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An empirical formula for the quantum efficiency of electrons irradiated with "Co 
r-rays was reported in a previous paper, but i ts physical meaning was not made clear. 
Then, a simple model was assumed, from which a formula for calculating the efficiency 
was theoretically derived. Some parameters in the formula were determined so that the 
calculated results might fit the experimental data. 

The above empirical formula was shown to be the same as the formula physically 
derived this time. Results from the semiemprical formula and experimental data for Al 
and Pb sample were in agreement within the limits of 5 %. 

1. Introduction 

Information about secondary electrons produced within and outside materials 

irradiated with 7 - or x-rays is essential in the study of the" interaction of 7 rays 

with matter and for measurements on and utilization of such radiation. We have been 

studying the energy spectrum and quantum efficiency (emission probability of secondary 

electrons per incident photon). An experimental formula was proposed for the quantum 

efficiency of secondary electrons emitted from the surface of a metal sample of a 

thickness equal to the maximum range of recoil of secondary electrons when irradiated 

with 7-rays from 60Co 7-source0. It appears that this formula can explain 

experimental values for samples ranging from C to Pb, and each term in the formula 

corresponds to a certain physical value (Fig. 1). The present study is concerned with 

an attempt to establish a simple model which yields such a formula. Since the equation 

contains a term for the sample thicness which does not appear in the experimental 

formula, we also report a comparison of calculations for different thicknesses using 
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experimental data. 
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Fig. 1 Comparison of experimental values with 
empirical formula for the quantum efficiencies of 
electrons emitted from the metallic elements 
irradiated by "Co 7-rays. 

2. Theory and results 

The purpose of the present study is to 

establish a simple model which facilitates 

derivation of a formula for the quantum 

efficiency ( number of electrons emitted 

from a material by a single photon ) of 

electrons produced in a planar sample by 

vertically incident "Co 7-rays. The model 

is based on the following assumptions. 

(1) The incident 7_ray has an energy of 

1.25MeV, which is equal to the mean energy 

of radiation from the "Co source. These 

photons give rise to photoelectrons and 

Compton electrons in the matter. 

(2) Electrons formed at positions deeper than their maximum range cannot reach the 

sample surface. That is, all the photoelectrons formed in a sample with a thickness of 

less than their maximum ranges contribute to surface emission. Furthermore, 

photoelectrons have the same energy regardless of the atoms constituting the sample 

and are emitted vertically to the surface, whereas the energy of the emitted Compton 

electrons depends on the recoil angle which is distributed between 0° and 90* with 

respect to the incident 7-ray. Only those electrons emitted forward with higher 

energies contribute to surface emission. This means that the relative emission rate 

for Compton electrons 77 G O can be defined as a function of the sample thickness R. 

(3) Since Compton electrons having continuous energies account for most of the 

recoiled electrons for the incident energy range, analysis similar to that for self-

absorption of a /3-ray souce applies, i.e. Eq. (1) holds for electrons Iodx produced at 

distance x and x+dx from the surface and which arrive at the surface. 

I = Iie-"dx . (1) 

Where fj, is the electron absorption coefficient of the material. 

(4) Absorption is accounted for by the energy loss within the material and direction 

changes due to scattering. Since the maximum range is equal to the sample thickness in 
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our case, it is assumed that the energy loss occurs in the range which determines the 

absorption coefficient p.. Both single and multiple scattering are considered. 

(5) 5-ray are ignored as far as external emission is concerned. 

(6) The partial contribution of emitted electrons scatterred in the vicinity of the 

surface to surface emission is expressed by a build-ap factor. The specific form of 

the build-up factor for electrons is not known, but is assumed to be similar to that 

for 7-rays2), 

BCx,Z) = l+<5 
( — 

= 1+ 6 fix (2) 

The proportionality factor must be determined experimentally. B(x,Z) depends on the 

atomic number Z throgh fi. 

Based on these assumptions, integration of the number of electrons which are 

produced in each layer in the material and arrive at the surface, and normalization 

with respect to the incident j -ray flux to a photon per cm1, gives Eq. (3). 

