
TUDelft
Intarfncultair Raaotor Instituut

IRI-131-92-008

In core fuel management optimization by varying the equilibrium
cycle average flux shape for batch refuelled reactors

v tit

o
o

o
• o

— o

*• o
- "

1
.0

0

/

/ ~~~-—.^

•O.0C ! . 0 0 2 . 0 0

hN , j ( 0 ) / N /

A. J. de Jong

december 1992

This work has been accomplished in the framework of the PINK project, program part 4
and has been financed by the Ministry of Economic Affairs.

"\(

J ' i ' , j ' r l -

f\.̂ ,̂t
^ i' U , .



KS001926726
R: FI
DEOO8O87223

IRI-131-92-008

In core fuel management optimization by varying the equilibrium
cycle average flux shape for batch refuelled reactors

/
/

0 . 0 0 : . 0 0 2 .00 3.0C 1.00

N , j ( 0 ) / N , h

A. J. de Jong

december 1992

This work has been accomplished in the framework of the PINK project, program part 4
and has been financed by the Ministry of Economic Affairs.



SUMMARY

In-this-work-a-study-about-in-eore-fuel-management-optimization-is-presented;-The aim-of—
this_wor-k-i\vas to find a method to study fuel management objective functions by varying
the spatial distribution of the available fuel elements in the reactor core at the start of an
in core fuel cycle. In-practiceHn-core-fuel-manage'TfieT^
number of reloading patterns, and calculating by a" computerxode "the "•values" of the
objective function.,. Since reloading patterns are not numbers, one cannot derive a n y
information about the location of a global optimum from these calculations.

We suggest in-this^Wor-k a method LOt-overcome-.this-.problem- of.-optimization by
varying reloading patterns by characterizing each particular reloading pattern by a set of
unermecliare parameters that are numbers. Because-of-that, plots of the objective function
versus the intermediate parameters can be made. When the intermediate parameters
represent the reloading patterns in a unique way, the optimum of the objective function
can be found by interpolation within such plots and we can find the optimal reloading
pattern in terms of intermediate parameters. These have to be transformed backwards to
find an optimal reloading pattern.

The intermediate parameters w£_ha-ve—e-hoseir are closely related to the time
averaged neutron flux shape in the reactor core during an equilibrium cycle. This flux
shape is characterized by a set of ratios of the space averaged fluxes in the fuel zones and
the space averaged flux in the zone with the fresh fuel elements. An advantage of this
choice of intermediate parameters is that it permits analytical calculation of equilibrium
cycle fuel densities in the fuel zones for any applied reloading pattern characterized by a
set of equilibrium cycle average flux ratios and thus, provides analytical calculations of
fuel management objective functions.

The method is checked for the burnup of one fissile nuclide in a reactor core with
the geometry of the PWR at Borssele. For simplicity, neither the conversion of fuel, nor
the buildup of fission products were taken into account in—this—study. Since these •
phenomena can also be described by the equilibrium cycle average flux ratios, it is likely
that this method can be extended to a more realistic method for global in core fuel
management optimization.
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I. INTRODUCTION

Light water nuclear reactors are usually batch refuelled with 3 or 4 batches. This means
that after each cycle 1/3 or 1/4 of the core is reloaded with fresh fuel elements. Since a
core usually consists of more than 100 fuel elements many different reloading patterns are
possible. How to find the best reloading pattern is an old problem already.

The core reloading problem, often referred to as the /;; core fuel management
problem, has different objectives. One of these objectives is to satisfy the power peaking
limits. When these limits are not satisfied the nominal power output of the reactor cannot
be realized. Another objective of in core fuel management is to minimize the neutron
leakage out of the core, thus minimizing irradiation of the reactor vessel and increasing
its lifetime. A third objective is to minimize the amount of fresh fuel to get a prescribed
cycle length. For optimization all objectives should be combined in one objective
function. This can be the cost per unit output energy (ct/kWh).

Existing expert systems usually consider the problem of maximizing the cycle
length for an input set of fuel elements while satisfying power peaking limits. Besides,
most expert systems only maximize the length of the next cycle. This is in a way useful,
since the set of available fuel elements in practice can be somewhat different for different
cycles, but the in core fuel management problem is essentially a multicycle optimization
problem. Instead of calculating only the burnup of one cycle, it is better to study the
equilibrium cycle, that is the result of refuelling many times with the same reloading
pattern [Yan89]. One cycle optimization and equilibrium cycle optimization can give very
different results. For example, maximal cycle length and maximal discharge burnup are
similar objectives for equilibrium cycle optimization, while for one cycle optimization
they are often contradictory [Ver92].

A more severe difficulty with the in core fuel management problem is that a
general mathematical method to perform optimization to volume partitions, like reloading
patterns are, has not been found yet. This difficulty is illustrated by the fact that it is
impossible to make a plot of calculated objective function values versus reloading
patterns: reloading patterns are not numbers, Direct interpolation to find the optimal
reloading pattern is not possible. Expert systems are based on experience and heuristic
rules. One heuristic rule is for example that a power peak at some location decreases
when the fuel at that location is replaced by fuel of a higher burnup. With this heuristic
rule power or flux flattening problems can be attacked successfully. But for other objec-
tives, like for example maximal cycle length, conventional expert systems are necessarily
based on trial and error.

In this report an alternative method is suggested to overcome the difficulties with
optimization to volume partitions. The method is worked out for maximizing the
discharge burnup of one fissile nuclide, while other nuclide densities are constant during
the cycle. Since equilibrium cycles are considered, maximal discharge burnup is similar
to maximal cycle length. We will show that this method allows also an analytical
approach.
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II. IN CORE FUEL MANAGEMENT OPTIMIZATION
USING INTERMEDIATE PARAMETERS

1. Characterizing reloading patterns with intermediate parameters

An idea to overcome the problems with optimizations to volume partitions is to character-
ize each reloading pattern by an intermediate parameter that is a number [Gal89]. The
intermediate parameter of Galperin et al. was composed from i.a. the average distance
from the fresh fuel elements to the centre of the core. Some correlations between different
objectives and the intermediate parameter were found. The method described below uses
not one, but a set of intermediate parameters to characterize a reloading pattern.

