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1 Introduction

In the particle theory group here at Lund University, we mainly study the strong
force.

Since the word force many times is used in a rather unprecise way and at the
same time actually has an exact definition, the physicists often prefer to use the
word interaction instead of force when they discuss the fundamental physical
processes.
The other known fundamental interactions in nature are the electromagnetic,
the weak and the gravitational. There is at quantum level, a unified description
of the electromagnetic and the weak interactions, thu Salam- Weinberg model.
Its predictions agree very well with experiments. The gravitational interaction
on the other hand, is at large scales described very well by Einstein's theory,
but is poorly understood at the quantum level.

The strong interaction is responsible for keeping the nucleons together in the
atomic nucleus and also for keeping the nucleons themselves together. That
there actually is a need to keep the nucleons together was realized in the late
sixties, if not before, when a series of experiments were performed that revealed
an inner structure to the nucleons. After those experiments the particle physi-
cists started to ask questions about the constituents of the nucleons and the
mechanism that makes them stick together.

It is generally believed today that the constituents of a nucleon are the quarks
and the way these particles stick together is described by the theory for the
strong interaction - Quantum Chromo Dynamics, or shortly QCD. QCD gives
a description for how an exchange of energy and momentum between quarks
takes place. This energy-momentum is carried by massless gluons and it is this
exchange of gluons that makes the constituents of the nucleon stick together;
a gluon glues the quarks. Experiments have shown that there are six different
types of quarks. A quark type is also called flavour and the flavours are up,
down, charm, strange, top and bottom. It is important to know that a single
particle carrying colour, has never been observed. This fundamental property
of the strong interaction, which is called confinement, is accounted for in QCD.

To every type of fundamental interaction belongs a charge. The charge of the
strong interaction comes in three different colours, namely red, blue and green.
It is important to note that this strong interaction colour has nothing to do with



what we in everyday life refer to as colour. (The everyday concept of colour is by
the way just a convenient method to denote the different ways the visible part
of the electromagnetic spectrum appears to us. Instead of saying "My favourite
interval of the visible part of the electromagnetic spectrum lies approximately
in the range 500 to 550 nanometers.", it is easier to say "My favourite colour
is green.") Because of its so-called non-Abelian nature, QCD tells us that not
only the quarks have colour, but so do also the gluons. This implies that there
is also an exchange of gluons between gluons, and not only between quarks. We
should note that this is in contrast to the (abelian) electromagnetic interaction,
where there is no direct interaction between its energy-momentum carriers, the
photons. Discussing the charge I also want to mention that if we square the
magnitude of the charge and multiply with a suitable factor, we get the coupling.
The coupling will be discussed many times in this thesis.

In order to test the various predictions of a particle theory, as QCD for example,
various experiments are performed. In most of these experiments a particle A is
accelerated to a high energy and is then allowed to collide with another particle
B. The result of the collision is a scattering of the two particles. If the particles
after the collision are the same as before, the collision is called elastic, otherwise
it is called inelastic. The probability for scattering of a particle in a certain
direction is called the differential cross section. If we sum up the contributions
from all possible directions, we get the total cross section. The total cross
section tells us that if we have one single particle B and a flux of one particle A
per unit area, the probability for scattering of one particle A equals the total
cross section.

In fig 1 is illustrated schematically one type of experiment: collision of positrons
and electrons, also called e+e~ annihilation. As indicated in fig 1, we see that
the process consists of different regimes in which different types of interactions
are dominating. First we have the electroweak interaction, where the electron
e~ and the positron e+ annihilate to form a photon 7 or a Z-boson. There is a
possibility that the 7 or the Z will split into a quark-antiquark pair as is shown
in the figure. The strong interaction starts to take place when the quark q, and
the antiquark q, begin to emit gluons. A unifying name for quarks and gluons
is partons, and the first part of this regime, where gluons are emitted and split
into other gluons or to quark antiquark pairs, is called the parton cascade. The
second part, where gluons, quarks and antiquarks form the particles that are
actually observed in the detectors of the experiment, is called the hadronization.

A standard way to predict the evolution of a physical system is to
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Figure 1: A high energy particle process where the strong interaction is active.

1) write down the Lagrangian for the system. The Lagrangian is a function
that describes the energy dependence within the system.
2) with this Lagrangian at hand, solve the equations of motion.
If the system is simple, it might be possible to analytically find an exact solution
to the equations, and then we also know everything there is to know about
that particular system. If the system is complicated, resulting in complicated
equations, the physicists use approximation methods.

The QCD Lagrangian is such that approximation methods are necessary, and
one method that is extensively used is the perlurbative. Here in Lund, by using
analogies with classical electromagnetic dipole radiation, this method, which is
called Perturbative QCD, has been reformulated into the Dipole Cascade Model.
It is described briefly in subsection 2.1 and elaborated on in some of the papers.
The computer implementation of this model is called ARIADNE.

