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1. The Galois group and the modular matrix S 

The classification of modular invariants and of fusion rule automorphisms are among the most 
challenging problems in conformal field theory. In [1,2] it was observed that Galois theory applied to 
elements of the modular matrix 5 can shed some light on these issues. In this note we point out that 
these connections can be exploited further so that they can actually be used to construct fusion rule 
automorphisms and modular invariants. 

Given a rational fusion ring with generators (/>,. i 6 I (I some finite index set), and relations 
<f>i*<pj - Ylk£iMijk4>k with Af3

fe € Z>o, there exists a unitary and symmetric matrix 5 that diagonalizes 
the fusion matrices, i.e. the matrices A£ with entries (A£)* := M^. Together with the matrix T with 
entries T^ — T{ Sij := e 2 * 1 ^* - ^ 2 4 )^ , S generates a finite-dimensional representation of the modular 
group SL2(Z). In particular, S2 - C, {ST)3 — C, C2 = 1. The charge conjugation matrix C, a 
permutation of order two, will be written as C^ = Si •+. By the Verlinde formula [3] 

S^Sj^St, 

lei 5<" 
*;/ = £ f H P £ . (i) 

the eigenvalues of the fusion matrices A£ are the generalized quantum dimensions SJJ/SOJ; here the 
label 0 = 0X € / corresponds to the unit of the fusion ring (or in terms of conformal field theory, to the 
identity primary field, i.e. to the vacuum of the theory). They realize the irreducible representations 
of the fusion ring, i.e. we have 

for all I e I. The generalized quantum dimensions Sn/Soi are the roots of the characteristic poly
nomial det(Al - Af), which is a normalized polynomial with integral coefficients, and hence they are 
algebraically integer numbers in some algebraic number field L over the rational numbers Q. The 
extension i / Q is normal [1], and hence (using also the fact that Q has characteristic zero) a Galois 
extension] its Galois group Qal(L/Q) is abelian. It follows [1] that L is contained in some cyclotomic 
field Q(Cn)» where £n is a primitive nth root of unity. 

Applying an element aL € Qal(LfQ) on equation (2) and using the fact that the fusion coefficients 
Mljk are integers and hence invariant under aL, we learn that the numbers <rL{Sij/Soj) ,» G / , again 
realize a one-dimensional representation of the fusion ring. As the generalized quantum dimensions 
exhaust all inequivalent one-dimensional representations of the fusion ring [4,5], there must exist some 
permutation of the labels j which we denote by &, such that 

°L(TL) = ^ 1 - (3) 

The field M defined as the extension of Q that is generated by all 5-matrix elements extends L. 
The extension M/Q is again normal and has abelian Galois group [2], so that Qal{MjL) is a normal 
subgroup of fiW(Af/Q). Elementary Galois theory then shows that 

0 -» Qat{M/L) -U Qal{M/q) A EW(X/Q) - 0, (4) 

with i the canonical inclusion and r the restriction map, is an exact sequence, and hence 

6W(I/Q) = 6W(M/Q) / Qal{MIL). (5) 
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In particular any aM (E 5W(M/Q), when restricted to X, maps L onto itself and equals some element 
ol € £a/(L/Q). Conversely, any <rL e 5af(Z/Q) can be obtained this way. Therefore by a slight 
abuse of notation we will frequently use the abbreviation <r for both <TM and its restriction <rL. 

Working in the field M, it follows from (3) that for any <rL € £W(Z/Q) there exist signs eff(i) 6 
{±1} such that the relation 

ffAf(&j) = <*(«") •$*(»); (6) 

is fulfilled for all i, j 6 I [2]. We note that the Galois group element <r and the permutation a of the 
labels that is induced by a need not necessarily have the same order. However, it is easily seen (see 
the remarks around (21) below) that an extra factor of 2 is the only difference that can appear. 

In this letter we describe how these observations can be extended in two directions. First, we show 
that Galois theory can be used to construct automorphisms of the fusion rules. Second, we derive 
from Galois theory a prescription for the systematic construction of integral-valued matrices in the 
commutant of the modular matrix 5, and hence of candidate modular invariants. We describe how 
this method is implemented for WZW theories. As it turns out, our general prescription is able to 
explain many of the modular invariants that axe usually referred to as 'exceptional'. 

