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1.0 Introduction 

In recent years the International Criticality Safety Benchmark Evaluation Project under the 
sponsorship of the Department of Energy has undertaken the task of evaluating past critical 
experiments. Many of the experiments involving metals were subcritical with extrapolation to 
some critical characteristic dimension. The metal experiments were commonly limited to a 
maximum multiplication of 100 for obvious safety considerations. Also many critical experiments 
often used subcritical measurements to obtain the critical specifications, e.g. Jezebel used 
subcritical measurements to assess the magnitude of neutron reflection from the surrounding 
structures. Therefore, the task of evaluating the experimentally derived critical configuration often 
involves evaluating the subcritical measurements made by the experimentalists. 

The purpose of past experiments was to determine critical configurations. Many of the modern 
computer codes (KENO, MCNP, and ONEDANT) calculate values of keff. However, the 
subcritical measurements made during the course of the experiment are usually measurements of 
the neutron multiplication. To evaluate the subcritical experiments, a link was established 
between the neutronic theory and the practical application of such when using subcritical 
measurements to establish the critical characteristic dimension. A more in depth derivation of the 
relationship between keff and neutron multiplication will be shown along with comparisons 
between calculated and measured multiplications. 

2.0 Theory 

In describing the state of subcriticality of a "critical" experiment, the "multiplication" of the 
system is normally used. There are at least two common usages, net or leakage multiplication and 
total or absolute multiplication. The net multiplication, M, is the number of neutrons which 
permanently escape from the system when a single neutron is introduced as the primary source. 
The total multiplication, T, is the total number of neutrons produced in the system by a single 
neutron. The total multiplication is easily derived from the ^eigenvalue form of the Boltzmann 
Transport Equation [1]. In operator notation the Boltzmann Transport Equation becomes; 

LY0 = J_F^ 0 (1) 

where F*¥0 is the operator form of the fission source term, 



^ o = Xg £ ( v ^ W • (2) 

When solving equation 1 the calculation is normalized such that the integral of the fission source 
term over all phase space is some value, normally 1. The same system is solved as a fixed source 
problem, 

L*¥ = FW+Q <3) 

where Q is a distributed fixed source which is also normalized to the same constant used in the 
keff eigenvalue problem. If and only if Q has the same phase-space distribution as the fission 
source in equation 1, then equation 2 becomes, 

Lm-F^ = Fxif

Q (4) 

Because of the fission source multiplication in the fixed source problem, the eigenfunction, *?, 
will have the same distribution as ^ but increase with an amplitude, a, 

¥ = a ¥ 0 . (5) 

Substituting equation 5 into equation 4 yields 

a(LW0-Fy0) = F¥0 (6) 

Substituting for L ^ 0 from equation 1 into equation 6 to get 

a(_L- l )FT 0 =F^ 0 (7) 
eff 

The increase in amplitude, a, is given by 

a= k« 
eff 

(8) 

Equation 6 can be written as 

aLW0 = (a + l ) F ¥ 0 (9) 

The total source (fixed source and fission source) is larger than the fixed source by a factor of 
a + 1 = 1 / (1 - £ e #). This is the total multiplication, T, 



The total multiplication can also be derived from the fact that the total multiplication is the total 
number of neutrons produced per source neutron, given by 

T S+Skeff+Sk?ff+Sk?ff+~ 1 ( n ) 

s l-V 

where S is the source neutron strength. 

According to the definition given previously, the leakage multiplication, M, is the net number of 
neutrons produced in the system, accounting for production and capture, and including the source 
neutrons. If the introduction of one neutron results in the production of £>/fissions, 

M = l+Qf(y-l-a) (12) 

where, v is the number of neutrons emitted after a fission and a is the ratio of the capture cross 
section to the fission cross section. 