*,(R,Z)= n CT0'B(x.Z)«e-',,dx (3) 

This represents the quantam efficiency ei„(R, Z) for sample thickness R, where n is 

the number of atoms per cm3, a the electron emission cross-section for 7-rays, #« 

mass absorption coefficient and cmVg, and x in g/cm\ Substituting Eq. (2) for Eq. (3) 

yields 

nff(l+<5) r 
£2.(R,Z) = na 0+6>x)e" ,dx= 

H 
l-A(//,R>e -»« (4) 

A(/i,R) = l + 
1+6" 

uR 

Taking assumption (2) above into accout, the electron production cross-section a 

of the material for 7-rays is represented by 

a = 77(R)ac+ aPho , (5) 

where oc is the cross-section for Compton scattering and aPho is that for the 

photoelectric effect. The total cross-section ac for Compton scattering for an atom 

is given by the Klin-Nishina equation 

o. = 2nulZ — 
L az 

2 a ( l + a ) 

l + 2a 
•log(l + 2 a ) 

1 l + 3a 
1+ log(l + 2 a ) -

la ( l+2t f )2J 

(6) 
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Using a =U 25/0- 511 gives 

ac=2s-reTxO-378Z, (7) 

where r. is the classical radius of the electron. The photoelectric effect cross-

section a,h0 was obtained by averaging the cross sections taken from Hubbel's table" 

and factoring out 2jrre2Z\ This yields Eq. (8) for a. 

a=2^r.IZ(0-378xaCR)+2.56xlO»Z4) . (8) 

T] (R) can be derived as follows. Assuming that the electrons produced at 

distances between x and x+dx from the surface proceed straight in the direction angle 

0 with an energy E(0), as illustrated in Fig. 2, there is an angle 0« for which the 

range of electrons is equal to the distance from the surface x/cos 6 . Electrons 

emitted at angles of less than &x* arrive at the surface, thus contributing to 

surface emission. The electron energy corresponding to 0 th can be obtained by 

combining Eq.(9) for the recoil angle and recoil energy of Compton-scattered electrons 

using the Katz-Penford equation" (Eq. (10)) for electrons energy range. 

cos# = 
1+a hv{ 

R= 
cos 0 

a\J l+2moc7E 

- — (1 4 | O p i . 2 S 5 - 0 . 09541oit 

a = 
moc 

(9) 

(10) 

(a) (b) 

rig. 2 Schematic picture of electrons emitted from a sample layer irradiated 

by 7-rays, (a): Compton electrons (b): photoelectrons 
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Using the threshold energy Etn(x) determined by the position of formation of electrons 

along with the maximum energy of Cdmpton electrons Ec, rj (R) can be defined as 

*oo=-

r fEc 

dx a c 
JO jEthCO (11) 

The differential cross-section ac(E)dE for the recoil of Compton electrons receiving 

an energy between E and E+dE is given by 

<7c(E)dE= 
7rr=* 

a mc 
2+(-5-Tx(-! 

\h»».-E i \ a 

1 hfo—E 2 h v , - E 
dE , (12) 

7?(R) = (13) 

hvn a E 

where hue is the energy of the incident 7-ray and itioc1 is the resting energy of 

the electron. For a 7-ray with hut = L 25HeV, 77 (R) can be approximated by Eq. (13), 

0-866-0-944R 0.44^R>0.1 

. 1-0. 692R"8 0. 1§R>0 , 

where R the sample thickness in g/cm\ and 0.44(g/cm2) corresponds to the maximum 

range of Compton electrons for hi>o = 1.25MeV. This gives 7} (0.44) = 0.45L 

The absorption coefficient fit due to single scattering can be assumed to be 

proportional to the Rutherford scattering cross-section for unit length a.. If 

electrons scattered at angles greater than a certain threshold angle 0.,,, are 

absorbed, the assumption (4) above yields 

# , = k«n 

= k«n 

cr.d0 

7re4Z(Z+l) s in0d0 

K = k. 

et.ti 2 m v 

' cos(0 /2) 

sin4(0/2) 
= 2;rre2nZ(Z+l) 

l-jg' 

0 4 (14) 

d0 
«.i. sin'(0/2) 

where m is the mass of electrons moving at a velocity v(m =mo(l-/52)l/2), and 6 is 

the scatering angle of electrons. The term for a, contains a factor Z(Z + 1) which 

considers the effects of scattering by orbit electrons. r« =eVmoC2 is the classical 

radius of the electron. The minimum scattering angle 0.i„ of absorbed electrons is 

difficult to derive analytically; it must be determined using experimental data as 

compouned with the proportionality factor k.. Since the velocity of the electrons v is 

not uniform, the ratio /S of v to the velocity of light c is determined as follows. 
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The average energy Ec(x,Z) of Compton electrons which are produced in a layer at 

distances between x and x+dx from the surface and which contribute to the surface 

emission equals that of electrons emitted at angles less than 0th in Fig. 2- This is 

calculated by integrating the energy, averaged between Eih and Ec with weights of ac 

(E), from 0 to R, the sample thickness and given by 

Ec(R,Z) = 
Idx | ECT. (E)dE 

dx a, 
Jo JtiMO 

(15) 

(E)dE 

as Fig.3. L is 0.8l6MeV for hv„=1.25IeV and R=0.44g/crai regardless of 2. These 

results yield the formula for fi (Eq. (16)). 

