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ABSTRACT

We .start from the topology of the puntured plane encoded within its Iiomotopy group
which is isomorphie to the set of integers Z.We then realise group elements n(u),jicZ
as differential operators on the spate of analytic fuuctions.Using plausible physical ar-
guments we select 11 subset of functions which we identify with integer orders reduced
L3essel functions. On t he other hand we propose a unifying new formula of topological
origin, generating real orders Basse] functions out of integer orders ones, the generator
being an operator built entirely out of the II3. We thus have shown that the topology
(of the puntured plane) is underlying the inner structure of I3essel functions, in addition
it unifies them independently of the orders being integers or reals.

MIRAMARE - TRIESTE

November 1995

MOU

•On sabbatical leave from Institut de Physique, Universite D'Oran, Es-Senia, oilOO
Oran, Algeria. ri "7

27 «* u

The target space of interest here is tile punctured plane R2/(0) with its simple but
not trivial topology. The homotopy group which encodes the topological information of
the puulured plane is isomorphic to the set. of integers 7.. In the following we will note
the group elements II*(n), neZ. These elements may be visualised as equivalent chases of
homotopic loops [1] [2],each carrying a winding number n. The latter indicates the number
of times the representative is encirling llin hole.lt will help to regard homotopic loops as
intrinsec "'physical" objects rather than just appropriate ma'.hernatical objects used to
tag the punt lire of the plane. Adopting this point of view we will therefore associate to
the loop of winding number n the winding number eigenstate | ;i ). The group elements in
turn become operators which map t::e | n ) into | 7i + m ). We th;is have the topological
information summarised as follows.

11' | n) = n |n )

(1)

The operators II*(m) have the property .which may be infered from the second equation
of I.

ll(i;/)II(i;) = II{"+ni) (2)

At. this point wi: want to depart from pure algebraic topology and realise the operator
n(m) at least for positive in, on the space of analytic functions. An operator (differential)
having the required property is the in"1 derivative operator.

O'"
IV m) = —

0:'"
= 0m

(3)

Where /. is a real variablc.Now according to the topological information we have in equa-
tion 1 we expect to find wavefunctions dn obeying the equation

0,,,<?n — 'in i 7:1 (4)

At this level we are not able to specify t he argument of the cvThis w i " ')C fixcc'!1 posteriori
by a consistancy requirement. It is not necessary in -1 to stari with functions which are
raised by the operator 0,r. .We could have started with functions which are lowered, just
take V'n = <?-« and get

y ,.•, _ ,r, /=^

To solve tin; differential equation -1 n natural way to proceed is to sussiimc the <?J admit
a generating function, i.e. the following series sum up to a finite value <!>(;, t)

n-oc

•I'(5,0= E cJ,,t" (6)

Where t is a complex variable.Using the expansion in powers of t above we rewrite equation
4 as a non iterative differential equation.

(On - t " 1 " ) * ^ . () = l

2

(7)



A possible solution is
4>(z,t) = (8)

Where K(t) is yet an undefined function. To uniquely define the function K(t) we need
an extra input to select appropriate 0*. Write first the (j>'n as (z)0)

And assume that the function j n in the numerator possesses the property that

(9)

(10)

The phase factor (—)" is not necessary but is introduced only for later convenience. It
should be noted that the property above is somehow expected as only relative orientations
of loops do matter, or in other words we have the symmetry n —» — n. This symmetry could
not be directly implemented on the <j>*r If we haw done it and write $_„ = <j>n equation
4 would give us <A,,+m = 0_n+mVn, Vm£/J. But this trivialises the set of functions down to
two functions <pa and <t>\ ( put m=n then m=n+l) . With this at hand it become possible
to single out the appropriate K(t) funtion. We have

jn(2, /?) Az "
(ID

The solution of the last identity equation is K{t) = cxp(—t/A). We thus have found that
the 4>,t has the generating function

(12)

Note that in the above formula we have specified the arguments of the 4>n to be 2^/z to
be consistant. If we had to write

1: #
n=-oo \z)

(13)

In which the argument is taken to be z rather than \Jz, then using the property in equation
10 we get another defining equation for the K(t)

K (t)e
2 2 -t

t Z
(14)

But this equation has no solution for Vr, Vt .To see it write another equation for the K(t)
by making the substituation z —> — z and taking the ratio of the two equations you get

something wrong that is exp(2~) = exp(—2^) Vz.Vt
Going back to 12 ,we write it in another form by making the simultaneous change of
variables z —* z2 and t —* —2t.The obtained expression for the generating function is that
of reduced Bessel functions [3] Jn(z)/z" .where Jn is a Bessel function of integer order n

n=-oo
n=oo

(15)

from which we get the identification.

jn(2z) = (-T (16)

For the rest of the paper we will adopt the current notation for Bessel functions and write

(zdz)mVnK->
gm

JzW^ =

where (pn{z) = and i>n = z"Jn(z)

(17)

(18)

Now that we have shown that integer order Bessel functions are to a large extent the
result of the topology of the punctured plane, could we say the same for real order Bessel
functions? <j>p where p is a real number. The problem is how at the very topological
level could an integer number be converted into a real one, and if this is possible, is the
conversion unique? The answer is in the affirmative as we Hall see.
We had so far showed the association

<Pn <*\ Tt) (19)

Where | n) are homotopic loops on the puntured plane and where the <j>n are reduced
Bessel functions having integer orders. In the following we will show another association.

