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Preface

This document emerges from a project in which high densities of krypton contain-
ing cavities in copper matrices were studied by different experimental techniques.
One of these was transmission electron microscopy (TEM) by which 2-dimeusional
projections of the 3-dimensional bubble distributions were observed. Because of
the high bubble density the observations are disturbed by an appreciable overlap
of bubble images. The need to correct for these disturbances led to the present
work.

The authors wish to thank Bjørn S. Johansen, Risø, who improved our illustra-
tions by interfacing the KTjjX and GNUPLOT systems in a clever way. We are
also indebted to Jens V. Olsen, Risø, who assisted in the drawing of the projected
bubble charts, using his own graphics system "GRPLOT".

The Fortran programs described in the present report may be requested freely
from the authors.

Risø, January 1996
Peter Kirkegaard, Computer Section (pk@risoe.dk)
Morten Eldrnp, Materials Department (morten.eldrup@risoe.dk)
Andy Horsewell, Materials Department (andy@risoe.dk)
Jan Skov Pedersen, Department of Solid State Physics (fys-jspe@risoc.dk)
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1 Introduction

In studies by transmission electron microscopy (TEM) of defect microstructures
the observed images are in many cases 2-dimensional projections of the 3-dimensio-
nal defect structures. Much work has been carried out in the field of stereology in
order to extract relevant 3-dimensional information from the projected images (see
e.g. refs. [1, 2,3,4j). If the microstructure to be investigated consists of precipitates
or other kinds of particles, one would often wish to determine the number density of
particles and their size distribution. In so doing, one may encounter problems from
the influence of foil surfaces (e.g. they cut through the particles), and, for thick foils
or high density of particles, from overlap of particle images which may influence
both the number of observed particles and their apparent sizes. Approximate
corrections for these effects have been calculated by various authors (e.g. [4, 5,
6]). In particular the detailed treatment by Hilliard [4] seems to be the standard
method adopted by others (e.g. [7, 8]).

The present work was started from a study of krypton bubbles in copper in which
the experimental techniques small-angle neutron scattering, TEM and positron an-
nihilation spectroscopy were applied [9]. The density of bubbles was so high that
even in the thinnest foils prepared for TEM an appreciable overlap of bubbles
were observed in the micrographs. The bubble size distribution was determined
by manually measuring the diameters of the bubble images on the micrographs,
but because of the high bubble density some bubbles might have been hidden by
larger bubbles and therefore not counted, and some bubble images, partly overlap-
ping, may have been seen as one, bigger, image. In the present work we estimate
the corrections to the observed size distributions made necessary by these effects.
Our approach is different from that of Hilliard [4]. He treated images of solid par-
ticles and therefore allowed observation of particles cut by the foil surfaces, while
we assume that bubbles cut by the foil surfaces (during specimen preparation)
disappear because the gas in the bubble is released. More importantly, we calcu-
late the corrections by considering the population of bubbles in three dimensions
(in contrast to the treatment of two dimensional images in [4]), and we include
the effect that overlapping bubbles may look as one, bigger, bubble. Because of
the differences in approach we avoid a number of the approximations made in [4].

In mathematical terms the reconstruction of the 3D bubble size distribution is
an ill-posed inverse problem. For such problems an efficient and reliable solution
method is offered by Tikhonov regularization [10, 11, 12, 13]. We shall describe
the use of this method, which is different from the solution method applied in [4].

In the following chapter we calculate the various contributions to the corrections,
while in Chapter 3 we discuss the solution of the resulting integral equation.
Chapter 4 contains a Monte Carlo validation of the reconstruction procedure, by
which simulated TEM data are generated and subsequently analysed. Then follows
a brief discussion of the correction method and a few concluding remarks in the
last chapter.
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2 Reconstruction of 3D bubble size
distributions

In the present chapter we shall calculate corrections to the "apparent" bubble size
distribution that is recorded by counting and sizing the projected bubble images
from a small TEM foil volume. This distribution may deviate from the "true"
3D size distribution in the foil. The latter, in turn, is taken to represent the size
distribution in the larger bulk sample from which the foil was cut. This, of course,
introduces a statistical uncertainty. Additional uncertainty comes from counting
the bubbles and classifying them into size "bins". Ignoring these effects, we assume
that the difference between the true and the apparent distributions is due to the
following phenomena:

1. When foils are prepared from thick specimens for a TEM investigation, the
bubbles in the foil that are cut by the foil surfaces will disappear or must
be discarded from the counting procedure because they are etched out to a
larger size and are facetted. Thus bubbles of radius r will never have their
centres closer to the surfaces than a distance r.

2. If the image of a smaller bubble lies within the image of a bigger bubble, the
small one will not be observed as a separate bubble.

3. If the images of two bubbles intersect, the combined image may be observed
as the image of only one bubble, but with a size bigger than the bigger of the
two bubbles.

In order to obtain the true size distribution, the observed distribution should
be corrected for the above effects. The two latter points in part are due to the
fact that bubbles are imaged under mass-thickness contrast i.e. they appear as
white circles on a grey background. Necessary underfocussing removes grey level
differences between bubbles. In this chapter we develop the equation that relates
the apparent and the true size distribution by taking the corrections into account,
and in Chapter 3 we discuss its solution.

2.1 Reconstruction formulae
We introduce a reference foil of volume VQ = t x A, where t is the foil thickness
and A is the area of the part of the micrograph used for counting and sizing of the
bubble images. The shape of this viewing area is unimportant; it may be square,
circular, or irregular.

Our model for the bubbles is of the hard-sphere type. The bubbles are randomly
and uniformly distributed in the bulk sample under the restriction that they are
separated from each other. Otherwise no correlation is assumed between the sizes
of the bubbles and the distance between their centres.

To ease the mathematical treatment we assume that the foil contains so many
bubbles that it makes sense to introduce smooth distribution functions for their
sizes. Thus we postulate a true size distribution N(r), where N(r)dr \s the true
number of bubbles with radii between r and r + dr1 in the reference volume VQ,
and similarly an apparent size distribution 7Vapp(r).

To compute N(r) from Wapp(r) we introduce their difference f ( r ; N ) :

. (1)

'When referring to probabilities or number distributions like N(r) we shall also use the
simpler, though less accurate phrase that 'W(r) is the number of bubbles with radius r".
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This "correction term" accounts for the effects mentioned above. It depends on
the true distribution N = N (r) and can conveniently be expressed as a sum of
four contributions:

f(r, N) = /a(r; N) + fb(r; N) + /c(r; TV) + /d(r; N), (2)

each of which will presently be derived. First, though, let us, with reference to
Fig. 1, give the terms "hiding", "separation" and "overlap" precise meanings for
a given pair of bubbles. In the projected image shown, if the image of a smaller
bubble falls entirely inside the image of a bigger bubble, the small bubble is said
to be hidden by the big one (Fig. l(a)). If the images of the two bubbles intersect,
practical experience requires the following distinction to be made: If the centre of
the small bubble image falls inside the circumference of the image of the big bubble
the two bubbles cannot be discerned and we say that the bubble images overlap
(Fig. l(b)). Otherwise we say that they are separated (Fig. l(c)). Note that with
this definition bubble images may be separated even when they intersect. With a
common name, hiding and overlap are called screening of the smaller bubble.

Figure 1. Projected images of a big and a small bubble. The small bubble may be
hidden by the big one (a), or the two images may intersect ((b) and (c)). In (b)
the centre of the small bubble falls inside, and in (c) outside, the image of the big
one, and we speak of overlap and separation, respectively. In cases (a) and (b) we
assume that only one bubble will be observed (screening), while in (c) two bubbles
can be discerned.

When deriving the first three corrections, we consider the true number of bub-
bles with radius r and estimate how this number will change because of (a) the
presence of the surface, (b) the screening of the bubbles of size r by bigger ones
and (c) the apparent increase of size because of overlap with bubbles smaller than
r. Moreover we must consider (d) the apparent presence of additional bubbles
with radius r due to overlap of two bubbles with radii smaller than r. The three
first effects will decrease the number of observed bubbles with a given radius and
the last effect increase this number. Note that (c) and (d) are due to the same
physico-geometric phenomenon.

