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RESUME

Le calcul du transfert de masse des eaux souterraines constitue un élément primordial de
l'évaluation des performances des installations de stockage permanent des déchets radioactifs.
La construction souterraine anti-intrusion (IRUS) d'EACL, installation conçue pour le
stockage permanent près de la surface des déchets radioactifs de faible activité, doit être
située dans une couche sablonneuse de morts-terrains aux Laboratoires de Chalk River
d'EACL. L'écoulement dans les aquifères sablonneux au site proposé pour l'IRUS est
relativement homogène et régi par le phénomène d'advection (nombres de Péclet élevés). Le
transfert de masse dans la direction moyenne de l'écoulement provenant du site de l'IRUS
peut être représenté par une équation unidimensionnelle d'advection-dispersion, dans laquelle
il est commode de représenter le flux aval des radionucléides par une fonction de Green.
Dans le présent rapport, on montre que dans les aquifères où domine le phénomène
d'advection, l'atténuation par dispersion des rejets initiaux de contaminants est en grande
partie fonction de deux échelles de temps : la durée du rejet de la source et le temps de
passage de la largeur de l'impulsion. Des études numériques indiquent en outre que la
concentration ou le flux aval maximal dépendent de ces deux échelles de temps d'une manière
caractéristique simple qui est très peu influencée par la forme de l'impulsion initiale de la
source.
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ABSTRACT

A groundwater mass transfer calculation is an essential part of the performance assessment
for radioactive waste disposal facilities. AECL's IRUS (Intrusion Resistant Underground
Structure) facility, which is designed for the near-surface disposal of low-level radioactive
waste (LLRW), is to be situated in the sandy overburden at AECL's Chalk River
Laboratories. Flow in the sandy aquifers at the proposed IRUS site is relatively
homogeneous and advection-dominated (large Peclet numbers). Mass transfer along the
mean direction of flow from the IRUS site may be described using the one-dimensional
advection-dispersion equation, for which a Green's function representation of downstream
radionuclide flux is convenient. This report shows that in advection-dominated aquifers,
dispersive attenuation of initial contaminant releases depends principally on two time scales:
the source duration and the pulse breakthrough time. Numerical investigation shows further
that the maximum downstream flux or concentration depends on these time scales in a simple
characteristic way that is minimally sensitive to the shape of the initial source pulse.
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1. INTRODUCTION

The IRUS (Intrusion Resistant Underground Structure) facility is a concrete vault designed
for permanent disposal of low-level radioactive waste (LLRW) [Dolinar et al., 1994].
Because the facility is to be located approximately one metre above the local water table,
groundwater has been identified as a potentially significant route for human exposure to the
contents of the vault, and the performance assessment code NSURE/SYVAC [Rattan, 1993]
has been written to predict the impact of this pathway. The code contains a model to
represent mass transfer processes within the vault, leading to a prediction of the vault source
term, which is the release rate of dissolved radioactive species from the vault to the
underlying aquifer. Given the source term as input, the code computes the rate of migration
of these radionuclides along the aquifer, and predicts the flux or concentration at some
distance downstream from the vault. Because of the relative simplicity of the local
hydrology, a simple one-dimensional (ID) stream-tube model has been adopted in
NSURE/SYVAC to describe mass transfer in aquifers [Klukas and Moltyaner, 1995], This
report examines the basic properties of the geosphere model and investigates the sensitivity of
the model to the parameters used to describe it, and to the parameters used to characterize
the release to the aquifer (i.e., the shape of the source term).

2. GREEN'S FUNCTION REPRESENTATION OF AQUIFER TRANSPORT

In performance assessment codes, mass transfer in aquifers is usually modeled using the one-
dimensional advection/dispersion equation. The porous medium is assumed to be of semi-
infinite extent, which is convenient for two reasons: analytical solutions are readily available,
and semi-infinite medium solutions are suited for multilayer mass transfer approximations
[Shamir and Harleman, 1967; Barry and Parker, 1987]. As Figure 1 shows, the stream tube
(or pipe) has a fixed cross-sectional area, and the source term, represented by the function
J0(t), is injected at *=0. The stream-tube is hydraulically characterized by the pore velocity
V, the coefficient of hydrodynamic dispersion D and the nuclide retardation factor
R = l+p^K/e where pb is the bulk density, Kd the partition coefficient and e the porosity
of the aquifer. The mass flux profile at a distance x=L downstream, JL(t), can be
represented by the convolution integral:

(1)

where G(x,t) is the Green's function for mass transfer in a ID semi-infinite medium. The
governing equation and boundary conditions for the mass flux are [Selander et al., 1990]:
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The ID advection/dispersion equation is often written using the pore water concentration
C(x,t), rather than the mass flux, J(x,f); the two are related by / = -D(dC/dx)+ VC. The
Green's function in Eq. (1) has the form [Moltyaner, 1983]

exp _ (Rx-Vt)
4DRt

(4)

Some simple properties of Eq. (1) are easily demonstrated. Because there is no loss of
radionuclides either by lateral dispersion or by radioactive decay in this model, mass is
conserved, and the integrals of the input and output fluxes are equal to the original
radionuclide inventory, /„, that is:

70 (5)

The lack of lateral dispersion makes the ID approach realistic. If there is no longitudinal
dispersion in the aquifer (D=0) then the flux profiles J0 and JL have the same shape, but JL

is displaced by the aquifer delay time, which is equal to LR/V. On physical grounds it is
clear that a very long input pulse of constant height generates an equal output pulse, in which
case:

JL =Jo «>
except near the beginning and end of the pulse. From the properties of the Dirac delta
function 8(t), it follows that if J0(t) is a very short pulse, then the exit pulse will approximate
the total inventory multiplied by the Green's function, that is:

JL (t) = f 'J0(t-s) G (L,s)ds * J ' 70 Ô (t-s) G (L,s)ds = I0G (L,t) (7)

What is meant by a "very long" pulse, and how the integral Eq. (1) modifies 70 to produce
JL, in the case where J0 is neither long nor short, will be investigated in this report. In
particular, it will be seen that the relation between the source function J0 and its response
flux JL can to a large extent be characterized by the time scale that defines /„ and the time
scales inherent in the hydrological system.



3

3. ADVECTIVE AND DISPERSIVE TIME SCALES

For the relatively homogeneous sand and gravel aquifers on the site at the Chalk River
Laboratories, the dominant mass transfer processes are advection and field-scale dispersion.
Apart from its cross-sectional area, which in the stream tube model provides a simple
dilution factor, mass transfer in homogeneous aquifers can be characterized by the four
parameters: L (length), V (velocity), D (dispersion) and R (retardation). These can be
combined to generate characteristic time scales for advection and dispersion. The advective
time, tA, which is the time for a contaminant plume to travel the distance L, is:

tA=RL/V (8)

A time scale for purely dispersive mass transfer over the distance L is [Freeze and Cherry,
1979]:

m
2(D/R)

For the homogeneous sand aquifers on the CRL site, on a scale of one to several hundred
metres, tE> >tA. In other words, the column Peclet number [Borkovec et al., 1991],

Pe = LVID = 2tE/tA (10)

is large, generally hundreds for the CRL site [Killey et al., 1990; Moltyaner and Wills,
1987]. The analytical approximations that are made in the present report apply only to mass
transfer regimes having Pe » 1.

A dispersive time scale that is more suited to the large Peclet number regime is the pulse
breakthrough time, tD, which characterizes the pulse width at x=L from a delta function
source at x~Q. The time scale tD may be defined as the 1/e- width of the exponential term in
G(L,t), Eq. (4), which is equal to the difference between the roots of the quadratic equation:

For large Peclet numbers, the dispersive time scale is:

The Green's function G(L,t) can be expressed in terms of the time scales tA and tD.
Straightforward substitution using Eqs. (8), (12) and (4) leads to:

G(L,f) =
1C

exp -
4<f-tAft'A> "A (13)

tn t
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4. LIMITING CASES FOR THE PEAK FLUX

In the safety case for a LLRW disposal facility, the maximum value of the mass flux (or
concentration) at a particular location along the aquifer (e.g., at the position of a well) often
determines the peak dose received by the critical individual. For scoping and sensitivity
calculations it is useful to have a simple means of estimating the maximum value of JL(t),
denoted JL^, and the time at which it occurs, denoted tmax.