Perturbative QCD is well suited for describing the cascade part, but in the
hadronization part the exchanged energy-momenta between the quarks and
the gluons are too low to keep the expansion parameter of the perturbation
small, so in this part the whole perturbation scheme breaks down. The expan-
sion parameter is nothing but the coupling that I mentioned above. For the



hadronization process there is then need for another approach and one that
has met considerable success when compared with experimental data, is the
Lund String Fragmentation Model and its computer implementation JETSET.
In subsection 2.2 I give a short description of the model. The first paper treats
some modifications of the standard formulation of this fragmentation model.

As I mentioned above, section 2 gives a brief description of the two basic models
that constitute the framework that this thesis rests upon, the Dipole Cascade
Model and the Lund String Fragmentation Model.
In section 3, I present the different papers in my thesis. There I give a fairly
extensive description of the setting in which the new ideas are formulated, the
essential and interesting features of these new ideas and the main results.

I want to point out that the models I present in section 2 and section 3 are
descriptions of the nature. This goes for the theoretical methods as well as the
corresponding computer implementations. When I for example say that the
gluons behave in this or that way, it means that they do so in our model. If the
model makes non-trivial predictions that are in accordance with experiments
or helps to clarify our ideas regarding the physical processes, it may also be
useful.

In the presentation I do not give any references, since these can be found in the
papers.
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Figure 2: The dipole structure of gluon emission. The first gluon git is emitted by the qq dipole
and the second, g2l by either the qgi dipole or the g^q dipole.

2 The Basic Models

2.1 The Dipole Cascade Model

In the parton cascade the transferred energy-momentum between the partons
is large enough to keep the expansion parameter small. Perturbative QCD is
therefore a valid method in this regime.

In an e+e~ annihilation, a quark q and an antiquark q, move apart spanning a
colour force field between them, see fig 2a. A parton cascade is initiated when
they start to emit gluons. From Perturbative QCD we know that the expression
for the probability for the quark and antiquark to emit one gluon is similar to
what is found for a classical dipole emitting electromagnetic radiation. We can
therefore view the first gluon gi, as being emitted from a colour dipole, whose
constituents are the quark and the antiquark, see fig 2b.

The claim of The Dipole Cascade Model, which is formulated in the Leading
Log Approximation, is that this dipole analogy can be carried further: Since
the quark and the antiquark as well as the first gluon carry colour, the second
gluon gi, can be treated as being emitted by a colour dipole whose constituents
are the quark and the first gluon or by a colour dipole whose constituents are
the first gluon and the antiquark, see fig 2c. (52 can also be emitted from
the colour dipole whose constituents are the quark and the antiquark, but the
probability for this type of emission is for reasons related to colour as well
as kinematics, heavily suppressed.) After emission of a second gluon, we now
have three colour dipoles, from which further emission can take place. This
procedure can be repeated and for every gluon emission, we get another colour



dipole. The process is ordered in transverse momentum, k±, such that the
hardest ( largest ki_) gluon is emitted by the original quark-antiquark colour
dipole, the second hardest by one of the two resulting dipoles etc. This iterative
procedure is repeated until the transverse momentum of a gluon is below some
cut-off value. When that value, &icut, has been reached, the parton cascade
is finished. Below this value the coupling, which depends on k±, becomes too
large to be used as an expansion parameter in the perturbativc method.

If a dipole emits a hard gluon, the spin of the dipole constituents become impor-
tant. Since the quarks and antiquarks have spin 1/2 and the gluons are spin-1
particles, the expressions for emission of a gluon from a quark-gluon dipole, an
antiquark-gluon dipole or a gluon-gluon dipole, therefore look slightly different
from that for a quark-antiquark dipole. These differences are acknowledged and
included in the model. It is also possible to include gluon splitting (gluon —*
quark + antiquark) and photon emission (the quarks also carry electric charge)
into this model and thus being able to fully cover the different subprocesses in
a parton cascade.
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Figure 3: After the parton cascade there is a colour field spanned between the partons.

2.2 The Lund String Fragmentation Model

As I mentioned in the introduction, when we want to describe the hadronization,
ie the transition from the unobservable partons to the observable hadrons, we
cannot use the perturbative method.

When the parton cascade has stopped, there is a colour force field between the
partons. We can think of this field as a string that is spanned between the
partons, see fig 3. This string comes about because of the surrounding vacuum.
The QCD vacuum contain both quark-antiquark pairs and gluons, and they
will make it energetically favourable to compress the colour flux into a string.
This tubelike configuration has parallells with the vortex lines that arise when
a superconductor is placed in a magnetic field. The superconducting electron
pairs prevent the field from permeating through the whole superconductor and
allow only penetration in thin vortex lines.

