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The problem of the uniqueness of the shift k -+ fc + a of the bare Chern-Simons parame

ter k in per*urbative quantization of Chern-Simons theory has been open to debate for some 

years. All explicit computations of a at one loop performed as yet [1-4] using local gauge 

invariant regulators have given the same result, namely a = sign(k)cv. The uniqueness of 

the result and the very different nature of the regulators employed led to the conjecture [4] 

that gauge invariance, if preserved at the regularized level, chooses for the shift the value 

a = sign(Ar) cv at one loop. Further evidence for this conjecture came from the fundamen

tal role that gauge invariance plays in establishing the connection between Chern-Simons 

theory and two-dimensional current algebra [1]. In addition, if the bare Chern-Simons pa

rameter has the same meaning in perturbative quantization as in canonical quantization, the 

shift a = sign(fc) cv is a necessary condition for the semiclassical evaluation of the partition 

function [3] to agree with the nonperturbative value computed using surgery techniques [1]. 

In ref. [4] we introduced a local biparametric family of gauge invariant regularizations 

based on higher covariant derivative actions. The actions we considered contained parity 

odd as well as parity even terms, and had a large-mometum behaviour dominated by parity 

even terms. We found that the shift a was independent of the family paramters and equal 

in all cases to a = sign(fc)cy. Very recently, the authors of ref. [5] have devised another 

family of regularization methods, still based on gauge-invariant higher covariant derivative 

actions, which allow for shifts different from a = sign(fc)cv. More precisely, for k positive, 

they have obtained the three following types of radiative corrections a : 

(i) a = cv, whenever the large-momentum leading term of the regularized action is 

parity even. 

(ii) a = scv, with s = 0,2, whenever the large-momentum leading term of the regular

ized action is parity odd. The value of s depending on the sign of such term. 

(iii) a = TCV , with r a real number, whenever the large-momentum leading term of the 

regularized action is a linear combination of parity even and parity odd terms. The 

value of r depending on the coefficients of this linear combination. 

The result in (i) agrees with all previous computations [1-3], and in particular with those 

in [4]. However, the results in (ii) and (iii) contradict the idsa of a unique shift for all 

gauge invariant regulators, hence w» think they deserve some consideration. They have been 

obtained using regularizations based on actions that contain nonlocal interactions, and is 

well known that theories whose actions contain nonlocal interactions do not generally have 
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the same perturbative properties as theories whose actions only contain local interactions [6]. 

One could argue that the differences between regularizations involving nonlocal interactions 

and regularizations with only local interactions vanish as the regulator is removed. This, 

however, is not obvious since the unregularized theory is not finite by power counting. We 

thus find it necessary to reproduce the results in (ii) and (iii) by employing regularizations 

whose Feynman rules come from local actions. This way, any perverse effect due to the 

nonlocal structure of the regularization employed in ref. [5] can be ruled out. The purpose 

of this short note is to reproduce the type of one-loop radiative corrections in (ii) by using 

a fully BRS invariant regularization method whose action is local. 

The classical Chern-Simons action for gauge group SU(N) in the Landau gauge dAa = 0 

is given by 

S = Scs + SGF , 

where 

5cs =" s ld*z **vp (l A<L»dvAa>+h t*^**) 
SGF = [f* \-hadAa + (J°" - d»?) (DMc0) - \ fahc ^ ° ^ c e . 

Here the notation is as in ref. [7], and for convenience we choose k to be positive. To 

regularize the theory, we add to 5 the following higher covariant derivative terms: 

*A = 5 + £ ƒ A [ ~ fir» - ± t*»FXD.r,'r ( i ) 

with A the higher covariant derivative mass and v an arbitrary leal parameter. For all 

v different from zero, the large-momentum leading term in 5A is parity odd, so eq. (1) 

provides a family of local actions satisfying the parity requirement in (ii) above. The adding 

of the higher covariant derivative terms in eq, (1) does not completely regularize the the

ory, since there is still a finite number of Feynman diagrams divergent by power counting. 

