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ABSTRACT

The computation of the transmission and reflection coefficients is an important step
in the construction, if modal summation technique is used, of synthetic seismograms for
2-D or 3-D media. These coupling coefficients for Love waves at a vertical discontinuity
are computed analytically. Numerical tests for realistic structures show how the energy
carried by an incoming mode is redistributed on the various modes existing on both sides
of the vertical interface.
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1. INTRODUCTION

In the last decade the scenario for the study of the propagation of seismic
waves in laterally inhomogeneous media has become very vast, but
essentially three groups of methods can be distinguished according to the
technique they are based on (Malischewsky, 1987): 1) integral representation
theorems; 2) ray theory and 3) mode matching. To the first group belong all of
the methods using Green functions or other techniques that involve the
solution of an integral equation (see for example Herrera, 1964; Its &
Yanovskaya, 1985; Snieder, 1986). The methods belonging to the second
group are essentially all based on Snell's law and their formulation is similar
to those concerned with geometrical optics (see for example Cerveny, 1987).
The techniques that can be included in the third group, and that are those
which will be treated in this paper, are essentially complementary to ray
tracing techniques and all of them have in common the fact that the unknown
wave fields are built up by the superposition of the normal modes of the
considered medium. In particular, group 3) methods are effective when the 3-
D heterogeneous model is built up by regions with simple individual
geometry but with a different depth dependence of the elastic parameters.
Satisfying the correct boundary conditions and using appropriate orthogonal
relations, the problem is then reduced to the evaluation of a set of coefficients
needed for the expansion of the seismic wave field on the base functions.
More precisely the base functions are supposed to be the normal modes of
each individual region (usuaay at a given frequency). In this way the
scattered surface wave field can be evaluated also when the obstacles have
various shapes (see for example Bostock, 1991 or Stange and Frederich, 1992).

The basic model considered in this work is formed by two different quarter
spaces in welded contact. The usual mode matching approach for such a
medium (Alsop, 1966; McGarr and Alsop, 1967) assumes that the
eigenfunctions set at a given frequency is a complete set in both of the two
quarter spaces; if this condition is true the reflected and the transmitted wave
fields, generated by a single incoming mode, can be written as a sum over the
eigenfunctions of the two media. The unknowns of the problem are the
coefficients of the sum, the so-called reflection and transmission coefficients,
and can theoretically be found satisfying the boundary conditions at the
vertical interface. Two main difficulties have to be taken into account if this
approach is used (Malischewsky, 1987): 1) when frequency is fixed the
eigenfunctions discrete spectrum is not complete and an integral contribution,



related to body and diffracted waves, should be included ; 2) the sum over the

discrete spectrum in the practical calculation has to be truncated and some

energy checks have to be made in order to control the approximation done. A

slight modification of this approach evaluates the coupling coefficients for the

transmitted and reflected modes considering the outgoing surface waves as a

composition of homogeneous or inhomogeneous body waves and then using

the ray formulas for transmission and reflection at an infinite interface (Alsop

et al., 1974). In this way the main difficulty remains in the fact that the

horizontal boundary conditions are no more valid and that some diffracted

waves cannot be kept into account. However also in this case energy

considerations allow us to check if the approximation can be accepted.

While the P-SV-wave problem has been solved analytically by Vaccari et al.

(1989), the SH-vvave case was solved only using numerical integration

techniques (Gregersen and Alsop, 1974). In this work, starting from the same

formalism of Gregersen and Alsop (1974), we present the results of the

analytical solution of the SH-wave problem describing also the effect on the

reflected and transmitted coupling coefficients of a step in the free surface at

the contact between the two structures is considered. These numerical results

are important when topographic effects musi be taken in account, including

the presence of water basins.

2. COUPLING COEFFICIENTS

Let us consider a normal mode of medium 1 normally incident (the case of

not normal incidence can be equally considered) (o the verticai interface

between two layered quarterspaces in welded contact (Fig. 1). The seismic

wave field of the incident mode can be described by the stress-displacement

vector, defined as

Ai=(Ui, VI, wi, GXXI, oxyi, o^i) (1)

where \x\ = (u\, vj, wi) is the displacement vector and ox,i (i= x, y, z) are the

three stress components acting on the vertical interface defined by x=0. If one

defines in a similar manner the stress-displacement vector associated to a

normal mode of the second m^ium, i.e.