The motion of the string is fairly complicated and in order to avoid technical
difficulties when I describe the fragmenlation of the string, I will only consider
the situation when the string is spanned between a quark go and an antiquark
cjo without any gluons. If we study the situation in the center of mass for the
quark-antiquark system, we can picture it as in fig 4a. The energy density
along the string is constant. This implies that the confining potential energy
that is built up along the string when the quark and the antiquark move apart,
is linearly rising with the distance between them. To completely separate these
two particles, that is to send one of them to infinity, would therefore require
an infinit amount of energy. When the distance and hence the stored energy
between them is increasing, a new quark-antiquark q\ and q~i pair can be pro-
duced. There will now be a region where the colour fields generated by the
quarks and antiquarks cancel each other with a resulting separation or break-
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Figure 4: The fragmentation of the string, (a) The original quark-antiquark pair, (b) The
first breakup creating two quark-antiquark pairs, (c) After several breakups we have a set of
quark-antiquark pairs that can be treated as hadronr (mesons).

ing of the string. This is shown in fig 4b.

We no A have two string pieces, one that is spanned between 90 and <j\ and
another one between q\ and q~Q. This breakup or fragmentation process will
continue until the masses of all the string pieces have reached a range such that
when the flavours and spins of the quarks and antiquarks at the string ends
have been taken into account, the string pieces can be treated as hadrons, see
fig 4c.
A quark-antiquark pair actually forms a meson. If we want to describe the
formation of a baryon (three quarks) the breakup situation is a bit more com-
plicated, but the basic idea is the same as in the meson case.

Since quarks and antiquarks are not massless, some energy is needed to create
them. They can therefore not be produced in one point, but a certain region of
the string has to be used. The distance between a quark and an antiquark stem-
ming from the same breakup is thus always larger than zero. This means that
a part of the string suddenly has to vanish. Such a production mechanism can
be described as a quantum mechanical tunneling. This tunneling mechanism
results in a Gaussian probability distribution for the transverse momenta of the
quarks and antiquarks. At every vertex or breakup, this probability distribu-
tion is used to give the quark a transverse momentum pj_. Energy-momentum
is conserved locally by giving the antiquark a transverse momentum —pj_.



3 The Papers

3.1 Paper I

In the first paper, the aim is to make some improvements of the standard
Lund string fragmentation model and hence introduce a few modifications into
its computer implementation JETSET. The problems we want to solve are all
related to the production of the spin-0 mesons 77, 77' and the pion, IT.

The pion mass is very small and hence the pion takes a small piece of the
string. The size of the string that is used to produce a pion is much smaller
than the extension of its wavefunction. The Goldstone model for spontaneous
breaking of the symmetry of vacuum generates massless particles called Gold-
stone bosons. The small but non-vanishing mass of the pions suggests that
they can be considered as Goldstone bosons from a breaking of an approximate
symmetry. These observations indicate that it is plausible to assume that the
pion cannot be treated as an ordinary qq system and will thus exhibit some
properties that are not found for heavier mesons.

The hadrons that are produced in the string fragmentation model are all on the
mass-shell. This implies that there will be correlations in longitudinal momen-
tum. Since the hadrons are colour neutral, there must also be colour correla-
tions, but apart from these correlations there are no others in the model.

Now, when we compare the model with experimental data from e+e~ annihi-
lation, we note that the production rate of 77' predicted from the model, is too
high. Experimental results also indicate that the default value of the p/{p + ir)
ratio in JETSET produces too many p particles, ie the ir/p ratio is too low. p
is a spin-1 meson with the same flavour content as the pion.

To better understand the problem, it is helpful to study the different possible
spin-0 mesons that can be produced between two neighbouring vertices with
mi-pairs or dd-pairs, cf fig 5. The different combinations of these two flavours,
u and d, are all equally probable in the standard fragmentation model. If we
want to increase the ir/p ratio, we get an enhancement of all four different
combinations in fig 5. Without any further adjustments, this would imply an
increase in the production of 77 as well as 77''. Since experimental data tell us that
the production m.le for 77 should be kept as it is, be reduced for 77', and equal
numbers of TT+, 7T~ and TT0 should be produced, we are led to the conclusion that
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Figure 5: The spin-0 mesons that can be produced between uu and dd vertices. The differ-
ences between 7r°, 7j and i)1 lie in their isospin numbers and that ij and 17' actually contain ss
components as well.

those combinations uu and dd which are assigned to 77 or 7/ should be reduced
compared to the other combinations. Therefore the combinations ud and du
should be more common than the combinations uu and dd. As is seen from
fig 5, this implies that we introduce a new type of correlation into the model,
namely that of flavour.

Another discrepancy between predictions from the model and data, is found
when correlations in invariant mass for 7r+7r~ systems are studied. Since the
charged pions are direct or indirect (via p) decay products of 77 and rf it is
plausible that these predictions can be improved when the flavour correlations
are implemented in the model. We also generalize the momentum correlations
in the model and introduce correlations in transverse momentum px, similar
to the longitudinal momentum correlations. The correlations Lre such that the
average < pj_ > of light particles such as the pion is reduced, while < pj. > for
heavier hadrons is essentially unaffected.