2. Fusion rule automorphisms 

We first show that, if the permutation a induced by the Galois group element u leaves the identity 
fixed, 

<H0) = O, (7) 

then <7 is an automorphism of the fusion rules. To prove this, we first calculate 

Since Soj/Sooi the main (i.e., zeroth) quantum dimensions, are positive, we learn that the sign ea{i) 
is the same for all i € / , 

ee(i) - €ff(0) -: €„ = const. (9) 

Applying cr on the Verlinde formula (1), we then find 

/€/ " 0l 

Next we note that in terms of the cyclotomic field Q((n) D M D L, the elements a,* e Qal(L/Q,) 
are simply the restrictions of elements a,* 6 5o£(Q(Cn)/Q); the latter act as £n >-* ((n)*, and 
öW(Q(Cn)/Q) — T^n. is the set of all such maps with I coprime to n. In particular, I = -1 corre
sponds to complex conjugation; the associated permutation of the generators of the fusion ring is the 
charge conjugation C. As the Galois group is abelian, it follows that a is compatible with charge 
conjugation, 

&(i+) = (cr(i))+. (11) 

Together with (7), the results (10) and (11) show that, as claimed, <r is an automorphism of the fusion 
rules. 

Our result can be interpreted as follows. Let G := {a € Qat(L/Q) | <r(0) = 0}, and let LG be 
the subfield in L that is left fixed under G. The elements of the subgroup G of £al(I /Q) leave the 
main quantum dimensions invariant, and hence the main quantum dimensions are already contained 
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in LG. The automorphisms of the fusion rules that are obtained from the Galois group as described 
above are thus a manifestation of the fact that the main quantum dimensions do not exhaust the field 
spanned by all generalized quantum dimensions. 

The general result is nicely illustrated by the example of complex conjugation. Suppose that the 
fusion ring is non-selfconjugate, i.e. there is at least one i 6 I such that i+ ^ i. Then the modular 
matrix 5 is complex, and as already mentioned the charge conjugation C which acts as i *-*• i+ is 
induced by <rc = 0"(_i) € öW(I/Q), i-e. i+ = ^c(2)- As t n e m a m quantum dimensions are real {which 
is equivalent to (0)+ = 0), G contains at least ac as a nontrivial element, and charge conjugation is 
the corresponding non-trivial automorphism. 

As a second illustration, consider the extremal case G = Qal{LjQ). This means that all main quan
tum dimensions are rationals (and, since they are algebraic integers, in fact even ordinary integers). 
This situation is realized e.g. for c = 1 conforms! field theories, both for compactification of the free 
boson on a circle and for compactification on those Z2 orbifolds for which the number of fields is m2 + 7 
for some m £ Z, as well as for the (so( JV2))2 and (su(3))3 WZW theories. Consider e.g. the theory of 
a free boson on the circle, with N € 2Z primary fields. The fusion rules read p * q = p + q mod N, and 
the modular matrix S has entries Sm = e~2'ipq^N. The permutations induced by the Galois group 
are parametrized by /, with / and N coprime, and act like p *—> lp mod JV. This is invertible just 
because / and N are coprime, and clearly an automorphism. Thus G is the full Galois group, G = Ts-
Analogous considerations hold for the orbifolds and for the WZW theories just mentioned. 

Note that a permutation automorphism of generic order N does not directly lead to a modular 
invariant since the corresponding permutation matrix ILj. generically does not commute with 5, but 
rather obeys 5""1ILJ5 = II"1 . For N = 2 (such as e.g. charge conjugation), ILj. does commute with S, 
and hence provides a candidate modular invariant. For being indeed a modular invariant, Tlff also has 
to commute with the modular matrix T; it is not difficult to establish (see the remarks around (24) 
below) that any automorphism of the fusion rules that fulfills (6) and commutes with the T-matrix 
has order two. 

Sometimes there also exist automorphisms of the fusion rules that cannot be obtained from ele
ments of the Galois group. This happens for instance if the 5-matrix elements of all fields that are 
permuted are rational numbers; in this situation, any element of the Galois group necessarily leaves 
these fields fixed, and hence cannot induce the fusion rule automorphism. 