Equation (1) is especially convenient for calculating JLmax and tmax. As already noted, if the
incoming pulse J0 is very broad or slowly varying compared to the dispersive time scale tD,
then JL = J0 to a good approximation, and in particular JLmax ~ J0mtx. More precisely, if
J0(t) can be characterized by a time scale t0 such that:

'o =
and if

then

Note that J^^ depends only on t0.

t0»tD (15)

The other limiting case is that of a very narrow source function, which by definition means
that

to « tD (17)

In this case it follows from Eq. (7) that

Because the exponential term in G dominates its behaviour near the peak, the arrival time of
the maximum is

From Eqs. (18) and (19) it then follows that

^-WA^-w^vfe (20)

In this case, JLmax depends only on tD.

The above arguments for the limiting cases t0»tD and t0«tD show that the maximum
flux (or concentration) depends either on the source time scale t0 or on the dispersion time
scale tD, but not on the advective time scale tA, which only determines the time of occurrence
of the peak. Because J^^ has no dependence on tA for either of these limiting cases, it may
be conjectured that there is minimal dependence on tA for the intermediate case, where t0 and
tD are of the same order of magnitude. This possibility is investigated in the next section.
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5. ESTIMATES FOR JLmax AND tmax WHEN t0 ~ tD

5.1 General Remarks

Equation (1) was investigated numerically to test the response of JL^ to a wide range of
time scales (t0,tA,tD) and pulse shapes J0(t). Some of the integrals involving simple source
functions J0(t) may have analytical forms that could have been used to calculate JL(f);
however, a numerical treatment of Eq. (1) for all functions was more convenient.
Appendix A contains a description of the computer code used for these computations. Before
describing the results in detail, we note, for the readers convenience and understanding,
some of the main conclusions:

« The dependence of Jj^ on tA is minimal, occurring only when the ratio tA/tD is small,
which usually occurs only when the Peclet number is small.

• The dependence on /„ and tD is of a simple, characteristic form that allows easy
estimation ofJLmax.

• The time of arrival of the response pulse depends on tA. For narrow pulses the peak
arrives at approximately tA+'/2t0, and for long pulses the leading and trailing edges
are delayed by an amount tA and tA+t0, respectively, as expected.

• Jimax is a180 minimally sensitive to the shape of J0, less than a factor two for the
functions examined.

Mathematically, the results are valid for any combination of input data, provided the Peclet
number is large, although this requirement is not overly restrictive; Peclet numbers as small
as 10 would not invalidate the results.

5.2 Rectangular Source Pulse

The results for the rectangular source function are given in some detail because it is a good
illustrative example. For the results plotted in Figures 2 and 3, D=0.05 m2/a, V=1.0 m/a
and £=1.0. Using this choice of parameters, the time scales at £,=100 m are tA=WQ a and
J0=8.94 a, and at L=1000 m they are ^=1000 a and ̂ =28.3 a. For convenience, unit
inventories (70=1.0) were used throughout this report.

Figure 2 illustrates the evolution of an initially rectangular pulse of width t0=lQ, at L=0,
Z,=100 and L=1000. The figure shows clearly that with these parameters some dispersion
has occurred, and that the peak of the pulse becomes clearly defined. As expected, the peak
reaches L=100 at ̂ =^+^0, (f^-105), and L=1000 at tmax=tA+J/2t0, (^=1005).
Figure 2 shows that as the pulse is advected along the aquifer, dispersion begins to round off
the corners and broaden the pulse. Although the centre of the pulse initially remains at its
original height, 1/J0, eventually dispersion reduces the height of the peak. Figure 3 shows
that these "flat peak" and "decreasing peak" regions represent asymptotic limits, with an
intermediate transition, consistent with Eqs. (16) and (20). The transition region, determined



by the relative values of t0 and tD) was found to be relatively narrow (on a logarithmic scale)
and virtually independent of tA. Table 1 shows the results that were obtained for f0=10 and
f0=100.