(a) Surface effect. As mentioned above, bubbles with radius r can only exist if
their centres are at distances larger than r from the foil surfaces. Thus the effective
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thickness of the foil is reduced from the total thickness t to t — Ir, and so:

We observe that we must always have

r <

(3)

(4)

(b) Screening effect. If a bubble of radius r is present in the foil, it may pre-
vent a nearby smaller bubble of radius s from being observed because of screening
(Fig. 1 (a) or (b)). Screening of the small bubble will take place only if in the
sample it has its centre located inside a certain volume defined by the bigger bub-
ble. This is sketched in Fig. 2 which shows a cross section through the TEM foil
(as seen from the edge). The foil contains a bubble of radius r. If viewed from
above, the bubble defines a cylindrical volume in the foil with the axis through
the bubble centre and perpendicular to the surface of the foil. If a smaller bubble
of radius s has its center located inside this volume, then screening takes place
and the two bubble images are seen as one. Inside the cylinder, the centre of the
small bubble must be separated from the surfaces of the big bubble and the foil
by at least the distance s. Therefore a small bubble of radius s, which is screened
by the big one, must have its centre located in the hatched region.

TEM viewing direction

t

Figure 2. Sketch of a cross section through a TEM foil of thickness t containing
a bubble of radius r (as seen from the edge of the foil). If viewed from above, as
in TEM, the bubble defines a cylinder in the foil with the axis perpendicular to
the foil surface. As explained in the text, screening of a smaller bubble with radius
s takes place, if the small bubble has its centre located in the hatched part of the
cylinder.

By averaging the hatched volume in Fig. 2 over the possible vertical positions of
the big bubble in the foil, we obtain the so-called screening volume V(r,s). This
can be written as an integral over cylindrical sheets:

V(r,s)= frW(p)dp. (5)
Jo

The integrand W, which we call the screening function, is important both for
evaluating the screening volume and for computing overlap effects. Expressions
for W(p) and V(r, s) are derived in Section 2.2.
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For a given bubble with radius r', the probability that this bubble screens a
smaller bubble with radius r is N(r) x V(r',r)/Vo, where VQ as defined above is
the volume of the foil. The total number of bubbles with radius r that are screened
by bigger bubbles is then

/b(r; N) = N(r')V(r\ r) dr'. (6)

Some of these bubbles will not be observed at all because they are hidden by
bigger bubbles; others will overlap and are therefore not seen as having the size r
(see next).

Overlap effects. As mentioned earlier, the overlap mechanism gives rise both
to a loss of observed bubbles of size r and to a gain of such bubbles, viz. (c) and
(d):

(c) Overlap Loss. If a bubble image of radius r intersects another image with
radius s < r, tne apparent image may be that of only one bubble, but with a
radius larger than r (Fig. l(b)). If the distance between the centres of the images
is p (Fig. 3), we make the aforementioned assumption that for p > r two bubble
images can be discerned, while for p < r the images cannot be separated, but will
be seen as a single bubble with an apparent diameter of 2R. We estimate this as
the average of the longest and shortest caliber:

or R= f r+ \p+ \s,

which is equivalent to

Since p < r we have
r < R< r+ ±s

(7)

(8)

(9)

Figure 3. Images of two overlapping bubbles. The centre distance is p.

The number of bubble images with apparent radius between R and R+dRrcmsi
be proportional to W(p)dp, where W is the screening function. From (8) we see

2 We use strict inequalities throughout to ease notation, even in places where < would be
feasible.
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that dp = 4dR for fixed r and s, and hence the total number of bubbles with true
size r that appear bigger than r is:

t-2r f j""**' l

* Js=0 JR=.r Vo

(d) Overlap Gain. Similarly, bubbles (s) smaller than r may overlap with
even smaller bubbles (s') and therefore appear to have a radius r. From (9) we.
get:

s < r < s + \s' or 0 < 4(r - s) < s' < s, (11)

and hence
f r < s < r. (12)

The total number of images with apparent radius r arising from all smaller bubbles
in the relevant size ranges (11), (12) is

f t-2s / ra , , i A
J ir t W4(r-j) Vo /

Finally, we have:
f d ( r - N ) = ~n. (14)

We may notice the following balance equation for the effects (c) and (d):

I" F(r;N)dr=- [* f d ( r ; N ) d r . (15)
Jo Jo

This identity follows easily by counting all overlapping bubble pairs either by the
smaller radius, or by the augmented radius, respectively.

If we insert (3), (6), (10) and (14) into (1), we then arrive at the following
equation, whose solution is discussed in Chapter 3:

= N(r) - N(r)^ ~ N(r) j* JV(r')* ~*' V(y^ dr'

t - Ir f / rr+$a N
-JTT- #(*)( I W(4R-3r-s)dR)ds

IVQ JQ \Jr /

+ 7T / N(s)t—~r^( f W(4r-3s-s')N(s')ds')ds. (16)
"O Jir * VJ4(r-s) '

In practice, the recorded apparent size distribution is not smooth, but consists
of the observed number of bubbles with radii within discrete intervals of r. In
Chapter 3 we discuss the necessary discretization of eq. (16).

When estimating the corrections we have only foreseen the occurrence of pair-
wise overlaps. This implies a first-order correction model for the bubbles and
second-order non-linearities in the equations. For samples with extremely high
bubble densities multiple overlapping may jeopardize the validity of the model.

2.2 Screening volume and screening function
We shall now discuss the computation of the previously defined screening volume
and screening function; due to its rather technical nature the reader may wish to
skip through the section.

Recall from Section 2.1 the definition of the screening volume V(r,s) for a
bubble of radius r with respect to bubbles of smaller radius s. This volume, which
was obtained by averaging the hatched volume in Fig. 2 over vertical positions
of the big bubble, determines the probability that a bubble (s) is screened by a
bigger bubble (r). To compute V(r,s) we use its integral representation (5) in
terms of the screening function W(p). Here p is the radius of a cylindrical sheet
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Figure J. Sketch of a bubble in a foil (a) and its projection (b) that illustrates the
calculation of the screening function.

(see Fig. 4) 3. Our first task will be to evaluate W(p); like V(r,s) it is expressed
as an average over vertical bubble positions as indicated in Fig. 4. In fact we have

rt-r

where the "effective height" h = h(z;r,s,p) of the cylindrical sheet depends on
the distance z from the upper surface to the bubble centre, as well as on r, s and
p. We split A into contributions from the regions above and below the bubble,
respectively,

h = /IA + /IB (18)

and introduce the distance

r =(( r + s)2 -/>*)*. (19)

Then we get
/IA = max(z -s-r,0) (20)

and
/IB = max(t - z - s - T, 0). (21)

For symmetry reasons we need only consider /IA, hence (17) can be written

W(p) = ̂  f T max(z - a - r, 0) dz. (22)

By conferring the "onset point" s + r of the integrand with the integration limits
r and t — r we see that the expression for W(p) splits into three parts:

0, />* < i(2r + 2s - 1) (i)

ft-r-5-r)2^ i(2r + 2 s - 0 < / > 2 < 4 r 5 (ii) (23)

p2 > 4rs (iii).
t — 2r

t -Is- IT,

Having computed the screening function W(p) we are now in a position to
evaluate the screening volume V(r,s) as the integral (5). It turns out that the
resulting expression depends on the internal ordering of the limits

a = t(2r + 2s-t), 6 = 0, c = 4rs, d = r2, (24)
3 p is also the distance between the centres of the two bubbles
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for the variable p2. These limits satisfy a < c, 6 < c and 6 < d, which leaves us
with five cases to be considered. We introduce the indefinite integrals

f(t-r~s-r)'2pdp=- / (Z-r-s-r)2Tdr=$(r) , (25)

f ( t -Is- 2r)pdp = - f (t - 2s - 2r)r dr = *(r), (26)

and the abbreviation
=cr. (27)

Corresponding to the ordering a < 6 < c < t f w e write V(r, s) = Vabcdfo s), and
similarly for the other possible orderings. Observing that p = \/t(2r + 2s — t), 0,
2-y/fs and r correspond io r = t — r — s, r + s,r — s and a, respectively, we derive
the following formulae:

- s) - *(r + *))/(* -2r) + *(<r)-*(r- a)), (28)

2r), (29)

*) = 2jr(*(<r) -$(i-r -«))/(* -2r), (31)

Vbdac(r,s) = 0. (32)