3. The construction of 5-matrix invariants 

As an easy consequence of the relation (6) between $a(i)j and Sij, it follows that for any matrix 
Z which satisfies 

[Z,S) = 0, Zijtl V t , ; g » , (12) 

the relation £*(»)*(;) = «<7-(*)e»(i)^»j h°lds [2]. This leads to a selection rule for those matrices 
Z which obey Z^ > 0 in addition to (12), and which hence provide a candidate modular invariant 
Z(T,?) — Y^i j X^{^)ZijXj(T) f°r t n e associated conformal field theory (this restriction is a generaliza
tion of the 'parity rule' of [6] and the 'arithmetical symmetry' of [7]). 

Here we will go beyond the level of mere selection rules and show that Galois theory can be used 
to construct modular invariants. Let us apply a~l to the relation (6); then we have 

Stj = a-l0{Sij) = (T-l{€,(i)S&{i)j) = c9(i)e,-i{j) ^ ) { r - . ( j ) , (13) 

where in the last equality one uses the fact that ^ ( i ) = ±1 is rational and hence fixed under a. Using 
(13) / times, we obtain 

Sij - ei(i)e-t(j) 5*i ( 0 ,- i ( j ) , (14) 
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where the signs ei(i) = f<yt(i) £ {±1} are determined by ei = ta through ci{i) = nm=o€i(^m(1'))- We 
will employ the simple result (13), respectively (14), to show that to any element of the Galois group 
one can associate a matrix Z which obeys (12). 

Before proceeding, we should point out that a relation of the form (14) need not necessarily 
stem from Galois theory. In the proof we actually use only this relation, but not the information 
whether u is derived from Galois theory or not. l In particular, we need not assume that the signs 
€j are prescribed by some Galois group element a, but only use that they are determined by the 
permutation a. However, Galois theory constitutes the only systematic tool that is known so far 
to derive such relations, even though it does not provide an exhaustive list. (A situation where the 
symmetry property (14) of the modular matrix S is satisfied in the absence of Galois symmetries is 
provided by mutually local simple currents [8] of order two.) 2 

Thus assume that b is a permutation, of order N, of the index set ƒ of a fusion ring and satisfies 
a relation of the type (14), and define the integer N to be the order of the associated map S,-j •-»• 
*<r(*) •$*(»);'• We can then show that for any set {ft \ I = 1,2,..., N} C 2 of integers that satisfy 

ft = f-t = fy-it (15) 

the matrix Z with integral entries 

N-l 

1=0 

commutes with the modular matrix 5. Namely, by direct calculation we have 

N-l N-l 

[SZ)ik = X ; E Sxi • ft Q(k) *V(*} = £ fa(k) Si&l(k} (17) 
ieJ i=o i=o 

as well as 

N-l N~l 

(zs)ik = £ £ Mi)h>\i)• Sn. = £ to(*"'(i))s&-l{i)k 
j€l 1=0 1=0 

1=0 1=0 

(18) 

where in the transition to the second line we employed (14). Now one merely has to replace the sum 
on / in (18) by one on - / and use (15) to conclude that indeed 5 and Z commute. The terms in 
the sum of (16) correspond to the elements of the cyclic group that is generated by the element a 
appearing in (13); considering more generally an arbitrary abelian group G whose generators satisfy 
(13), one proves that the prescription (16) generalizes to 

^ = E/.M*)W). (19) 

with f„ restricted by 

fa = /.-» (20) 
1 This lemaxk applies in fact equally to the considerations about fusion rule automorphisms above. 
1 Considering simple currents of general order would amount to allow the t's in (14) to be arbitrary phases instead 

of signs. Unfortunately there are no nontrivial cases with N > 2 and (16) being real-valued. 
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for all a e G. 
Returning to the interpretation in terms of the Galois group, we note that according to (6) the 

upper limit JV of the summation in equation (16) is precisely the order of the Galois group element c 
(in particular, Galois theory provides a relation of the type (14) with —l=N — /), and recall that this 
order need not necessarily coincide with the order of the permutation & of the labels that a induces. 
However, the following consideration shows that the distinction between JV and JV is actually not very 
relevant to applications. First, at most a relative factor of 2 can be present; namely, since ir is of order 
JV, one has in particular è** (0) = 0, which by (9) implies that the sign e ^ is universal, and hence 

o**(Sa) = <r*( V * Sa) = ( V ) 2 Su = Sn, (21) 

so that <r2A = id on M; thus either JV = JV or else JV - 2JV. Furthermore, for JV = 2JV the terms in 
the formula for Z are easily seen to cancel out pairwise, so that the proposed invariant is identically 
zero, and hence the case JV ^ JV is rather uninteresting. 

