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1 Introduction 

Duo to a remarkable progress in experimental techniques, the new family of 
.small Fermi systems (SFS) (metal clusters, fullerencs, helium clusters and 
quantum dots) was discovered about ten years ago. As was established, 
those Fermi systems have a striking similarity with atomic nuclei (see re
views and conference proceedings [1-9]). The most remarkable feature of 
now SFS is that they possess a mean field of the same kind as in atomic 
iniclci which allows one to investigate SFS by nuclear theory methods. If 
recent investigations of SFS have mainly been limited to atoms and atomic 
nuclei, our present possibilities have become much wider, We have really 
obtained a good chance for studying both a common behavior of SFS and 
a wonderful variety of their properties. 

In the present paper, the particular properties of the new SFS as well as 
the application of nuclear physics methods to their description are briefly 
reviewed. The properties of the new SFS and atomic nuclei are continually 
compared. The main attention is paid to metal clusters (MC) or, more 
precisely, to E\ giant resonances (GR) in this system. Iri Sec.2, the sketch 
of basic properties of MC as well as the perspectives of their investigation 
arc given. Sec.3 is devoted to the description of E\ GR in MC, In Sec.3 
the properties of fullerencs, helium clusters and quantum dots are outlined. 
In Sec.4 the conclusions are presented. 

2 First description of MC 

MC arebound systems consisting of atoms of certain metals. We will con
sider here MC composed from atoms of alkali metals (sodium, potassium 
etc.). In alkali metals, valence electrons are weakly coupled with the ions 
and thus are not strongly localized in space, like nuclcons in atomic nuclei. 
The mean path of valence electrons is of the same order of magnitude as 
the size of MC. As a result, there are good conditions for forming in MC a 
mean field of the same kind as in atomic nuclei. Valence electrons can be 
considered as counterparts on nucleons in a nucleus. Just valence electrons 
determine the quantum properties of MC. 

It is convenient to regard a cluster as a system of valence -electrons in 
a field of positively charged ions. For alkali metals the ion lattice can, 
to good accuracy, be replaced by a uniform distribution of the positive 
charge over cluster's volume (jellium approximation). The ionic jellium is 
"frozen", i.e. has no any intrinsic excitations. The jellium approximation 

' greatly simplifies an investigation of MC. It works best for sodium clusters 
where the coupling of valence electrons with ions is especially weak. 
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Some basic characteristics of MC arc presented below (in atomic units 
of energy, 1 a.u.= 2Ry = 27.2 cV, and length, 1 a.u.= Ь7/тег - 0.529A = 
0.529 • 10-10m). The MC radius is given by R = rws- NM3. Hero, N is the 
number of atoms in the cluster; rws 1S ^1C Wigner - Scits radius that is 
connected with the bulk density n+ by the expression n+ = (4/37гг^д.)~ |. 
In what follows, we will mainly consider sodium clusters. For sodium, 
rws = 3.93 a.u. and the radii of sodium clusters with N=20-200 are be
tween 5.6 - 12.2 A. The ionization potential (the minimal energy to re
move an electron from MC) of a sodium cluster is 3-4.5 oV. Sodium atom 
is monovalent. So, in sodium clusters N = Nc where Nc is the number of 
valence electrons in the cluster. 

Let us outline the perspectives of the MC studies (sec reviews [3,7] and 
references therein). 

1) MC with N ~20000 and more have already been produced. Thus, 
we have now a unique chance for studying all the way from a single atom 
(through clusters) to a bulk. 

2) Small clusters are quantum systems while large MC arc more clas
sical ones. So, MC provide a possibility for studying the transition from 
quantum to classical behavior of SFS. ' 

3) About 30 shells have been discovered in MC which is much more than 
in nuclei and atoms. As a result, there are wide possibilities for investi
gation of the physical nature of quantum shells, namely, of the connection 
of quantum shells with their classical counterparts - periodic orbits [10]. 
Besides shells, the supershells have been predicted [11] and then observed 
experimentally [12] in MC. Supershells can exist only in sufficiently large 
systems (./V > 1000). It is clear that this effect is impossible'in atoms and 
nuclei. 

4) Like nuclei, MC with open shells have quadrupole deformation. The 
experiments have revealed both prolate and oblate spheroidal shapes, as 
well as 7-deformation. There are theoretical predictions of hcxadccapolc 
and octupole deformations in MC [13,14]. MC provide a unique chance for 
studying shapes of Fermi systems with a large number of particles. 

