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Abstract 

It is shown that the mass differences and multiplet pattern for pseudoscalar and vector 
mesons correspond to a chain of dynamic symmetry reductions SU(n)DSU(n-l)<S>U(l). 
In this symmetry-reduction model, the differences between the masses of the quark 
flavours are the result of intra-hadronic interactions. Quark convenient is explained as 
a consequence of the fact that this symmetry breaking chain only occurs in hadrons. 
The results of a quantitative analysis of mass splittings in meson multiplets indicate that 
SU(5) is probably the highest symmetry for hadron states. In the proposed dynamic 
symmetry breaking scheme with five quark flavours there is no one-to-one correspon
dence between lepton and quark generations. 

1. Introduction 

One of the key problems in particle physics is how to explain the masses of elementary 
fermions. In the Standard Model an initial spontaneous symmetry breaking of the 
vacuum results in a non-zero expectation value of a Higgs field, which plays a central 
role. The leptons and quarks are assumed to gain weight by interacting with the Higgs 
field. As yet, there exists no »b initio calculation of the masses and therefore they have 
to be introduced as free parameters in the model. With the quark masses as input 
parameters, the masses of the composite hadron states may in principle be derived in 
the framework of quantum chromodynamics (QCD). The actual numerical computati
ons are performed in the lattice formulation of QCD [1], The complexity of this 
procedure was demonstrated recently by the calculations of Butler et al. [2] on the 
GF11 parallel computer at the IBM Watson Research Center: approximately 1 yr was 
needed to compute the ratios between the massss of ;r, p, N and A. 
In contrast to the standard approach with an initial spontaneous symmetry breaking, 
purely dynamic symmetry breaking mechanisms as possible origin of the hadron masses 
have received little attention. In fact, the early interpretation by Gell-Mann [3] and 
Ne'eman [4] of the hadron states known in 1961 as SU(2) multiplets originating by 
symmetry breaking from SU(3) multiplets, is a dynamic symmetry breaking approach. 
In a more general formulation, all observed hadrons arc interpreted as low-symmetric 
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compound states, that result from a chain of dynamic symmetry reductions due to the 
interactions between the constituents (analoguous dynamic symmetry breaking schemes 
are used to predict energy level patterns in nuclei (5j). It is assumed that before the 
initial symmetry breaking, hadron states with equal mass are arranged in multiplets that 
correspond to the representations of a Lie group G(I). The degeneracy between the 
states within each multiplet is lifted by successive reductions of the symmetry of the 
states, according to a chain of Lie groups G(1)D . . . DSU(3)DSU(2). In each symmetry 
reduction, the changes in the hadron masses are related to the eigenvalues of the 
Casimir operators for the multiplets belonging to the less-symmetric group. Conse
quently, the masses of the SU(2) multiplets can be expressed in terms of the common 
mass for the initial representation of G(1), and one or two free parameters for each 
reduction step. 
It should be emphasized that this dynamic symmetry breaking occurs at the hadron 
level. The chain of Lie groups is related to the interactions within composite particles 
and cannot be expected to apply to the free constituents. In this approach the quark 
flavours may be interpreted as hadronic constituents related to the fundamental 
representation of G( ,) by the same reduction chain that connects the hadron multiplets, 
but the existence of these quark flavours as free particles is excluded by definition. An 
additional attractive aspect of this top-down symmetry breaking scheme is that the 
distinction between the quark flavours, and between the various interactions at low 
energies vanishes at the level of the highest symmetry. Hence, the first Lie group in the 
chain acquires the status of unification group. A specific mechanism is still required to 
generate the large and equal masses of the hadron multiplets that correspond to 
representations of G(I), but the subsequent mass splittings may be predicted by group 
theory. 
The aim of this paper is to test the applicability of a dynamic symmetry breaking chain 
for hadrons by an analysis of the observed mass differences in meson multiplets. In 
accordance with the expectation that there are six quark flavours, originating from the 
fundamental representations of SU(6), the chain of reductions SU(n)DSU(n-l)<8>U(l) is 
investigated. For the comparison of observed and predicted masses, the pseudoscalar 
and vector meson multiplets are selected, because the observations are almost complete 
up to the SU(5) multiplets [6]. Moreover, the analysis is simpler for mesons, because 
each reduction step involves one free parameter if only the quadratic Casimir operators 
are considered. 
The composition of this paper is as follows. First the general formalism for mass 
splittings induced by dynamic symmetry breaking is presented. Then a summary of the 
branching rules between the representations ol the successive groups SU(n), and the 
relevant eigenvalue: of the quadratic Casimir operators are given. By a quantitative 
analysis it is demonstrated that the differences between meson masses indeed corres
pond to the group-theoretical prediction. Finally the implications of a dynamic 
symmetry breaking sequence in mesons are discussed. 

