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Abstract 

Dynamical equation for the self-sustained and pressure-driven turbulence in 

toroidal plasmas is derived. The growth rate of the dressed-test mode, which belongs 

to the subcritical turbulence, is obtained as a function of the turbulent transport 

coefficient. In the limit of the low fluctuation level, the mode has the feature of the 

nonlinear instability and shows the explosive growth. The growth rate vanishes when 

the driven transport reaches to the stationarily-turbulent level. The stationary solution 

is thermodynamically stable. The characteristic time, by which the stationary and self-

sustained turbulence is established, scales with the ion-sound transit time and is 

accelerated by the bad magnetic curvature. Influences of the pressure gradient as well 

as the radial electric field inhomogeneity are quantified. 

Keywords: Self-sustained turbulence, ballooning mode, interchange mode, anomalous 

transport, radial electric field gradient, magnetic shear, subcritical turbulence 
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1. Introduction 

Recently a new theoretical approach to analyze the turbulence and associated 

anomalous transport in toroidal plasmas has bee.. proposed[l-4]. It has been shown 

that the nonlinear destabilization mechanism due to the enhanced current diffusivity 

plays an essential role in determining the turbulence level and transport coefficient. The 

predicted transport coefficient is in contrast to the conventional argument on the 

turbulent transport coefficient based on the Kadomtsev formula [5]. The anomalous 

transport coefficient for the L-mode plasma, which was derived based on the theory of 

the self-sustained turbulence, explained various aspects of the L-mode plasma 

confinement, e.g., the dependencies of the energy confinement time Tg on the plasma 

current, the internal inductance and the ion mass, as well as the radial profile of the 

thermal conductivity % [6]. The analysis has also been done for the intensely heated 

plasma [7] and has given explanations for the experimental observations on the high-Pp 

mode [8], PEP mode [9] and current profile control [10]. The theory was extended 

[11] to include the role of radial electric field [12], in order to quantitatively analyze the 

confinement of the H-mode [13]. Thermodynamical consideration is made on the 

turbulence, and the characteristic feature of the non-equilibrium statistical physics was 

discussed [14]. The comparison with experimental data and the confirmation by the 

scale invariance method [15] suggest that the theory of the self-sustained turbulence 

gives promising progress in the understanding of the confinement in a stationary state. 

The dynamical change of the transport has been studied theoretically in relation 

with the L-H transition and the edge localized modes (ELMs) [12,16-19]. The L-H 

transition has the nature of the bifurcation (first order phase transition) with a hysteresis 

curve, by which the rapid transition as well as the limit cycle oscillation are possible. 

The precise analysis of the dynamical evolution would provide a key for the 

understanding of the turbulence, transport and bifurcation. In the preceding articles, 

several efforts were done to understand the dynamical evolution. A possible time delay 

between evolution of the transport coefficient and that of the radial electric field was 
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modelled in [18] using the quasilinear waves: the quantitative time scales of the L-mode 

and H-mode confinement are hardly taken into account 

In this article, the study on the temporal evolution of the self-sustained 

turbulence in toroidal plasmas is made. The fluctuation amplitude and transport 

coefficients are considered as the dynamical variables. The stability and the temporal 

evolution near by the stationary solution are first examined. The time rate of the 

growth/damping of the nonlinear mode, which deviates from the marginally stable 

condition, is obtained by the perturbation method. Next, the dynamics in the small-

amplitude limit is calculated. An explosive growth of the mode is shown when the 

amplitude is much lower than the stationary level. A formula which smoothly connects 

these two cases is proposed as well. Influences of the pressure gradient as well as the 

radial electric field inhomogeneity, as well as the magnetic structure are quantified. The 

formula serves as a basis for the study of dynamics in the transport phenomena, such 

as L-H transition and ELMs. 

Two cases are investigated, i.e., the case of magnetic hill and that of magnetic 

well. In the former case, the current-diffusive interchange mode is the relevant mode of 

the analysis, and the result is applicable to the Heliotron/torsatron configuration. In the 

latter case, the current-diffusive ballooning mode is subject to the analysis. The 

obtained formula is applicable to the tokamaks and stellarators. By investigating the 

interchange mode turbulence in parallel with the ballooning mode turbulence, the 

generic structure of the dynamics in the plasma turbulence is clarified. 