By carrying out the integrations in (25) and (26) we get

= J ((8r4 + 36r3s - 10r3f + 24rV - 18r's< + 3r2i2

o V

+24rs3 - 12rs2i + 8s4 - 4s3i)/(< - 2r) + 4<r3 , (33)

Vabdc(r,s) =

-24rs2i + 8s4 - 8s3i + 8(t-r- s)<T3) /(t - 2r), (34)

Vbacd(r,s) = |(((-2s)(2r2-12rs-2rt-4s2-2si4-t2) + 8(r3), (35)

Vbadc(r, s) = | (r4 - 8r3s - 4r3t - 36rV + 12r2sf 4- 6r2i2 - 32rs3 + 24rs2<

-4ri3 - 8s4 + 8s3i - 4s«3 + <4 + 8(i - r - s)cr3) /(t - 2r). (36)

We see from equation (16) that we shall also need to compute the integral of
V(4R— 3r — s) dR from R = r to R = r+ ^s. Introducing p as integration variable

the substitution (8), we are led to consider the function

f'
Jr

W(p)dp, (37)

vhich is just an "incomplete" version of the integral (5) for V^r.s), and which is
:omputed likewise. Again we consider four limits a, 6, c and d, where now

o = i(2r + 2s-t), 6=(r -s ) 2 , c = 4rs, d = r2. (38)

only 6 differs from (24)). We have here only the restrictions a < c and 6 < d,
which leaves us with six separate cases. Below, these cases are listed, together with
the required branches of (23):

1. abed : t(2r + 2s - t) < (r - s)2 < 4rs < r2 (ii, iii)

2. abdc : f(2r + 2s - t) < (r - s)2 < r2 < 4rs (ii)

3. acbd : <(2r + 2s - t) < 4rs < (r - s)2 < r2 (iii)
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4. bacd: (r - s)2 < t(2r -f 2s - 1) < 4rs < r2 (i.ii.iii)

5. bade: (r - s)2 «(2r + 2s -t) < r2 < 4rs (i,ii)

6. bdac: (r -s)2 < r2 <t(2r + 2s -t) < 4rs (i). (39)

We can still use the functions $(r) and $(r) in (25) - (26); we note that p = r-s
corresponds to r = 2-y/rs. Then we find the following six expressions for u(r, s):

•-«))) . (40)

(41)

(42)
\ /

«badc(r, s) = — ($(o~) - $(< - r - s)], (44)

Ubdac(r,s) = O, (45)

which by carrying out the integrations yield

«abcd(r, s) = -r-TT- ( - r4 + 28r3s -f 42r2s2 - 24r2s< + 4rs3 - 12rs2< + 12rs/2

-s4 + 12s3i - 6s2<2 + 8(1 - 2r)a3 + 64(r + s - ^rsv'fs^, (46)

«abdc(r, s) = -^rr (3s(2r - s)(2r2 + lOrs - 4r< + 3s2 - 4st + 2<2)

+8(t-r-s){<T3-8rs^}}, (47)

(48)

r,s) = 7 r ~ r ( ( < - 25)(2r2 - 12r5 - 2r< - 4s2 - 1st + f2) + 8a3)(49)
01 VQ

r, s) = ^4r f r< - 8r3s - 4r3f - 36rV + 12r2si + 6r2i2 - 32rs3

m VQ \

+24rs2i - 4ri3 - 8s4 + 8s3t - 4si3 + i4 + 8(i - r - s)cr3) (50)

«bdac(r(s) = 0. (51)

Extensive use of CAS (= Computer Algebra Systems), in particular REDUCE
[14] and Maple [15], was made for the derivation and checking of the formulae in
this section.
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3 Solution of integral equation

We shall now discuss the solution of the integral equation (16). To simplify its
appearance we introduce u(r, s) as in (37) and replace V(r, s) and W(4R — 3r — s)
by the transformed functions

"(r,S)=^^ (52)

and

w(R, r, s) = ~ W(W - 3r - 5). (53)
i/o

Then we get:

v(r',r)N(r')dr'

- N(r) l* u(r,s)N(s)ds + f N(s)( f w(r,s, s')N(s') ds'} ds. (54)
JO J if V-/4(r-j) '

For brevity we shall call (54) the EEC equation (for "Electron-microscopy Bubble
Correction"). Its range of validity is confined to r 6 (0,|t). In the limit r — > \t
only the double integral remains on the right-hand side, and this contains virtu-
ally no information about N(^t). In this way the equation becomes increasingly
undetermined for large r, and of course the model is unable to predict anything
about bubble sizes larger than \t.

In order to correlate (54) with TEM observations for a given foil, suppose we
have recordings of counts N°bs(i = 1,. . . ,nj) in nt, equidistant "bins" . Bin number
i contains bubbles with radii in the range from (i + c— ̂ )A to (i + e+ |)A where
A is the common width of the bins and e is an offset parameter. Thus (i + e)A
is the midpoint of the bin. Then, for a perfect model without statistical counting
noise we should expect that

,+<+

/ 7VaPP(r)dr = A^?bs (i = 1, . . . , nt). (55)
J(i-H-i)£

3.1 Simple bin discretization
We want to assess the true distribution N(r) from (54) and (55). This is in general
an ill-posed problem and must be solved accordingly. One possibility is to work
with a discrete representation of (54) directly related to the bins:

i - 9r t'~1 * Nmwikm,

(56)
where r,- = (i -f e)A, vki = u(rjt,r;), uik = u(ri,rk) and Wikm = w(ri,rk,rm).
Writing z,- = JV< we see that (56) is an instance of the general quadratic equation
system

n n n

jkXiXj = 0 (fc = 1, . . . , m; cijk = Cj,-fc), (57)

where in the present case m = n = nj, and the constant term Ojt is equal to
_^obs -pjie acjvan^age of the representation (56) is that it leads to fast computer
programs, as the number of bins often is quite small. If no constraints are imposed
it may be possible to solve the equations exactly, as the number of unknowns equals
the number of equations.

14 Risø-R-789(EN)



3.2 Discretization of the continuous model
The impact of the discretization error and also the question about retaining or
omitting terms at summation bounds might render the approximation (56) too
coarse in some cases and introduce "ringing"'. For this reason we have developed
a numerical method based on replacing the integrals by finite sums in the orig-
inal continuous formulations (54) and (55), according to the trapezoidal rule for
numerical integration. In this approach we use an integration step length h that
corresponds to a subdivision of the bin width:

*=£• (58)
For practical reasons the number of subintervals kt is taken to be an even number;
experience shows that already fcj = 2 gives a reasonable accuracy. Then we arrive
at the following discrete counterpart to (54):

i i=t i|=0

H-.M, E h6itNi,w(ih,iMh), (59)
«i=«o+l i'a=4(i-i'i)

Here index i runs from 0 to a certain upper limit ima'x, which is also the bound
for the first sum. Moreover d = i/ h and z'o = \_\i\- The "quadrature weights" or,-,
A i 7ii <5> are 1 at the inner points and | at the end points. The only exception
is for z'i = io + 1 where it can be shown that the appropriate weight is 7,-0+i =
1 — 4(|z - z'o). Summations in (59) with common lower and upper bounds are
usually zero.

Strictly speaking, the upper index bound ought to be tmax w \d, as this cor-
responds to rmax = |i. However, it saves computer time to let imax match the
right-hand end of the last bin, i.e. to take

tm« = (n6 + e+i) f c »- (60)

But then we must ensure that N(r) will become negligible beyond the last bin;
this can always be achieved by adding empty observation bins to the right, if
necessary.

Similarly, the summation counterpart of (55) is

( £ = l , . . . , n t ) , (61)
< = (/ + £- I)t6

with the natural definition of the quadrature weights /z,-. Restricting 2t to be
integral and remembering that kt, is even, we see that imax in (60) as well as
the summation bounds in (61) are indeed integers. If we combine (59) and (61)
we again arrive at a quadratic equation system of the form (57). The number
of equations is still the same as the number of bins, i.e. m = nj. But now the
total number of variables z,- = 7v*,-_i is n = imax + 1. As fcj > 2 the system
has more unknowns than equations. To cope with this situation we resort to the
regularization method.