2. Dynamic symmetries in hadrons 

The observation of hadron multiplets with a systematic pattern of quantum numbers 
and mass splittings is an indication for the underlying symmetry of th: Lagrangian. The 
observed eigenstatcs, which are the solutions of the classical field equations, usually 
have a lower symmetry, because the restrictions imposed by quantisation lead to a 
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reduciion of the number of symmetry operations. This feature is illustrated by the low-
energy meson and baryon stales. The multiplicities (1, 8 and 10) indicate that the states 
originate from SU(3) multiplets, whereas the splitting into SU(2) isospin multiplets and 
the quantisation of hypercharge Y show clearly that the symmetry is reduced to 
SU(2),®U(1)Y. The large mass differences between the lowest meson octets and 
singlets, and the next-higher multiplets (the D and D" meson triplets and the singlets 
J/V and i7c) are indicative of the symmetry breaking SU(4)DSU(3)®U(1). Taking also 
the B meson multiplet and the singlet Y into account, the preceding symmetry breaking 
must be SU(5)DSU(4)®U(1)-
The advantage of a description of hadron states as the ultimate result of a chain of 
symmetry reductions is, that the energy splittings (i.e., the mass differences) may be 
expressed in terms of a few free parameters that obviously must be related to the 
internal dynamics. However, the approach is independent of the mechanism causing the 
symmetry breaking. In each dynamic symmetry reduction SU(n)DSU(n-l)®U(l), the 
multiplet splittings are determined by the eigenvalues of the Casimir operators for the 
representations of SU(n-l) and the eigenvalues of the additive quantum number 
corresponding to the U(l) group. 
In a recent review Iachello [5] has summarised the conditions for the occurrence of 
dynamic symmetry breaking in a compound system. First, the Hamiltonian H describing 
the system should consist of operators satisfying the same commutation relations as the 
elements X; of a Lie algebra. More specific, H must only contain combinations of 
operators, known as the Casimir operators of the algebra. A Casimir or invariant 
operator is a homogeneous expression of order >2 in the elements, that commutes with 
each element of the algebra. Dynamic symmetry breaking will occur in a system for 
which H is a polynomial in the Casimir operators of a chain of algebras, corresponding 
to a chain of Lie groups G(1)DG(2)DG(3) . . The energies of the compound states are 
given by the same polynomial, with the eigenvalues substituted for the Casimir opera
tors. 
The simplest form of ft allowing a chain of symmetry reductions SU(n)DSU(n-l)®U(l), 
is an expression linear in the quadratic Casimir operators C, of SU(n) and in the U(l) 
generators. In this approximation the reduction SU(3)DSU(2),<8>U(1)Y results in the 
mass formula 

Af=/Mr
3+a2/(/+1)+ö2y (1) 

for the SU(2) multiplets. For baryons and antibaryons the parameters b2 have opposite 
sign, and b2 = 0 for mesons, as a consequence of the charge-conjugation invariance of 
mass. M3 would be the common mass of the SU(3) multiplet without the symmetry-
breaking interaction. Expression (1) differs from the Gell-Mann - Okubo mass formula 
[3,7] by the absence of the quadratic term (-Via2Y

2). In view of the successful prediction 
of nuclear energy-level schemes [5], the linear approximation for H is most likely to 
hold for the mass differences between the heavy hadrons. The inapplicability of (1) to 
the lightest meson multiplets n, K and TJ' indicates the limitations of the linear approxi
mation, and should not be circumvented by interpreting M as a squared mass, but 
rather by including higher-order terms in H. 
Generalization of formula (1) for a chain of reductions with SU(6) as highest symmetry 
yields for the meson masses 
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M=M6+-£ anC£SU(n)). (2) 

Here M^ is the common mass corresponding to the 35-dimensional representation of 
SU(6).To calculate the mass of a meson in an SU(2) multiplet, one has to establish to 
which representation of SU(n) this meson belongs as the symmetry breaking proceeds 
from SU(6) to SU(2). 