1 
Ec(R.Z)=iin,cl 

- 1 

s/ l + £* 

H. is given by Eq. (17) since (l-ySI)/ /8
<=0.204 for Ec(R,Z) = 0.816Mev. 

/z. = 2/rre2nxn.204Z(Z+l>K [cm1] . 

(16) 

(17) 

Fig. 3 Schematic representation of the electron emission rate for Compton electrons. 
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The absorption coefficient resulting from multiple scattering /z. is assumed to 

be proportinal to the average scattering angle with respect to unit length < 0*> is 

obtained from Williams' formula4', which, however, is known to give values 

increasingly greater than experimental data when Z>50 and thus should be corrected 

with a factor of T\ This yields Eq. (18) for #«, 

i / j 

ju .=k . 
<0*>,. 

tn2* 

k. [ 4/rnfc,Z(Z+l)e4 r 

=2ffre
JnZk. 

mV 
xlog 47rZ,n(Z+l)nto 

h 

mv F 
0* 

(A/Z)(l + l/Z)(|8V(l-/3!)) 

xlog 
l-ys2 

4^TNAAR, — Z 1 ' 5 

s-r.'NApt.Z1*-' 

z+i 1 Vn 

= (2 7rr.2nZ) 
0* 

0A 

30.8k. 
1 + 1/Z | 1/2 

1 + 
logZ ,1/2 

(18) 
Z*"' ) \ 19 

where to is the sample thickness in cm, h is Planck's constant divided by 27r, A =h/m 

oc is the Compton wavelength of the electron, NA is Avogadro' s number, A is mass 

number, Ro = p U the maximum range of electrons in g/cmJ and p is density in g/cm\ 

Therefore /i[cm"'] is given by Eq. (19) derived from Eqs. (17) and (18). 

fJ. = flt+ flm 

l->g' 
=2;rr«'nZk. K 

0* 

(Z+D + 
30. 8k. 

K 

I + d/Z) 
Zi.-i 

I/J 

1 + 
logZ 

19 

L 1/2 

. (19) 

For s =0.473. {(1 +l/Z)/Z2-'},/I is 1.13 and (1 +logZ/19)"
J is approximately 1.1 

over a range of Z from 6 (C) to 82 (Pb). Thus, both are independent of Z. Using the 

relationship n =(N»/A) p , the linear absorption coefficient is converted to mass 

absorption coefficient fit using Eq. (20). 

k. , Z 1-/8* 
jai = 2^r.'N* K 

A 0* 
(Z + D + 38.5 

K 
(20) 

The values of Z/A lie between 0.4 and 0-5 for all elements and can be regarded as 

approximately constant. The mass absorption coefficient is thus linearly dependent on 

Z, in accordance with experimental data. 
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Substituting Eqs.(8) and (13) for Eq. (5) and multiplying it by n and photon flux 

0( = 1 photon/cm2) give Eq. (21) for the number of electrons produced within the sample 

thickness R which contribute to surface emission. 

nCT0=2zrre2nZ {0.37«?7(R)+2.6xl0'Z4} . (21) 

Substituting Eqs. (19) and C2I) for Eq.(4) yields Eq. C22) to 2 digits for numerical 

values* 

2nreInZ{0.37* ̂ (R)+2. 6 x 1 0 ^ 1 ( 1 + 0 ) 
£*.(R,Z)= 

2*re
lnZ K ( Z + D + 39 — 

0* \ K , 

l-A(A«,R)e-

10.37«g(8)+2.6xlD-,Zt)(l + g ) 

0.2K (Z+D+39 — J 

l-A(ju,R)e- (22) 

When the mass absorption coefficient given by Eq. (20) is used as the absorption 

coefficient, the value for Ro should be the maximum range of photoelectrons, or 

approximately 0. 6g/cnr\ regardless of Z. 