3.3 The regularization method
It is a general experience with ill-posed problems that their numerical solutions
often contain a good deal of spurious oscillations. These oscillations, which are also
observed in the solution of the EEC equation, arise as a consequence of statistical
data noise, from an imperfect underlying model, from discretization errors, or
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from a combination of these effects. Regularization — or more specifically Tikhonov
regularization, named after one of the pioneers of the field [10] — is a tool for solving
underdetermined inverse problems in a way that dampens these oscillations. When
using the regularization method on equations like (57) the idea is to minimize a
combined functional of the following type:

*(*i,...,*n) = S+Ar. (62)

Here the first term S is the weighted sum of squared residuals (SSR),

S = 5>t»i (63)
fc=i

where the residual r k in the present context is the left-hand side of (57); the weights
u>k attached to the residuals are positive numbers that in some way reflect the
uncertainties of the observations JV£bs. The form of the so-called regularization
term T should be chosen such that it becomes large when the solution displays
great irregularities. For example we may take

*j)a. (64)

which measures the total oscillation and also, apart from a constant, the squared
length of the fitted curve drawn as a piecewise linear function. This is called first-
order regularization. We see that T is zero when the solution is constant. More
generally we may consider pth-order regularization given by

(65)

where Ap denotes the pth difference operator whose explicit expression is

(66)
i=0

Regularizations of orders 0, 1, 2, 3, ...favour solutions that are zero, constant,
linear, parabolic etc., giving T = 0 in the respective cases. In this work we shall
adopt the general form (65) with a modification,

T = £V*;)2 + *? + *£, (67)
j=i

because we require the solution to vanish at both ends of the bubble size spectrum.
In our experience, p = 1 and p = 2 are good choices for the regularization order.
Higher values may induce numerical instabilities. See also [16, 17].

3.4 Least-squares solution
To carry out the minimization of (62) we use the MINPACK-1 routine LMDER1
[18]. This code requires the objective function to be written as a sum of squares,

(68)

By conferring with (62), (63), (66) and (67) we see that we have

m = nk + n - p + 2, (69)
1̂

»1,2., 1 X* f. X" ft ^Vfl^
fc K ) — — "' V /

/n»+,- = A*y;(-l)P-Ma<+., l < * ' < n - P , (71)
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/m_i = A*xi (72)

and
f _ \5~ . /7o^
Jm — * xn- V'"/

Moreover LMDER1 needs the Jacobian { d f k / d x j } . We find from (57)

r)f i "
gi = u,*(6jfc + 2^cytxO, l < fc < n», (74)

^±i = A^ £(-irJ Q«.+.J, l < i < » -P- (75)
•7 5=0 ^ '

~^~— = A5^l; (76)

and

%r- = AUu-, (77)

where 5y is the Kronecker delta.
When tracing the regularization curve (Section 3.6) by parametric variation of

A, the result from the previous A value can provide a starting point (x\,..., xn)
for the present minimization. If we need an ab initio guess we would use x,- =
N{ — N°bs in the simple model (56); in the subdivision model (59) - (61) such
a guess can also be made, only it requires a piecewise linear interpolation of the
observations N°bs.

3.5 Positivity constraints
It is a problem that in some cases some of the results Xj come out with negative
values which correspond to an non-physical situation. When solving the EEC
equation, we should therefore add the constraints .

*,->0, j = l , . . . ,n. (78)

Positivity constraints work well together with regularization. However, such con-
straints are not envisaged in the MINPACK-1 solver LMDER1 [18], which is an
unconstrained non-linear iterative minimizer of the Levenberg-Marquardt type
[19, 20, 21]. To remedy this difficulty we use post-processing when the Levenberg-
Marquardt solver has finished: In a final pass we use a modified iterative Gauss-
Newton technique (see e.g. [12]), where we, at each iteration, solve a quadratic
programming (QP) problem incorporating the constraints (78). There are sev-
eral ways of solving such a QP. Lawson and Hanson [22] have devised a special
algorithm for the linear least-squares problem with positivity constraints. We pre-
ferred to formulate the QP as a linear complementarity problem and solve it with
Lemke's algorithm (see e.g. [23] Ch.ll). To see how the QP arises, consider the
general constrained non-linear least-squares problem

m i
min{$ = £ /,-(x)2 = ||f(x)||2 : x 6 IR", x > OJ (79)

t=i
Suppose at the current iteration we have an approximate solution x K a. By
expanding f(x) from x = a through first-order terms we get the following linear
approximation:

f(x) = f(a) + (x-a)TVf(a), (80)

or in scalar form

/ i (* l , . . . , *n) = /<(«! O-O + lCl^fø-^), (81)

;=1 °Xi
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where the Jacobian {dfi/dxj} should be evaluated at x = a. When (80) is inserted
in (79) we get

* = DS |£tø-°*)1=1 j=i }

Writing

and

- - - a„ ) (84)

we get

-rf02. (85)

Here c,-j and di depend on a but not on x. Introducing the Jacobian matrix
C = {cjj} = {dfi/dxj} and the vector d = {d,-} we notice that

$ = ||Cx - d||2 = (Cx - d)T(Cx - d) = xTCTCx - 2dTCx + dTd, (86)

and to minimize (86) under the constraint x > 0 (the vector equivalent of (78))
is the QP in question. As is well-known (see e.g. [23] p. 447-448), the Kuhn-
Tucker condition for this QP can be expressed in terms of the following linear
complementarity problem, in which the "slack vector" y has the same dimension
as x: Find a solution of

y - CTCx = -CTd (87)

subject to
x , y > 0 and x - y = 0. (88)

We solve (87) - (88) by Lemke's simplex-like algorithm based on the principle of
complementary slacks ([23] p. 438-447), starting from (x,y) = (0,0).

One may wonder why we use a combined minimization method with Levenberg-
Marquardt followed by iterative Gauss-Newton QP and not the latter method
alone. The reason is that we have observed that the procedure otherwise diverges
due to the strong non-linearities. The robustness of the Levenberg-Marquardt
method is needed in the initial phase to come close to the solution before we
invoke the QP method.

3.6 Choice of regularization parameter
Let us consider the issue of selecting a good regularization parameter A in (62).
There are many different ways of doing this. Some methods are related to recording
the so-called regularization curves. An example is given in Fig. 5.

The diagram is a double-logarithmic plot of the two terms S and T in (62)
as functions of A. The curves were produced by selecting a set of logarithmically
equidistant A values in an interval, say [10~6,10+4], and running a positively
constrained least-squares fit for each mesh value of A as described in the previous
sections.

The best stability of the non-linear least-squares computations is obtained by
starting the evaluation of the regularization curve from the high end of the A in-
terval, where the problem is best conditioned and then use path-following towards
the lower A values. This reduces the risk of getting stuck in false minima.

In the present example the residual S approaches a finite value as A — > 0.
This behaviour is caused by the positivity constraint; it is likely that without this
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Figure 5. Rcgularization curves for data obtained for Cu containing Kr bubbles, an-
nealed at 275°C ("CuKr275"). These curves were produced by the Fortran program
EDCSOLVE using second-order regularization and two subintervals per half-bin.

constraint 5 would tend to zero, i.e. log 5 —> —oo. In the other extreme of large
A values the residual S asymptotically approaches a constant value from below,
and the regularization term T tends to zero (logT —* -oo), reflecting the fact
that when A —* oo the fitted curve approaches the constant y = 0. It is from
the intermediate range of the diagram that we should select A. The precise choice
will inevitably be a subjective one: A must be large enough to dampen unwanted
fluctuations, but not so large as to suppress important features of the fitted curve.

Some of the possible choices are related to the shape of the residual curve S. For
example, we may use the "point of inflexion" A = AI on the S"-curve. When A has
reached this point, the curve for T will normally show a slight decrease. Another
choice is the value A = AZ € (Ai , oo) for which the curvature is maximum in the log-
log plot of 5. Computer searches for AI and AZ could be made by the usual formulae
for curvature and derivative approximations. Note however that such automatic
searches might fail when the regularization curves are not smooth; sometimes this
indeed happens due to the sudden exchange of active positivity constraints as A
varies. Numerical experiments suggest that A = Aj gives undersmoothing for our
application, while A = A2 seems to be quite appropriate. In the example of Fig. 5
we find AI w 5 x 10~4 and A2 w 7 x 10~3.