Our modifications of the standard string fragmentation model will consist of

10



introducing flavour and p± correlations in the string fragmentation process. The
former is introduced when we suppress the production of 77 and 7/ as compared
to pions and the latter when we modify the p± probability distribution. We also
rfiduce the ratio between directly produced p mesons and pions, in accordance
with experimental data.

These changes, separately, and even more collectively, lead to improved agree-
ment with experimental results and hence indicate that there are flavour and
px correlations in the hadronization process.

11



-L/2
(a)

L/2y -L/2 (c)
L/2 y

Figure 6: (a) The phase space available for a gluon emitted by a high energy qq system is a
triangular region in the y-n plane, (b) If one gluon is emitted at (yt,Ki) the phase space for a
second (softer) gluon is represented by the area of this folded surface, (c) Each emitted gluon
increases the phase space for the softer gluons. The total gluonic phase space can be described
by this multifaceled surface.

3.2 Paper II

The second paper treats the first part of the strong interaction that takes place
in an e+e" annihilation, the parton cascade.

The starting point for our investigation is The Dipole Cascade Model, which I
briefly described in section 2.1. The available phase space for emission of the
first gluon can be visualised in an intuitive way:
If we introduce the variables rapidity and logarithmic transverse momentum;
y and K = \og(k\), the available phase space is to a good approximation a
triangle in the (y,K.) plane, see fig 6a. The length of the triangle baseline is
L = log(s), where s is the square of the invariant mass for the quark-antiquark
pair. The original quark-antiquark pair allows the first gluon to take its y and
K values only inside this particular triangle. Because of the log(/c^) dependence
in the coupling the probability for gluon emission is not distributed uniformly
within the triangle, but it can take its values anywhere inside the triangle.

As was described in section 2.1, the first gluon will together with the original
quark and antiquark form two independent colour dipoles. The available phase
space for ensuing gluon emission is enlarged and the gluon will mark its presence
not only by a point in the triangle, but with a folded triangle of height K\,
sticking out from the original triangle. This is illustrated in fig 6b. The folding
of the triangle acknowledges that a gluon has two sides in the sense that it
carries both colour and anticolour. Both sides can therefore be interpreted as
constituents of two neighbouring dipoles.

12



Emitting a second gluon will in our logarithmic phase space mean attaching
another folded triangle to the structure. The k± ordering condition implies an
ordering in K, SO the second gluon must have a K value less than KX. Apart
from that, the second triangle can be attached anywhere. However, with the
same argument as for the first triangle, it is more probable to attach the second
triangle to some parts of the structure than to other parts.

This logarithmic phase space is a somewhat abstract one, and should not be con-
fused with neither our ordinary space nor the energy-momentum space. There
is however a description how to get from the logarithmic phase space to the
energy-momentum space.

We can proceed with this iterative procedure, adding smaller and smaller trian-
gles to the structure, that is emitting more and more softer and softer gluons,
getting more and more dipoles. An example is shown in 6c. We note that the
number of dipoles equals the number of gluons plus one. We also note, in anal-
ogy with the background triangle, that the distance between two neighbouring
tips along the baseline of the structure is the logarithm of the squared invari-
ant mass for the dipole that is spanned between the tips. Such a distance is
therefore, again in analogy with the background triangle, the available rapidity
interval for further gluon emission from the dipole.

This pic-pdure is continued until the height of the latest produced triangle is
smaller than a cut-off value ncut, such that Kcut = \og(k\mt), where k±cut is the
cut-off value for transverse momentum, introduced in section 2.1. We now have
a partonic state described by a set of triangles in the logarithmic phase space.
A common way to proceed from here, is to translate the gluonic triangles into
energy-momentum vectors for all the gluons in the state, and then continue
with the hadronization of the partons into hadrons.

As I mentioned above, there is in the model, except for the K. ordering, no con-
dition for how two neighbouring triangles should be positioned with respect tc
each other. There is thus no lower limit for how close to each other in rapidity,
two gluons can be. The central statement within the Discrete QGD Approxi-
mation is that there actually is a lower limit:
Two gluons that are closer to each other in rapidity than A = 11/6, will effec-
tively behave as one single gluon.

Such a reduction of gluonic activity in the neighbourhood of a gluon can also
be seen in the Modified Leading Log Approximation MLLA, where one takes

13
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Figure 7: (aj 2"Ae continuous phase space triangle for gluon emission in e+e~ annihilation, (b)
Emission points for "effective gluons" in the discrelizcd phase space. One such gluon represents
all emission that is taking place inside its cell, shaded area.

into account certain corrections that are not included in the Leading Log Ap-
proximation, LLA. These corrections are related to the size of phase space and
nonleading terms in the splitting functions.

A lower limit on the rapidity difference between gluons will result in two im-
portant implications for the partonic cascade.
The first is a discretization of the logarithmic phase space. Two neighbouring
gluons will now be separated in rapidity by a multiple of A. Since all distances
along the baseline of the structure can be interpreted as rapidity intervals, this
implies that the length of the baseline of an attached triangle is also a multiple
of A. Since the height of such a folded triangle is two times the length of its
baseline, there will thus be a separation in the K direction that is 2A. The
logarithmic phase space for gluon emission will therefore be partitioned into
cells with size A x 2A. This is illustrated in fig 7. All gluonic activity within
such a cell, will now be represented by one effective gluon.