3. Group-theoretical preliminaries 

For the quantitative analysis of the differences between the meson masses defined in 
(2) one needs the branching rules for the adjoint representation (10001) of SU(6) and 
the representations of the chain of subgroups SU(n), n = 5,...,2. The relevant relations 
listed in Table 1 were taken from the compilation by Slansky [8J. The normalisation of 
the U(l) generators is chosen such that in the reduction of the fundamental represen
tations of SU(n) the eigenvalues of the generalized charge Zn., of the singlet and (n-1)-
plet are ±1 and 0, respectively. This choice establishes the correspondence between S, 
C, B and T and the additive quantum numbers Zn.} of the successive U(l) groups: Z^= 
-S, Z3HC, Z4s-B and ZS=T. 
The eigenvalues of the quadratic Casimir operators for the representations of SU(n) 
are evaluated by means of the relation given in Ref.[9]: 

C2=(A,A+2fl). (3) 

In the scalar product (3) the vector A is the highest weight of the representation, and 
2g is the vector sum of the positive roots of the Lie algebra A,,., corresponding to the 
group SU(n). Both A and 2g can be expressed linearly in the (n-1) simple roots <xt of 
A,,.,, and C, is then found from (3) by substituting the scalar products of the simple 
roots: {atJa^-\, (aj,ai+I)=-,/2, and (at,a)-0 for j * i, i+l. 
The eigenvalues O may be derived also directly from the indices of degree 0 and 2 for 
the representation of SU(n) with highest weight A [8,10], The index of degree 0 is equal 
to the dimension of the representation. The tabulated values of the index of degree 2 
in Refs [8] and [10] are based on simple-root lengths defined by (a-„a^=2t and thus C, 
becomes twice as large.The eigenvalues of C, listed in Table 2 are based on simple-root 
lengths equal to 1. 
Next, the mass of each SU(2) meson multiplet can be predicted by means of formula 
(2) in terms of the common mass M6 of the multiplet 35(10001) of SU(6) and four free 
parameters an (n = 2,...,5). For comparison with the observed masses, the group-
theoretical expectations are summarised in Table 3 for the multiplet 24(1001) of SU(5), 
with the common mass Ms = M6+5a5. 

4. Numerical analysis 

As this analysis neglects the mass splitting of the SU(2) multiplets by electromagnetic 
interactions, the average mass of a neutral and a charged state has been used for 
comparison with the predictions. For a first test of the applicability of the linear mass 
formula (2) the mass differences for the heavy mesons are considered. Table 3 yields 
the following relations between mass differences if the spin-spin mass splitting is taken 
equal for all pairs of states Jp = 0', 1: 
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[m(Y)-m(J/V/)]/[m(B>m(Dj] = 32/17: (4) 

m(BO-m(B) = m(D/)-m(D') = m(D5)-m(D); (5) 

[m(J/tfO-m(0)]/[m(D/)-m(0)] = 9/5. (6) 

The deviations between the predictions (4), (5) and (6) and the corresponding 
observations are small: 1%, 2.5% and 5.8% respectively. Taking into account the 
simplicity of the approximation, one may conclude that the group-theoretical predicti
ons are satisfied with remarkable accuracy, in particular for the heavy mesons. For the 
fit of formula (2) to all observed meson masses, averaged values for a2, a3 and a4 are 
determined from the mass differences in the above three relations. The average spin-
spin interaction parameter a„ follows from m(J/^)-m()7c), m(DJ")-m(Dï) and m(D")-
m(D). This results in the parameter values 

a^ = 133.8±6.4 MeV/c2 a, = -136.9±1.0 MeV/c2, 
a3 = -673.5±3.2 MeV/c2 a] = -1601.1 ±4.2 MeV/c2. (7) 

In Table 4 the meson masses predicted in the dynamic symmetry breaking scheme are 
compared with the observed masses, averaged for SU(2) multiplets. With exception of 
the n, K and rj* states the experimental and theoretical values are in good agreement. 
This is not surprising for the mesons heavier than <p, because the five fit parameters are 
derived from the heavy states, but the agreement for K" and p gives further support to 
the linear mass formula (2). The masses of 'he singlet states 7 and <w cannot be 
predicted because these states do not originate from the representation 24(1001) of 
SU(5). 
Obviously, it is challenging to try to extend the fitting of mass formula (2) to the SU(6) 
symmetry level. By extrapolating the apparent systematic increase of j an | with 
increasing n, the mass Me = Ms - 5a5 of the initial SU(6) multiplet 35(10001) may be 
estimated. After the symmetry breaking SU(6)DSU(5)<S>U(1) the mass of the tt-meson, 
which is a singlet state in SU(5), remains equal to M6 (the mass shift +'/4asl for the 
Jp=l' state, due to spin-spin interaction, will turn out to be comparable with the 
uncertainty in M6). To estimate a5 from the three values a„ in (7), it is assumed that the 
interaction parameter a„ appearing in the mass differences between STJ(n) multiplets, is 
related in some way to the dimension n of the vector space on which the symmetry 
transformations operate. Empirically it is found that the parameter values an are 
represented quite accurately by the recursive formula 