5) Like nuclei, positively charged MC exhibit a spontaneous fission. 
Using the clusters with the charge Z < +14, the critical value of Z2/N ~ 
1/8 has been empirically found (as compared with the value Z'2/N ~ 49 in 
nuclei). 

6) The pairing in MC, as a possible origin of the experimentally detected . 
even-odd difference in the ionization potential (at temperature 100-500 K), 
is now discussed (see [15] and refs. therein). The discovery of pairing in 
MC could have far-reaching consequences as a new manifestation of high-
temperature superconductivity. 
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7) МС иго rather attractive for investigation of thermal effects, Since 
in MC the mass of the ions is much larger than the mass of the valence 
electrons, almost all thermal energy is contained in ions. As a result, 
valence; electrons can be considered as a subsystem embedded into the 
thermal bath. Unlike nuclei, we have here the* exact case of the canonical 
ensemble. 

8) The El GR has been observed experimentally in a variety of clusters: 
small and large, spherical and deformed, neutral and charged. There are 
also theoretical predictions for EO, multipolc EX(\ > 1) and magnetic GR. 
However, experimental data for these GR are rather scarce and unreliable. 
GR in MC arc discussed in detail in Sec.3. 

9) MC of the mixed type, i.e., including atoms of different metals, can 
exist. The study of mixed MC is quite interesting in connection with 
possible practical applications (new alloys, etc.). 

10) Since MC resemble atomic nuclei, a lot of models and approaches 
intensively used in nuclear theory can, after some modification, be effec
tively applied to studying MC. At the present time, the modified Nilsson 
single-particle potential (for small clusters) [5,16] and Woods-Saxon po
tential [11,13,14] (for both small and large clusters) are widely used. The 
liquid-drop model is used for investigation of fission in MC. The equilib
rium deformations are calculated by Strutinsky's shell-correction method 
[13,14]. It is interesting that this method is more suitable for MC than 
for nuclei. The point is that, unlike nuclei, the Fermi level in MC is in 
the middle of the potential wall (EFermi = -3eV, Vo = -6eV). As a re
sult, the influence of quasi-bound single-particle levels is weaker in MC 
than in nuclei, which improves the accuracy of the shell-correction calcula
tions. The BCS method as well as the particle-number-projection method 
are used for investigation of possible pairing effects [15]. Different ap
proaches are applied to the description of GR in MC: the sum-rule method 
(SRM), the vibrating-potential model (VPM), various forms of the ran
dom phase approximation (RPA) (including the full RPA, the local RPA 
and the schematic RPA), different versions of the self-consistent models, 
large-basis shell model, interacting-boson model, fluid-dynamical models 
and others (see refs. in [3,7]). This is practically the same set of models 
which is used for studying GR in nuclei. 

3 Giant resonances in M C 

As compared with atomic nuclei, GR in MC have some important pecu
liarities. 

1) GR represent practically a single type of collective motion which 
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has been observed in MC. In principle, deformed clusters can rotate, But 
a very large value of the moment of inertia results in very small values of 
rotational energies which, being of the same order of magnitude as thermal 
energy, arc difficult to be observed. 

2) Since the rotational bands arc not observed in MC, the deformation 
splitting of E l GR is practically a single direct manifestation of quadrupole 
prolate and oblate deformation in clusters. 

3) Like in atoms, the spin-orbit interaction in MC is negligible and 
the spin and orbit collective modes are well decoupled. As a result, the 
investigation of orbital collective modes in MC is much easier than in nuclei. 
This feature is. important also for application of fluid-dynamical and self-
consistent models which, as a rule, do not take into account spin degrees 
of freedom. 

4) In nuclei, the investigation of collective excitations is often compli
cated by the need to restore the translational and rotational invariances' 
violated by the model Hamiltonian. In MC, the mass of valence electrons is 
much smaller than the mass of ions and, as result, the problem of restora
tion of translational and rotational invariances is not so important. 