The second implication concerns the properties of the running coupling and
the emission probabilities. By requiring that the incremental step in rapidity
dy, is not vanishingly small, but dy = A, we get that within every rapidity
interval, the probability for emission is evenly distributed in n. Because of the
discretization in the K direction, a gluon can only be emittted in those points
within the interval, that are multiples of 2A, and that the probability is the
same for every point in that particular interval. This is illustrated in fig 8. Note
that because of the basic assumption in our discrete model, only one gluon can
be emitted in each interval.

After having determined where in the phase space the gluons are allowed to be
emitted (in a finite number of discrete points, separated by A in the y direction

14
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Figure 8: In every rapidity interval emission can only take place in points where a is a multiple
o 2A (marked by crosses). The emission probability is uniform in K, SO in this picture the
probability for emission is 1/9 in those points marked by crosses and zero elsewhere.

and by 2A in the K direction) and with what probabilities (the same probability
for points within the same rapidity interval of size A), the model is now fully
specified and we are in a position to investigate different properties of the parton
cascade as described by Discrete QCD.

One particularly interesting thing to study is the gluon multiplicity and its
energy dependence. In the logarithmic phase space this means how the number
of folded triangles depend on the size of the background triangle. By using the
technique of generating functions, the finite nature of Discrete QCD allows us to
describe the probability distributions for the gluon multiplicity by polynomials.
The degree of these polynomials is directly related to the size of the original
background triangle. We get equations for the average gluon multiplicity
< ng >, and when we compare with the continuous formulation, we see that
Discrete QCD and MLLA give similar results.

When we compute the average gluon multiplicity, another interesting result
occurs. The average is a function of the zeroes to the multiplicity polynomials.
These zeroes, that are numbers in the complex plane, do not wander away to
infinity when the energy in the e+e~ annihilation increases, but stay at a finite
distance and gather around a curve in the complex plane. This fractal curve,
which can be viewed as a so-called Julia set, is illustrated in fig 9. Its beauty
is obvious, but not yet its significance.

15



Figure 9: The zeroes to the multiplicity polynomials gather in the infinite energy limit, around
a fractal curve.

In order to compare our results with other models, we implement the Discrete
QCD model into a Monte Carlo program and make a comparison between Dis-
crete QCD + JETSET and ARIADNE + JETSET. The latter combination is
known to reproduce experimental data well. For the comparison we study the
probability distribution of an event variable called thrust. We also compute the
energy dependence of the thrust average. The two different models give very
similar results.

Our conclusion for the second paper is that Discrete QCD reproduces well-
known properties of parton cascades and that its simplicity makes it an attrac-
tive tool for further investigations of the strong interaction. The rather small
number of effective gluons reflects the behaviour of the running coupling and
hence contains some essential properties of the strong interaction.

16



3.3 Paper III

The third paper concerns a process called Deep Inelastic Scattering, or just DIS.
A DIS process is the collision of a hadron with a lepton. A hadron contains
partons carrying colour, but is because of colour confinement also a colour
neutral object. It is in some sense therefore like a white tin filled with paint
and the lepton is the tin opener enabling us to find out certain properties of
the paint.

A DIS process is therefore very suitable for investigating different properties
of the strong interaction and the validity of the predictions of QCD. When we
started this investigation we also saw a new testing ground for the Discrete
QCD Approximation and the possibilities of applying this model to another
scenario than e+e~ annihilation. As it turned out, the result, which we call
the Linked Dipole Chain Model, is a very general formulation of DIS . It is
valid in various kinematical regimes, and we can use either Discrete QCD or a
continuous method to implement the model.

An example of a DIS process is an electron-proton collision, and in the HERA-
ring at DESY in Hamburg, this type of collision is produced. Such a collision
is at quantum level described by an exchange of a photon, emitted from the
electron, and partons, ie quarks and gluons. The essential features of an e~p-
collision can be illustrated in a fan diagram, which is shown in fig 10a. The
almost vertical lines, denoted by k:s, describe the propagators, ie gluons that
on their way to the photon region emit other gluons, the initial state radiation.
These initial state gluons, denoted by q:s, will in their turn emit new gluons,
the final state radiation. This final state radiation will later be hadronized and
a swarm of hadrons will finally reach the detectors. One should note that the
choice of initial state radiation and final state radiation is neither Lorentz nor
gauge invariant. This implies there is a certain freedom when choosing which
gluons belong to the initial state radiation and which gluons belong to the final
state radiation.