The parameters K, K. and <5 are determined by comarison of the experimental 

formula 

a+bxlO"'xZ* 
£2.= (23) 

c-KZ+1) 

a=0.41, b=7.4. c=37 

and £J,(RO, Z) as given by Eq. (22). K is determined on the assumption of the low limit 

of 0.in in Eq. (14) in the following manner. Secondary electrons produced near the 

surface cannot be absorbed unless emitted at an angle close to 90° while those 

produced at appropriate depths are readily absorbed even when the scattering angles 

are low. Thus, a scattering angle of 45° can represent all the electrons on average, 

since the sample thickness is equal to the maximum range of secondary electrons. For 

0..„ = 45\ K^kcX2. 9. With kc = l, and k. = 2. 75 the denominator of Eq. (22) is written 

as in 

0. 59x{(Z+l) + 37) • (24) 

Substituting 77 (Ro) =0.45 and Eq. (24) for Eq. (22), along with the sample thickness 

expressed in g/cml and the absorption coefficient taken as the mass absorption 

coefficient #», give the quantum efficiency of secondary electron surface emission 
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{0.29+4.4xKr'Z4Kl+<5) 
E I . ( R I . Z ) = F(ju,R.), (25) 

Z+38 
F(^ ,R, )=1-A(R, ,Z)-e" M 

from which Eq. (26) is obtained if 5=0.63. 

(0.47+7.3 xlO'Z4) 
ei.(R«,Z)= ^ — F ( M , R , ) (26) 

2+38 

Eq. (26) yields Eq. (27) when F=0.84 for Z=13 (Al). and Eq. (27*) when F=0.98 for Z = 

82 (Pb). 

(0.40+6.6 xlO-'Z4) 
e».(Ri='<J.6.Z=I3)= -7.8XIQ-' 

Z+38 

£,.(Ro=0-6,Z=82)= 
(0.46+7.1xl0'Z4) 

Z+38 
= 6.5x10-

(27) 

(27*) 

The formula for Al and Pb are basically identical to Eq. (23). The values of constants 

a and b can slightly differ from experimental values for some values of Z probably 

because the experimental formula can be regarded as an average to accommodate all data 

for an element. The experimental value of £?, is 7. 9 x l 0 5 for Al and 6.2xl0"s for 

Pb, and are in accordance with Eqs. (27') to within 5 % error. 

3. Discussion 

Quantum efficiency as a function of 

sample thickness R and atomic number Z is 

expressed as Eq. (28), v (R) Eq. (20) and 

F(jtz.R) Eq. (25) 

(1.02x^(R) + 7.3xlO,Z*) 
£2. 

Z+38 

A calculated curve for £*« as a function 

of R for Z = 13 (Al) is shown as the solid 

line in Fig. 4 along with experimental 

values. The calculated values are in 

agreement with experimental values at R> 

0. lg/cnr' but tend to increasingly fall 

to below the empirical values at R<0. 1 

10' 

•F(/*.R). S 

(28) 10' — 
• 

10' 

Aluminium 
i — i i i 11 II- - i — i i 1 1 1 

O : Nakamura 
• : Artuso 
+ : Ebert 

i i i i 111 _i I I I I I 111 
10' 

Thickness Cg/cm'] 

10' 

Fig. 4 Comparison of experimental values with 
theoretical results for sample thickness 
dependence of the quantum efficiencies, for Al. 
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g/arr* with decreasing R. Correction of A in F(jtz,R) by multiplying by 0.98 results 

in the broken line shown in Fig. 4, which is in good agreement with the experiment. 

This indicates that the build-up factor (Eq. (2)) is although imperfect, capable of 

explaining the experimental data with a small correct- Fig. 5 shows the result for Fe, 

and Fig. 6 that for Pb. The inflexion points which appears in Fig. 4 to 6 at a thickness 

of tk44g/cial can be interpreted in terms of Eq.(5) as a result of different 

contributions of Compton scattering and forward photoelectron emission, that is, 77 (10 

determines the former factor which decreases continuously for R =0~0-44g/cm* and 

remains constant for R>0. 44g/cm!, while the latter increases continuously up to R = 

0- 6g/o»*. 

This study is concerned only with existing experimental data for Al, Fe and Pb. 

Further studies are planned which will involve verification of our results for all 

values of Z and R, as well as studies on the effects of the energy of the incident r 

-rays which affects @. 

10' 

a 
o 

10' 

Iron 
- \ — i — i — i i 1 1 1 1 1 — i — i i 1 1 1 a 

• : Artuso 

-1 l I_L JJUXL • i i i 1 1 1 

10' 10* 

Thickness Cg/cm1] 

Lead 

10* 

~i 1 — r i i i I T I 1—I I I I 111 

. ID" 

O: Nakanura 
+ : Ebert 

J i i i i i i i _j i i i i i i'l 
10' 

Thickness [g/cn'] 

10' 

Fig. 5 Comparison of experimental values with 
theoretical results for sample thickness 
dependence of the quantum efficiencies, for Fe. 

Fig. 6 Comparison of experimental values with 
theoretical results for sample thickness 
dependence of the quantum efficiencies, for Pb. 
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