We already mentioned that power or flux flattening problems can be treated suc-
cessfully with the heuristic rule of reducing local power of flux peaking by changing the
local fuel element with a fuel element with a higher burnup. In fact, any desired power or
flux shape can be approached as much as possible with this rule. This is one of the basic
principles of our method: the idea is first to find an optimal flux shape and then to realize
this flux shape by the appropriate choice of a reloading pattern. We will show that for our
purposes, the one group flux shape in the core can be represented by a finite set of
numbers that will be our intermediate parameters.

In a core where a fraction 1/w is refuelled every cycle, we consider n zones with
different fuel burnup. The zone that receives fresh fuel every cycle we call zone 1, the
zone with once burned fuel we call zone 2 and so on. Since we work with one fuel
density value per fuel zone, it is sufficient to characterize the one group neutron flux in
the reactor core by n values of average zone fluxes 4>r-4

)
/,. When we normalize all zone

fluxes by <j)j, the JIILX shape is only described by the flux ratios ty2l$v.$lJty1, so by a set
of (n-1) numbers.

When all fuel zones have equal volume, it is possible to refuel successive times
with the same reloading pattern. This will finally result in an equilibrium cycle with the
same set of available fuel elements for every Begin Of Cycle (BOC) up to every End Of
Cycle (EOC). Any given reloading pattern leads to an equilibrium cycle with a charact-
eristic set of equilibrium cycle nuclide densities in the fuel zones. Also the equilibrium
cycle flux shape, i.e. the set of equilibrium cycle average flux ratios, is characteristic for
a reloading pattern.

The idea is now to use the (»-l) equilibrium cycle average flux ratios as inter-
mediate parameters to represent reloading patterns. For example: the reloading strategies
of a core with 2 fuel zones are characterized by the flux ratio (K/41! • When we forget that
the number of possible reloading patterns is limited by the finite size of the fuel elements,
we have infinitely many reloading patterns and the intermediate parameters are con-
tinuous. We can make plots of different objectives as functions of the equilibrium cycle
average flux ratios. As an example the discharge burnup is plotted versus the equilibrium
cycle average flux ratio for a 2 zone reactor core in figure 1.
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Fig. 1. Normalized discharge burnup
versus the cycle average flux ratio.

The equilibrium cycles for 7 different reloading patterns were calculated by the diffusion
code CITATION to make this plot. Additional information about this plot can be found in
appendix A. The functional form as shown in figure 1 provides extra information on the
existence and the location of a maximum. Such information could not have been found
directly from just a number of equilibrium cycle discharge burnup values for a number of
different reloading patterns.

With this method we find an optimum in terms of a set of equilibrium cycle
average flux ratios. To find the corresponding optimal reloading pattern, we can use
heuristic rules as mentioned above. Starting at a non optimal reloading pattern we move
fuel with a relatively low burnup to locations where the flux ratios must increase and we
move fuel with a relatively high burnup to locations where the flux must decrease. After
each shuffle of fuel elements an accurate equilibrium cycle calculation by a computer
code is required to check if the desired flux shape is approximated close enough. Besides
shuffling fuel elements, the flux shape can also be adjusted by control rods or burnable
poison rods.

We see that, like with conventional methods, we have to perform a reloading
pattern search. But with conventional methods, an extreme value of some objective
function has to be found, while our method requires approximation of a desired flux
shape. The big differences are firstly that we only have to use one reliable heuristic rule
and secondly that we know the desired final result. So, during the reloading pattern
search, we know that each following reloading pattern that we try will give a better result
and besides we know when we can stop searching.
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An extra advantage of using especially the equilibrium cycle average flux ratios as
intermediate parameters, with respect other candidates, is that it allows us to do an
approximate analytical calculation of the equilibrium cycle nuclide densities. This will
result in analytical estimations of curves like in figure 1, without any computer code
calculations of fuel burnup.

2. Analytical calculations of equilibrium cycles

We will show here one way to calculate the equilibrium cycle for an applied reloading
pattern characterized of a set of equilibrium cycle average flux ratios. Other methods are
discussed in appendix B. But, although these other methods provide interesting analytical
statements, they are either more complicated and less elegant, or not in all cases accurate
enough for all our purposes. The method presented in this section is probably the most
useful one that we have found.

The burnup of one fissile nuclide with density N^. in reactor zone i with a one
group neutron flux $. can be described by:

where the microscopic absorption cross section of the nuclear fuel aa is introduced. The
burnup in the whole reactor core is described by n of such burnup equations. When we
divide the burnup equations for zone 2..n by the burnup equation of zone 1 we find:

ML n
dNfl N ^

Thus we find («-l) equations describing a burnup trajectory. This burnup trajectory can
be seen as a path in the space of zone fuel densities. We see that this burnup trajectory is
independent of time and depends only on the flux ratios, i.e. the flux shape and not on
the absolute values of the fluxes: when the total power output of the reactor would be
increased by increasing the absolute values of the zone fluxes, but leaving the flux shape
unchanged, burnup will go faster, but the same burnup trajectory will be followed.

One way to work with equation (2) to calculate the burnup trajectory would be to
first calculate the flux shape as a function of the fuel densities in the zones of the applied
reloading pattern by a computer code. Then, from the flux shape we can calculate a small
bumup step according to equation (2). In this way we can make an accurate calculation of
the whole burnup trajectory when we make the burnup steps small enough. In fact, the
points in figure 1 are produced in this way by CITATION.

But here we work differently with equation (2). For the flux ratios we substitute a
set of equilibrium cycle average values. Since this set characterizes one reloading pattern,
we calculate in this way with equation (2) the fuel burnup when this particular reloading
pattern is applied. Varying the equilibrium cycle average flux ratios means varying the
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applied reloading pattern. It is important to realize that in this view the flux ratios in
equation (2) are independent of the fuel densities and constant during the cycle burnup.

Burnup may continue until the reactor core is unpoisoned critical. This is visual-
ized for a reactor with 2 fuel zones in figure 2 where a two dimensional zone fuel density
space is plotted. Burnup starts at BOC, then it follows the burnup trajectory and it ends at
EOC on the criticaUry curve. This criticality curve [Kim87] is a relation between the fuel
densities in the zones of an unpoisoned critical reactor core for one core partition. On the
criticality curve the fuel densities are such that the reactor core is exactly critical without
control rods or chemical shim. For a 2 zone reactor core the criticality curve is a line.
For a n zone reactor core it would be a (M-1) dimensional criticality hypersurface. The
points of the area inside the criticality curve from figure 2 correspond to subcritical reac-
tor cores. On the other side of the criticality curve the reactor must be controlled by
chemical shim or control rods to maintain criticality. Every cycle must start in this area
of poisoned criticality. And every cycle ends on the criticality curve.
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Fig. 2. Burnup trajectory and linearized
criticality curve.

