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Abstract 

We present a general overview of a method 

of numerically modelling deep penetration weld

ing processes using geometric constraints based 

on boundary information obtained from experi

ment. We consider general issues concerning ac

curate numerical calculation of temperature and 

velocity fields in regions of the meltpool where the 

flow of fluid is characterized by quasi-stationary 

Stokes flow. It is this region of the meltpool 

which is closest to the heat-affected-zone (HAZ) 

and which represents a significant fraction of the 

fusion zone (FZ). 

IN A PREVIOUS REPORT (1), we intro

duced a method based on geometric constraints 

for the inclusion of experimental information con

cerning steady-state weldpool shape into a model 

system. A feature of this method is that it tends 

to compensate for either the unavailability of ex

perimental measurements of material properties 

or gaps in knowledge concerning the general char-
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acter of the keyhole. In this report, we present 

a general overview of the geometric-constraints 

method and issues concerning accurate numeri

cal calculation of temperature and velocity fields 

in regions of* the meltpool where the flow of fluid 

is characterized by quasi-steady Stokes flow. The 

underlying motivation of our development is that 

it is transport in these regions of the meltpool 

which couple most strongly and directly to the 

heat-affected-zone (HAZ), and which, because of 

the rapid onset of viscous effects, represents a 

significant fraction of the fusion zone (FZ). The 

physical characteristics of all other regions of the 

meltpool, as well as the keyhole itself, are con

sidered with respect to the relative strength of 

their coupling to regions of the meltpool that are 

close to the solidification boundary and within 

the Stokes-flow regime. Regions of the meltpool 

that are close to the keyhole present a particu

lar problem because of the sharp rise in temper

ature. With respect to numerical discretization, 

these regions can be characterized effectively as 
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numerical singularities resulting from the type of 

stiffness that occurs in the integration of shock

like structures. However, regions of the meltpool 

that are close to the solidification boundary are 

characterized by fluid properties which provide a 

means of overcoming any ill-conditioning due to 

the numerically singular character of regions near 

the keyhole and a more accurate specification of 

the flow. Because the character of the flow in re

gions that are close to the trailing solidification 

boundary is not coupled to the details of the char

acter of the flow in regions near the keyhole, a well 

posed input condition is a set of upstream bound

ary values of the temperature and fluid-flow fields. 

The geometric-constraints method presented in 

this report entails the specification of a consistent 

set of upstream boundary values of temperature 

and flow velocity rather than explicit specification 

of the beam energy source. 

Physical Model of Deep Penetration Welding 

In the context of using geometic constraints. 

it is the solidification boundary and top sur

face boundary which determine the solution 

rather than the boundary corresponding to the 

vapor-liquid interface associated with the key

hole. Given this, it follows that the flow char

acteristics of the liquid in regions of the melt-

pool near the solid-liquid boundary must be mod

elled accurately. The keyhole boundary or key

hole source term, depending on the fashion of 

implementation, is only used to adjust the char

acteristically monotonic flow field along the top 

surface and solidification boundaries. Therefore. 

in our present model, it is not considered a true 

boundary of the system, or more precisely, of the 

solution domain. In our present model we adopt 

the approximation that the flow character of the 

liquid region is mostly that of quasi-steady Stokes 

flow. 

The model system is characterized by quasi-

steady mass, energy and momentum transport in 

a coordinate system that is fixed in the reference 

frame of a moving beam energy source, i.e.. elec

tron or laser beam. The boundaries of the model 

system are defined, at each timestep, by the sides 

of a finite-sized rectangular region containing the 

beam and by the temperature of vaporization, 

or Tc isotherm which is taken to represent the 

vapor-liquid boundary of the keyhole. Outflow 

boundary conditions are imposed on the down

stream boundaries. 

The system is assumed to be symmetric 

about the .rz-face at y = 0, (see Figure 1); thus, 

only one half the system is modelled. The equa

tions of transport governing the model system are 

as follows. The equation of energy transport is 

^ + V • [VT}+SXJVB^ = K(r)V 2 T(x.r)^V.q. 