For certain models it is better to exploit the shape of the T curve; Glatter
[24] takes the point of inflexion on this curve as the optimal A when analysing
small-angle scattering data. Another possibility is to take advantage of S and T
simultaneously. On using e.g. the intersection point S = T in Fig. 5 we would get
A = A3 & 0.4. Hansen [25] advocates the use of an alternative regularization curve,
the so-called L-curve, which is the graph (\/S(X), yT(A)), A 6 [0,oo). The idea
is to let the optimal A be the one with the maximum curvature on the L-curve.
We have tried this method on the same data as for Fig. 5; the resulting L-curve in
Fig. 6 gave the very high value A = A4 w 3. The drawback of these methods is that
the quantities 5 and T are not directly comparable, as (63) and (64) show. Their
ratio is also sensitive to the choice of the weights Wk in (63) (cf. Section 3.7). Not
all the regularization curves follow the pattern of Fig. 5. We have seen examples
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Figure 6. Another type of regularization curve, the so-called L-curve, for CuKr275.
Its usage was suggested by P. Chr. Hansen 125].

of curves of much more irregular shape. It is not uncommon to see regularization
curves that look so odd that the determination of key values such as Aj or A2 is
virtually impossible, if not meaningless. Hence we should be looking also for other
means of selecting A.

Some methods try to assess an a priori value for S. Such a value could be pro-
vided by a chi-square fit from the data sample, if the scaling factor for variances
is known (see e.g. [12, 26]). This is related to the "discrepancy principle" of Moro-
zov [27, 28, 29], who recommended letting S be equal to some chi-square derived
rom the given data errors. The discrepancy principle is said to have a tendency

of over-smoothing [26, 29].
Yet another way is to use the so-called self-consistent (SC) method of J. Weese

30, 31]; the idea of Weese is to minimize the variance of the computed distribution.
e have not pursued this approach for the EBG model.
We could also make a more subjective or ad hoc decision based on our particular

model, e.g. by taking A large enough to smooth out most ripples to the right of
the main peak, but not so large as to cause substantial erasing of this peak. It
might furthermore be appropriate to supplement the regularization curves with a
curve showing the relative bubble cavity volume as a function of A. Such a curve
s shown in Fig. 7. Indeed, the experience from our work with simulated bubble
size distributions, which will be described in Chapter 4, suggests that the cavity
curve is a useful indicator for choosing A. We have observed that good results are
obtained by picking a value on that part of the "plateau" where a slight decline
las begun.

In conclusion, it is very hard to come up with a rule of thumb for selecting good
regularization parameters. One reason is the lack of firm experimental evidence
that could reveal the true solutions for us. We shall consider this matter further
when discussing the Monte Carlo simulations in Chapter 4.

3.7 Weighting
As previously mentioned we have the possibility of weighting the observations

differently through the weight coefficients entering the SSR (63).
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Figure 7. Cavity curve for CuKr275. This curve was obtained as a by-product in
production of the regularization curves in Fig. 5 and is a useful tool for choosing
the "best" regularizaiion parameter A.

A natural choice would be to let Wk = l/N%bs, which could be called statistical
weighting. It complies with an assumed uncertainty of N%bs derived from Poisson
statistics with a finite number of bubbles counted. The trouble is, however, that
the counts N%bs may be very low for the largest bins k, or even zero. This would
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Figure 8. TEM bubble size distribution for CuKr275. This distribution was com-
puted by the Fortran program EBCSOLVE. The same parameters were used as for
the regularization curves in Fig. 5.

give extra undulations in the right tail of the computed distribution. One possible
modification of statistical weighting is to use Wk = l/^|mooth, where jv"|mooth is
an estimate of Nk based on some postulated analytical distribution. We did not
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find it worthwhile to explore this possibility. Instead we adopted the much cruder
modification

wk oc I/max(JV£bs, Nfioor), (89)

where ATfloor is a suitable lower bound for acceptable bin counts, say 10. If no
bin count exceeds NRa°f, the effect is uniform weighting. We normalize Wk to a
geometric mean of 1, in order to reduce the variability of the optimal A for different
problem types.

In previous model versions we used a power form for the weights,

i w f c o c l / f c « , (90)

where the exponent q could assume positive or negative values (or 0 for uniform
weighting). \Ve abandoned (90) because it would undersample either the large
or the small bubbles for q ^ 0. In fact, power weighting is incompatible with
statistical weighting for typical bubble size distributions.

3.8 Computer program and sample results
Based on the described theory we have written a Fortran program EBCSOLVE.
It can tabulate and plot entire regularization curves. It can also compute and plot
the least-squares solution of the EBC equation for a fixed A. Positivity constraints
are included, and any regularization order from 0 to 5 can be selected. Fig. 8 shows
an example of the solution curve (drawn as piecewise linear).

The plots of the output tables from EBCSOLVE are made by the public-domain
program GNUPLOT [32], which is in widespread use on many different computers.

Apart from the solution itself, EBCSOLVE will tabulate each of the four cor-
rection terms (a) - (d) defined in Section 2.1. It also prints the resulting values
of S and T, and the estimated cavity volume. Moreover it prints check values for
the two integrals in the balance equation (15), and it gives the moments of the
computed bubble size distribution of orders 0 through 3.

A sample print-out corresponding to the "CuKr275" data set is shown below:

* CuKr275
»LAMBDA = 3.000E-03
»PRELIHIDARY AHD FIHAL TOTAL SSQ: 8.9746621E+01 9.1S8S809E+01
»RESIDUAL AHD REGULARIZATIOH CHI-SQUARE 3.S487816E+01 l.8699331E+04
fRELATIVE CAVITY VOLUME = 0.064865
*
»MOMEHTS OF COMPUTED BUBBLE SIZE DISTRIBUTION
« ORDER KQHEHT

0 6.7072084E+03
1 5.2883729E+03
2 4.7657070E+03
3 4.8933701E+03

»OVERLAP IHTEGRALS FOR C AHD D EFFECTS: 4.0155272E+01 -3.8811669E+01
*
»TABLE OF SOLUTIOH WITH CORRECTION

SIZE
0.0000
0.0500
0.1000
0.1500
0.2000
0.2500
0.3000
0.3500
0.4000
0.4500
O.SOOO
O.SSOO
0.6000
0.6500

SOLUTIOH
0.0000
0.0000
0.0000
1 .0629
4.8465
10.5720
16.9009
23.7927
32.4534
45.2883
63.8695
86.9170
110.2870
127.0458

A
0.0000
0.0000
0.0000
0.0319
0.1939
0.5286
1.0141
1.6655
2 . 5963
4.0759
6.3870
9.5609
13.2344
16.5160

B
0.0000
0.0000
0.0000
0.3175
1.4062
2.0793
4.6224
6.3071
8.3208
11.1931
15.1296
19.5426
23.1842
24.4558

C
0.0000
0.0000
0.0000
0.0000
0.0003
0.0029
0.0144
0.0478
0.1317
0.3403
0.8429
1.9302
3.9271
6,8477

D
0.0000
0.0000
0.0000
0.0000
0.0000
-0.0003
-0.0033
-0.0147
-0.0449
-0.1152
-0.2756
-0.6430
-1.3784
-2.6668
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0.7000 131.2616 18.3766
0.7500 121.6853 18.2528
O.BOOO 101.4930 16.2389
0.8500 77.8107 13.2278
0.9000 57.6581 10.3785

A

_

13
u*
o
c.

"e
3
Oo

0.9SOO 44.3863
l.OOOC 38.0681
1.0500 35.9481
1.1000 34.7402
1.1500 32.5512
1.2000 28.7051
1.2500 23.5541
1.3000 17.9092
1.3500 12.5460
1.4000 8.1316
1.4500 5.1577
l.SOOO 3.8098
1.5500 3.9015
1.6000 4.9463
1.6500 6.2451
1.7000 7.1259
1.7500 7.1567
1.8000 6.1938
1.8500 4.4044
1.9000 2.3232
1.9500 0.6929
2.0000 0.0000
2.0500 0.0000
2.1000 0.0000
2.1500 0.0000
2.2000 0.0000
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3.5731
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2.1710
1.7846
1.3897
0.9932
0.6468
0.3863
0.2134
0.1115
0.0590
0.0375
0.0336
0.0367
0.0383
0.0336
0.0236
0.0125
0.0045
0.0009
0.0001
0.0000
0.0000
0.0000
0.0000
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1

10.0453 -4.5639
12.3982 -6.8103
12.9733 -9.0572
11.8627 -10.6032
10.0817 -11.0338
8.6600 -10.4393
8.1433 -9.3641
8.3405 -8.5067
S. 6761 -3.0951
8.6904 -8.0803
8.1331 -8.1758
7.0281 -8.0719
5.5843 -7.5628
4.0587 -6.6595
2.7121 -5.4838
1.7644 -4.2241
1.3317 -3.0822
1.3895 -2.2314
1.7915 -1.7646
2.2967 -1.6776
2.6570 -1.8672
2.7006 -2.1644
2.3604 -2.3861
1.6912 -2.3916
0.8967 -2.1244
0.2682 -1.6358
0.0000 -1.0685
0.0000 -0.5841
0.0000 -0.2680
0.0000 -0.1066
0.0000 -0.0402

this table is shown in Fig. 9.
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Figure 9. Plot of the four individual correction terms for the CuKrS75 example,
<zs computed by EBCSOLVE.
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4 Monte Carlo simulations

In view of the subjective character of the EEC rules for reconstruction of 3D bubble
size distributions in bulk samples (and the possibility of errors in the model and
the programming) we found it important to carry out an independent check of the
EEC equation and the EBCSOLVE program on computer-simulated data.