To every participating parton we assign two variables, its transverse momentum
and its momentum fraction of its mother particle. In fig 11 is illustrated the
splitting of a propagator k', into a new propagator k with transverse momentum
k± and momentum fraction z, and an initial state gluon q with transverse mo-
mentum q± and momentum fraction (1 —2). In the Leading Log Approximation,
the emission can kinematically be divided into three different types:
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Figure 10: A DIS process illustrated (a): by a fan diagram and (b): in the logarithmic phase
space.

q, 1-z

k,z

Figure 11: The splitting of a propagator k' into a new propagator k and an initial stale gluon

k'± 2. k± « k'± 3. k'±

As for e+e~ annihilation, we get an intuitive picture of the problem when we
describe the process in the logarithmic phase space. Once again, the available
phase space for the partons is a triangle in the (y, K) plane, where the length
of the baseline equals log(s), where s is the squared invariant mass of the
photon and the first gluon in the fan diagram, see fig 10b. As is seen in this
figure, the fan diagram will in the logarithmic phase space be described by a
chain that traverses the triangle. This chain therefore describes the log(fcjj
of the partons that span the fan diagram in fig 10a. A splitting as the one
in fig 11 can be translated into the logarithmic phase and this is also shown
in fig 10. Our convention is that the proton region is the right side of the
triangle and the electron/photon region is the left side. We note that the size
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of the triangle depends on two variables, namely log(Q2) and log(l/a;) such
that log(s) = log(Q2) + log(l/x). log(<22), which is assigned to the photon,
is a measure of the change in energy-momentum that the electron experiences
during the collision. log(l/x) tells us how much of the energy-momentum of
the proton is carried by the parton that interacts with the photon. To describe
the process, we therefore only need the variables Q2 and x. Since the gluons
do not carry electric charge and hence cannot interact directly with the photon
7, we also note that the propagator kn+i in fig 10a needs to be an electrically
charged parton, ie a quark or an antiquark.

The cross section for a DIS process is directly related to an entity called the
structure function. The stucture function reflects the density of partons in dif-
ferent parts of phase space, ie different values of Q2 and x. There are some
different methods to calculate the structure function for a DIS process. Their
ability to describe data depends to a large extent on in what part of the phase
space they are used. The DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi)
approach for example, is valid when Q2 is assumed to be very large and the
partons spanning the fan diagram, are strictly ordered in transverse momen-
tum, such that their transverse momenta are increasing when approaching the
photon. In the triangle this means that the chain everywhere has a negative
slope, see fig 12a. Another approach is denoted BFKL (Batalin-Fadin-Kuraev-
Lipatov). It is assumed to be useful when Q2 is not very large and a; is small.
A small x-value means a large log(l/x). In the BFKL approach there is no
restriction on the ordering in transverse momentum, and this is illustrated in
fig 12b.

The CCFM Model, developed by Ciafaloni and Catani, Fiorani and Marchesini,
is an interpolation between the DGLAP and the BFKL schemes, which means
that it covers large and small values of x and of Q2. A central result in the
CCFM Model is an expression for the probability for a propagator to emit a
gluon as initial state radiation. This probability or weight, depends on the
transverse momenta and the momentum fractions of the partons involved in
the emission. The dependence is such that the probability density is a product
of the coupling, an incremental area element and the exponent of an area in the
logarithmic phase space. Inside such an area no further emission is allowed. In
fig 13 this area is illustrated for the three kinematically different situations from
above. The contribution from one chain to the structure function is a product
of the weights for the emissions along the chain. The value of the structure
function for given Q2 and x, ie a given triangle, is a sum over the contributions
from the different chains that can be laid out inside the triangle.
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log(Q2)

Figure 12: The chain thai connects the propagators, marked by crosses, (a): The DGLAP
situation, where the propagators are strictly ordered in re = log(A:J) and always less than \og(Q2).
Gives the main contribution when Q2 is very large, (b): The BFKL situation, where there is
no restriction on the propagators. Important for small x and moderate Q2.

Iogi/z logl/z logl/z

(a) (b) (c)

Figure 13: The relevant areas, in the leading log-approximation, for the three different types of
steps in the gluon chain, (a): i i ~ ? i > k'x, (b): fcx « fcj. 2> gj., (c): qx « k'x S> k±.. The
distance h in (b) is given by h =

The third paper is a reformulation and generalization of the CCFM Model. In
the Lund spirit we use the language of dipoles. A major problem in describing
the DIS process is the choice of initial and final state radiation. By considering
the initial state gluons as constituents of colour dipoles, the Linked Dipole
Chain Model includes more gluons into the final state radiation compared to
the CCFM model. All those gluons </* in the chain that satisfy the constraints
qxi < niin(gx(i-i))9i(i+i)) and T/J+I <iji < yi-i, are in the Linked Dipole Chain
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Qi

Figure 14: A gluon chain in the LDC model. The arrows K; represent the propagators or links
that connect the real initial state gluons Q;. These real gluons are the constituents of the dipoles
that will emit the final state radiation (in the shaded area).

Model treated as final state radiation emitted from the colour dipoles, whose
constituents are those gluons that do not satisfy the constraints.