In figure 2 the criticality curve is a straight line. Different core partitions provide
different criticality curves that may have convex or concave shapes. Two examples of
computer calculated criticality curves are shown in figure 3, for a checkerboard core
partition and 4, for a COL/OCL core partition. See appendix A for more information
about these core partitions. When the coupling between the fuel zones, i.e. the transition
of neutrons from one zone to the other, is strong, the criticality curve is more concave
and when the coupling between the fuel zones is weak, the criticality curve is more
convex [Jon92].
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Fig. 3. Criticality curve for a checker-
board core partition.

Fig. 4. Criticality curve for a COL/OCL
core partition.

To calculate the complete burnup trajectory from BOC to EOC analytically, we need,
besides equation (2), one more equation, that is an analytical expression for the criticality
hypersurface. A linearized EOC criticality condition in terms of the EOC fuel densities
and the average flux ratios will be derived below:

For every reloading pattern, characterized by a set of equilibrium cycle average
flux ratios, there is a criticality hypersurface. For our purpose, that is calculating
equilibrium cycles, we actually need to know only one point of the criticality hypersurf-
ace: the point with the equilibrium fuel densities at EOC for the applied reloading pattern.
We will find an expression for this point by comparing it to a point that is on ever}'
criticality hypersurface: the point describing a homogeneous unpoisoned critical reactor
with equal fuel density Nf in all zones. This point is on all criticality hypersurfaces,
since for a homogeneous reactor the core partition is not of any influence on the critical
fuel densities. The homogeneous critical fuel density Nj- is a physical quantity that can be
calculated for any reactor core of interest. We will consider Nj as known and we will
derive a relation between the EOC fuel densities, the equilibrium cycle average flux
ratios, that characterize the applied reloading pattern and Nf . This will be done from first
order perturbation theory by considering a homogeneous unpoisoned critical reactor as a
perturbation of an EOC critical reactor.
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For one energy group and with a constant diffusion coefficient, the first order
perturbation in the inverse multiplication factor reads [Bel70]:

]_

k Jfc '

bFi
'-6M; +i

(3)

where F. and M. are the production and loss operators in zone i . In this equation we
want to substitute for <}),. the equilibrium cycle average flux in zone i, since these <J),. are
proportional to our intermediate parameters. For that, we choose the EOC critical point
as the unperturbed system and the homogeneous point as the perturbed system. When we
define bN^=N^.-N^ , then the change of the production operator is bF.=vaZNf. and the
change of the loss operator, only caused by different fuel densities, is bM.=aabNfi. With
that and with k=k'=\, since both the unperturbed and the perturbed system describe
critical reactors, we find from equation (2):

(4)

We can divide this complete equation by the squared equilibrium cycle average flux of
zone 1 and substitute for the fuel densities the EOC (denoted by the cycletime T) to find
the desired EOC criticality condition:

For the flux ratios we take the equilibrium cycle average values. In the EOC criticality
condition actually the EOC flux ratios should be taken and for that, this analytical method
requires actually a constant flux shape during the cycle. It should be mentioned that the
flux shape is rather constant than the flux itself. Towards EOC the fuel densities in the
core decrease due to burnup and the flux must increase to maintain nominal power. But
the flux shape is not directly affected by the total power output of the reactor core.

In figure 5 the significant parts of 7 different criticality curves are plotted
corresponding to the 7 testcases from figure 1 for a 2 zone reactor core. The errors are
partly due to the fact that the equilibrium cycle average flux ratios are used in stead of the
EOC flux ratios and partly to the fact that the perturbation 6A .̂ is not infinitely small.
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Fig. 5. Approximated criticality curves
for 7 different reloading patterns of a 2
zone reactor core.

With the burnup equations (2) and with the criticality condition (5) we can calculate the
cycle burnup for a given group of fuel elements with known BOC fuel densities. But we
are rather interested in equilibrium cycles, where the BOC fuel densities are not known
on forehand. We will show however that the BOC fuel densities can be expressed in the
EOC fuel densities for an equilibrium cycle. With a reloading pattern of n zones
numbered \..n, zone 1 gets fresh fuel every cycle, zone 2 gets the once burned fuel from
zone 1, zone 3 gets the twice burned fuel from zone 2 and so on and the n times burned
fuel from zone n is discharged from the reactor core. When an equilibrium cycle is
reached, the BOC fuel densities will be the same for all following cycles. So the BOC
fuel density in zone / is equal to the EOC fuel density of zone (f-1) of the same cycle
and we can write the following equation:

Nfi(O) = N/(M)(7). (6)

This equilibrium condition gives the BOC fuel densities for zone 2..n. The BOC fuel
densitiy of zone 1 is the applied initial enrichment of the reactor.

The equilibrium cycle is completely described by equations (2), (5) and (6). The
simplest case is a one zone reactor core. In this case the whole core is reloaded with fresh
elements every cycle. This is usually called a once through strategy. For a reactor core
that is refuelled in this way the EOC fuel density reads Nfl(T)=Nj and the cycle is always
an equilibrium cycle.

For a 2 zone reactor core, equations (2), (5) and (6) would result in the following
system of equations for the equilibrium EOC fuel densities:
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Nfl(0)

1 +

(7)

Results of analytical calculations of equilibrium cycles of a 2 zone reactor core are plotted
in figure 6, where the discharge burnup, that is proportional to Nfl(0)-Np(T), is plotted
as a function of the equilibrium cycle average flux ratios together with the corresponding
computer calculations from figure 1. The initial fuel density Â CO) was the same for all
points in this figure.

e.oc e t c i.ee> : . • • > « i . ? c

Fig. 6. Diffusion code calculations of the
normalized discharge burnup compared
to analytical results.

In figure 1 and 3 the discharge burnup is normalized to the once through burnup that is
proportional to Nfl(fl)-Nf . The points that fit the worst with the CITATION calculations,
correspond to the worst points in figure 5.