Table 1. Peak Flux Resulting from a Rectangular Source Function

*o=10

tD< 2.83

tD = 8.94

tD = 11.28

tD 2: 28.28

/tm« = 1/4. = 0.1

J^ = 0.0893

J_ = 0.0791

June, = (4/*)I/2/^

*„ = 100

tD < 28.3

tD = 89.4

JD = 112.8

tD 5= 282.8

JlxUK = 1/*0 = 0.01

Ji*a* = 0.00893

J^ = 0.00791

/i™« = (4/7r)1/2/*D

This pattern consisting of a pair of asymptotes with a narrow transition region near their
point of intersection, was confirmed for a wide range of parameter values, and as stated in
Section 4 it is supported on theoretical grounds. The asymptotic region J0 = l/t0 is valid
provided V^o < 0.3, and the asymptote JLmax « (4/ir)m/tD takes over for t^ >3. In all
cases, the peak of a narrow pulse arrived at a time equal to the aquifer delay time tA plus one
half the pulse width t0; that is

(21)

For long pulses, which retain their initial maximum value l/f0, the leading and trailing edges
arrived at x=L with the expected delays of tA and tA+t0, respectively, subject of course to
some dispersion.

The shape of the curves in Figure 3 suggests that the dependence of JLmax on tA is likely to be
largest where the asymptotes intersect; that is, where

1/2' <22>

Therefore, tA was varied at this point and it was found that for the usual Peclet numbers of
hundreds or more, the value of JLmax is fixed at 0.791/*0- For Pe=12.6, a low Peclet
number compared with those of the aquifers at CRL, the constant increased to 0.842, a
relatively small difference. In this case also, the peak of the curve shifted away from the
predicted time marginally, and its peak value exceeded the asymptotic limit (4/Tr)1'2///, by a
few percent. It is clear that the asymptote Ji^^l/to cannot be exceeded, since the aquifer
is dispersive. Therefore, provided the Peclet number is large enough (a realistic situation for
CRL aquifers), the peak flux at x=L is bounded above by the family of asymptotes shown in
Figure 3. The maximum departure downwards is about 20 percent at tD = (4/7r)1/2f0.



5.3 Other Geometrically Simple Pulse Shapes

The computations carried out for the rectangular pulse and described in Section 5.2 were
repeated for a number of other geometrically simple pulse shapes (triangles, ramps, etc.),
with varying time scales t0. In every case, the same asymptotes were found to govern the
maximum response, as expected on the theoretical grounds discussed in Section 4. In
addition, the departure of the response curve from the asymptotes was greatest at or near the
intersection of the asymptotes, as it was for the rectangular pulse. Therefore, the sensitivity
of the aquifer system to various source functions is well characterized by the variation of
Jimax at the intersection point. For this reason, the presentation of results is limited to values
ofJLmax at the intersection point tD — (4fir)l'2t0 for different shapes of source functions J0(t),

Three shapes of triangles were examined, each with height l/t0 and base width 2t0 (to
preserve the normalization as per Eq. (5)). The values of T^^U. and tmax at the intersection of
the two asymptotes are shown in Table 2. There is an obvious symmetry about the values of
tma, and, as expected, the peak is captured within the pulse length (2t0) plus the advective
delay tA. By comparison with the rectangular pulse, the effect of additional smoothness helps
to reduce the value of JLmax as expected. From symmetry, it is also expected that these
estimates for Ji^ represent upper and lower bounds for all triangular sources of height l/f0,
regardless of where their peaks occur.

A trapezoidal pulse was investigated as a means of assessing the effect of a loss of symmetry
on a rectangular pulse. Rising and falling trapezoids were considered, with a ratio of sides
of 3:1. The peak height of the trapezoid was chosen equal to be l/f0 and the base width was
3f0/2 (to preserve normalization). The computations showed, as expected, adherence to the
asymptotes Kt0 and (4lir)'Aft0. At the intersection of the two asymptotes, the value ofjjj^
was (0.660+0.005)//,,, with the scatter depending mostly on the orientation of the pulse and
numerical truncation error. The arrival time of the peak varied between tA+ lh.tQ and tA+t0.
The effect of a ramp at one or both ends of the rectangle was also investigated. The results,
summarized in Table 2, differ little from those of the rectangular pulse.