An=(UiI, VII, WH, O"XXH, o"xyit, Oxzii) (2)



the projection of the first vector on the second can be defined as follows
(Herrera, 1964):

( Ai, An) = 2f J [U| Ccii + vi Oxyii + wi o.zii -un G«I - VII o\yi - Wn a«j]dz (3)

where the bar denotes the complex conjugate operator. Such a scalar product

describes completely the orthogonality properties of the eigenfunctions sets

considered. In fact, if the vectors A(n> and A(m) represent two modes (n and

m) of the same medium at a fixed frequency, if n*m then (A"1 ' , A<m>) = 0 while

if n=m (Alsop, 1966)

(A' r a l ,A ( n l l)=±-E (4)

where co is the angular frequency and E is proportional to the energy flux
across the vertical interface carried by the considered mode; the sign has to be
chosen according to the direction considered, i.e. if the wave is transmitted (+)
or reflected (-).

The transmitted and the reflected stress-displacement vectors, indicated
respectively as

AT=(UT, VT, WT, axxr, Ox/r, °XZT) (5)

and

AR=(UK, VK, WK, OXXK, o\yK, OX/K) (6)

can be written as a superposition of normal modes respectively of the first

medium (see Appendix 1):

As=ZanA,'" ' (7)
n - l

A T = I O 1 1 A , " " (8)
n - l

The transmitted coupling coefficient, i.e. the quantity containing the

information about how the amplitude of mode m' in the medium 2 is excited

by the incoming mode m in structure 1, is (Vaccari et al., 1989):



(Ar,Aìr) ...
YT "(Aì-,AT>)I/2(A',r\Asr')!/2

If it is preferable to consider the incoming mode as having unit surface
amplitude, a normalisation of the transmission coupling coefficient by the
energy flux ratio of the incident and the outgoing mode is needed and the
following quantity has to be used (Vaccari et al., 1989):

/A(m) A<m)V/2 /A ( m l Alm'>\
r(m.m) _ ym.m) \A| , A| / _{AT ,All / , „

[Aw ,An / [Au ,An ;

In the same way, the reflection coupling coefficient is defined as:
/A Imi «lm ' \

TR "(Ai-ArHAr.Airy2

and if the incoming mode has unitary surface amplitude:

/ . I m I A ( m ) \ l / 2 / , I m I A
( m l \T^m.nO_.v<m.m->\An , A| | J _ ^ A R , A I ;

r R " Y R ( )(Ar,Ar)"2 (Ar,Ar) ( )

Coupling of a mode in one structure with the homologous mode in the
other structure is called "intra-coupling", while coupling with not-
homologous modes is called "inter-coupling" (Snieder, 1985). When dealing
with reflections, the orthogonality relations valid for Love modes at a fixed
frequency (e.g. Alsop, 1966) assure that the only non-vanishing quantities are
the intra-coupling coefficients.

3. ALGORITHM FOR LOVE WAVES

If Love modes are normally incident to the vertical interface, the vectors
(1), (2) and (5) are

Ai=(O, vi, 0, 0, axyi, 0) (13)

An=(O, vn, 0,0, Oxyii, 0) (14)



Aj=(O, VT, 0, 0, oxyT, 0) (15)

in fact no Love-Rayleigh mode conversion takes place in this case. The stress

component different from zero, if the geometry of Fig. Ia is used, can be

written as:

(16)

where k is the wavenumber.

When Love waves are considered, the scalar product (3) becomes:

(A . . Aii) = ^r
- ' a

The two products at the denominator of (9) become:

(18)

(Air1, Air1)=kir Jnu (v(,r''fdz=«uir ì ì r '
0

where U and I are respectively the group velocity and the energy integral of

the considered Love mode at angular frequency u>. These are two spectral

quantities that can be easily obtained with the highly efficient algorithms

developed for a layered half-space (Florsch et al., 1991).

The numerator of (9) is given by:

(AT"',A'i"'')= T
 2 " JlIii(vi!"'v!r'')dz (20)

Introducing, as in Fig. Ia , in the two half-spaces some fictitious horizontal

interfaces, in order to have the same layering on both sides ot the interface,

the integral in (20) can be written as:



The b s quantities are the coefficients of (8). The analytic expressions of

product (3) are given in Appendix 2.

4. CONSERVATION OF ENERGY

For the condition of welded contact to be valid, the energy fluxes (incident,

transmitted and reflected) across the vertical interface must be conservative .