We can make another statement about a by assuming that it commutes with the J-matrix, 2^,) = 
T,. Applying this property together with the relation (13) to the identity 

T-'S^^^S^Sjk (22) 

which follows from (ST)3 = S2 - C, we obtain 

' e / (23) 

- C«T-»(I>cr-l(fe)ï7-l(i)^-1('>-1(*):77-1Mfc) ' 

Thus 

Sè-\i)j = M » ) * , - i ( 0 % ) j ( 2 4 ) 

for all i,j £ J. As 5 is unitary, its rows are linearly independent, and hence (24) implies that 
<r(t) = <r-1(t') for all i, i.e. that &2 = id. Hence any <r that fulfills (6) and commutes with the T-
matrix has order two. (Again, this result is just based on the property (13) of ir, and therefore is 
valid independently of whether & comes from a Galois group element a or not.) As we will see below, 
at least for WZW theories a kind of converse statement is also true, namely that any Galois group 
element of order two respects the T-matrix up to possibly minus signs. 

Due to the presence of the signs ea, the invariants (16) are generically not positive. However, at 
least for order JV = 2 one sometimes gets invariants that are completely positive and moreover have a 
non-degenerate vacuum. The only required property of c is that €^(i) is universal for all length-two 
orbits, while the sign for fixed points is arbitrary. Fixed points with t„(i) = - 1 simply get projected 
out; in fact, the latter are the only fields that can be directly projected out. 

The kind of invariant that is defined by (16) depends on the vacuum orbit. If the identity is a 
fixed point, the signs e(i) are all equal to the same overall sign t, as shown in section 2. Then, for 
JV = 2, the choice f0 - 0 and f\ - e in (16) immediately gives us a positive matrix Z that commutes 
with 5 and generates a fusion rule automorphism. If the vacuum is not fixed, the choice /b = 0, 
/i = f(0) leads to an invariant with an extended chiral algebra in which at least the identity block 
is positive. It follows from unitarity of 5 that in such an invariant not all coefficients //cj(t) can be 
positive (otherwise Z^ > 6ij, and hence Zoo - Hi,j£i$oiZijSoj > T^i&i^oiSoi - 1» with equality only 
if Zij - Sij', this is clearly a contradiction). The only way to get a positive invariant is then that the 
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negative signs occur precisely for the fixed point orbits, which are then projected out. If N — 2 this 
is indeed possible. Note that T-invariance still remains to be checked in both cases. 

For JV > 2 it is much harder to get a physical invariant. First of all there must exist orbits that 
violate T-invariance, although such orbits might be projected out by the summation in (16). It is 
in fact easy to see that no positive integer invariant can be obtained from from (16) if JV is odd. 
for any choice of ƒ/. If N is odd, all coefficients except fQ come in pairs / j , ƒ_/. It follows that 
Zjj = /omod2 for all j € I, and since Zoo = 1 this means that none of the fields is projected out. 
Then the unitarity argument given above shows that a non-trivial positive invariant cannot exist. If 
N > 2 and even, hence not a prime, one has to distinguish various kinds of fixed point orbits. Positive 
modular invariants may then well exist, but we will not consider this more complicated case in this 
paper. 

Let us stress that even if the matrix (16) contains negative entries, or does not commute with 
T, it can still be relevant for the construction of physical invariants, because the prescription may
be combined with other procedures in such a manner that the negative contributions cancel out. 
For example one may use simple currents to extend the chiral algebra before employing the Galois 
transformation, or it may happen that a certain linear combination with other known ~' . .ts of the 
integer commutant of 5 is a physical invariant. 