<£nA <*| JU) (20)

where the <j>^x are Bessel functions of real orders, ii\ = n + A with A real and where
| nx) are states of a new type. Let us first describe how to build such states and give the
relationship they have to the old states | n).
Starting from the operators W and II(ni) already defined we build a new operator

W + A Y, n(m)
meZ

(21)

We have shown in a previous paper [4] that the above operator is well defined and may have
the interpretation of a hamiltonian in which W is the unperturbed part, while the A term
will describe a very special loop self-interaction. This effective winding number is shown



to have a set of orthonormal states | n\) having real eigenvalues nA = n+A, neZ, 0 ( A {1.
These states are in turn related to the unperturbed states through the formula

(22)

It should be noted that more general topological states exist, which correspond to a
general coupling function A(m).The above particular choice A(m) = (—)mA is the only
one of interest here as it will leads to states having associations to real order Bessel
functions. We then propose and check the following unifying formula

,n(m)
0nA(2) = ezp(-A E ( - T ^ ^ - M * ) (23)

mtZ/(O) W

The operators II (m) arc lowering (m)0 ) and raising (ni(0 ) operators for the 4>n

Tl(m)4>n = <*„+,„ (24)

It is only necessary to show the above formula for small A and then integrate it to finite
values of A

= A, - A ")" (25)
m(Z/(O)

To check the above formula ,wc could naively express the Bessel functions 0,1+m as entire
series and then perform the sum over m. This is however a cumbersome procedure. A
simple and illuminating way to proceed is to use the intgeral representation of <j>n

Where r is a complex variable and la is a positively oriented single closed path encircling
the origin.Putting this into equation 25 the relevant, term to sum is

E (-r1^ (27)

It. is to be noted that the above series diverges on the whole plane except on the circle
centring the origin and having half unity radius on which it converges unifomally. It is
only on that circle do we have the right to commute the signs ]T) and / when we insert
26 into 25. To this purpose we just deform the path /0 down to the above circle as the
integrand in equation 26 lias only essential singularities at T = 0 and T — oo. To compute
the relevant sum, put 2T = e'9, the series then converges to

E (-)mi

mtZ/(O)

= -2 i (-)
,„ sin{m6)

= 10 - 7 T ( 6 ( 7T

= Inir
(28)

(29)

Where the branch cut of the logarithm is taken along the negative real axis as 8 ranges
from —IT to IT .The right hand side of equation 25 becomes

r~n ' Inr exp(r )dr (30)

Where the new positively oriented path 1 is now getting round the cut lying on the
negative real axis. The above expression in equation 30 is however nothing but the first
order in A of the real order Bessel function <j>n+\ when it is written in term of its integral
representation

\ r \ n+X Z2

2ni Ji 2 AT

We thus have demonstrated the proposed unifying formula. Let us make a comment
about it. To get real order Bessel functions out of integer order ones, we apply the
operator e~A5Z •• which is built out entirely of the topological objects IIs. On the other
hand we should just know how these operators act on the winding numbers associated to
the <j>,,, their differential structure however do not matter. The action of the II3 being of
a topological nature ,it is no surprise if 0Il+x is obtained from <£„ by simply cutting the
path /o (yet. another topological action) thus leading to the new path 1 which defines 4>n+\
through the integral representation.
To end up, we propose a straigthforward application of the unifying formula. Let us
calculate the generating function of the real order Bessel functions which we may define
as follows.

n=oo

<Pn+X\~)t (•>•£)
»! = — OO

To perform the sum we use 23

E <
n=~oo

E e*p(~A

= <Aezp(-A
,mn(m)

)*(*.*) (33)

The action of the II3 on the generating function <!> are given according to the defining
equation for the <i> equation 24

II(m)$ = t~m$ (34)

Then the second line in equation 33 involve the following sum

,,SJ~)m(J^~ {35)

This series is only convergent on the circle of radius unity, so that we put t = e'9 and find

E (->
m<Z/(0)

= id

= Int

- i t { e { i t (36)

(37)



The end result is that the generating function for the real order Bessel functions <j>n+x is
only defined on the circle of radius unity from which we remove the point t=-l and that
it does not depend on A

" f i + A ( : ) e * « » = "U^(2)einS (38)
n=~oo n=—oo

~TT{ 9 ( n (39)
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