The total multiplication, T, is also equal to the number of fissions produced in the system when 
a single fission serves as the source [2]. The spontaneous fissions are included in the count. In 
terms of the number of fissions, the total multiplication is given by 

T=l+Qfv. (13) 

Therefore, 

(M-l ) = (v-l-a) 
l 7^TT = v 

(14) 

Based on equations 10 and 13, the leakage multiplication is related to keJfby the following, 

k„<£v-l-cC) _ _ 
M = 1 + ^ _ 1 (15) 

v(l-*„) 

Only if keff is close to 1.0 then is it possible to state that 
M = — (16) 

Leakage multiplication, M, is normally what is measured when performing subcritical 
experiments. Many factors have an effect on the multiplication measurements. The multiplication 
of a subcritical assembly depends on the position in the system where the source is placed. The 
source spatial and energy distribution can have a significant effect on the measured 
multiplication. The composition and the geometry of the assembly, as well as the detector 
location and spectral response can also affect multiplication measurements. 



3.0 Results 

In this section four subcritical experiments are analyzed. In all of these experiments the leakage 
multiplication was measured to determine the critical characteristic dimension. The inverse of the 
multiplication is plotted versus the characteristic dimension, and the resultant curve is 
extrapolated to a 1/M = 0. The dimension associated with a 1/M of 0 is the critical dimension. 
The accuracy of the experiment depends upon the accuracy of the multiplication measurements, 
the value of the maximum multiplication, and the placement of the source and the detectors. The 
safest procedure is to determine the critical dimension using a linear extrapolation through two 
or three 1/M values. 

To derive the leakage multiplication, experimenters measure the count rate of the assembly. The 
count rate is related to multiplication using equation 12 and the fact that Qf = Cfl C0, where C0 

is the unmultiplied count rate (count rate of the source) and Cf is the multiplied count rate of the 
assembly. C0 is usually obtained with the source in place and a normal uranium mock up of the 
assembly. C^is usually obtained by replacing the normal uranium with the active material. 

ONEDANT with Hansen-Roach cross sections was used to calculate both total and leakage 
multiplications of the following systems at each point that measurements were taken. The leakage 
multiplication was not calculated directly but was inferred from neutron leakage edits produced 
by ONEDANT. The calculated multiplications do not reflect many effects which were present 
for the experimenters, e.g. detector efficiencies and limited detector energy response. The 
extrapolation to the critical dimension shows that these effects are self-compensating, i.e. these 
effects are proportional for all of the measurements. 

The following two subcritical experiments were analyzed. The first experiment was performed 
using two hemispherical masses (combined to form a solid sphere) of alpha-phase plutonium 
reflected by water [3]. For this experiment, the characteristic dimension was the mass of the 
plutonium. The second experiment was performed using two hemispherical masses of delta-phase 
plutonium with a 0.85 inch diameter source cavity intimately surrounded by highly enriched 
uranium (HEU) [4]. For this experiment, the characteristic dimension was the thickness of the 
HEU. In both cases, the results do not appear to have very good agreement, but all results 
(calculational and experimental) extrapolate to the same characteristic critical dimension within 
the experimental uncertainties. The results are shown in Table I. The plots of 1/M versus 
characteristic dimension are shown in Figure 1 and 2. 



Table I: Results of Multiplication Calculations with Their 
Associated Measured Multiplications 

Characteristic 
Dimension 

Experimental 
Leakage 
Multiplication 

Computed 
Leakage 
Multiplication 

Computed 
Total 
Multiplication 

Alpha-Phase Pu Sphere Reflected by Water 

5316 g 31.61 64.08 37.48 

5546 g 71.23 113.0 67.07 

Bare Composite Sphere, Delta-Phase Pu/HEU 

0.0 inches 6.10 3.55 3.86 

0.494 inches 21.9 10.7 15.3 

0.662 inches 111.6 52.5 81.6 

1.0 inches = 2.54 cm 

o 
© Measured Leakage Multiplication 

_ Calculated Leakage Multiplication 
Calculated Total Multiplication 

Pu Mass (grams) 

Figure 1: Extrapolation to a 1/M of 0.0 for the 
Alpha-Phase Pu Sphere Reflected by Water 
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Figure 2: Extrapolation to a 1/M of 0.0 for the 