5) Physical interpretations of El GR in MC and nuclei arc very similar: 
El GR in nuclei is caused by the out-of-phasc translations of neutron and 
proton subsystems while El GR in MC is a result of the translations of the 
valence electron subsystem with respect to the ionic subsystem. In spite of 
this similarity, the El GR energy in MC increases with N, in contrast with 
the A - 1 / 3 dependence in nuclei. Indeed, within the SRM, the energy of El 
GR in MC is written as и = \/*gn+{l - \6-jfe] where 5NC = $г>цйгщ(г) 
is the number of valence electrons outside the radius R specified by the 
ionic jellium (the so called "spill-out" electrons) and щ(г) is the density of 
valence electrons. The larger the "spill-out" effect, the smaller the energy 
of the El GR. Since the number of the "spill-out" electrons decreases with 
N, we have the corresponding increase in the El excitation energy. The 
"spill-out" effect plays a crucial role in the description of EL GR in MC 
[2-5,7]. 

6) As has been shown in [17], the fragmentation of the El GR in MC 
depends strongly on the cluster's charge. Being the strongest in negatively 
charged clusters, the fragmentation is drastically reduced when passing to 
neutral and then to positively charged clusters. This effect provides the 
chance to investigate El GR under quite favorable conditions of minimal 
fragmentation. 

Let us consider the results of calculations for El and E2 GR, obtained 
within the VPM. Being widely used in nuclear physics (see, i.e., [18-22], this 
model was modified for MC in [23] and then generalized to the description 
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of GR in clusters of any shape in [7,24,25]. The VPM is the self-consistent 
version of the schematic: RPA with a separable residual interaction. The 
self-consistency condition between variations, of the ground state density 
and the single-particle potential provides the form of residual forces and the 
analytical expression for their strength constants. Being the self-consistent 
microscopical model, the VPM. nevertheless, does not need time consuming 
calculations. 

For the external field /ьп{г) = J'AV{' (П) corresponding to irrotational 
and divergency free collective motion (here. YjjJQ) = Уд„(П) + с/-У'дт (П). 
Уд;<($2) is a spherical harmonic and </ = ±1). the main VPM equations are 
written as [7,23-25] 

H=H{)- 1/2 £ K^QxvinQx-vW' (1) 
A,/ 

QUV = 7ВД • */*.(*> + / V!io(pVv/(r,)^ (2) 

(H^y^-jQ^nvfx^-vnoi^r (3) 

and 

where the ground state density of the valence electrons is calculated as 
щ(?) = T.k I I к > I2, I к > and е./. are the single-particle eigen.state and 
cigencnergy of the static: single-particle haniillonian #o and 0,7 is the root 
of equation (4). Eqs. (l)-(4) describe the Hamiltonian. the residual forces, 
the inverse strength constant, of these forces and the dispersion equation, 
respectively. If the Ccmlomb term in (2) is neglected, we have the VPM 
equations for isoscalar EX GR in atomic nuclei [21,22,24]. So. the VPM is 
suitable for studying EX GR in both MC and nuclei [24]. 

In Figs. 1-3 the results of the VPM calculations for El and E2 GR in 
deformed sodium clusters (oblate Na\$ and prolate Л'а^о) a r t ' presented 
[25]. The calculations have been performed with the Woods-Saxon single-
particle, potential 

•Уо& = 1 + «х1,[{г-п{П))Ы ( 5 ) 

withПЩ = Ло(1+0о+02ЫЮ)+АУ4о(П)>, Я» = Г»А'</Лallcl v a l u , ' s ( ) f th(> 

parameters U0 = -6e.V, •/•„ = 2.25A [11] and «„ = 1.0.4 [25]. Following [26]. 
the parameters of quadrupole and hexadecapole deforination were taken 
to be equal to /32 = -0-23 and Д, = 0.02 for oblate Лч/18 and ;i2 = 0.40 and 
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/34 = 0.06 for prolate N(i2e. The results in Figs. 1-3 arc presented in the 
form of the strength function [25] 

bm{EX/i,uj) - ^FB{E\fi,gr -> LUt)p{uj - ui) (G) 
t 

with the weight factor p{u>- w,) = Ък7$5Я$ЯЩТр- H e r c> B(E\fi,gr -» u>t) 
is the reduced probability of the Е\[л transition from the ground state 
to the one-phonon state u»<} Д is the averaging parameter (to be equal to 
0.05eV in the present calculations). 