4.1 Simulation tools
Already at an early stage of the EEC project, where we worked with the simple bin
discretization model (56), we wrote two simulation programs. One program took
as input an asserted theoretical distribution {N{}, and by using (56) in reverse it
computed a set of say 5 "simulated observations" , which included random noise
with approximate Poisson statistics. The output from this program was read by
a special version of EBCSOLVE, which then processed the simulation curves one
by one by computing regularized solutions. Finally, it plotted the entire set of
solution curves together with the original distribution that was fed into the first
program. A fair, though not entirely satisfactory, agreement was achieved.

These tests focus only on the EEC equation itself. We realized that a more
genuine simulation should be made that covered the entire model and included
the geometry. To achieve this goal we wrote the Monte Carlo Fortran program
BUBSIMUL. The adopted procedure was to first generate a random 3D bubble
size distribution, secondly to produce 2D projections of the bubble images, thirdly
to measure (manually or automatically) the sizes of these images and produce an
"observed" size distribution and finally to apply the EBCSOLVE program on this
distribution to derive the 3D size distribution. The critical test of EBCSOLVE
was then the degree of similarity between the derived and the initial 3D size
distributions.

The BXJBSIMUL program generates a bubble cavity distribution in a square
)rick of bulk sample material by Monte Carlo simulation. The structure is repeated
periodically in all three directions, in order to reduce the effect of the finite bulk
sample dimensions.

The bubble radius r is drawn from an analytically given probability density
'unction (pdf). In most simulations we used the unimodal normalized pdf

f(r\ - f(r. - \ - / V(J*rl) r2 exp(-(r/r0)a), 0 < r < oo,
J(r> ~ J ( r > r ° ) ~ { Q, otherwise.

The parameter rQ in (91) is the peak abscissa for the pdf, that is the most probable
radius. No theoretical support is claimed for choosing (91) as the basis for the
simulations; it is used because its analytical form is convenient in Monte Carlo
sampling work, and yet it gives bubble size distributions resembling those found
in the real world. Its graph is shown in Fig. 10. We refer to it as the "generator
function" .

By making a suitable superposition of two pdf 's of the form (91) with an offset
6 on the second one, it is easy to construct a combined pdf

Mr; r'0> r%, 6) = af(r; r'Q) + (1 - a)f(r - 6; rjf), (92)

,vhich becomes bimodal. An example of such a pdf is given in Fig, 11.
The Monte Carlo technique used in BUBSIMUL is direct simulation. Following

common practice, we use a sequence of uniform pseudo-random numbers f in the
interval (0, 1). Ideally these numbers are independent of each other. To pick a
value r from a pdf like (91) we use the formula

r = *-l(0, (93)
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Figure 10. Unimodal probability density function for bubble sizes. This pdf is used
in Af ante Carlo generation of bubbles in a simulated bulk sample.
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Figure 11. Bimodal probability density function for bubble sizes. This pdf is of the
form (92) with a = 0.6, 6 = 1.2 nm, r'0 = 0.7 nm, and r'J =1.0 nm.

where F is the cumulative distribution function given by

F(r)=

In other words, given £ we must solve the equation

In the case of (91) the result is the transcendental equation

erf(x) -=xe~z — £ = 0,

(94)

(95)

(96)
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which is easily solved numerically for x = r/ro, for example by Newton-Raphson
iteration. Here erf(z) is the error function denned by

= -^= /%-*'<&. (97)
VTT J0

If we want to sample from the compound pdf (92) we first use a random number
£ to decide whether the first or the second component should be used (when (; < o
or £ > a, respectively). Afterwards another random number will determine the
bubble size in the same way as for the unimodal pdf.

When the bubble size is settled, the next step is to determine the bubble posi-
tion. The centre of the bubble is selected uniformly within the bulk sample chunk.
However, it may happen that the bubble comes too close to another bubble al-
ready present in the chunk. This occurs when the distance between the bubble
centres is less than the sum of the radii.4 In that case we reject the position and
try again with a new position. Note however that the bubble history is not termi-
nated as we insist that the bubble in the new position still has the same radius.
This crude Monte Carlo rejection method may seem wasteful, but is tolerable due
to the rather low fractional cavity volume.

In this way BUBSIMUL feeds in bubbles of proper sizes, one by one, at positions
not yet occupied by other bubbles. We stop when the total cavity volume has
reached a prescribed target value.

Let us now assume that a "simulated foil" is embedded in the middle of the bulk
sample chunk. In our simulations the foil was a circular plate of finite thickness,
but this is not an important issue. Its dimensions should be considerably less than
those of the bulk sample in order to avoid possible boundary effects from the
sample chunk. It is the counterpart to the experimental foil in TEM.

The output from BUBSIMUL will be a table of positions and sizes of those
bubbles whose centres fall inside the foil volume. This table is stored in a file for
subsequent processing.

Based on the BUBSIMUL output table a 2-dimensional cross-sectional view of
the projected bubbles can be plotted in order to emulate a TEM micrograph. An
example of such a bubble chart is shown in Fig. 12.

The counting of the bubbles was done in two ways, either manually (like for real
TEM micrographs) or, most often, by using the computer program EBCCOUNT.
In a few cases the counting was carried out in both ways in order to make sure that
the results were the same (which they were). However, the manual counting will
necessarily have an element of subjectiveness. This is illustrated in Fig. 13 which
shows two histograms obtained by letting two persons count bubbles on the same
plot (similar to Fig. 12). Of the two, one was strictly aware of the EBC rules in his
counting, while the other followed the rules in a more intuitive way. Clearly, the
obtained histograms are different, the difference in the various bins being roughly
the same as the expected statistical fluctuations (v/W) for the particular number
of counts collected in this case.

The program EBCCOUNT scans the bubble projections in decreasing size or-
der. It decides, for each pair, whether separation, hiding, or overlap will occur,
in the EBC sense (in case of overlap the size and position of the bigger bubble
are updated). Fig. 14 (dotted histogram) shows one of the bubble size distribu-
tions obtained from BUBSIMUL simulations, as counted by EBCCOUNT. Our
computer experiments show that this distribution is rather insensitive to the di-
mensions of the bulk sample. The test of our procedure for reconstructing the 3D
bubble size distribution is then to run the EBCSOLVE program on the simulated

* Near the boundaries allowance must be made for the periodical repetition of the chunk in
all three space directions.
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Figure 12. A projected bubble chart for a foil with radius 40 nm as generated with
the program BUBSIMUL. Other parameters are: Bulk sample edge length 160 nm
and thickness 30 nm, foil thickness 10 nm, TO = 0.96 nm, and target value of the
fractional cavity volume = 0.0676.
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Figure 13. Bubble size distributions derived from a simulated bubble chart similar
to the one in Fig. 12. The counting and sizing of the bubbles were made manually
by two researchers.
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data to see if the original distribution can be reproduced with due allowance for
statistical uncertainties.
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Figure U/. A simulated apparent size distribution (dotted histogram) and the equiv-
alent generator function (dashed) obtained from the parameters: Foil thickness 10
nm and radius 70 nm, bulk sample thickness 30 nm and edge length 260 nm, TO =
0.96 nm, and target value for the fractional cavity volume = 0.0676. The simula-
tion corresponds to the bubble chart in Fig. 12. The solid curve is the reconstructed
distribution obtained for A = 0.1. The dot-and-dash histogram shows the actual
size distribution within the foil.