By doing these changes in the choice of initial and final state radiation, we can
no longer use the weights provided by the CCFM Model. To get the correct
weights, and subsequently a correct expression for the structure function, we
have to sum up all those contributions in the CCFM Model that give an identical
result for the initial state structure in the Linked Dipole Chain Model. Having
done that, we now have a model where emission of type 2 (k± « k'± > q±) is
absorbed into the type 1 or 3. As a result, there will at every emission of initial
state gluons always be a change in log(fcjj for the propagator. We also get a
reduction of the number of initial state gluons, but those that are left, which are
denoted by Qi, are considered as forming colour dipoles that emit some of those
gluons that in the CCFM model were considered as initial state radiation plus
those that were considered as final state radiation. A DIS process will in our
model consequently be described by a set of colour dipoles, whose constituents
are the Q:s, that are linked by propagators, connectors, denoted by K:s. In the
logarithmic phase space we can once again use the folded triangles to visualize
the allowed regions for final state radiation, and this is done in fig 14. Another
appealing feature in our model is its explicit left-right symmetry.

21



Iog(Q2) ,

log(Q2) ' log(l/x)

Figure 15: Three different types of gluon chains.

We have thus reformulated the DIS process into something that is familiar from
a Lund viewpoint, namely the formation of colour dipoles and the subsequent
emission from those. We have also attained an expression for the structure
function in the new formulation. Since there ?.ie no kinematical restrictions
on the validity of the CCFM Model, the sa.iie is therefore true for the Linked
Dipole Chain Model. We are now able to study different types of scenarios, and
because of our knowledge of the structure function, the probabilities for their
occurrence. All different types can be divided into three main categories. These
are shown in fig 15 and in the logarithmic phase space they can be described
as:

I Conventional DIS: All partonic activity takes place below the log(<52) level.
The transverse momentum of the photon is in this scenario the dominating
transverse momentum. The DGLAP approach belongs to this category.
II Boson-Gluon Fusion: The dominating transverse momentum belongs to the
leftmost parton in the chain.
III Resolved Photon-IIadron Scattering: The dominating transverse momentum
is somewhere in the center of the gluon chain.

The final part of the third paper treats the differential equation for the struc-
ture function as it is formulated in the Linked Dipole Chain Model. The result
is an equation that incorporates both the DGLAP contribution and the BFKL
contribution. There are however some differences and this becomes especially
clear when we calculate the x dependence of the structure function. For large
log(l/x) the Linked Dipole Chain Model predicts a slower growth of the struc-
ture function than the BFKL Model.
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The Linked Dipole Chain Model is in conclusion a very general description of
a DIS process. It reformulates and generalizes the CCFM Model and therefore
covers the DGLAP region as well as the BFKL region. The model is formulated
as a set of linked dipoles whose constituents satisfy certain kinematical condi-
tions. These dipoles will be the emitters of the final state radiation. In the
logarithmic phase space it therefore provides us with a very intuitive picture of
the DIS process. It gives a unified description of conventional DIS as well as
boson-gluon fusion and resolved photon-proton scattering.
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3.4 Paper IV

The fourth and last paper in this thesis concerns results that can be extracted
from the Linked Dipole Chain Model for DIS, which was formulated in paper
III. We make one discrete and one continuous computer implementation of the
model and use these to calculate different entities, relevant for a DIS process.
We compare the results for the two different implementations. We also study
what happens if we instead of a constant value for the coupling a,, use a running
coupling.

For the discrete implementation we apply the method developed in Discrete
QCD in paper II. Using a constant as means that the discretization procedure
is only partially carried through, but irrespective of the choice for the coupling,
we can use our knowledge from the second paper of how to discretizc the gluonic
phase space.

The gluon triangles in the e+e~ annihilation scenario are folded in order to take
into account that a gluon actually generates two colour lines. The propagators
in a DIS process are, since they are gluons, also two-sided with respect to
colour. This means that when we apply Discrete QCD to the Linked Dipole
Chain Model, we can either choose to emit the initial state gluons separated
by A = 11/6 along two independent colour lines, or we can choose to say that
there are effective emissions separated by 6 = A/2 = 11/12 along one single
gluon line, corresponding to the chain in the background triangle. We make
the latter choice.

Using the method of Discrete QCD, we now allow initial state gluon emission
only in those points within the triangle in the logarithmic phase space that are
multiples of 6 and 2<5 in the y and K directions respectively.
This implies that the length of a connecting propagator K will be a multiple
of 6 and its K value a multiple of 2<5. The initial state gluons, the Q:s, the
constituents of the dipoles that will emit the final state radiation, are in the
Linked Dipole Chain Model positioned on the edges of the propagators. They
will therefore be separated with respect to each other by multiples of 6 and
have log(Q^) values that are multiples of 25. These separation conditions are
illustrated in fig 16a.