The equilibrium cycle of a n zone reactor core can be described by the following
system of n equations:

-9-



(8)

In the system of equations the reactor of interest is characterized by the homogeneous
critical fuel density N*. Further, the reactor determines, through all possible reloading
patterns, the upper and lower limits of the equilibrium cycle average flux ratios. For one
reactor of interest one can play within this analytical model with the number of zones, the
equilibrium cycle average flux ratios, i.e. all possible reloading patterns and the initial
fuel density. The output of the system is the set of equilibrium cycle values of the
BOC/EOC fuel densities.

We did not discuss up to here after how many times of refuelling with the same
reloading pattern equilibrium cycles are more or less reached. One could even imagine
that the equilibrium is not stable and that successive refuelling does not lead to an
equilibrium cycle at all. In appendix D these questions are briefly discussed by the
analytical methods that are presented in this work. This discussion supports our observa-
tions from computer code calculations that equilibrium cycles are always stable.
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111. DISCUSSION

We have seen that the concept of using equilibrium cycle average flux ratios helps to find
an optimum: if points calculated by, for example, a diffusion code are used, then more
information is obtained from these points. But even without such calculations the optimal
equilibrium cycle average flux ratios can be obtained by analytical methods.

The last step of the method is to transform the optimal equilibrium cycle average
flux ratios back to an optimal reloading pattern using heuristic rules. This is a direct
reloading pattern search, like we condemned from conventional expert systems and it may
look that after all, we didn't gain anything. The difference with the reloading pattern
search in conventional expert systems is however that they have to find the loading
pattern with an extreme value of some objective function, while we have to find a loading
pattern that leads to a desired flux shape, which is much more straightforward.

In this work only the equilibrium cycle discharge burnup as an objective function
is studied as a function of the equilibrium cycle average flux ratios. And only the burnup
of one fissile nuclide is studied, Production of other fissile nuclides, buildup of fission
products and burnup of burnable poisons are not included yet for simplicity. Since these
phenomena may also be described by the zone fluxes, like the burnup of one fissile
nuclide, it is likely that this method can be extended to a realistic optimization method for
reloading pattern design.
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Appendix A.
COMPUTER CODE CALCULATIONS OF EQUILIBRIUM CYCLES

Only one group calculations of a 2 zone core with the diffusion code CITATION are
presented here. In the computer calculations one zone is covered by one batch of fuel
elements. There is always only one value for any isotope concentrauon within one zone
and the fuel burnup in a zone is calculated with the space averaged flux in the zone.

The cross section library that is used for this calculations was made for large
LWRs, the Borssele reactor in particular [Ver90]. Also the core geometry with 121
elements, see figure 1, was taken from Borssele.

Except the one fissile nuclide 23iU, all other nuclides, that are 'H, 238U and natural
Zr, have constant densities during the cycle. Conversion to 239Pu and other transuranides
was not included and buildup of fission products is not taken into account. During
operation the reactor was kept critical by a homogeneous 10B concentration.

All equilibrium cycles were calculated in about 10 time steps. A doubling of the
number of time steps did not change the equilibrium fuel concentrations for more the
0.01%. Making half the number of time steps resulted in equilibrium fuel concentrations
that were about 1% different. At each time step CITATION calculated the critical 10B
concentration. Unpoisoned criticality, calculated by extrapolation, means end of cycle.

Equilibrium cycles are calculated for 7 typical 2 zone reloading patterns, see
figures 2 to 8. In all patterns quadrant symmetry is satisfied. The choice of the reloading
patterns is done such that a large range of the equilibrium cycle average flux ratio is
covered. The equilibrium cycle average flux ratio was calculated from the equilibrium
fuel densities by:

(1)
4),/ ]nNfl(0)-]nNfl(T)

according to the burnup equation:

(2)

The equilibrium cycle fuel densities, the equilibrium cycle BOC and EOC flux ratios, the
equilibrium cycle average flux ratio as defined above and the normalized discharge
burnup of the 7 different reloading strategies from figures 2 to 8 can be found in table I.
As expected the Centre to Outside Loading (COL) has the lowest equilibrium cycle
average flux ratio and the Outside to Centre Loading (OCL) has the highest equilibrium
cycle average flux ratio. A checkerboard loading has an equilibrium cycle average flux
ratio close to 1 and the other strategies are somewhere in between.
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Strategy

1.B0C
EOC

2.BOC
EOC

3.BOC
EOC

4.BOC
EOC

5.BOC
EOC

6.BOC
EOC

7.BOC
EOC

2.0128
1.4956
2.0128
1.7824
2.0128
1.6324
2.0128
1.5401
2.0128
1.7405
2.0128
1.5754
2.0128
1.7039

1.4956
1.3215
1.7824
1.3886
1.6323
1.3061
1.5400
1.2996
1.7405
1.3573
1.5754
1.2984
1.7039
1.3345

0.4113
0.4349
2.1510
1.9614
1.0735
1.0671
0.6468
0.6345
1.7223
1.7054
0.8046
0.7879
1.4665
1.4807

0.4167

2.0537

1.0643

0.6342

1.7108

0.7892

1.4667

A

1.2656

1.1428

1.2938

1.3057

1.2001

1.3079

1.2418

Table I. Equilibrium cycle fuel densities and one group flux ratios at BOC and EOC, the
cycle equilbrium average flux ratios and the normalized equilibrium discharge burnup for
for some different reloading strategies. [N/f] = 1020cm'3.

From the equilibrium cycle calculations we see that the EOC flux ratios are for all
reloading strategies less than 5% different from the effective flux ratios. This last result is
of particular importance for the validity of the analytical study in section II-2.
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Figure 1. empty core. Figure 2. loading pattern 1 (COL).

Figure 3. loading pattern 2 (OCL). Figure 4. loading pattern 3 (checker-

board reloading pattern).

Figure 5. loading pattern 4. Figure 6. loading pattern 5.

Figure 7. loading pattern 6. Figure 8. loading pattern 7.
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Appendix B.
OTHER CRITICALITY CONDITIONS

In section II-2 of this report an analytical method was presented to calculate equilibrium
cycles from a set of equilibrium cycle average flux ratios. In that section an EOC
criticality condition was derived from first order perturbation theory. Criticality conditi-
ons can however be derived also from other considerations. In this appendix two other
criticality conditions are compared with the perturbation model.

For the perturbation model the reactor is approximated as homogeneous. Another
idea is to approximate the reactor as infinitely large. We will show that this may lead to a
criticality condition that is very much like the one from perturbation theory. The only
calculational difference is that for the infinite reactor model the fuel densities are
weighted by the flux ratios, while first order perturbation theory leads to weighting with
the squared flux ratios. An interesting feature of the infinite reactor model is that an
asymptotic analytical statement about maximal discharge burnup can be derived from it.
This will be discussed in appendix C.