Composite Core, Delta-Phase Pu/HEU 

The following experiment shows the magnitude of the differences between leakage and total 
multiplication. This experiment was performed using a Pu(16.1) core surrounded by HEU and 
reflected by ~19.0 inches of normal uranium (reflector is a thick absorbing media) [5]. A final 
multiplication of 13.5 was measured, and the extrapolated critical mass was 10618 g. This 
experiment illustrates the value of using multiple data points when extrapolating to critical. Even 
though the measured multiplication was low, the fact that the experimenters used seven data 
points for extrapolation to critical resulted in a satisfactory critical mass derivation. The 
differences in extrapolated critical HEU mass is due to calculational uncertainties and represents 
a Akeff of 0.0025,10618 g HEU versus 10400 g HEU. However, the Akeff associated with the 1/M 
is 0.0729, assuming that the keffis close enough to 1.0 such that inverse multiplication is related 
to keff by keff = 1 - 1/M. This would appear to be a false assumption. The results are shown in 
Table II and Figure 3. 



Table II: Calculational Results for a Composite Core 
(alpha-phase Pu and HEU) Reflected by Normal Uranium 

HEU Mass 
(g) 

Experimental 
Leakage 
Multiplication 

Computed 
Leakage 
Multiplication 

Computed 
Total 
Multiplication 

8642 - 3.4 55.2 

9006 1.2 4.3 70.8 

9370 1.6 6.0 97.2 

9755 2.4 9.6 156 

9917 2.9 13.2 206 

10302 6.7 50.5 823 

10462 13.5 - -

Extrapolated 
Critical HEU 
Mass (g) 

10618 10400 10410 

_̂ - J i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i r i i i i i i i i 
^500 9000 9500 10000 10500 11000 

HEU Mass (g rams) 
Figure 3: Extrapolation to a 1/M of 0.0 for the Composite Core, 

Alpha-Phase Pu/HEU, Reflected by Normal Uranium 



Analysis of the following experiment shows a potential pitfall that could arise if the detector is 
moved while conducting the experiment. To observe the effects of varying the detector position 
an experiment using a Pu(4.9) core reflected by aluminum was selected [6]. The actual 
experiment extrapolated to a critical Al thickness of 3.12 ± 0.03 inches. A cylindrical 
approximation to the actual spherical configuration was derived to be able to observe the effects 
of varying the detector position, therefore comparisons with experimental results would not be 
valid. The first set of calculations were performed with a constant detector position, detector 
position the same for all three calculations. For the second set of calculations the detector 
positions were simulated at 0.1", 0.5", and 1.0" from the outer surface of the assembly. The total 
multiplication did not change for any of the calculations in which the detector position was 
changed. Good agreement for the extrapolated critical Al thickness was observed between the 
calculated total multiplication and the calculated leakage multiplication for a constant detector 
position as shown in Figure 4. The calculated leakage in which the detector position was moved 
from 0.1" to 0.5" and then from 0.5" to 1.0" resulted in a much higher predicted critical Al 
thickness. These results are shown in Table III and Figure 4. 

Table HI: Calculational Results for a Cylindrical 
Pu(4.9) Core Reflected by Aluminum 

Al Thickness 
(inches) 

Computed Leakage 
Multiplication (constant 
detector position) 

Computed Leakage 
Multiplication (distance of 
detector from assembly) 

Computed 
Total 
Multiplication 

2.50 4.96 (0.5") 4.96 (0.5") 51.0 

2.75 7.04 (0.25") 6.37 (0.5") 72.9 

2.90 9.25 (0.1") 7.65 (1.0") 96.0 

Extrapolated 
Al Critical 
Thickness 

3.35 3.63 3.32 

4.0 Conclusions 

The analysis of subcritical systems and their subsequent extrapolation to critical invariably results 
in an analysis of the leakage multiplication measurements. The previous studies show that the 
leakage multiplication measurements can be analyzed effectively. Experimental logbooks and 
progress reports provide useful information in these analyses, e.g. detector positions. This 
information can then be used to identify differences between calculational models and the 
experimentally derived critical configurations. The previous studies also show the difference 
between leakage and total multiplication, which can significantly affect the analysis of subcritical 
systems when the two terms are used indiscriminately. 
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Figure 4: Extrapolation to a 1/M of 0.0 for the 

Pu(4.9) Core Reflected by Aluminum 
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