4.2 Results of simulations and reconstruction of
SD-distributions
In order to test that the program EBCSOLVE functions correctly, i.e. that the
mathematical model on which the program is based is realistic and that the pro-
gram is free of bugs, a number of size distributions were simulated from various
assumed 3D bubble distributions (generator functions) and for different fractional
cavity volumes as well as dimensions of foil and sample chunk. Subsequently,
from the simulated "TEM distributions" 3D bubble size distributions were recon-
structed and compared with the corresponding generator functions.

One example of this is shown in Figs. 14 - 17. The size distribution and density
of bubbles are the same as used for the plot in Fig. 12, only for the results in
Figs. 14 - 17 a larger foil radius was chosen in order to include a higher number of
bubbles in the test. (If only few bubbles are included, large statistical fluctuations
make a meaningful comparison difficult.) In this and all the following analyses we
used a regularization order = 2 and 2 subintervals per half-bin (see Sections 3.2
and 3.3). Fig. 15 shows the regularization curves for S and T (similar to Fig. 5
in Chapter 3) as functions of the parameter A for the same data as in Fig. 14. As
discussed in Section 3.6, it is not easy to define a proper A value from these graphs.
Fig. 16 shows the fractional cavity volume obtained from the reconstructed size
distributions as a function of the chosen A value.

Like in Fig. 7, the curve exhibits a minimum above which a certain increase is
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Figure 15. Regularization curves for the size distribution in Fig. 14- The full curve
is the sum of squared residuals, S (eg. (63)), and the dashed one the regularization
term, T (eq. (67)), as functions of A. The regularization order is 2 and there are
2 subintervals per half-bin.
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Figure 16. The fractional cavity volume as calculated from the reconstructed size
distribution as a function of X for the size distribution in Fig. 14-

seen. Fig. 17 gives examples of derived size distributions for different values for
comparison with the generator function.

The curves clearly show the effect of regularization. For the lowest A value the
derived distribution shows oscillations that reflect the statistical fluctuations in
the simulated observation (histogram), while for the highest value of A a strong
oversmoothing of the reconstructed distribution takes place. The proper choice
of A is therefore in between these extremes, so that statistical fluctuations are
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Figure 17. Three examples of reconstructed size distributions (solid curves) for
different A values, compared to the generator function (dashed curve). The wiggling
curve corresponds to Å = 10~3, the smooth curve close to the generator function
is for A = 10"1, while the remaining, low-peak, curve has A = 10+1. The dotted
histogram shows the simulated observation. The two extreme A values clearly give
a too weak and a too strong rcgularization, respectively.

smoothed out without loss of the main features of the size distribution. As can be
seen, good agreement is obtained for the value A æ 0.1 , i.e. a couple of decades
below the minimum in Fig. 16.

The corrections to observed size distributions arise from two different effects
(Chapter 2), viz. the presence of the foil surfaces and the overlap of bubble im-
ages. While the results presented in Figs. 14 - 17 had contributions from both
of these effects, we have also made simulations where one or the other effect was
dominant, i.e. a population of large bubbles with little overlap, but with strong
surface influence ("Surface"), or a population of smaller bubbles of low density in
a thick foil to obtain bubble overlap, but only little surface influence ("Overlap").
Other interesting extremes are the ones where none of the corrections are impor-
tant ("Dilute"), or where the bubble image density is so high that there is a very
high degree of overlap ("Dense"). The input data to such four different situations
are given in Table 1. The equivalent bubble charts, size distributions and volume
fraction curves are given in Figs. 18 - 29.

The results of the simulations in Figs. 18 - 29 and their analyses show that in
all the cases the generator function can be reproduced in a fair approximation, if
one chooses a A value a few decades lower than the value that gives a minimum
in the bubble volume fraction curve. When measured size distributions are being
analysed, this could provide a rule of thumb for choosing A.

It is interesting that also the case of a "Dense" bubble population where there
is a very high degree of bubble overlap (Fig. 27), the reconstruction is successful.
This might not have been expected, since the present model is second order in the
bubble density (Eq. (16)) and does not take into account multiple bubble overlap.
Apparently, even in the "Dense" case, these multiple overlaps are sufficiently few
not to distort the overall picture.

A critical test of the regularization procedure is to try to reconstruct a bimodal
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Simulation

Surface
Overlap
Dilute
Dense

Foil
thickness

(nm)
15
90
20
30

Foil radius
(nm)

450
70
100
40

Total bubble vol.
fraction.

Target value
0.05

0.0075
0.015
0.04

Peak radius
(nm)

3
0.96
0.96
0.96

Table 1. Input parameters to BUBSIMUL simulations of different extreme cases
of bubble distributions in the simulated foils. In general the bulk sample thickness
was taken as 3 times the foil thickness and the edge length of the bulk sample as
4 times the foil radius, but the results are not influenced by these factors.
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Figure 18. "Surface" case. Projected bubble chart for a foil with a radius of 450
nm. The parameters used to generate the chart are given in Table 1.

distribution. Several such reconstructions were carried out successfully. One ex-
ample is shown in Figs. 30 - 32. The generator function is well reproduced if A is
chosen about two decades below the minimum for the fractional cavity volume, in
this case 0.03 - 0.1 (Fig. 31 - 32).
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Figure 19. Simulation results for "Surface" case. The parameters used for this
simulation are given in Table I. The dashed curve shows the generator function
used to generate the 3D bubble size distribution. The dotted histogram gives the
size distribution as determined from the bubble chart Fig. 18 with the EBCCOUNT
program. The solid curve depicts the reconstructed size distribution for A •= 0.1
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Figure 20. Simulation results for "Surface" case. The parameters used for this
simulation are given in Table 1. The curve shows the fractional cavity volume as
function of A.
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Figure 21. "Overlap" case. Projected bubble chart for a foil with a radius of 70
nm. The parameters used to generate the chart are given in Table 1.
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Figure 22. Simulation results for "Overlap" case. The parameters used for this
simulation are given in Table 1. Curves and histogram are as in Fig. 19.
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Figure 23. Simulation results for "Overlap" case. The parameters used for this
simulation åre given in Table I. The curve shows the fractional cavity volume as
function of X.
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Figure 25. Simulation results for "Dilute" case. The parameters used for this sim-
ulation are given in Table 1. Curves and histogram are as in Fig. 19.
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Figure 26. Simulation results for "Dilute" case. The parameters used for this sim-
ulation are given in Table L The curve shows the fractional cavity volume as
function of A.
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Figure 27. "Dense" case. Projected bubble chart for a foil with a radius of 40 nm.
The parameters used to generate the chart are given in Table 1.

g
In

p.

c
o
O

140

120

100

80

60

40

20

O
0.5

l l l l
Simulated observation

EBC model
Generator function

Computed fractional bubble
volume = 0.03549

A = 0.1

1.5 2 2.5
Bubble radius (nm.)

3.5

Figure 28. Simulation results for "Dense" case. The parameters used for this sim-
ulation are given in Table ).. Curves and histogram are as in Fig. 19.
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Figure 29. Simulation results for "Dense" case. The parameters used forthis sim-
ulation åre given in Table I. The curve shows the fractional cavity volume as
function of X.
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Figure 30. Simulation and counting of bubble images for a bimodal size distri-
bution. The parameters used to generate the bubble image are the following: Foil
thickness IS nm and radius 110 nm, bulk sample thickness 45 nm and edge length
450 nm, TO = 0.7 nm, r% = 1.0 nm, 6 = 1.2 nm, a = 0.6 (eq. (92) and Fig. 11)
and target value for the fractional cavity volume = 0.0676. This figure shows the
projected bubble chart.
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Figure 31. Simulation results for a bimodal distribution. This figure shows the
generator function used to generate the bubble chart in Fig. 30, the size distribution
as determined from the chart with the EBCCOUNT program (histogram) and the
reconstructed size distribution for A = 0.03.

o
E

J"5
o

0.120

0.100

0.080

0.060

0.040

0.020

0.000
-6 -4 -2 O

log A

Figure 32. Simulation results for a bimodal distribution. This curve shows the
fractional cavity volume as a function of A for the distribution corresponding to
the bubble chart of Fig. 30, shown in Fig. 31.
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5 Discussion and conclusion

In Chapter 4 we carried out a series of simulations of "observed" size distribu-
tions of 2-dimensional bubble images and subsequently derived the equivalent
3-dimensional size distributions by using the "EEC model" described in Chapter
2 and the computational framework discussed in Chapter 3. The aim was to test if
the model could realistically correct for the effects of bubble image overlap and the
presence of foil surfaces. As seen in Figs. 14, 19, 22, 25, 28 and 31 the agreements
between the distribution functions used to generate the bubble images ("genera-
tor function", shown dashed in these figures) and the derived distributions ("EEC
model") are good, thus demonstrating that the model works, even for extreme
cases. In particular for the case where a very high density of bubbles gave rise to
strong overlap effects, the agreement was satisfactory (Fig. 28). This suggests that
the model is useful for correcting also strongly overlapping bubble images, even
though our assumption of negligible multiple overlappings is no longer fulfilled.

