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Abstract—|The algorithm of exponential averaging applied
to subsequent periodograms of a stochastic process is used
to estimate the power spectral density (PSD). For an in-
dependent process, assuming the periodogram estimates to
be distributed according to a x3 distribution with 2 degrees
of freedom, the probability density function (PDF) of the
PSD estimate is derived. A closed expression is obtained
for the moments of the distribution. Surprisingly, the proof
of this expression features some new insights into the par-
titions and Eulers infinite product. For large values of the
time constant of the averaging process, examination of the
cumulant generating function shows that the PDF approxi-
mates the Gaussian distribution. Although restrictions for
the statistics are seemingly tight, simulation of a real pro-
cess indicates a wider applicability of the theory, i

Keywords— Exponential averaging, spectral estimate, peri-
odogram, probability density function

I. INTRODUCTION

Exponential averaging is an important tool for statistical
analysis. The algorithm is simple and suitable for contin-
uous processes. A practical implication concerns real time
systems, where the statistical quantity of interest is com-
puted according to this algorithm.

Although the algorithm is quite simple, statistics of the
output are rather complicated. Even for the simple case of
averaging a Gaussian variable, establishing the Probability
Density Function (PDF) of the output requires a solution
method which is non-trivial. Presumably, this is the reason
why these type of problems are not treated commonly in
literature. Apparently, there is no such a work treating this
subject explicitly. Therefore, as a first step, in this paper, it
is endeavoured to investigate this problem in relation to the
Power Spectral Density (PSD) estimate of periodograms,
which is of interest to the community dealing with signal
analysis. Although most signal analysis equipments have
already implemented the technique of exponential averag-
ing of periodograms, apparently no statistical theory of the
outcome is known yet.

II. PROBABILITY DENSITY FUNCTION

Spectral calculation is performed by the Fast Fourier
Transform (FFT). Data of the process are stored into blocks,
their length being specified by the spectral resolution that
is required, and send to the process computer. Here, the
data may be expressed like xq[i\, q denoting the number
of the block of data and i counting the samples. By the
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FFT, xg[i] is transformed to the Fourier Coefficient se-
quence .Xj[n] for the discrete frequency points n. Finally
the periodogram Sq[n] is obtained by squaring the coef-
ficients, Sq[n] = ^?[n]X,[n], In this case a rectangular
window is used. Then its PDF is approximated by a scaled
X2 distribution

[1], the standard deviation being equal to the mean spec-
tral power.

We now concentrate on these spectral estimates obtained
as periodograms by the use of the rectangular window. We
assume that the periodogram Sg[n] of the data xq[i], for
a certain frequency n, has a xi distribution, the mean
and variance being 2 and 4 respectively. (This could be
achieved by scaling the actual periodogram). Next, we as-
sume that data of subsequent data blocks are independent,
e.g. for N data in one block, xq-\[N] and xq[1] are inde-
pendent. Consequently, the time series xq[i] is restricted to
an independent sequence. Then, subsequent periodogram
estimates will be independent as well.

In what follows, the frequency index n is omitted. We
consider the averaged spectral density Pq that results from
the block exponential averaging process:

P, = wP,-1 + (l-w)S9 (1)

The weightfactor w is defined by the time constant r of
the process:

1.
r

Writing (1) explicitly,

(2)

(3)
Jfc=0

using (3) and the assumption of the data of different
blocks being independent, mean and variance of the process
(1) are obtained:

E{Pq) = (w* + (1 - U>)T—!£) E{S} = 2 (4)

var{Pq] = u>2? + (1 - wf J2 w2k var{S) (5)
V Jt=o /

Then, elaborating (5), the measure of accuracy ej, as a

function of blocks, eq = g^p \ , gives:

1



£ ""-" (6)
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Fig. 1. Accuracy of APSD's, r = 10,100,1000 in terms of the number
of blocks

The exponential averaging process is of the quasi sta-
tionary type: if one assumes the sampled data to form a
stationary sequence, the spectral estimate represents a sta-
tionary process after an infinite number of periodograms.
Fig. 1 shows eT

q for three different values of r. It may be
noticed that in the limit q —v oo, (1) describes a stationary
process. Fig. 1 shows that, in practice, a period of 3 to
4 time constants is sufficient for the process to fulfill the
stationary condition.