2. Analysis in the Case of the Magnetic Hill 

2.1 Model 

2.1.1 Model Equation 

We study a plasma with magnetic hill in the cylindrical model. The cylindrical 

coordinate (r,9,z) is employed. The reduced set of equation [20] is employed. Basic 
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equations consist of the equation of motion, i^m/^r A±<J> - l ^ i ^ ] = B2Vt(J + ^ p _ _E > 

the Ohm's law, E + v x B = J/o" — XAXJ and the energy balance equation -^- = X&±P • 

In these equations, <|> is the electrostatic potential, d/dt = dldt + [<j)0, ], the bracket [ ] 

denotes the Poisson bracket, Q! is the average magnetic curvature, and a is the 

conductivity. The transport coefficients u,, Xand % (ion viscosity, current diffusivity 

and thermal diffusivity) are obtained by renormalizing the nonlinear interaction with the 

back ground turbulence, and the explicit derivation is given in [4]. These equations 

govern the evolution of the dressed-test mode, and the stationary component fois kept 

in the Poisson bracket. 

The eigenmode equation %vas derived in [21] by use of the Fourier 

transformation p(r,9,z) = E exp (yt + im9 - inz/R) J p(k)exp(- ikx) dk as 

£2 

- ^ ( f + ^ i + £ e B E 1 A ) A ( v + x £ i + k e ( O B 4 ) p = o 

In writing Eq.(l), the symbol hat denotes the normalized quantity. We use the 

normalization r/a-» f, tAcAp-> t, uxAp/a2-> £, %*Ar/a-2-> % A.TAp/|i0a
4-* X, 

xAp = aV^mini /Bp> YXAP-» *t> yis t h e S rovv th r a t e-

G0 = Q'$'/2£2 (2) 

indicates the magnitude of the energy source for the pressure gradient-driven 

turbulence, e = r/R, a and R are the minor and major radii, respectively, and p = 

2^op/132- The shear parameter s is defined by the relation 

kn=kqs(r-rs)/qR (3) 
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q(rs) = m/n, and q is the safety factor. Normalized value of k e is denoted by the 
"*2 ~2 ~2 

poloidal mode number m, and kj_= ke + k . The parameter C0EI indicates the 

inhomogeneous radial electric field as 

c%i=,rApEf (4) 

The marginal condition which corresponds to the limit y = 0, gives the eigen value 

equation for the stationary turbulent state [21]. 

2.1.2 Fluctuation Driven Transport 

The transport coefficient and the fluctuation amplitude has the relation through 

the renormalization equation [3] as fi = (fy )̂ k^ (7 + /.tk2^ or 

In this expression, <j) is the average amplitude of the fluctuation potential. The 

weighting to each Fourier componenets was discussed in [3,4]. The Prandtl numbers 

of this turbulent state were calculated and were found to remain close to unity [3,4], 

i.e., 

1 = 1 «9 

and 

r « W s W (7) 

where |j.e is the electron viscosity, Cflp is the electron plasma frequency and c is the light 

velocity. 
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2.1.3 Nonlinear Growth and Saturation 

Equations (4)-(6) represent the relations between p., ̂ , X, Y. and <j> . Quantities 

p., %, "k, y, and <j) are treated as the dynamic variables in this article. In the following 

subsection, the growth rate y is expressed in terms on the transport coefficient. 

Figure 1 illustrates the growth rate of the dressed test mode as a function of the 

transport coefficient. When the turbulent-driven transport coefficient is small but finite, 

the mode growth rate dramatically deviates form that in the linear theory. This regime 

is called as the 'nonlinear growth' in this article. As the turbulence level further 

increases, the nonlinear stabilization dominates; the mode growth rate finally vanishes. 

This state is called as the 'stationary state1. 

Figure 1 also shows the schematic drawing of the stability boundary in the 

plane of the equilibrium pressure gradient and the fluctuation level (Fig.l (b)). The 

boundary I denotes the thermodynamically-stable, stationarily-turbulent level. This 

corresponds to the stationary self-sustained turbulence. The boundary II shows the 

neutral line for the case of the linearly-stable pressure gradient, i.e., the subcritical 

turbulence. This is the case for the self-sustained, current-diffusive turbulence. The 

criterion | Vpc lin | indicates the linear stability boundary. Since the boundary II is in the 

very low amplitude region, we do not discuss the dynamics near the boundary II nor 

the lienar growth. 