This means that :

(A1,AI) = (AR,AK) + (AI,A 1 ) (22)

The continuity conditions at the vertical interface for the displacement and

stress components are

u , + u R = u ,

(23)
0 » J + 0 \ , R = ° » , I (i=x,y,z)

or, introducing the stress-displacement vector,

AT = AK + A, (24)

Equation (24) can be written as:

( A T , A ^ = (ARH-AI ,AR+AI) (25)

and using orthogonality relations one obtains

(AT, AT) = (Ai, Ai) +2Re(Ai, AR)- (AR,AR) = (Ai, Ai)-(AR, AR) (26)

that is exactly equation (22).

Taking into consideration (7) and (8) the transmitted and reflected energy

fluxes in (26) can be written as:

/ \ S. 2 / <n> (n)\
\ A T ' A T ) = nXbn\A, 'Ai )

(27)



R'AR/~ i-Q
an\Al 'Al /

and if the incoming mode is normalized, for the energy conservation we have

hi + IbS=I (28)

that is the relation used by Alsop (1966) for his energy tests. Equation (28) is

analog to the condition that the scattering matrix, whose elements correspond

to the transmission and reflection coefficients, is unit (.see Vaccari et al., 1989

for the P-SV-wave case). The departure from unit is a measure of the

approximation introduced when the scattered body waves are no',

considered.

5. NUMERICAL EXAMPLES

In order to test the analytical algorithm, the reflection and transmission

coupling coefficients have been computed for a medium built up by two

lithospheric 1-D models (Figure 2), already used by Levshin (1985) and by

Vaccari et al. (1989). For simplicity in the following figures the model names

CONTINENT and PAMIR are indicated with C and P respectively.

In Fig. 3 the intra-coupling coefficients (9) and (10) nre plotted for incident

fundamental (F) mode for both propagation directions (CFPF and PFCF). In

this and att of (he foHowing figures, (he first two characters oi each acronym

refer to the incident mode and the next two to the outgoing one. Fig. 3 shows

that the two curves corresponding to coupling coefficients (9) overlap. As the

coupling energy between two modes belonging to different models is the

square of (9), Fig. 3 demonstrates that the reversibility theorem for the

scattering matrix (see Vaccari et al., 1989 and Paragraph 4) is satisfied over the

entire frequency range.

In Fig. 4 and Fig. 5 two examples of computation of the transmitted energy

from model C to P are given. The figures show how the energy carried by the

incoming mode is redistributed among the outgoing modes. In Fig. 4 the sum

of the first 5 outgoing modes represents, in the worst case, the 95 % of the

incident energy, while in Fig. 5 it represents at least the 91 %.

In Fig. 6 the reflected coupling energy, defined by the square of (11), for the

first five modes of model C are shown.



In order to show the importance of topographic effects we consider the
model shown in Fig. Ib. The variability of the thickness (Ho - Hi in Fig Ib) of
the first layer of medium II allows us to deal with a topography step, positive
when the thickness of the first layer of medium II is greater than the thickness
of the first layer of medium I, negative otherwise.

In Fig. 7 the coefficients (9) are plotted for the coupling between the
fundamental mode of medium I and the fundamental and the first higher
mode of medium II when the topography step is 1, 5 or 10 km. These plots
show that the higher the step is, the more the transmission coupling
coefficient departs from the reference value of one, and the inter-coupling
coefficient becomes more important.

In Fig. 8 the intra-coupling energies for the first four higher modes are
shown. Fig. 8.a is for a step of 1 km while Fig. 8.b is for a step of 5 km. The
minima in the coupling get broader and more pronounced with increasing
thickness of the topography step.

6. CONCLUSIONS

The computation of transmission and reflection coupling coefficients,
procedure that is fundamental when a synthetic seismogram in a 2-D or 3-D
medium has to be computed by mode summation, is performed for Love
waves with an analytical, highly efficient algorithm. The algorithm is based
on the Alsop-Gregersen method but the implementation of analytical
integration and the use of modern 1-D techniques allow to extend the
computation of coupling effects at high frequencies. Numerical tests, using
reasonable propagation media, show the importance that a continent-ocean
boundary may have on the propagation of Love waves.