The results for E l excitations arc depicted in Figs.l and 2. The strength 
function bi(Elfi, u>) is given for two cases: with and without the residual in
teraction. In the latter case, «;[, = 0 and El excitations arc determined by 
particle-hole transitions of noninteracting valence electrons. Then, the E l 
resonance is localized in the region 0.8-1.8 eV that is much lower than the 
experimental values (experimental data [27] exhibit the two peak structure 
with the energies 2.56 and 2.94 for Na1& and 2.29 and 2.93 cV for Na2e). 
The energy 0.8-1.8 eV is a typical energy interval between neighbour shells. 
This interval corresponds to E l transitions with ANs/l = 1 where JVS/, is the 
principal shell quantum number. The self-consistent residual interaction 
shifts the resonance towards the energy 2.6-3.3 eV which is in accordance 
"with the experimental values. As is seen from the Figs.l and 2, the defor
mation of clusters leads to the same picture as in atomic nuclei. Namely, in 
prolate ЛГагб, the small peak corresponding to vibrations of electrons along 
the z-axis of the spheroid, has lower energy as compared with the large peak 
corresponding to vibrations of electrons along the x- and y-axes. In oblate 
iVaig, the opposite picture takes place. Due to the deformation splitting, 
resonances in Na\g and Na,26 demonstrate the substantial Landau damp
ing- The experimental deformation splitting is well reproduced although 
this is mainly a merit of the single-particle scheme. The analysis of the 
structure of the main peaks shows that these peaks are composed from 
many particle-hole excitations, i.e., have a collective nature. 

Figs.l and 2 show that El excitations have pronounced high-energy 
peaks which are well separated from the main E l resonance. These peaks 
exhaust a large amount, up to 30%, of the model-independent energy-
weighted sum rule which somewhat overestimates the experimental value 
10-20%. In spite of this discrepancy, the existence of the high-energy peaks 
seems to be reasonable. This is a peculiarity of MC that the long-range 
Coulomb forces promote the interaction between remote electrons and thus 
favour AiVs/, = 3,5,... transitions and formation of the high-energy peaks. 
The high-energy strength seems to be maximal in clusters of a moderate 
size (from tens to several .hundred of atoms). Small clusters have not 
enough number of shells to provide noticeable high-energy strength. On 
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the other hand, hi very large clusters the energy intervals between shells 
are too small to result in any sizable AiV«/, effects. 

hi Fig. 3, the strength functions ho(E2ftfu>) for E2 excitations in iVa2o 
are presented [25], For the first time, the calculations were performed 
by taking into account the fragmentation of the Б2 strength, it is seen 
that the unperturbed (particle-hole) E2 excitations arc mainly formed by 
E2{&NHh = 2) transitions with the energy aboul 2 eV. The residual in
teraction shifts the strength to the energy 3.5 eV. The important point is 
that E2 GR is not much fragmented so that this GR has a good chance to 
be measured in the (c,c') reaction, 

We sec that, in spite of numerous interesting peculiarities mentioned in 
the onset of this subsection, EX GR m MC and atomic nuclei arc rather 
similar. One can expect more differences for orbital MX GR. In MC, 
the decoupling of orbital and spin degrees of freedom and possibility to get 
considerable orbital moments in large clusters can lead to a new interesting 
physics. The fluid-dynamical models derived in nuclear physics (see, e.g. 
[7,28-32]) can be effectively used in this field. 

4 Fullerenes, helium clusters and quantum dots 

Let us briefly consider other members of the SFS family: fullcrcncs, 3 #e 
and 4He clusters and quantum dots. 

Fullerenes, About ten years ago a unique experimental technique 
was developed to produce atomic clusters of virtually any element of the 
Mendeleev's table, The most surprising results were obtained for carbon. 
It turned out that beginning from N=40 only clusters with an even num
ber of atoms are stable. These carbon clusters have been named fullerenes. 
The cluster C6o turned out to be especially stable, which allowed one to 
consider N=60 as a magic number and to announce Сбо а£> & fourth state 
of carbon together with diamond, soot and graphite. This cluster has the 
exotic form of a football, i.e., of a sphere with the radius of A A and with 
the ЗА hole inside. The general information about fullerenes can be found 
inrefs. [1,33-35]. 