Since the transport coefficient, fluctuation amplitude and the growth rate satisfy 

the relation Eq.(5), the dependence shown in Fig.l represents the implicit function 

between the mode growth rate and the fluctuation level. Solving this implicit relation, 

the nonlinear and explosive growth and saturation of fluctuation amplitude are 

discussed. 

2.2 Dynamics near Stationary State 

The temporal evolution in the vicinity of the stationary state is examined. The 

rate of the dynamic change, Y.near the marginal point is expressed in terms of the 
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deviation of the dynamical variable (transport coefficient) from the expected value in the 

stationary state. 

2.2.1 Perturbation Method 

Equation (1) is expanded with respect to y, because the growth rate near the 

stationary condition (y=0) is analyzed. Keeping the first order correction with respect 

to 7, we have the equation 

Y (Lt 0 + cOgiL, OP = (L0 + (OE:L t)p (8) 

where operators Lo, Li, L^ and Lti are given as 

T fi-% d 1 d C - 2 n i ° 0 n kj- 7iin (9\ 
L o P - J C d k k 2

± d k k ^ + s ^ P ^ W ( 9 ) 

X dk £]_ dk2 r k > 2 dk r k> 2 r " dk1 
T « _ k e d 1 d2 ~ X i f i

 k i n d~ n f y i 

T n - * d2 - , l d 1 d f i (ft + X)kl f i n n 
LtoP--^2?jTf2P + T ^ 7 r ^ c p r2~;—P (ii) 

X, k]_ dk X dk kj. dk kgs2 

11 ?C2kidk3 P k ^ d k " ^ k es2dkF 

The operators Lo and Lto have the even parity, while L^ and La have the odd-parity. 

The least stable mode in the absence of the radial electric field, i.e., cogi = 0, has the 

even-<|> parity. The radial electric field inhomogeneity, COEI, mixes the even-<j> mode 

and the odd-<{) mode. 

Following the study in the stationary solution [5,21], we use the notation y = 

lc / k0, b = kj / kg and F = b + y2\vith 
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iArt\ l '4 
k0 = (G(/XW <13) 

and 

G0 X 

We here notice that the eigenvalue H and normalized mode number b are also the 

dynamical variables, if the turbulence evolves in time. Noting the Prandtl numbers in 

Eqs.(6) and (7), we see that the normalizing wave number ko is in proportion to %~1/2 

and that the relation H <* %~1 holds. The normalization of the wave number to ko 

implies that the characteristic length is stretched according to the turbulence level. The 

dynamical variable H, which directly correlates with the transport coefficient, is 

introduced for the transparency of the analysis. 

Multiplying k$J% to Eq.(8) and changing the variable from k to y, we rewrite 

Eqs.(9)-(12) to 

L o=d7H F + H -nr <15> 

L l ~ V Ĝ  \V x d y F d y ^ - b U / + F dyj/ {lb) 

Lj.ijL+_aiT*+^i^,i ,,7, 
X /G^\ dy F dy Hs2F2 dy2 |1 b 

Equation (8) is now characterized by the two parameters H and b. 

The growth rate f as well as the effect of the radial electric field inhomogeneity 

is calculated by the perturbation method. We write 
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p = u 0 + p u r - - (19) 

where Uj is the j-th eigen function of the unperturbed equation, LfjUj = 0. Coefficient p 

indicates the coupling of the evcn-<}> mode and odd-<j> mode due to the inhomogeneous 

radial electric field. Siibstituting Eq.(19) into Eq.(8), and operating <ll, we have the 

relation of p as 

p=-<ULQn>-}<iCn>^ (20) 

where the bracket <ilLlj> indicates the integral 

<ilLlj> = | d y u ^ L u / y ) (21) 

Equation (20) shows the linear relation in between the coupling parameter pand cogi-

This reflects the approximation that the radial electric field effect is treated as a 

perturbation. 