It is well known that for crustal events the dominant part of the energy is
carried by the fundamental mode of surface waves. The results of Fig. 4 and
Fig. 6(a) of Vaccari et al. (1989) show that for periods greater than 5 s the
energy propagation in 2-D media can quite well be modelled considering a
few modes. This is a particularly relevant result for the assessment of seismic
risk at long periods. This is an increasingly relevant problem due to the
widespread existence of strategic objects (towers, lifelines, etc.) with relatively
long free periods.
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APPENDIX 1

In each horizontal section, the displacement component for a Love wave

mode is (e.g. Horsch et al., 1991):

r p . = - i l - f c - i f c <p s

l""vo (Al.l)

where A5 and Bs are the layer constants and

if c>ps

(Al .2)

where c is the phase velocity, and P5 is the S velocity in the s-th section. From
equation (AIA) and (Al.2) in each section a Love mode can be considered as
the superposition of SH-waves approaching the vertical interface with an
incidence angle equal to

(A1.3)

From (A1.3), depending upon the values of the phase velocity, c, common
to all sections, and of the S-wave velocity, (3S, in each section, the SH-waves
are homogeneous O5 is real) or inhomogeneous (Q5 is complex) (Alsop et al.,
1974). The transmission coefficients can be evaluated by Snell's law, and, for
example, for a homogeneous SH-wave of unit amplitude, they are (Aki &
Richards, 1980):

b . =
.j P . ; c o s ft + P,ji P . j i c o s 8-Ji

(A1.4)
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_ P.j P.j c o s ft ' P.JI P..n c o s ft°

P.j P.j c o s 6>+ P.Ji P.J.cos ftji

where 8; and 8/j are respectively the incidence and the refraction angle.

Equations (Al.1-2-3-4) and the existing algorithms for the solution of the

eigenvalue problem in a layered half-space (Florsch et al., 1991) allow us to

construct an highly efficient algorithm for the analytic calculation of the

reflection and transmission coupling coefficients given by equations (9-12).

APPENDIX 2

From equation (21) one obtains that the integrals to be evaluated in one of

the vertical sections of Fig Ia are

d.

J(vim)v!r'')dz d s=H s + rH s (A2.1)
o

and using equation (Al.l) and (Al.2) one obtains that (A2.1), when c>ps| and
c>ps|[, can be vvriMen as

J(cos(k,r(1,sz)cos(k|,rpl]sz))dz + w, J(cos(k,rp,sz)sin(kurWsz))dz +
0 0

(A2.2)
a, d,

+ W2 J(sin(k,rpIb?.)cos(k,,rpll5z))dz + W 3 J(sin(k lr(JKz)sin(k,,r(il lsz))dz
0 0

where the wj are constants, and analytical solutions are immediately

available.

When, depending upon the values of the phase velocity and of the S -wave

veiociiies in the two media, inhomogeneous waves are present the form of

(A2.2) is still valid but hyperbolic functions, instead of trigonometric ones,

have to be considered.

When one terminating halfspace is involved (for example ccy < Psi< c)

integrals of the following form have to be computed:

12



J(e1"r*'eos(k11rWI,z))dz or j{^""-'Sm[^r^z))Oz (A2.3)

Finally, when dealing with the halfspaces are in contact the integral has the
form:

FIGURE CAPTIONS

Figure 1. 2-D models, (a) The dashed lines represent fictitious interfaces that allow to line-up
the layers of the two quarterspaces; (b) model with a topography step.

Figure 2. Elastic and ,inelastic parameters of (he C and P J-D structures; the thick velocity
line corresponds to S-waves, the thin velocity line corresponds to P-wavcs.

Figure 3. Coupling coefficients for both propagation directions (CFI'F and PFCF) for the
fundamental mode (F) of C and P models. The letter Y identifies the coefficients defined by
(10) while the others are defined by (9).

Figure 4. Transmission of energy from model C to the first five modes of model P. Incoming
F. SUM T represents the sum of the outgoing energy when five modes of the second model
are considered. When the reflected energy is added we obtain SUM.

Figure 5. Transmission of energy from model C Io lhc fini five modes of model P. Incoming
1. SUM T represents the sum of the outgoing energy when five modes of the second model
are considered. When the reflected energy is lidded we obtain SUM.

Figure 6. Reflection of energy for the first live incoming moiics of C

Figure 7. Coupling energy for the fundamental mode of medium I with the fundamental and
first higher mode of medium II; the third parameter in the legend is the topography in km.

Figure 8 Transmission of energy when intra-coupling for the first four higher modes is
considered; (a) the step is fixed at 1 km; (b) the step is fixed at 5 km.
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