The carbon atom has four valence electrons: three with strong a bounds 
and one with a weaker 7Г bond. In CQQ, the 7r-electrons form a subsystem of 
60 interacting electrons. They determine such important properties of the 
fullerene as ionization potential and conductivity. In analogy with MC, the 
rest ionic subsystem of Ceo (including the 180 deeply bound a electrons) 
can be considered in a good approximation as a uniformly charged jellium. 
The external ionic potential and the interaction between 7r-elcct,rons create 
the self-consistent mean field for the 60 7r-electrons. This mean field is 
exhibited in Fig.4 [36]. 
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Collective translations of the 7Г-окн;1;голя with respect to the ionic jellium 
form El Git. TIUH OR IIUH recently been observed in crystalline Coo around 
G-7 e-V exhausting about 1/2 of the integrated n oscillator strength [37,38]. 
Besides the El GR formed by the 7r-clccfcrons, another broad resonance at 
about 25 oV has been observed and interpreted as the El GR Conned by 
all the valence electrons (n -f a electrons). This resonance' has also been 
observed at about 20 eV in photon ionization experiments on free С'Ш) [Щ-

Both the ;T and яг 4- о El GR have been calculated within different 
approaches widely used in nuclear theory: SRM and RPA (see, for example, 
[36,40,41]). The results of the RPA calculations for the n El GR'arc 
presented in F,ig,6 [36]. It is interesting that these results practically do 
not depend on the thickness of the C'e0 sphere. This means that the n El 
GR is mainly of the surface nature. It is worth noting also a large amount, 
up to 33%, of the "spill-out" electrons in CQO [3G], . 

Fullcrencs attract much attention now. To a large extent, this is con
nected with possible new carbon-based technologies (fullcrene-esoapsulated 
atoms, doped fullcrene cages, buckytubes, superconductors, biickyfibors, 
etc.,[35]) and with the observation of the high-temperature superconduc
tivity (18-28 K) in the metals obtained by dopting C'oo with alkali atoms 
(see, e.g., [42]). 

Helium clusters. There are two kinds of helium clusters: (a) collec
tions of 3 #e atoms , i.e., of fermions, and (b) collections of *IIe atoms, i.e., 
of bosons [1,6,43]. Helium atoms form a self-consistent field with the core-
sponding shell structure. For example, in 3Яе droplets the shell closures 
agree with the harmonic oscillator scheme up to N=168 [6,44]. Unlike MC 
and fullercnes, the particles moving in a mean field of helium dusters are 
not valence electrons but helium atoms. The experimental investigation of 
helium clusters is still in its infancy. The main trouble is that helium clus
ters are very weakly bound (for example, the binding energy is about 1.5 
К (or 10~4 eV) in 3 #e clusters and still less in 4 #e clusters) which makes 
their ionization fuul subsequent detecting very difficult. So, our present 
knowledge of helium clusters, including their shell structure, is based on 
theoretical studies. 

The mean field of helium clusters is obtained in close similarity with 
the Hartree-Fock mean field calculated in atomic nuclei on the basis of the 
Skyrme functional. For example, in [6,44] the self-consistent mean field 
of 3 # e clusters was obtained in the framework of the recently developed 
effective energy functional employing a realistic finite range interaction 
between helium atoms. In [45,46], the starting point for the mean field 
was the effective 3 # e - 3 He interaction proposed in [47]. This mean field 
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Fig.G The calculated self-consistent mean field and corresponding par
ticle density in. лНс cluster with N=112 atoms [45]. 

Fig.7 The excitation energies of the EO and E2-E10 GR in лНс clusters, 
calculated, within the SRM [45]. 
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„ogether with the corresponding particle density is presented in Fig.G [45]. 
It is scon that the single-particle potential in helium clusters has very large 
diffusencss. The surface effects in *Hr. clusters are so large that the clusters 
need several thousand atoms in order to reduce, for example, the surface 
contribution to the mass formula to about 10% [43]. 

The El GR is absent in liolium clusters since this system consists of 
particles of one sort. For calculations of E\(\ - 0,2,3,...) GR, SRM and 
RPA are again used [0,44-46,48]. In Fig.7, the results of calculations within 
the SRM for EO and E2-E10 GR in :{Яе clusters are presented [45]. 