A second alternative criticality condition is inspired on a sort of nodal treatment of
calculating the flux shape in the reactor core. Although this criticality condition provides
even better efforts than the one from first order perturbation theory, it is less useful, since
it requires n extra parameters besides the equilibrium cycle average flux ratios to
characterize a reloading strategy.

1. Infinite reactor model

For an infinite critical reactor that is divided into n zones we can write down the
following balance between the production and the absorption of neutrons:

When we use only one fissile nuclide with zone densities AL we can write:

ity = °. E Wfi + 2p E *,•

where S^ represents the parasitic absorptions of other materials in the core. Reactor
controllers like chemical shim, control rods and burnable poisons are of course not
included in 5 since we are looking for a criticality condition at EOC. For simplicity we
assume that 2^ is zone independent. We find from this last equation the following
equation describing EOC criticality:
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We rewrite this equation a little bit to another form that can be compared more easily
with other criticality conditions that are presented in this report. For an infinite and
homogeneous critical core with fuel density {N^j the previous expression reads:

The summation over the fluxes vanishes from this equation and we find the following
expression for the homogeneous critical fuel density of an infinite reactor core:

(5)
vcy-afl

This equality can be used to rewrite the criticality condition for an infinite reactor core,
i.e. equation (3), to the following form:

n n

E $iNfi(D :

When we use this criticality condition as an approximation tor finite reactors we substitute
the finite homogeneous critical fuel density and not the infinite one. This choice will be
supported by an argument in section 2 of this appendix. So when we speak about the
infinite reactor model we have the following criticality condition in mind:

t * , (7)

where N* is the finite homogeneous critical fuel density.
When we compare the infinite reactor criticality condition with the one that was

derived from first order perturbation theory we see that these two criticality conditions
are different in two ways. The first is their mathematical appearance with either flux
weighting or flux squared weighting of the fuel densities. The other remarkable difference
is their validity. The infinite reactor criticality condition requires a large core, but has no
restrictions on the fuel densities, while the criticality condition from first order perturbati-
on theory requires more or less homogeneous fuel densities, but has no restrictions on the
size of the reactor core. Two sorts of computer calculations have been done to test the
analytical predictions from both models. First we compared the plots of the normalized
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equilibrium cycle discharge burnup for a 2 zone reactor core versus the equilibrium cycle
average flux ratio with the corresponding computer code calculations for the 7 testcases
presented in appendix A. The results are presented in figure 1 and 2.

0 . 0 0 0 . 6 0 2.10 3.20

V * !

Fig. 1. Measured relative discharge bur-

nup versus the results from the infinite

reactor model.

Fig. 2. Measured relative discharge bur-

nup versus the results from perturbation

theory.

We see already from these plots that the criticality condition derived from first order
perturbation theory gives better results for a larger range of applied reloading patterns.
Later in this appendix we will present a calculational method to check all criticality
conditions in this work directly.

2. The nodal model

From a nodal theory of neutron flux calculations we will now derive a criticality
condition that is very similar to the infinite reactor model. The difference is that, besides
the equilibrium cycle average flux ratios, n extra intermediate parameters a{ are introdu-
ced that represent the core leakage. We will see that when all a. are equal, the nodal
method and the infinite reactor model are similar.

When one fuel zone is represented by one node, the absorption rate in node i can,
similar to 1 group nodal theory [Dud76], be written as:

(8)

L is the number ofIn this formula (Sa);4; is the absorption rate in node ; ,
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neutrons produced per absorbed neutron in node ; and g^0 is the probability that a
neutron produced in node j will finally be absorbed in node / . We can rewrite this last
expression to:

We now introduce the fuel density Nf and the parasitic absorption S^, that is equal in all
zones at EOC and we find:

Summation over all nodes gives the following balance equation for a finite reactor:

o, N,;<b,.. (11)

The summation of all g^ over / we now define as gj. This is the probability that a
neutron produced in node j will not leak out of the reactor core. For an infinite reactor
all g: are equal to 1 and for a finite reactor they are expected to be less than 1. And for
zones that are more central, this gj will be larger than for zones near the core periphery.
Changing the indices ;' to i in the right hand side of the last expression gives:

This expression can be used already as EOC criticality condition. We will rewrite it in a
different form that can better be compared with the other criticality conditions by the
definition of the parameter ai={givOj-a^)ITlp and we multiply this last equation by the
finite homogeneous critical fuel density to find:

(13)

This criticality condition is very much like the one from the infinite reactor model. The
extra factors (Nfa) represent the leakage and so the finite size of the reactor core. Let us
study the relation between the infinite reactor model and the nodal method.

For infinite reactors all {Nfa^ are equal to 1. Also for finite reactors it is possible
that all (Nyfl.) are equal. This can theoretically be realized by homogeneously mixing all
fuel zones. In that case we find from equation (13):
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(14)
i-l

Since this critility condition must also be satisfied when all zone fuel densities N^ are
equal to the finite homogeneous critical fuel density Nj , we find from this last equation
(A^fl/l) = l and with that we find the following criticality condition for all a. equal to ah:

(15)

This is the same result as we have found for infinite reactors, when the infinite homoge-
neous critical fuel density is replaced by the finite one, which we already did more or less
intuitively. From the nodal method we see that when all a(. are more or less equal for all
possible reloading patterns of a reactor core of interest, the infinite reactor model will be
good. On forehand we do not know whether this is true or not; we only can say that for
large reactor cores the intermediate parameters a. will be more equal than for others. For
a 2 zone reactor core with the size of the Borssele reactor core, we have calculated the
products (A^flj) and (N^a2) for three different geometries. These results are presented in
table I.

Strategy

Centre to outside
Checkerboard

Perfect mixture
Checkerboard'1

Outside to centre

1.129
1.014

1
0.981
0.707

(AVV)
0.707
0.981

1
1.014
1.129

Table I. (N^a^ and (Nj-a2) for two different reloading patterns. The checkerboard
reloading pattern and its inverse are not exactly equal as can be seen from the figures of
appendix A. The values for the perfect mixture are from theoretical considerations.

