified +300 G-cm steering effort, each pair of bars must 
generate 0-600 6-cm steering effort, requiring a maximum of. 92 A per bar. 
Assuming separate drive circuits are used for each bar, the total current 
needed is 340 A, well, under the 480 A constraint. The magnitude of the DC 
bias field 1s 7.1 Gauss. 

3. Amplifier Circuit Design 

The amplifier circuit used to drive the fast correction colls will be designed 
to meet the following requirement: 

T. Rise time < 10 ns. 
2t Supply a maximum of 120 amps to opposing sets of steering coils with a 

positive pulse to one coil and a negative pulse to the other. 
3. Drive a total cable impedance of 100 ohms. 
4. Accommodate (attenuate) the reflections caused by one end of the coils 

being grounded. 
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5. The circuit must not be damaged by the beam induced voltage. 
6. Successfully operate 1n the EH1 environment of the PCA catwalk area. 
7. The package shall be air insulated.-and cooled and in a configuration 

compatible with the PCA catwalk blumleln storage area. 

The amplifier system to drive the colls will utilize the circuit designed by 
Ed Bowles for the injector energy regulator. This circuit utilizes two 
parallel Elmac YU114 planar triodes driven 1n cascod.e by a power MosFET." The 
HosFET is driven by a buffered high speed operational amplifier. An amplifier 
gain control 1s provided to aid 1n adjusting system current sharing. See 
Fig. 4 for details. The circuit 1s on a 45 degree pie shaped. PC card that is 
Intended to be mounted in a cylindrical package of 8 cards. 

The fast correction coil amplifier system will utilize/'four of the amplifier 
modules packaged in a cylinder that 1s approximately 14" in diameter. The 
unused four amplifier positions will be blanked off with copper dummy cards. 
The height is not critical, and can be made adequate to comfortably house the-
circuits, power supplies, and other components. A fari\mounted on the outside 
of the cylinder will blow air across the tubes to remove the 113 watts of 
filament power. The present plan is to power the tube filaments from an 
external 15 VDC power supply. Hodule-to-module filament isolation will be 
provided with ferrite bead inductors on the leads. Other necessary voltages 
will be provided with DC-DC converters powered from the filament supply. 

Refer to the system block diagram F1g. 5. The four amplifier modules are 
capacitlvely coupled to a ferrite Isolated splitter/inverter arrangement.of 
two 50 ohm coaxial cables driven 1n series. 14" of high frequency ferrlte 
will provide about 25 uh Inductance on the outside of the coax shield to 
isolate the pulse from ground. The IK resistor to ground is needed to damp 
out the reflections from the shorted cable. Tests of this arrangement 
indicate that the beam induced voltage is effectively cancelled. Our circuit 
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has enough voltage margin to accommodate any resulting beam Induced voltage 
from the beam being off center. The design of the coil system in the beam 
pipe should eliminate the possibility"of a beam strike on the coils, however, 
a protective circuit will be provided to protect the circuit during tune-up 
operations when off center beams are likely. 

4. Feed Throughs and interconnections 

The feed throughs and Interconnecting cable will be designed for a 75 kV peak 
voltage. Voltages in excess of 80 kV will cause a gas breakdown 1n the feed 
through connector. F1g. 6 shows the expected stresses with 30 kV applied. At 
the amplifier end the voltage Induced by the beam will be reduced due to 
ferrite inversion and bucking of the two pulses. This circuit is shown in 
F1g. 7. 

The cable discussed at the design review of 11 Jan. had a 100 ohm impedance. , 
This cable would have a dielectric diameter of at least one inch. 
Alternatives discussed have been 50 ohms and 68 ohms. "These Impedances will 
cause a mismatch that may have an Interaction with the beam. Another option 
considered would be to short one end of the steering bar. This also would 
result in mismatches but would have the following benefits: 

1. Minimum electrostatic steering 
2. Double current over 100Q case 
3. Provide dump path for beam 
4. Reduce normal feed through stress from 50 kV to.35 kV. 

5.t Controls System and Controls Algorithm 

Requirements - The trajectory errors 1n the beam are expected to vary from 
pulse to pulse within a burst but to be relatively constant from burst to 
burst for a given pulse. This means that a unique correction waveform is 
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• HEF Notes Distribution: 

John Barnard L-440 LLNL 
Mike Cable L-473 LLNL 
Debbie Callahan L-440 LLNL 
Fred Deadrick L-440 LLNL 
AndyFaltens L-440 Mailbox at LLNL • 
Tom Fessenden L-440 Mailbox at LLNL 
Alex Friedman L-440 LLNL 
Dave Grote L-440 LLNL 
Davejudd L-440 Mailbox at LLNL 
Vic Karpenko L-490 LLNL 
Steve Hawkins L-440 LLNL 
Butch Kirbie L-440 ,LLNL 
Bruce Langdon L-472 LLNL 
Gene Lauer L-440 LLNL 
Dave Longinotti L-440 EG&G Mailbox at LLNL 
Steve Lund L-440 LLNL 
Larry Nattrass L-591 LLNL 
Mike Nelson L-473 LLNL 
Mark Newton L-440' : LLNL 
Craig Ollis L-440 LLNL 
Bill Sharp L-440 LLNL 
Simon Yu L-440 Mailbox at LLNL 
2 Copies to LBL L-440 / Mailbox at LLNL 
Master HIF file L-440 LLNL 