5.4 Exponential Pulse Shapes

Exponential functions, because they are smoothly varying and have long "tails", are probably
more representative of actual source function shapes. Exponentials of the following form:

J0(?) = afl+1 (

were examined for «=0,1,2. These functions are normalized to one and converge
exponentially to zero as t-*&>. For n>l, they are continuous in the sense that /0(0)=0.
The time scale of1 is related to the time scale t0 in a way that is dependent on n. For n=0,
the peak of J0(t) occurs at t=0, and t0=l/a. For n=l and 2, the peaks are delayed and can
be found in the usual way by setting djjdt to zero, which gives:



Table 2. List of values of Jj^* at point of intersection of asymptotes for the source
pulse shapes examined.

Shape of source pulse, J0. JLmax as a function of 4 at
intersection of asymptotes.

Rectangle

Right-facing ramp
Symmetrical ramp
Left-facing ramp

Rising/falling
trapezoid

0.791/4

0.633/4
0.683/4
0.636/4

0.660/4

Ramp down
Symmetric ramp
Ramp up

Simple exponential

Delayed exponential (K=!)

Delayed exponential («=2)

0.769/4
0.779/4
0.770/4

0.528/4

0.668/4

0.685/4



n = 1 f0 = e/cc , t^ = tje

» = 2 f = *22a,

Computationally, the results were very comparable to those for the other pulse shapes
investigated. Depending on the relative values of t0 and tD, the value of Jtmax was close to
one or other of the asymptotes, or else fell on the transition curve between them. The values
of Jlmai at the intersection of the asymptotes were:

(25)

6. DISCUSSION

The aquifer response to a number of input pulse shapes has been examined. The peak of the
output pulse Jimax, and the time at which it occurs, tmax, show certain simple patterns of
behaviour, depending on the source period t0 and the aquifer dispersion time tD. The
asymptotic responses for all pulses in the limiting cases where either tD«t0 or tD»t0

have already been noted in Section 4. The transition region, which for practical purposes is
the range 0.3J0 ^ tD <: 3t0, has been investigated in some detail, since it is the region in
which the response function is most sensitive to the shape of the input pulse. In assessing
the geosphere performance, it has been shown here that the advective delay time, tA, has
little effect on dispersive attenuation. It should be noted, however, that tA may be
significant for radioactive decay, because the peak flux at x=L will be reduced by about a
factor of exp(-X^), where X is the radioactive decay constant.

The response peak is most sensitive to the shape of the source function near the intersection
of the asymptotes, where tD — (4/ir)1/2f0. At the intersection point it was found that the peak
response varied between 0.528/*0 for the simple (re=0) exponential and 0.791//0 for the
rectangular pulse. Table 2 lists these results. The relatively narrow range for the
coefficient, 0.528 to 0.791, indicates a modest shape sensitivity for the aquifer response in
the mass transfer regime of moderate to high Peclet numbers. Not surprisingly, the results
show that "sharp-peaked" pulses are subject to greater attenuation than flatter distributions.
Table 2 shows that "flat-topped" pulses have coefficients in the range 0.769-0.791. By
contrast sharp-peaked pulses, such as triangles, have coefficients in the range 0.633-0.685.
This reduction (—15%) reflects more rapid and effective dispersion for these shapes. The
simple exponential, a sharp-peaked function, is an exception and has a coefficient of only
0.528. This apparently anomalous low value results from the definition of tQ - an equivalent
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triangle approximating the shape of the simple exponential (the initial slope, in particular),
has an area about 20% less than the area under the simple exponential, and the convolution
integral cannot "capture" the entire pulse in its peak, accounting for a drop of perhaps 20%.
The smoother delayed exponentials are more similar to the various geometric shapes.