Since one a{ parameter is connected to the leakage of zone i out of the core, we expect
fl; to be large when zone i is located to the centre of the core. This agrees with the
results presented in table I.
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The values of the intermediate parameters a. and a2 were found from the
criticality condition of the nodal method for a 2 zone reactor core:

which expression can be rewritten to:

(16)

= a, + ar (17)

The method is now to fit ax and a2 to plottings of computer calculated values of
(4)j+(J)2)/((()2A )̂ versus (4»17 r̂i)/(c})2A 2̂) for a number of different unpoisoned critical fuel
densities. These plottings are shown in figure 3 and 4.

1 ' •' ' ^ ? ' '

Fig. 3. Fitting of the nodal parameters
for a 2 zone checkerboard core partition.

| C , I , ) / ( 0 1 . )

Fig. 4. Fitting of the nodal parameters
for a COL/OCL core partition.

The corresponding numerical data can be found in tables II and III. The way the
computer calculated points in figure 3 and 4 are on a straight line, shows how good the
criticality condition of the nodal method is. In this way we calculate the a. parameters for
a range of zone fuel densities. In the calculations of table 3 and 4, the ratio of the
unpoisoned critical fuel densities runs from 0.5 up to 2.0. In this way the a{ parameters
for the COL and OCL reloading patterns follow from one figure, since they share the
same core partition.
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5/10
6/10
7/10
8/10
9/10
1

10/9
10/8
10/7
10/6
10/5

2.05122
1.87852
1.74317
1.63422
1.54356
1.46658
1.39324
1.31544
1.23236
1.14337
1.04610

Nn

1.02561
1.12711
1.22022
1.30737
1.38920
1.46658
1.54805
1.64430
1.76052
1.90561
2.09221

7.02623
7.35383
7.63041
7.86400
8.06860
8.24901
8.42752
8.62402
8.84206
9.08316
9.35930

9.16987
8.87462
8.61810
8.38694
8.17928
7.99078
7.80041
7.58538
7.33897
7.04844
6.70404

1.47054
1.46761
1.46580
1.46554
1.46585
1.46658
1.46765
1.46933
1.47191
1.47642
1.48270

(Nf)
(a-2)

1.40501
1.43301
1.45002
1.46029
1.46533
1.46658
1.46467
1.45888
1.44780
1.42985
1.40083

1.47171
1.46761
1.46480
1.46366
1.46321
1.46324
1.46362
1.46452
1.46621
1.46970
1.47478

Table II. Some computer calculated critical fuel densities for a 2 zone checkerboard core
partition.

5/10
6/10
7/10
8/10
9/10
1

10/9
10/8
10/7
10/6
10/5

1.59227
1.56874
1.54436
1.51916
1.49323
1.46658
1.43669
1.39847
1.35001
1.28656
1.20306

0.79614
0.94125
1.08105
1.21533
1.34390
1.46658
1.59632
1.74808
1.92859
2.14427
2.40613

12.6737
12.3623
12.0467
11.7314
11.4203
11.1174
10.7930
10.4136
9.96417
9.44392
8.85704

4.56832
4.69988
4.82172
4.93297
5.03300
5.12137
5.20621
5.29378
5.37454
5.44091
5.46997

(Ntfa'»
1.38133
1.39589
1.41193
1.42922
1.44755
1.46658
1.48863
1.51630
1.55274
1.60008
1.66239

1.50072
1.48950
1.48039
1.47351
1.46894
1.46658
1.46682
1.47026
1.48040
1.50031
1.53523

(Ntf°d

1.47092
1.46696
1.46407
1.46218
1.46122
1.46109
1.46188
1.46370
1.46829
1.47615
1.48960

Table III. Some computer calculated critical fuel densities for a 2 zone COL/OCL core
partition. Zone 1 is the central zone. [A/;r] = 1020cm"3; [c))]=l013cm'2s"1.

We can use the data from table II and III to check the mentioned criticality conditions
directly for the checkerboard and the OCL/COL core partitions. Let us first recall the
three criticality conditions that had been discussed:
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iftNfi =

j (infinite reactor model),

4>? (perturbation theory),

i (nodal method).]£ (N/

From these equations we now define the following average fuel densities:

• n .

E*.

LL2

(infinite reactor model),

{perturbation theory),

(18)

(19)

method).

For these average fuel densities holds that they should be equal to to Nf when the
corresponding criticality condition is all right. Calculations of these quantities have been
exercized with the data from table II and III and the results can also be found in these
tables. In figures 5 and 6 the average fuel densities from equation (19) are plotted as a
function of the fuel density ratio N^/N^.

-r n c- 0 0 i IT. f

_ ' (I - '.

L o-i
~r r. c o o i m h o e

c . s c i . e c i .51 : .sc : . ' . c i . c e I . E C J . O C

Fig. 5. Average fuel densities for a chec-

kerboard core partition.
Fig. 6. Average fuel densities for a

OCL/COL core partition.
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From this direct comparison of the criticality conditions we see that, for the studied
reactor core size, the infinite reactor model is indeed much worse in case a1 and a2 are
different. First order perturbation theory is always fairly good. The observation that for
the perturbation model the curve touches the horizontal line (N/\=Nj , while for the
infinite reactor model this line is intersected, can be understood from the nature of first
order perturbation theory, that is putting the linear error to zero, Locally, this always
gives the best results, but for larger deviations from the unperturbed system, this is not
necessarily the best approximation as we see from figure 5. The nodal method shows
overall the best results, but requires the extra intermediate parameters a1 and a2. Since
the nodal method is based on curve fitting of the complete interval N^/Ny^O.5.2.0, the
point with Nfl=N^=Nf is not necessarily on the curve any more.

The conclusion we made from these calculations was to take, for optimization
purposes, the criticality condition from first order perturbation theory. Since it is however
slightly better to add the extra intermediate parameters o: and a2, we may expect that it
is possible to have different reloading patterns that are characterized by the same values
of equilibrium cycle average flux ratios, but by a different set of ar This could make it
possible take the objective function will not be a unique function of the equilibrium cycle
average flux ratios. However, from the CITATION calculations of figure 1 and 2, a
functional form is likely at least for the normalized equilibrium cycle discharge burnup.

-B9-



Appendix C.
THE SHORT CYCLE APPROXIMATION

It is not possible to express the solution of the system of equations from section II-2,
about the BOC/EOC fuel densities of an equilibrium cycle, in elementary functions. For
short cycles however, we can make a linear approximation of the burnup equations,
which will give us an analytical expression for the BOC/EOC fuel densities of short
equilibrium cycles characterized by («-l) equilibrium cycle average flux ratios.