16-n 

(8) a -a , it #i*i 
n+1 

Substitution of n = 4 and the parameter value a4 from (7) in expression (8) yields a5 = 
-2502 ± 11 MeV/c2 and M6 = 21915 ± 55 MeV/c-. This prediction for the mass of the 
tf-meson clearly is not confirmed by observations. Also the ten meson states correspon
ding to representations 5(1000) and 5(0001) of SU(5) have not been observed in the 
mass range between 22 and 12 GeV/c-, with the predicted mass differences [(12/5)a5, 
(12/5)a5+(15/8)a4, etc.] relaiive to M6. The implications of this discrepancy will be 
discussed in the next section. 
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5. Discussion 

From the present analysts it may be concluded that the mass differences between the 
observed mesons (with exception of JI, K and 7') agree with the mass formula (2) for a 
chain of dynamic symmetry reductions SU(n)DSU(n-l)®U(l) up to SU(5) symmetry. 
Observation of the Bc or Bc* meson with a mass close to the calculated value in Table 4 
is expected on basis of the good fit of (2) to the masses of the heavy mesons. 
The apparent applicability of a dynamic symmetry breaking chain to composite quark-
antiquark states suggests a non-standard interpretation of quark masses. In the meson 
states with the highest symmetry, which correspond to the representations 35(10001) of 
SU(6) or 24(1001) of SU(5), the effective masses of the (anti)quarks are equal and 
large. The distinction between the six or five quark flavours, and the hierarchy of their 
effective masses, is completely determined by the quark-antiquark interactions, of which 
the symmetries become manifest in the multiplet splitting. One may therefore conclude 
from the systematics in the meson mass differences that there exists a hierarchy of 
quark-antiquark interactions with gauge symmetries SU(n), from at least n=5 to n=2. 
For a complete description of the internal dynamics of hadrons, the number of gauge 
fields should be increased correspondingly. 
If the effective masses and the quantum numbers T, B, C and S of the quark flavours 
are determined by dynamic symmetry breaking in hadrons, the basis for a one-to-one 
correspondence between Iepton and quark generations becomes less evident. Because 
the symmetry reduction chain SU(n)DSU(n-l)®U(l) only occurs in hadrons, quark 
states that transform as a fundamental representation of one of the groups SU(n-l)<8> 
U(l) in the chain, e.g. 4(100) of SU(4)®U(1) with quantum number Z4s-B=0, cannot 
exist as free particles. On the other hand, leptons do exist as free particles, and are 
arranged in mass multiplets with a pattern signalling a different symmetry SU(2)<8>SU(2) 
[11]. Therefore the systematics in the lepton generations and the number of leptons in 
each generation should not necessarily be reflected in the systematics of the quark 
flavours. 
In view of the experimental efforts invested in the search for hadrons containing the 
top quark, it is important to emphasize that the present interpretation of meson mass 
differences by dynamic symmetry breaking is in good agreement with the observations 
up to the SU(5) multiplet, but that the mass M6 of the initial SU(6) multiplet, estima
ted by means of expressions (2) and (8), is not confirmed by observation of a meson 
with a mass reasonably close to M6. On the other hand, the recent experimental 
estimates for the mass of the top quark reported by the DO and CDF collaborations 
[12,13] at Fermilab are deviating from the systematics in the meson mass differences up 
to SU(5) symmetry. To fit the mass of the tt-meson with mass formula (2), under the 
assumption of an effective mass m,5:131 GeV/c2 for the top quark [12], an exceptionally 
large interaction parameter | a5 | >50 GeV/c2 is required. This drastic deviation from the 
systematic decrease of the ratios an/a„., for n=3 and 4 according to (8), indicates that 
the description of the mass splittings by (2) and (8) is only valid up to SU(5) symmetry, 
or that SU(5) is actually the highest possible symmetry for hadron states. 
In the dynamic symmetry breaking model for hadrons presented here, without the 
restriction of parallel generation schemes for quarks and leptons, a highest symmetry 
SU(5) for hadron multiplets cannot be excluded a priori. This does not rule out SU(6) 
as underlying symmetry, but implies that there are no massive particles with SU(6) 
symmetry, and that mass formula (2) is only valid up to SU(5) symmetry. The observa-
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tion of mesons arranged in SU(5) multiplcts, light singlet states rj and (o corresponding 
to 1(0000), and heavy states corresponding to 24(1001), indeed suggests an initial 
dynamic symmetry breaking SU(6)DSU(5)®U(1) in which particle-like states are 
generated as realizations of mass-less field equations. For mesons such a first mass-
generating stage in the symmetry breaking chain would result in singlet states with zero 
mass and 24-pIets with mass M5 = 5a5, where a5 is now positive. 
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Table 1 
Branching rules connecting representations of SU(n) and SU(n-l)<8>U(l).The represen
tations of SU(n-l)<8>U(l) are specified by the dimension N, the (n-2) Dynkin labels v„ 
and the eigenvalue Z,., of the U(l) generator in the format N(vi)[Zn.,]. The normalisa
tion of the additive quantum numbers is chosen to give the correspondence Z>=-S, 
Z3=C, Z4=-B, and Z5=T. 