Although the general agreement between model and generator function is good,
some small deviations are indeed observed. They can mainly be ascribed to sta-
tistical fluctuations in the "observations". In the simulations it is tacitly assumed
that the generator function represents the 3D size distribution for a homogeneous
specimen large enough to make the statistical fluctuations in the bubble densities
insignificant. If the investigated sample volume is small, then the number of bub-
bles of a given size in the sample may deviate from the expected "infinite-sample"
value because of statistical scatter, both in real samples [3] and in the simula-
tions. This is illustrated in e.g. Fig. 14 where deviations can be seen between the
generator function and the histogram representing all bubbles generated in the
foil.5 Fig. 14 also shows that the fluctuations to some extent are reflected in the
"simulated observation" and also in the model curve, in particular when a low
value of the regularization parameter A admits oscillations in the model curve (see
Fig. 17). For larger A values these oscillations are smoothed out and the model
function approaches the generator function or, in case of a real set of observations,
the size distribution for a very large specimen. In the simulations shown in Chap-
ter 4 the histograms for the total number of bubbles in the foils did not deviate
very much from the generator function, because the simulated foils were chosen
to be rather large. This ensures that many bubbles are counted (more than would
normally be the case in experiments) and thus makes the test of the model more
reliable. If fewer bubbles were counted, the statistical fluctuations would of course
be bigger, and the model curve might deviate more from the generator function,
but it would still smooth out some fluctuations and would therefore represent a
fair approximation to the generator function (or, for a real data set, the large-
sample average). A detailed discussion of the statistics involved in the sampling
of microstructures seen in TEM can be found in e.g. [1, 2, 3].

When using the EBCSOLVE program to obtain the 3D distribution from an
observed size distribution, we have seen that certain solution parameters must
be set. They include the number of subintervals per half-bin fc& (Section 3.2),
the regularization order p (Section 3.3), the weight coefficients {u>jt} (Section 3.7)
and the regularization parameter A (Sections 3.3 and 3.6). The experience gained
from the analyses of the simulated spectra settled most of these choices. As the
computational cost is roughly proportional to fcj, and the results were almost
insensitive to fcj for /,•;, > 2, a value of 2 should be (and was) chosen. Next p = 2
made a proper compromise between smoothing out the wiggles in the solution
curve for small p, and allowance for excessive wiggling for large p. Finally the

5 For a direct comparison, the generator function should be averaged over the widths of the
individual bins.
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weight coefficients should be chosen in agreement with the statistical uncertainties
on the number of counts in each bin except for those bins with very few counts.
This leaves only the regularization parameter A to be chosen separately in each
case. As already mentioned (see also Fig. 17), low A values may produce oscillations
in the resulting size distribution while high values of A give oversmoothing. The
problem then remains to make a proper choice in between these extremes. In
practice this seems to be possible after some experience. Of course experience
can be gained from the simulated data, since the result of the analysis is known
in advance (i.e. the generator function). It is useful first to calculate the curve
showing the fractional cavity volume as a function of A (e.g. Figs. 7, 16 etc.). A
rule of thumb seems to be that the "best" solution is obtained where the volume
begins to show a clearly visible decrease below the plateau that occurs at low A
values. This value seems to be 1.5 - 2.5 decades lower than the A value for which
the fractional cavity volume shows a local minimum or about one decade below the
A value at which the regularization curves S and T cross (Fig. 5; note however,
that the absolute values of T depend on the choice of the various parameters
mentioned above, so this statement is only valid for our specific choices).

The present report has concentrated on the mathematical formulation of a cor-
rection procedure for overlap and surface effects in micrographs of spherical cav-
ities and on a test of this procedure. In a real situation also other effects may
influence the results of quantitative analyses of micrographs. A. brief discussion of
some of these is pertinent here.

The manual counting and sizing of the bubble images on the micrograph is
the basic process by which the observed size distribution histogram is obtained.
Clearly this process is a rather subjective one, and the outcome may to some
extent depend on individual experience (in the present context we illustrated this
in Fig. 13). In particular, when bubbles are overlapping and the contrast in the
micrographs is between different tones of grey, the decision whether one or two
bubbles can be seen may be a difficult one. Furthermore, experimental parameters
such as the thickness of the foil (small bubbles cannot be seen in thick foils),
the operating magnification, the degree of underfocussing used, and the contrast
difference between cavity and matrix, as well as the resolution of the microscope
all put a lower limit to the size of cavities that can be observed. Judged from
Fig. 13, the scatter in "observations" may be as large as the statistical scatter for
a case where only about 300 images were counted. Thus, even if e.g. two or three
times as many bubbles were counted in a real experiment (as was done in most of
the simulations) the quality of the observations may not improve very much, and
the errors in the derived model curve that arise from the counting process may
easily be bigger than the deviations between model curve and generator function
seen in the simulations (e.g. Figs. 14, 19, 22 etc.). Thus we may conclude that the
main source of uncertainty in a size distribution derived from EBCSOLVE will be
the manual counting and sizing of cavities that produces the input histogram to
the program.

An additional uncertainty is due to the errors associated with the determination
of the foil thickness, which is rarely better than 10% for the foils usually examined.
A useful, but of course time consuming, check of the derived size distribution
would be to make observations for different foil thicknesses and in this way obtain
data with different degrees of overlap and surface effects. In particular, a thin foil
may prevent the observation of large bubbles (with radii r larger than half of the
foil thickness i). Such a situation would also influence the EBCSOLVE correction
procedure as is illustrated in the simulation called "Surface" (Fig. 19). Here the
generator function is still significant for bubble radii r > |f, but of course no
bubbles that big can exist in the foil. If such bubbles are apparently observed,
they must originate from overlapping smaller bubbles, cf. eq. (16). In this way
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a cut-off is introduced in the distribution. Combined with the loss of predictive
power as r approaches \t (Chapter 3), this probably explains the oscillations
observed for the largest radii in Fig. 19.

If the fractional cavity volume is a significant parameter in the TEM study
(which is often the case), it is important that the large-radius part of the size
distribution is being reproduced as correctly as possible. The simulations show
that this requirement is largely fulfilled. Furthermore, the plots of the fractional
cavity volume (Figs. 16, 20, 23, 26, 29 and 32) show that over a wide range of A
values the calculated cavity volume deviates less than 20% from the input target
value. For the "best" value of A the deviation is on average Kt 6%.

The conclusion from the above discussion is then that the correction proce-
dure adopted in the EBCSOLVE program will lead to a cavity size distribution
which is, within statistical scatter, in good agreement with the 3-dimensional size
distribution for a large, homogeneous sample.

One of the assumptions underlying the model is that the bubbles are homoge-
neously and randomly distributed in the sample. Maybe this assumption is not
strictly fulfilled in all cases, e.g. for the Cu(Kr) specimens which prompted the
present work, the small-angle neutron scattering measurements [9] indicated that
some "exclusion volume" may exist around each bubble within which no other
bubbles are present. If that is the case, the present correction procedure would
tend to somewhat underestimate the total bubble density. It would be easy to
take the effect from such an exclusion volume into account in our Monte Carlo
simulations.

Finally, the present work has concentrated on the correction of TEM observa-
tions of cavities. However, much TEM work is directed towards studies of solid
particles in a solid matrix. In such cases, overlap of particle images as well as ef-
fects of the presence of the foil surfaces may occur. The corrections for such effects
will be similar to the ones described in the present report and will be dealt with
in a forthcoming paper.
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