We will perform the calculations both for the infinite reactor model and for the
perturbation model. The results for the perturbation model are probably of more practical
importance, but the the results for the infinite reactor model can be worked out that far,
that an interesting theoretical statement about maximum equilibrium cycle discharge
burnup for short cycles of an infinite reactor core can be formulated.

We can capture both criticality conditions in one equation when we define a
parameter a that can have the value a = l , in case of the infinite reactor model and the
value a =2 in case of the perturbation model. Adopting this generalized criticality
condition in the analytical model for equilibrium cycles from section II-2 gives the
following generalized system of equations about the equilibrium BOC/EOC fuel densities:

MH

Av

! • • » • . . • • = (1)

Now we will work out this system of equations a little bit further. First we define for
simplicity the variable x=NJT)/Nfl(0). Using this variable x the burnup equations can be
rewritten to:
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= x

= X

f «

(2)

Substitution of the equations (2) in the generalized criticality condition gives:

a l*Zi
4>iX ' +

, * 2 * «

•"I _ 1 + \Z£ (3)

This is usually a transcedent equation of the variable x. Figure 1 and 2 are produced by
iterative solutions of this equation for a 2 zone reactor core; from x all EOC fuel
densities can be calculated by equation (2).

For short cycles, the difference between the fuel densities Nfl(0)-Nfl(J) is
relatively small. Thus we may write x=l-8;c and we find from equation (3):

bx =
N M

1=1

(4)

The short cycle equilibrium discharge burnup, that is propartional to Nfl(0)-Nyn(T), now
can be found by substitution of this last result in equation (2). We now define the
normalized equilibrium cycle discharge burnup A as the ratio of the equilibrium cycle
discharge burnup and the once through discharge burnup. For short cycles we find:

(5)

/•=!
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We see that for short cycles this normalized equilibrium cycle discharge burnup can be
written as a function of the equilibrium cycle average flux ratios only. This could be done
by division of the numerator and denominator by 4>°*\ We will now study the maximum
of A" to the equilibrium cycle average flux ratios.

For a = l , i.e. the infinite reactor model, we can rewrite this last expression into
the following form:

The maximum of this function can be found by:

= Mini ~ " 1 = Min\±£^- . (7)

This last minimization problem is equal to the problem of finding the n dimensional
rectangle with the smallest diagonal relatively to the sum of the sides. The solution of this

•problem is a cube with all sides equal. With that we find:

Max{A%)) = - ^ L , for < } > , = . . = 4>,, ( 8 )

So for infinite reactors, with a= l , we find that for short cycles the normalized equilibri-
um cycle discharge burnup is maximized by a flat flux shape. The expression that the
equilibrium cycle discharge burnup for a flat flux shape is proportional to 2«/(«+l), can
be derived in many ways and is known from other studies [Sil76], [Gra79], [Par88].
From our theoretical considerations we see that this value is a maximum for short cycles
of infinite reactors.

No analytical solution for the maximum of the normalized equilibrium cycle
discharge burnup has been found for a =2, so when the criticality condition from first
order perturbation theory is used. The extremes presented in table I are obtained by
numerical methods. We see that according to the perturbation model, maximal relative
discharge burnup is realized for a flux shape that is peaked toward zones with more fuel.
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n

1
2
3
4

A

1
1.383
1.610
1.771

+,
1
1
1
1

0.657
0.619
0.590

0.484
0.452

*4

0.384

Table I. Equilibrium cycle average flux shape for maximal normalized equilibrium cycle
discharge burnup for short cycles using the criticality condition from first order perturba-
tion theory, so with a =2.

We have compared the short cycle approximations with numerical solutions of equation
(3) for finite cycles of a 2 zone reactor core. The results are presented in figures 1 and 2.
The infinitely short cycle is represented by Nfl(0)=Ny , since a reactor initially loaded
with the homogeneous critical fuel density will have a cycle length that is just zero. Finite
cycles are represented by ratios of A /̂A

ceo i.a coo 0 . 6 0 1.60 2 . 1 0 5.20

Fig. 3. Normalized equilibrium cycle

discharge burnup for the infinite reactor

model.

Fig. 3. Normalized equilibrium cycle

discharge burnup using the criticality

condition from perturbation threory.

Numerical data about the maxima of these functions can be found in tables II and III.
Since the maxima are quite flat, a lot of digits of A had to be calculated.
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0.5
0.7
1,0

1.30
1.13

1

Max{Al
2)

1.24059
1.28313
1,33333

Table II. Equilibrium cycle average flux ratios for maximal burnup compared with the
short burnup approximation using the criticality condition for infinite reactors with a = l .

NflNn(0)

0.5
0.7
1.0

(WiL
0.735
0.692
0.657

MOX{A;}

1.25093
1,30991
1.38304

Table III. Equilibrium cycle average flux ratios for maximal burnup compared with the
short burnup approximation using the criticality condition from first order perturbation
theory with a =2.

We see that for finite cycles maximal normalized equilibrium cycle discharge burnup is
realized for higher values of the equilibrium cycle average flux ratio. For infinite
reactors, with no neutron leakage out of the core, an equilibrium cycle average flux ratio
larger than 1, so with a higher neutron flux in the zone with less fuel, cannot be realized
without using control rods or burnable poison rods.
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Appendix D.
STABILITY OF EQUILIBRIUM CYCLES

It is a common assumption that repetition of refuelling with one reloading pattern leads to
an equilibrium cycle with the same available fuel batches every cycle. It is however
known from many physical and mathematical problems, that repetition of an operation not
always leads to such an equilibrium with the same input every cycle; it can happen that
the equilibrium is not stable. In such cases repetitions of an operation may for example
lead to a two cycle equilibrium, with the same input every other cycle [Lau87]. From the
analytical models that had been discussed in this work, it can be studied whether and
when equilibrium cycles of batch refuelled reactors are stable.

We will make it likely that from all n zone reloading strategies the 2 zone
reloading strategies are the best candidates for having an unstable equilibrium cycle.
Further we will show that short equilibrium cycles, with Nfl(0) only a bit larger than N*,
are 'less stable' than long equilibrium cycles with a higher initial fuel density. With that,
stability of all equilibrium cycles of one particular reactor core can be proved by only
proving the stability of all 2 zone reloading strategies in the short cycle approximation.
But let us first explain how the stability of equilibrium cycles can be examined.