Reduction Branching 

SU(6pSU(5)®U(l)T 35(l00Ol)=>1fOOO0)[0) © 5(1000)[-1] © 5(0001)[1] © 24(1001)(0] 
SU(5pSU(4)®U(l)B 24(1001) =»1(000)[01 © 4(100)[-1) © 4(001)(1] © 15(101)[0] 

5(1000)=>1(000)[1] © 4(100)[0] 
5(0001)=>1(000)[-1] ©4(001)[0] 

SU(4pSU(3)®U(l)c 15(101)=>1(00)[0] ©3(10)[-1] © 3(01)[1] © 8(11)[0] 
4(100) =»1(00)[1]©3(10)[01 
4(001) =>1(00)[-1]©3(01)[0] 

SU(3pSU(2)®U(l)s 8(11)=>1(0)[0] © 2(1)[1] © 2(1)[-1] © 3(2)[0] 
3(10)^1(0)[1] © 2(1)[0] 
3(01)=M(0)[-1] © 2(1)[0] 

Table 2 
Eigenvalues of the quadratic Casimir operators C, for the representations listed in 
Table 1. For all one-dimensional representations C,=0. 

Group 

SU(6) 
SU(5) 

SU(4) 

SU(3) 

SU(2) 

Representation 

35(10001) 
24(1001) 
5(lO0O),5(O001) 
15(101) 
4(100),4(001) 
8(11) 
3(10),3(01) 
3(2) 
2(1) 

Q 

6 
5 
12/5 
4 
15/8 
3 
4/3 
2 
3/4 
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Table 3 
Meson masses expressed in terms of the eigenvalues of quadratic Casimir operators 
and the mass M5 of the SU(5) multiplet 24(1001). The spin-spin interaction will change 
the masses of corresponding Jp = 0 and r states by (-3/4)aM and (+l/4)a^, respective-

meson state 
0 

Y 
B; 
B; 
B* 

Ity 
D ; 
D' 
<P 
K* 
P 

1 

Vb 
BC 

B , 
B 
Vc 
D> 
D 
7 ' 
K 
n 

mass 

M$ 

Ms + (15/8)a4 

M5 + (15/8)a4 + (4/3)a3 

Ms + (15/8)a4 + (4/3)a3 + (3/4)3. 
M5 + 4a4 

Ms + 4a4 + (4/3)a3 

M5 + 4a4 + (4/3)a3 + (3/4)a; 

Ms + 4a4 + 3a3 

M5 + 4a4 + 3a3 + (3/4)a2 

M5 + 4a4 + 3a3 + 2a2 

Table 4 
Comparison between observed meson masses, averaged for SU(2) multiplets, and 
masses predicted by dynamic SU(5) symmetry breaking (cf. Table 3). The values for the 
four fit parameters a„, a2, a3 and a4 are given in (7), and M5 = 9405.9± 12.4 MeV/c2. 
Masses are in units MeV/c2, with the uncertainties «nven in brackets in units of the last 
decimal place. 

Y 
B ; 
B ; 
B* 
J/V 
D ; 
D' 
<P 
K* 
P 

^ealc 

9439(12) 
6437(15) 
5539(15) 
5437(15) 
3035(21) 
2137(21) 
2034(21) 
1014(23) 
912(23) 
741(23) 

m . b » 

9460.3(2) 

3U96.9(1) 
2110.3(20) 
2008.6(10) 
1019.41(1) 
893.8(3) 
768.1(5) 

Vb 
Bc 

B, 
B 
7c 
D, 
D 
7* 
K 
n 

mcalc 

9305(12) 
6303(15) 
5405(15) 
5303(15) 
2901(21) 
2003(21) 
1900(21) 
880(23) 
778(23) 
607(23) 

m ot» 

5383(9) 
5279(3) 
2979(2) 
1968.8(7) 
1866.9(5) 
^57.8(1) 
495.7(1) 
137.3(1) 
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