We will use (3) to represent the spectral estimate. Let
X = So be the periodogram of the first block. The PDF
of X, p(x), is defined by the x\ distribution,

p(x) = -e * (7)

After the first block, if X = wP0, Y = (1 - tu)Si and
Z = X+Y = Pi, we can find the pdf for Z, pi(z), according
to:

P-W = : ? :

•ƒ Pr(z-u)Py(u)rf"- (8)

The pdf p(.) is given by (7). Now there are q updates of
the spectrum, so evaluating pq(z), Z = Pq directly from the
convolution product becomes a formidable task. Therefore
we will use the one-sided Laplace Transform. Let C {pi}
be the Laplace Transform of pi(z) (8) and C{px), C{py)
the transforms oï px(x) and py(y) respectively. Then, by
the convolution property,

(9)

The Laplace Transform of (7) is:

00

/(H 2s
(10)

By the basic property, if £ {/(z)} = F(s) => £ {/(az)} =
i F ( i ) , using (8), (9) and (10), one has

(1 + 2ws)(l + 2(1 - W)S) (11)

In order to add the next block, use of the same arguments
easily leads to

(1 + 2w2s) (1 + 2tu(l - w)s){l + 2(1 - u»)aj
(12)

Finally,

{Pq) =

The pdf pq{z),Z = Pq from (13) may be obtained by
the residual theorem: If fa is a residual of the function
e"C{Pq],

were Sk is a pole of e"C {pq} of order n, and if the num-
ber of poles equals m, then the inverse Laplace Transform
is given by:

C+IOO

1 t
= 2Ti J B" *=0

As all the poles are single, application of this theorem to
(13) does not require differentiation and leads to:

Arriving at stationary conditions means that q
that case, the first part of (16) cancels:

(16)

oo. In

PTT)
P \ 2(l-u/)iuW

J=O

In practice, as was mentioned earlier, a time period of 3
to 4T will be sufficient.



III. MOMENTS, SKEWNESS AND CURTOSIS

By (5), it is easy to see that, if q —* oo,

var{z} =4 [ 1 ^ 1 = J(z - tfPoo(z)dz (18)
o

Evaluation of the right term of (18), with E{z} = 2,
gives

" l ' - " ( H - u > ) - " ( l - u » ) ( l - u ; 2 )

To compute the third order moment, we first consider a
time series of a finite number of data blocks. According to
(3), if Z = Pq and Xk = Sk,k = 0,---,g,

Z =
fc=o

aq = wq

ak = ( 1 -

we have to calculate

(20)

(21)

fik being 2 for all k. Within (21), three different types
of terms occur:

a,? (xi - m)2 aj (XJ - (ij), (t ^ j)
a,- (a;,- - /J,-) a, (XJ - /ij) afc {xk - fik),

Now, because of the independence of blocks,

E {a? (xi - m

a}E {{xi

E {a,i {xi - m

W } = 0

aj {XJ - \ij) ak {xk - fik)}
= 0

(22)

Therefore,

calculation shows that E Ux — /x)3 > = 16. Then, using

(20), we can compute E<(z — nt)
3\ and take the limit

q —* oo. Proceeding this way, with Z = Poo this finally
gives

E x(z - (24)

The third moment with respect to the origin, E{z3},
now may be calculated. Evaluating the left side of (24),
using the first and second order moments of (17), one gets
the following expression:

2?{z3}=48
- to8to8)

(25)

For the fourth order moment, using (20), independence
of blocks leads to

(26)

The same approach that was used in order to derive
third order moments may be followed here. A substan-
tial amount of computations, using previous results, finally
leads to:

* 1
C1 ~

(27)

By comparison of (19), (25) and (27), it seems that, in
general:

(28)

(For £ = 0 and £ = 1, (28) holds by the fact that (17)
is a PDF and E{z] = 2.) This will be proved in the
appendix. By (28), any central moment can be calculated
by the binomial expansion of E j {z — jiz) >.