To regularize these diagrams, we use 't Hooft-Veltman's dimensional regularization prescrip

tion for theories involving parity violating objects [8] (see ref. [7] for details). Since this 

prescription manifestly preserves gauge invariance and the action 5A is BRS invariant, we 

end up with a local BRS-invariant regularization method which combines the mass A and 

the dimensional regulator D. Here we are concerned with radiative corrections to the bare 

Chern-Simons parameter, so we will be working in a renormalization scheme characterized 
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by 

&kenonna]ised — b̂ai* = »̂ or in other words by the renormalization constant for k being 

simply Zk = 1. We define renormalized Chern-Simons theory in this scheme as the limit 

A —• oo of the limit D —* 3 of the dimensionally regularized theory whose classical action 
is 5A • 

We recall that up to one loop the local part of the renormalized effective action, obtained 

as a solution of the BRS identities, can be cast as [7] [9] 

rtoc = _*(* + «) 
47r Scs + fdzx {-b*dAa + A[0(J°* - d*?)Al - (1 + 7) J5TV ]} . (2) 

Here a, ft and 7 are coefficients of order ft, and A is the Slavnov-Taylor operator for 

the theory [7] [9]. The effective action contains two types of radiative corrections: gauge 

invariant radiative corrections, labeled by a, which make the shift, and gauge dependent 

radiative corrections, labeled by /? and 7. The coefficients a, /3 and 7 can be uniquely 

determined from the vacuum polarization tensor II**, the ghost self-energy Qah and the 

fTcc-vertex V0**. All we have to do then is to compute the limit A —» 00, D —• 3 of these 

three Green functions. This is done by following the same steps as in ref. [4], the only 

difference being that the D-dimensional gauge field propagator now reads 

D?M= Tg2P(g2,A;t;) ^ + v^e^^ + A f a V » -ft»*)] > 

where P(g2,A;v) has the form 

P{q2,A;v) = (A2+vq2)2 + A2q2 

and e^pv in D dimensions is understood in the 't Hooft-Veltman sense [7]. Afer some 

calculations, we obtain 

KiP) = <* J(v) e,pvf 6*b Q*V) = - ^ I(v)p2 6*b V^(P1 , W ) = 0, (3) 

where p*, p\ and p£ axe external momenta, and J(v) and J(v) are given by 

ZvH*-8v2t*-(13v + 5)t2-2 
00 

2 t , ZvH'-Zv'P-mv J(v) • - to J dt PW^) 
—00 

00 

'w = h ƒ dt 

- 0 0 
P(t2,hv) 

Note that in the renormalization scheme we are working there are no restrictions on the renor

malization constants Z^ for the fields 4> = -A",&0,c°,... To account for this arbitrariness, we 

* Note that P(q7,A;v) is positive definite for all v and all q*, which ensures that power counting 
holds. 
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replace the fields <f> in the effective action (2) with (1 + z+)4>, where the z / s are abitrary 

coefficients of order h satisfying the BRS identites z^ + z& = 0 and z^ + ze = zc + zg. The 

results in eq. (3) then imply that 

a=cv [J(v)-2I(v)\ 0 + ZA = t2Ll{v) 7 + 2zc + zH = 0. 

Some simple algebra to combine J(v) — 2I(v) into a single integral and Cauchy's residue 

theorem finally lead to the following result for a : 

• - { 
0 if v > 0 

(4) 
2cv if v < 0. 

We thus see that our regularization method, based on actions with only local interactions, 

reproduces the one-loop shifts in (ii) above. 

Here we have calculated the shift a for k > 0. The value of a for k < 0 can be 

retrieved from our previous computations in the following way. Assume that we change 

the sign of the term F2/4A in eq. (1) and that we replace k with sign(fc) |fc|. Radiative 

contributions to the local effective action r loc involving an odd number of epsilons then pick 

an overall factor sign(fc). This implies in particular that the shift a for k < 0 becomes 

sign(fc) times the value of a for k> 0. 

It is very easy to see that the type of shifts (iii) can not be reproduced using a local 

higher covariant derivative term. Indeed, some simple dimensional analysis shows that a 

local higher covariant derivative parity-odd term never has the same mass dimension as a 

local higher covariant derivative parity-even term. Hence, both terms can not be linearly 

combined into a single local term, which is the requirement in (iii). 
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