4. WZW theories 

In the special case where the fusion ring describes the fusion rules of a WZW theory based on 
an affine Lie algebra g at level ib, the Galois group is a subgroup of Z ^ + J » ) , where gv is the dual 
Coxeter number of the horizontal subalgebra g of g and M is the denominator of the metric on the 
weight space of g. 3 

Let us label the primary fields by their j-weight A which corresponds to an integrable highest 
weight of g at level k, and denote by p the Weyl vector of g. Then a Galois transformation labelled 
by ' £ 2\t(k+gv) a c t s ^ the permutation [2] 

&w(\) = w{l.{\ + p))-p. (25) 

That is, one first performs a dilatation of the shifted weight A + p by a factor of I. The weight 
A = t(A + p) - p so obtained is not necessarily an integrable highest weight at level k. If it is not 
integrable, then one has to supplement the dilatation by (the horizontal projection of) an affine Weyl 
transformation w = wi-t\. Note that A + p is an integrable weight at level k + g*. Using affine Weyl 
transformations w at this level we can rotate t(A + p) back to another integrable weight at level 
k + gv, which is in fact unique, hi general there is no guarantee that after subtraction of p one gets an 
integrable weight at level k, but it is not hard to see that this does indeed work simultaneously for all 
integrable weights if the integer / is coprime with (k + </v), which indeed follows from the requirement 
for (25) to correspond to an element of the Galois group. Finally, there is a general formula for the 
sign *,(<)> namely 

«<r(|)(A) = ^sign(«/f;A), (26) 

i.e. the sign is just given by that of the Weyl transformation w, up to an overall sign r\ that only 
depends on cr,t\ [2]» but not on the individual highest weight A. 

$ In [2] a larger cyclotomic field is used in order t< take care of the overall normalization factor of S. But the 
permutation of the primary fields can be read off the generalized quantum dimensions, which do not depend on the 
normalization of S. The correct Galois treatment of the normalization of S leads to an overall sign, which however is 
irrelevant for our purpose. 
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That it is the shifted weight A + p rather than A that is scaled is immediately clear from the 
Kac-Peterson formula for the modular matrix 5. In fact, it i> possible to derive formula (14) directly 
by scaling the row and column labels of S by ( and / _ 1 , respectively, using (25). Galois symmetry is 
thus not required to derive this formula, nor is it required to show that (16) commutes with 5. Galois 
symmetry has however a general validity and is not restricted to WZW models. 

Substituting (25) into the formula for WZW conformal weights one easily obtains a condition for 
T-invariance, namely (I2 - 1) — 0 mod 2M(k + g^) (or mod M(k + gv) if all integers M(A + p ,A+p) 
are even). Since / has an inverse mod M(k + gw), it follows that / = / _ 1 mod M(k -f j v ) , i.e. the 
order of the transformation must be 2, as we already saw in the general case. 

It is straightforward to find solutions to these conditions, and a little bit more work to check if the 
resulting modular invariants are indeed positive. Without any claim to generality we list here some 
examples of known invariants that come out in this way: 

- First of all we get some (though not all) simple current invariants. The D-type invariants of A\ 
at level 4m appear for I = 4m + 1. In general integer spin invariants of order 2 simple currents 
and automorphism invariants generated by fractional spin simple currents of odd prime order 
seem to come out as Galois invariants, but except for A\ we do not have a general proof. 

- Several chiral algebra extensions corresponding to conformal embeddings [9-11] are obtained, 
for example for {A2)s, (A^)3, {G2)z, {G2)4 and (FA)3. 

- We also found four extensions by currents of spin higher than 1, namely for (Ag)2, (#7)3, (^6)4 
and (£7)3- The first two are expected on the basis of rank-level duality [12], and all four appeared 
already in [13]. 

- Finally we constructed two pure automorphisms for {G2)t and (^4)3, which were first found 
in [14]. 

- In other cases we could obtain positive invariants after extending the chiral algebra by simple 
currents, for example for (^i)2ft, (A2)9, (A$)s, (C3)4, (C4)3, (Cw)x-

In some other cases expected invariants appeared as linear combinations. A detailed description of 
these and other examples will be presented elsewhere. 