Finally, skewness and curtosis are obtained from the ex-
the index k being omitted as all the periodograms have pressions of the variance, third and fourth order central

the same x\ distribution, given by (7). A straight forward moments:

(23)
*=0



A =
var{z}~-

4 ( 2 r - l )
3 r 2 - 3 r + l

+ 2 T - 1 \

- 2T + 1 /

(29)

(30)

V. PROCESS SIMULATION

The results that were derived previously hold for pro-
cesses where periodograms of subsequent blocks are inde-
pendent. Consequently, the formulas are restricted to time
series where x, is independent from Xj for every i ^ j . We
will check if it is still reasonable to apply them to a spectral
estimate of a real process.

If T becomes large, it follows from (29) and (30) that
these quantities approximate to their Gaussian counter-
parts.

IV. GAUSSIAN APPROXIMATION

If r increases, (17) approaches the normal distribution,
so for increasing r, the central limit theorem holds. This
may be proven easily by the Cumulant Generating Func-
tion (CGF) of (17), K(t). For a normal distribution with

2 | 2 2mean y. and variance <r2, K(t) = /zf + |<r2i2. First the «>s
Moment Generating Function (MGF) <3>(t) of (17) is con-
sidered. As all the periodograms Xi (see (20)) are inde- io4-
pendent, this function is the product of the MGF's of the
separate periodograms. Equivalent to (13), as

for a finite series of blocks, the MGF of (17) is:

••(t)=(fd^o n i -24i -^
In the limit q -* oo each term of the CGF Kz(t), Kz(t) =

In {$2(t)}, so

Kz(t) = - ^ In (1 - 2wfc(l - w)t) , (33)
Jb=O

may be expanded as an infinite series:

oo oo

k=0l=l

- w)ltl

2Hl

(34)

^From (34), it may be concluded that in first order of
the time constant r, the distribution of the exponential
averaged spectrum Z = Poo approaches the Gaussian shape
if r gets large:

D3 F * * * > " * I ^ I I
-O- AR(04) rrodsl
~S- tlmultletlproceu

IS 20

frequency (Hz ]

Fig. 2. Spectrum, spectrum of AR(64) model and the exponential aver-
aged periodogram resulting from the simulated linear process.

To create an ensemble of exponential averaged periodogram
estimates within a reasonable time, a linear process, Xk =
64

53 atxjt_;- + et is generated, ejt denoting a white noise
3=0
process. The coefficients a*, k = 1, • • •, 64 are obtained by
applying the Levinson-Durbin algorithm

[3] to the correlation function corresponding to the first
spectrum that is shown in Fig. 2. In this figure, three spec-
tra are plotted. The first is the actual noise spectrum of a
pressure sensor. The autoregressive model of order 64 gives
the second spectrum. Then, a set of 10000 periodogram es-
timates for ƒ = lAHz is created to simulate the ensemble.
Each member of the ensemble results from an exponen-
tial averaging process of periodograms obtained from the
linear process. The time constant was 15 blocks and the
number of blocks 150. The third spectrum in Fig. 2 shows
one ensemble member. The histogram of this simulation
experiment, as well as the PDF according to (17) is given
in Fig. 3.