In the discretized phase space for a DIS process with given Q2 and x, the
number of emission points for real gluons is finite and thus the same is true for
the number of different chains that can be laid out inside the triangle. We can
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Figure 16: (a) Illustration of the separation conditions for propagators (arrows) and real gluons
(circles) in the discretized logarithmic phase space, f and f' are integers and n is always an
even integer, (b) Some different chains laid out in a triangle. The phase space is discretized
and the links conned only those points marked by crosses.

therefore, using the discrete approach, construct a computer implementation of
the Linked Dipole Chain Model, where actually all possible chains are laid out
and traversed. Some of these chains are illustrated in fig 16b. For each step
that is taken along a chain, that is for every new link that is added to it, we get
a weight. This weight was calculated in the third paper. The contribution from
one chain to the stucturefunction is a product of the weights over the steps in
that chain. The total value of the structure function for given Q2 and x is then
a sum over all the allowed chains inside the triangle.

The continuous formulation is implemented by enlarging the available phase
space for laying out the gluon chains. Instead of a triangle we get a parallelo-
gram, and this is illustrated in fig 17. We also make a change of variables, from
(y, K) to (X, Y), as to easier express the points in the enlarged available phase
space. As is seen in the figure, the restrictions on X and Y are 0 < X < a and
0 < Y < b, where a and b are. expressions of log(l/a:) and log(Q2). Since it is
only chains laid out in the original triangle that are the allowed ones, we later
need to deal with, that is throw away, those chains that have links in the extra
(shaded) part.

To get an expression for the structure function, we impose the ordering con-
dition from the Linked Dipole Chain Model. This tells us that for every step
(emission) that is taken, the values of both X and Y decrease. Using a con-

25



(X,Y>(n,b)

Figure 17: The available phase space is enlarged to a parallelogram. We also change variables
from{y,K)Lo[X,Y).

stant coupling the result, a preliminary expression for the structure function, is
proportional to a modified Bessel function, / j . We now generate events, that is
lay out chains in the logarithmic phase space, using a modified Bcssel function,
/o, as weight distribution.

The preliminary expression does not properly take into account all aspects of
the Linked Dipole Chain Model, so we have to make some corrections. We im-
plement these corrections, of which there are four different types, by assigning
a weight p to every generated event or emission chain.
1) If a chain goes into the shaded area in fig 17 we throw away this event, that
is we put the /9-value for this event to zero, otherwise we the p-vahic to one.
2) For every step that is taken, we get from the Linked Dipole Chain Model a
kinematical factor that accounts for the height difference between two neigh-
bouring links. This type of correction therefore contributes to p with a product
of these kinematical factors, where the product runs over the steps in the chain.
3) To get the proper weight for the emission K' —» K + Q, we should integrate
over the transverse momentum of the real gluon, Q±. This will imply an in-
tegration over the azimuthal angle 0, between K'± and K±. When we also
impose the condition log(<5±2) > min(log(/<'JL

2),log(/<'j.2)) from the Linked
Dipole Chain Model, we get a correction to the preliminary expression that is
a function /(a) , where a = min(/f^L]/Cj.)/max(/'C^,/<'x). p will therefore be a
product of functions /(ai), over the steps i in the chain.
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4) The fourth and final correction is only relevant when we use a running
coupling. If we do, this correction replaces for every emission, the constant
value of the coupling with the appropriate expression for the running coupling:
a, oc l/log(QjJ. The contribution to p is therefore a product over the steps in
the chain, of factors a3run(Qi)/aSconsf-
The /»-value for a whole event or chain is a product of the four contributions.

Now we fix a triangle, that is choose values for a and b, or equivalently log(l/a;)
and log(Q2), run a lot of events and compute the average value < p >. This
average value multiplied with the preliminary expression for the structure func-
tion, gives the final result for the structure function in the continuous imple-
mentation.

Having one discrete and one continuous computer implementation of the Linked
Dipole Chain Model, we are now in a position to study different entities relevant
for a DIS process.
First we compute the x dependence of the structure function for different values
of Q2. We get an interesting result if we plot the logarithm of the structure
function as a function of log(l/a;): For large values of log(l/a;), there is a linear
dependence, where the slope is independent of Q2. This is also predicted by
the BFKL model, but that model predicts a slope of approximately 0.5, while
the Linked Dipole Chain Model gets quite a lower value; 0.3 ~ 0.4, depending
on which implementation is used and if we use a constant or running coupling.
We also study where in the logarithmic phase space most gluon chains will be.
The average chain with one standard deviation is computed. When we plot the
result it looks like a slightly deformed cigar that is placed inside the triangle.
Its orientation depends on the x and Q2 values and the choice of the coupling.
As I mentioned in the presentation of the third paper, a DIS process with a
given gluon chain, can be put into one of three categories'. Conventional DIS,
Boson-Gluon Fusion and Resolved Photon-Hadron Scattering. Our last study
in the fourth paper are the distributions of the these categories as functions of
log(l/a;) for some different log(Q2) values.

Paper IV consists in conclusion, of a description of the two different computer
implementations of the Linked Dipole Chain Model for DIS. We also present
some results, all of them related to the structure function.
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