However, there also exist invariants that cannot be explained by Galois symmetry. One such 
example is the £7-type invariant of (A\)16, an automorphism built on top of the D invariant. This 
automorphism is of the form (14), but it relates 5-elements that are rational numbers, and hence 
transform trivially under Galois transformations. 

5. Discussion 

There are several striking similarities between Galois symmetries and simple current symmetries. 
First of all both are related to general properties of fusion rings, and not to particular (e.g. WZW) 
models. Both imply equalities among certain matrix elements of 5 up to signs or phases. Both 
symmetries organize the fields of the theory into orbits, whose length is a divisor of the order N of 
the symmetry. In both cases one can give very simple generic formulas for 5-invariants, and in both 
cases the phenomenon of 'fixed points', i.e. of orbits whose length is less than N, occurs. In both cases 
such fixed points can appear with multiplicities larger than 1 in certain modular invariants in which 
the chiral algebra is extended. Note that this kind of structure is empirically observed in nearly all 
exceptional (not simple current generated) invariants found thus far. However, we believe this is the 
first time that at least in some cases the apparent 'orbits' and 'fixed points' of exceptional invariants 
are actually related to an underlying discrete symmetry. This might in fact be of some help in the 
still open problem of resolving fixed points of exceptional invariants. 
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There is also an important difference between Galois and simple current symmetries. In the latter 
case on can give a general construction of invariants that are positive and are also T-invariant. For 
Galois invariants it may well be possible to find a general criterion for T-invariance (as we have done 
for WZW models), but positivity appears to be a much more difficult requirement. Experience with 
WZW theories suggests that positive invariants only occur for low levels. At higher levels the signs 
c(t) are distributed without any obvious pattern, and since the number of representations increases 
rapidly, positive invariants become less and less likely. This explains the 'exceptionality' of these 
invariants. Unfortunately it is far from obvious how to make this statement precise (except perhaps 
for g — Ai), and furthermore we know already one counter-example: the D invariants of A\ at levels 
4m form an infinite series of positive Galois invariants. 

There is, however, one set of 5-invariants that is always positive, namely those due to a Z2 Galois 
symmetry that fixes the vacuum. In WZW models such invariants (that also commute with T) are 
abundant: this includes all charge conjugation invariants and also at least some of the simple current 
automorphism invariants that were first constructed in [15]. Remarkably, very few exceptional ones 
are known. 

Let us also note that formula (10) can be generalized to automorphisms & which change the 
vacuum, i.e. obey cr(0) ^ 0 (and hence are not automorphisms of the fusion ring as a unital ring). In 
this situation, (10) gets replaced by 

Jtf = ayK3
k) = - (E^ |? ) 

" h M0)S,(o>, <*(°M«MJM*) * O / W ̂  

(27) 

where tA^k s £ m 6 ; Sim5im5fcm/5|fB. Note that the numbers flj are well-defined only if Slm £ 0 
for all m 6 -f, in which case according to (27) they are actually integers; in the present situation this 
condition is met because S&^i = €o(0)ta(i) $o<r(t) ^ 0 for all i £ / . This result can be interpreted 
as follows. Allowing also for negative structure constants, we can introduce a second fusion product 
*<r, with structure constants ét0\Mijk, on the same ring Z1 '. Defining fc := ^(0)^(0^(i)> ** follows 
that fa -kg <j>j = £frej«A£jfc0fc, i.e. both fusion structures are isomorphic. Some special cases of this 
phenomenon have already been noticed in [16]. While our argument uses symmetries of number fields, 
in [16] the representation theory of the modular group is employed; thus our observation suggests a 
relation between number fields and modular forms. 

In this paper we have presented a procedure for constructing modular invariant partition functions 
directly from symmetries of the matrix 5, without any explicit knowledge of its matrix elements. 
This method is valid for all rational conformal field theories, and not a priori restricted to WZW 
models and coset theories, unlike conformal embeddings or rank-level duality. Previously only two 
such methods were known, namely charge conjugation (actually an example of Galois symmetry) and 
simple currents, and usually the term 'exceptional invariant' was used to refer to anything else. By 
providing a third general procedure, the results of this paper define a new degree of 'exceptionality' 
for modular invariant partition functions. Invariants satisfying this new definition of exceptionality do 
exist; this may be taken as an indication that still more interesting structure remains to be discovered. 
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