For a 2 zone reactor core the stability of an equilibrium cycle can be studied by
making a plot of the EOC fuel density of zone 1 as a function of the BOC fuel density of
zone 2. This plot may for example look like figure 1. It is plausible that when N^iO) is-
large, N^(T) will be small; a lot of fuel in zone 2 assists the burnup in zone 1. The
intersection of this curve with the line Nfl(T)=Nj2(0) gives the equilibrium cycle value of
the EOC fuel density of zone 1, that is equal to the BOC fuel density of zone 2.

3 . 0 0 O.60 1 . 6 0 2 . 4 0 3 . 2 0

Fig. 1. The EOC fuel density of zone 1
as a function of the BOC fuel density of
zone 2.

Fig. 2. Convergence to an equilibrium
cycle in the fuel density space.
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In figure 1 also the process of convergence is shown: we have started with a core
completely filled with fresh fuel, so with Nfx(0)=N/i(0). The vertical lines of the spiral
represent the calculation of Nfl(T) for an input A ,̂(0) and the horizontal lines represent
the refuelling through which A^(7) becomes the input Â CO) of the next cycle. In figure
2 the same process is shown in the fuel density space. The right corner points of the
triangles are successive BOC fuel density points. From there, the lines towards the
criticality curve are burnup trajectories and the refuelling process is visualized by
interchanging the fuel densities of the 2 zones, this is a reflection in the line N^N^ and
a horizontal line to the next BOC point representing the reloading of zone 1 with fresh
fuel elements.

We see that for the example of figure 1 and 2 the equilibrium cycle is stable.
From figure 1 it can be seen that a condition for stability of the equilibrium cycle is:

(1)

For the analytical models that are used in this work, this stability condition is a relation
between the intermediate parameters of the analytical models.

When the reactor is refuelled with more than 2 batches, we can study the stability
of the equilibrium cycle by studying whether a small perturbation damps out or not. From
all zones 2.3A..n, zone 2 is the most sensitive to perturbations from the equilibrium
cycle, since its fuel will also pass zone 3,4..«. So we will only consider a small
perturbation of zone 2 to determine the stability of the equilibrium cycle. And besides,
from all /; zone reactors, the influence of zone 2 on the EOC density of zone 1, which is
the initial fuel density of zone 2 for the next cycle, is the largest for a 2 zone reactor. So
we expect that reloading patterns with 2 zones are the best candidates to lead to unstable
equilibrium cycles.

Now let us discuss the influence of the initial fuel density Nfl(0) on the stability of
the equilibrium cycle. When A ĵ(O) increases, the fuel in zone 2 is burned further and so
Np(T) will be smaller. Then, because of EOC criticality, Nfl(T) will be larger. So when
Nfl(0) is increased, the whole curve of Nfl(T) versus A^(0) will be raised, except one
point. This is the point at A^,(0)=0, with the EOC fuel density of zone 1 when only zone
1 contained fuel at BOC; this point is of course the same for all AL(0). The influence of
Nfl(0) is shown in figure 3. We see that the absolute value of the slope in the equilibrium
point becomes less when the initial fuel density is increased. This argument will be
supported by an analytical approximation in section 1. It suggests that from all 2 zone
reloading strategies the best candidates for unstable equilibrium cycles are the reloading
strategies with the smallest possible initial fuel density, that is AL(0)-A^, leading to the
smallest possible equilibrium cycles.
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2 . 0 0 ! . C 0

0 ) / N , "

Fig. 3. The influence of the initial fuel
density on the equilibrium point.

Summarizing, we may expect to have the 'least stable' equilibrium cycles with 2 zone
reloading patterns and with very short cycles. So, from all possible reloading patterns, we
will only study the stability of 2 zone reloading strategies in the short cycle approximati-
on. This will be done firstly for the perturbation model and secondly with the nodal
model. The analysis of the nodal model covers also the infinite reactor model.

1. Equilibrium cycle stability for the perturbation model.

When we use the criticality condition that was derived from first order perturbation
theory we can write for a 2 zone reactor core in the short cycle approximation the
following couple of equations describing a cycle:

_ 7^,(0)4>2

Nfl(T)

(2)

These equations describe a non equilibrium cycle with fuel densities A^CO) and Np(0) at
BOC. Since the applied reloading pattern is characterized by the equilibrium cycle average
flux ratios, these equations actually cannot be applied on non equilibrium cycles; for non
equilibrium cycles actually non equilibrium cycle average flux ratios should be substituted
in equation (2). But, since we are only interested in the behaviour very close to the
equilibrium cycle, it is reasonable to take the equilibrium cycle average flux ratios.
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With these equations (2) we can approximately calculate curves like in figure 3
analytically and we can derive the following analytical expression for the first order
derivative of Nfl(T) to A^(0):

(3)

Applying now the stability criterium of equation (1) gives:

— -\~\ + l > 0 . (4)

This condition is always satisfied for positive values of (JW î • Besides, from (4) we see
that for positive values of fyj^i t n e derivative in the equilibrium point, according to
equation (3), decreases when A^(0) increases as we expected previously from figure 3.
So the equilibrium cycle is the 'least stable' when AL(0) is as small as possible and so
the short cycle result is the worst case according to stability. Since 2 zone reactors are
probably also less stable than more zone reactors, we may carefully conclude that all
reloading strategies characterized by a set of flux ratios are stable.

2. Equilibrium cycle stability for the nodal model.

When we use the criticality condition from the nodal method, we have the following
equations describing a non equilibrium cycle:

Nfl(0)-Nfl(T) j y
(5)

From that we can derive:

l Nfl(0)

This leads to the following stability criterium:
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(7)

This relation is always satisfied for aJa^l/4. For the infinite reactor model the ratio
aj/a,=l and for that, the infinite reactor model predicts, like the perturbation model, that
equilibrium cycles are always stable. In figure 4 a plot of aja2 versus fyjfy^ shows the
stable and unstable areas according to equation (7).

o. ec 1 .60 2 . 1 0 5.20

Fig. 4. Stability criterium for a 2 zone
reactor core for the nodal model.

For the Borssele like reactor core that we have studied, the smallest possible value of the
ratio aja2 was 0.626 for the OCL reloading pattern. The other reloading patterns show
that we are far away from the area in which instability occurs. We may again conclude,
with some reserve, that all equilibrium cycles that we have studied are stable.
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