(1) 
where 

»<r> - m^rr ( 2 ) 

The term V-q represents the total energy trans-

fered into the system from different types of 

sources. The equation of momentum transport 
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IS ei'j . T , ^ r - l d P 

dt p(T) dxj' (3) 

where 

KD = P(T) 

and j = 1. 2. 3 denotes the Cartesian coordinates 

x.y and z. respectively. And lastly, the equation 

of mass transport. 

r-u = o. (5) 

The quantity U = (L'i, U2, Uj) = (u,v,w) is 

the velocity field at a given point, and x = 

(11,12,13) = (1 . y, c, is the Cartesian coordinate 

of that point. The quantity \'B is the speed of 

the beam, moving in the direction of increasing 

1 and 6,,j is the Kronecker delta function. The 

quantity P is the pressure at a given point and 

T is the temperature. In our model the density 

p(T), coefficient of viscosity p(T), conductivity 

k(T) and heat capacity CP(T) are functions of 

temperature T (see reference 1 for values). The 

thermal coefficient of surface tension is given by 

dT = -Anf3{x,y) (6) 

where An is a constant and f.,(x,y) is a two-

dimensional modulation function whose form is 

specified according to experimental information 

about meltpool shape. The quantity given by 

Eq.(6), which is formally equivalent to the co

efficient of surface tension is for the purpose of 

lumping the influence of phenomena occuring in 

the vicinity of the keyhole and at the top surface 

of the meltpool which are not included explicitly 

in the model system. This function provides a 

means of including experimentally obtained in

formation concerning the shape of the meltpool. 

The boundary on the molten region is defined bv 

the solid-liquid interface. The boundary condi

tion on this boundary is given by V} = - c ^ T g . 

(0.£, .Z. 

(£«,o,i.) (0,0. L.) 

Fig. 1 - Schematic of model system showing rela

tive coordinates of system boundaries 

Overview of the 
Geometric-Constraints Method 

The geometric-constraints method described 

here is based on the following mathematical prop

erties which can be associated with the character 

of heat and fluid flow occuring in a meltpool re

sulting from a deep penetration welding process. 

Firstly, the solution domain defined by the 

meltpool resulting from a deep penetration weld

ing process includes subregions within which the 

flow of fluid is characteristically quasi-steady 

Stokes. This is especially true of downstream re

gions of the meltpool. A property of the equa

tions of quasi-steady Stokes flow is that there 
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is a unique solution U which satisfies prescribed 

boundary conditions. 

Secondly, we observe that if within a bounded 

domain the solution U is known to be monotonic. 

it is not necessary to have boundary value infor

mation over the entire boundary in order to effect 

a reasonably accurate determination of U within 

a subregion of the domain. Given the condition of 

monotonicity and a set of specified values of U at 

different points on the boundary, we can effect an 

approximation to a boundary value problem via 

constraints on the equations governing the flow of 

fluid. 

Thirdly, we observe that because the charac

ter of the flow in regions near the trailing solid

ification boundary is weakly coupled to the de

tails of the character of the flow in regions near 

the keyhole ( where the flow is not quasi-steady 

Stokes), an effective keyhole boundary or an ef

fective energy source may not represent a well 

posed input quantity. The character of the flow 

in downstream regions of the meltpool suggests 

that a well posed input condition is that of an 

upsteam boundary upon which are specified val

ues of the temperature and Stokes-flow fields. 

Fourthly, we observe that the values of the 

temperature and flow fields specified at an up

stream boundary within a region of quasi-steady 

Stokes flow are not arbitrary and must be con

sistent with downsteam boundary values. The 

uniqueness of U implies that if the magnitude 

of the quasi-steady flow field decreases monoton-

ically in the downstream direction then there can 

be only one upstream boundary specification that 

is consistent with a given downstream boundary 

specification. 

And lastly, adopting upstream boundary 

conditions as input conditions on the system im

plies that the effective keyhole no longer has phys

ical significance but represents a generator of 

the temperature and flow fieid over the upstream 

boundary. The procedure of generating a global 

upstream boundary from a local effective key

hole source is typically not unique. Any effec

tive source representation and associated local-

to-global mapping is suitable if it generates up

stream boundary values which are consistent with 

(or map into) specified downstream boundary val

ues. 