Although periodogram estimates of this linear process
are correlated, it may be concluded from Fig. 3 that (17)
still gives a good fit to the unknown PDF of spectral esti-
mates.
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VII. APPENDIX A

We assume that (28) holds up to order t — j,j = 0, • • • ,£ and try to prove:

( 3 6 )

n (ï - ium)
m = l

For some finite time series of q blocks, the (£+ 1) moment ni+1 may be written as:

\j=o

t=o

q
lj, Rk^^ajXj (37)

The coefficients at are given by (20). The expectation (37) may be computed directly by the joint probability density
unction of the independent q + 1 variables Xjt, fc = 0, • • •, g:

1
n ) ' PO**) = öe~^ (38)

Then:

00 OO OO O it

dx0--- dx)t_i / ctafc+i••• I dxqY[p(xj) —y-*k(a^k + # * / d » t (39)
0 0 0 0 £ 2 0

Repeated partial integration of the right term of (39) gives:

OO XL

-y-Xit {akxk + Rk) dxk =
o

OO 00

(akxk + Rk)
1]™ + ƒ e-^xkeak (akxk + R^

1*1 dxk + J e~^ (akxk + Rk)1 dxk =
0 0

J ^Y~xk (akxk + f?*)'"1 dxk + 2f (akxk + i?fc/ p {xk) dxk =
0 0

2(£ - l)ofc ƒ —"«it (ajtxjt + -Rfc/"2 d̂ fc + 2 f {akxk + Rkf~
l p {xk) dxk 1 +

o o J

ƒ (at** + i?it/p(xjb) dl* = =

. • oo

k i lj (40)

oo

2

o

i=o ^ -7 ^

Next, using (39), this result is substituted into (37):



- O O 00 CO 00

r t t f
/ / /

r t t f
£ a k ƒ dxo-- / dxk.x / dxk+v-- /

=o o on noo o Zïl
co co co

rr / dxc

k=o

i=o

If g —+ oo, the induction assumption (28), (20) and (41) finally yields

E = 2 ^ ! ( 1 - w)) t + 1

; = 0
if
m=l

Expression (42) equals (36) if, substituting £ — j = n:

E
n=0

n
m=n+l

Indeed, if the left hand of (43) is Pt, so

ft-i =

then:

[(1 - W^ 1 ) - (1 - W2)] (1 - u;3) • • • (1 - u / )

iXk =

- 1

(1-w)

(1-ti;)

1 - 1 1 /

(41)

(42)

(43)

(1 - w2) { (1 - w*) • • • (1 - wl) } + u;2 {(1 - w3) • • • (1 - wl) } + • • • + wl = • • • =

(44)

As Pi — Pt-i = 1 and Po = 1, by induction, (43) holds. Therefore, (36) is true, given the assumption (28). As was
shown, (28) holds for i = 0,1,2,3,4, thus completing the proof of (28).

Equation (43) has appeared to be of interest to the theory of partitions. Based on this equation, a relation between
partitions and the number of divisers was established

[4]-



VIII. APPENDIX B

An alternative proof without using induction may start from the explicit expression of the PDF (17):
Using the fact that

f ^ (45)
o

a direct integration yields:

°r °° tj
E {z1} = / zipoo{z)dz = 24fl(l - w)1£ T5—H (46)

This means that, in order to proof the expression for the moments with respect to the origin, we have to proof the
next infinite sum of infinite products:

Indeed, this may proved directly by Eulers' equation
12]

n (i-w"»)i=óF n^
m=l

where

f[u>r) (49)
r = l

For I = 0 we have

1 -J- V~\ 1 i "C"^ (*" 1JJU> 3 _ i /_„•.
oo . "" °° Z-i j - l ~ oo 2-J P-(tii\ ~ ^ '

k—°. m = l j._0 m=l

as follows from Euler's equations (48) and (49).
If I > 0, we use a result
[2] from the prove of Eulers' equation:

n a— m)=
n=0

Then, using (51),

00 w

i=<+l m=l

Alternatively, a proof of Eulers' equation, (48) and (49), follows directly from the fact that the integral of the PDF
(17) equals 1.