Because the overall sensitivity to source pulse shape is relatively small, a "universal"
expression, valid for both limiting cases and the transition region, can be obtained that will
provide a good approximation to Ji^ for all source functions. The universal expression
has the form:

(26)

where

This expression exhibits the correct asymptotic behaviour when either £0 or tD exceeds the
other by a wide margin. At the point of intersection of the two asymptotes, it provides the
estimate JLmax= 2~1/2/0/Y0= 0.707/o//0, which is representative of the numerical results. In
addition to the above conclusions, it can be deduced that the time of arrival of the peak is
generally between tA+lkt0 and tA+t0, although there are some small deviations outside of
this range.•'d'-

(26) can be applied to an issue that arises in safety assessment studies of LLRW
disposal facilities: the extent to which vault performance contributes to the safety case of the
disposal facility. Vault performance (i.e., the collective performance of the containers, roof
and waste forms) is represented by the source term, which is in turn characterized by the
time scale t0. If t0< <tD, which would be the case if little credit were taken for vault
performance, then:

2 (28)

Equation (28) is obtained by substituting Eq. (12) into Eq. (26). The parameters L and V are
fixed and nuclide-independent, and D has only a small nuclide dependence. Hence, when
*<>< <*D> me factors that limit J^^ are the nuclide inventory, /„, and the aquifer retardation
factor, R (i.e., the aquifer Kd). The other limiting case, t0> >tD, implies that vault
performance dominates geosphere dispersion, in which case JLmax is given by Eq. (16). In
this case, vault performance is the factor that controls Ji^ since dispersion in the geosphere
has little influence on the peak flux at x=L. From Eq. (26) it is clear that additional vault
performance (i.e., larger values for 4) is beneficial, because it can only reduce

As an example, consider a representative set of parameter values for aquifers on the CRL
site: D = 36.5 m2/a , V = 135 m/a, and L = 500 m. Using these values, the dispersive
time scale for a nonsorbing nuclide (i.e., nuclides that have R=l, such as 1-129 and Cl-36)
would be tD — 0.34 years. Hence, if the vault performance is such that nuclide release
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occurs over a period of 0.34 years or longer, then the vault is an important element of the
safety case.
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APPENDIX A. COMPUTER CODE FOR INTEGRATING EQ. (I)

A computer code, called GEOS, was written in FORTRAN 77 to evaluate the integral defined by
Eq.(l). The code computes JL(t) using the Green's Function G(x,f), as defined in Eq. (4), and the
user-specified source function J0(t). The source function is a user-specified input array distributed
over a uniform time grid with spacing At, starting at f=0. It is normalized such that:

J0(0^=l (A.I)

GEOS uses a modified trapezoidal integrator QTRAP [Press et al., 1986] to evaluate the
convolution integral JL(t). QTRAP successively bisects the integration step size 8t until the integral
as calculated from the trapezoidal rule, satisfies a convergence criterion. Bisection of the interval
stops when:

Int(n+l) -Int(rt) ^ /A i\— ^-^ < e, (.^-^)
Int(n) 1

where Int(«) is the estimate of the integral after n iterations and €j is a user-specified convergence
parameter. A limit is set on the number of bisections allowed, and a warning message is printed
along with the "best estimate" if this limit is exceeded. The initial value of the integration time
step 8t is chosen as follows: if AH is the full width at half maximum of G(L,t) and At is the time
step used to specify J0(t), then &t = min [AH/100, Af/50].

GEOS Input Parameters:
(1) Descriptive header (max. 80 cols.).
(2) Cj - convergence parameter for numerical integration, which specifies the magnitude of the

relative error in the numerical results.
(3) D - coefficient of hydrodynamic dispersion [m2/a]

y - aquifer bulk velocity [m/a]
R - retardation factor [dimensionless]
L - distance along aquifer stream tube at which JL(t) is calculated [m]

(4) The elements of the array representing J0(t), starting at *=0.
(5) At - time step for the source pulse array J0(t)

NFIN - number of entries in the array J0(t) [integer]
t0 - source pulse time scale that "characterizes /„(/) defined as per Eq. (14).

GEOS Output:
(1) Tabulation of the source pulse and response pulse in the form: t, J0(t), JL(t) with the same

time step At that is used in J0(t).
(2) Mass Balance check on the response pulse.
(3) Jinax and tmax [as defined in Section 4].
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