Given the above mathematical properties of 

the meltpool and interrelation between its sub-

regions, a specific approach for applying the 

procedure for calculating the temperature and 

flow fields according to the geometric-constraints 

method can be effected. In detailing this ap

proach we refer to Figure 2 which gives a two-

dimensional schematic description of the parti

tioning of the weld meltpool into subregions. The 

initial step of the procedure for calculating U and 

T is to specify a relatively well distributed set 

of measured downstream boundary values, e.g.. 

Figure 3. Shown in Figure 3 are: the maximum 

separation between the center of the beam en

ergy source and the trailing solidification bound

ary along the top surface of the workpiece ( Cx ): 
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the lateral cross section of the weld that is per

pendicular to the direction of travel of the beam 

( C2 ): and the solidification curve correspond

ing to the intersection of the trailing solidification 

boundary and the plane passing through the cen

ter of the beam and parallel to the direction of 

beam travel ( C3 ). 

Downstream Boundary Upstream Boundary 

U -- l"0 

Local-Global Mapping 
Effective Keyhole Source 

Fig. 2 - Top-surface schematic description of the 

partitioning of weld meltpool into a subregion 

where the flow of fluid is quasi-steady Stokes and 

a subregion containing an effective energy source 

[I 

Fig. 3 - Example of a set of downstream bound

ary values obtained from experimental measure

ments. 

The next step of the procedure is the se

lection and adjustment of the modulation func

tion f{x.y) defined by Eq.(6) and of the effective 

energy source. The criterion for adjustment of 

these functions is not the generation of a tem

perature and flow field which generates the en

tire solid-liquid boundary defining the dynamic 

weld meltpool. The criterion for adjusting these 

functions is only that a specified set of down

stream boundary values is satisfied. This less 

restrictive criterion provides a high level of flex

ibility with respect to adjustment and selection 

of f{x.y) and the effective energy source. Any 

combination of functions f{x.y) and effective en

ergy sources is sufficient if that combination gen

erates boundary values on the upstream bound

ary of the quasi-steady Stokes flow region (see 

Figure 2) which in turn generates U and T fields 

which map into specified boundary values on the 

downstream boundary. Examples demonstrating 

the high level of flexibility with respect to adjust

ment of f{x,y) and the effective energy source 

are given by Figures 4 and 5. For these figures 

the same modulation function f{x,y) is adopted-

It is assumed that for the energy-source adjust

ments shown in Figures 4 and 5 that one is seek

ing T and U fields that would satisfy downstream 

boundary values such as are given by curve C3 in 

Figure 3. In Figure 4 adjustment of the energy 

source is effected by variation of the shape of a 

surface having a fixed temperature, i.e., TQ. As 

is seen in this figure, many of the qualitative fea

tures of curve C3 in Figure 3 can be obtained via 

simple changes in the shape of the surface. Quan-
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titative agreement in accordance with specified 

downstream-boundary values would of course re

quire more detailed changes in the shape of the 

surface. In Figure 5 adjustment of the energy 

source is effected by variation of the temperature 

of a surface having a fixed shape. rr 
Fig. 4 - Adjustment of effective keyhole source 

based on variation of shape of boundary of a given 

temperature 

Fig. 5 - Adjustment of effective keyhole source 

based on variation of temperature of boundary of 

a given shape 

Conclusion 

In one sense our approach represents an ex

tension of the methods which employ a phe-

nomenological heat source moving through a solid 

whose parameters are adjusted such that the cal

culated temperature of solidification (or liquifi-

cation) isotherm matches experimental measure

ments (2). Our approach entails the specifica

tion of upstream boundary values of the temper

ature fields and flow fields which are such that 

downstream boundary values match experimen

tal measurements. However, our approach dif

fers from those which employ a phenomenological 

heat source since it entails a complete accounting 

of all the physical transport, i.e., mass, energy 

and momentum. Because of this distinct feature, 

adjustment of upstream boundary values in ac

cordance with experimental measurements does 

not represent an arbitrary-parameter adjustment. 

The mathematical properties of a bounded quasi-

steady Stokes-fiow region assure that there exists 

only one set of upstream values of T and U which 

are consistent with a given set of downstream 

boundary values, i.e., the solidification boundary. 
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