As compared with atomic nuclei, MC and fiillcrenes, the study of GR 
in helium clusters reveals at least four new possibilities: (i) the compari
son of GR in quantum systems with fcrmion and boson statistics, (ii) the 
peculiarities of GR in a one-component (juantum system, (iii) the study of 
GR in very large quantum systems (one can produce helium clusters with 
the number of atom.» Л > 105) and (iiii) the study of GR in systems with 
strong surface effects. 

Besides GR, there are other interesting branches of the helium-cluster 
physics. First of all, investigation of the difference between 3 # e and 4 # e 
clusters, caused by different quantum statistics. It is known, for example, 
that 4He clusters are always bound while яНе clusters need a minimum 
number of atoms (about N=30) to give binding. Other intcrsting problem 
is connected with possible superfluidity in helium clusters. 

Quantum dots. Modern experimental technique allows one to create 
at a semiconductor interface (by periodic etching or gating) little quasi-
two-dimensional disks, typically ~ 1000,4. in diameter and confining 2-200 
electrons (sec, e.g., [8]). At sufficiently low temperatures, the mean free 
path of these electrons is larger than the disk diameter, thus leading to 
quantization of the .system. These structures are called quantum clots. 
Clearly, they can be considered as two-dimensional clusters [2]. 

Quantum dots exhibit El GR as translations of electrons with respect 
to the disk. The essential feature of El GR in a quantum dot is that its 
excitation energy does not depend on the number of electrons, i.e., is not 
influenced by the electron-electron interaction [49]. This rather surprising 
feature is explained by the fact that the single-particle potential confining 
electrons is of the harmonic oscillator form in the x - у plane. It can be 
shown that, if th(! Hamiltonian consists of the oscillator mean field and the 
residual interaction (which depends only on the relative distance between 
electrons, the Coulomb interaction in our case), then the system will absorb 
light only at the oscillator frequency [50-52]. This rule has been general
ized in [51] for the presence of the magnetic field as well: the resonance 
frequencies in the magneto-optical absorption spectrum of a quantum dot 
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will) parabolic confinement arc independent of the electron-electron in
teraction and are given by the single-electron transition frequencies. The 
calculations for El GR in [50-52] have been performed within the RPA. 

5 Conclusions 
The new family of SFS (metal clusters, fullerenes, лНе and 4He clusters 
and quantum dots) discovered about ten years ago increases much our 
possibilities for investigation of both general and particular properties of 
Fermi systems. Together with nuclei and atoms we have now a wide variety 
of SFS: 

with strong (nuclei) and Coulomb (atoms and new SFS) interaction; 
- consisting of formions and bosons (3He and лНе clusters); 

two-dimensional (quantum dots) and three-dimensional (other SFS); 
- with very large numb on, of particles (MC and helium clusters); 
- with moderate (nucLi, MC) and strong (helium clusters) difhiseness 

of the surface; 
- saturated (nuclei and MC) and with behavior of quantum gas (atoms); 
- of exotic form (60C); 
- one-component (helium clusters) and two-component (other SFS). 
All these SFS have a common property: the mean path of their particles 

is of the same order as the size of the system, which creates conditions for 
quantization of the system and forming the mean field like in atomic nuclei. 
Except atoms, all these systems possess the saturation property (nearly 
constant density). This allows one to use for their study the powerful 
potential of nuclear theoretical physics. 

This talk is only a brief sketch of the properties of the new SFS with the 
aim to present the first information and to attract attention to this really 
exciting field. We believe that the appearance of the new family of the SFS 
as well as the possibility to use for their investigation the large experience 
of nuclear physics provide very favourable conditions for investigation of 
fundamental properties of Fermi systems and will lead to discoveries of 
fundamental character. The discovery of supershells is the first example. 

It should also be mentioned, that new SFS are very promissing for prac
tical applications. There are interesting possibilities for aerosols, powder 
technologies, catalysis, superconductivity, etc.. The nanometer size of the 
new SFS is typical of the modern microelectronics, 
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Nesterenko V.O., Kleinig W. Б4-95-207 
Application of Nuclear Theory Methods to New Family of Fermi Systems 

Application of nuclear theory methods to the description of properties 
of the new family of small Fermi systems (metal clusters, fullerenes, helium clusters 
and quantum dots) is briefly reviewed. The main attention is paid to giant resonances 
in these systems. 

The investigation has • been performed at the Bogoliubov Laboratory 
of Theoretical Physics, J1NR. 
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