From Eqs.(19) and (20), p is expressed in terms of UQ, U! and COEI-

Substituting this perturbed expression of p into Eq.(8) and operating <0I, we have 

™ ,n 7 <OIL 1 l lx l lL, IO> 
r Y = < 0IL0I0 > - «& ; I [ L , 1 >

1 (22) 

where 

r = <01L0IO>- COIJX 

<0IL|111><11L110> <01L1ll><llL110>/ ,<llLn10> <UL t 0 l l> ' 
<1IL0I1> + <1IL0I1> V < HL1I0> ~~ <1IL0I1> 

(23) 

Equation (22) with Eq.(23) describes the growth rate of the dressed-test mode in the 

vicinity of the stationary solution y - 0. 
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2.2.2 Growth Rate near Steady Sate 

For the strongly localized mode, y2 < 1, the eigen value equation Lop = 0 was 

approximated as the Weber type equation. The zcro-th and first cigen functions are 

given as u0 = 41 / 4TT
 m exp ( - 4 y2/2) and u, = -/2/K^3l4y exp ( - \ y2/2). By the help 

of this approximation, the analytic evaluation of the integrals in Eqs.(22) and 923) 

becomes possible. 

At the stationary condition, which is indicated in Fig. 1, the dynamical variable 

H takes the eigen value Ho (The suffix 0 denotes the stationary state, f = 0.) For the 

least stable mode, the eigenvalue Ho was calculated as [4] 

H0 =1.26 (24) 

and £,2 = 3bH0 for the mode number of 

b = 0.34. (25) 

The growth rate does not vanish if the dynamical variable H is not equal to Ho 

The right hand side of Eq.(22) was calculated in [21] and was given as 

~.x ,~ •> <0IL,I1 >< 1IL,I0> r. , , ,/YHn \ .__ 
< 0IL0I0 >-(4l <HL0I1> = 4(1 + h ̂ Yf- - 1J (26) 

The term £HO represents the statistical expected value of the thermal diffusivity in the 

presence of the radial electric field inhomogeneity. In other words, the dynamical 

variable % is predicted to take the value £H0 in the stationary state. (Since the thermal 

conductivity which would be relevant to the H-mode plasma is that for the case in the 

presence of the electric field. We therefore abbreviate it as the transport coefficient in 

the 'H-mode plasma'.) The transport coefficient %HQ is given as 

!"'°5« (2?) 
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with 

h ^ ^ 2 - (28) 

and 

G3/2 x- / o r;3'2 7 

H0s2 XV A HoS2a2o)2 5CL0_U O 2 « V IT ~ U c2~2m2 ( 2 9 ) 

Ĵ LQ is the transport coefficient for the stationary state in the absence of the radial electric 

field inhomogeneiry i.e., that in the stationary L-mode plasma. 

The same eigen functions are used to evaluate the integrals in the coefficient T 

in Eq.(23). Explicit form of integrals <ilLlj> are given in the appendix A. Taking the 

lowest order terms with respect to Go, we have 

TA2b+* 
GV2 u 0 

1+X4x/^.^b+i p3/2 
4b§+3 G0 " \ £i« ^2 \ 4% ^2bC2 

(30) 

, 2 j u , p , o / y l j :2 . with Cz = {3b£/4 - 3/8 + H0(bz + b/B, + 3/4^)} and C2 = Ci - 1/2. In obtaining 

Eq.(30) we use the simplification F = b. Substituting the absolute values of Ho= 1.26, 
b = 0.34 and £ = 1.03 into Eq.(30), we have T = -~=[ 1 + ^P2-©2:^. Substituting 

this expression of T into Eq.(22) and using Eq.(26), Eq. (22) is written as 

- ^ I + ^ C O g 1 ) f = « l + h 1 f f lg 1 ) ( ^ - l ) (31) 

We notice the relations H/H0 = £u /£ and Eq.(27), and the variable H in the left hand 

side of Eq.(31) is expressed in terms of the dynamical variable % as 

H = H0£H0(l+ hi^EiV %• Using this identity, Eq.(31) is rewritten as 
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Y - 2 H 0 | 1 + ^ 2 C O 1 I J X H O U I (3J) 

Using the estimation ^/2HQ = 0.45, we finally have the explicit formula of the growth 

rate as 

0.45 ^ O 0 / j \ 
7 (l + ̂ f *HoJ (33) 

This result shows that the fluctuation amplitude grows in time, in the case of 

X<XHO or e^Y1<XH0 (34) 

On the contrary, the mode amplitude damps if % exceeds JCHO (<KB > XHO)- The 

stationary solution of a strongly-turbulent state 

X — 2HO
 o r

 ("SR "T"
 = 

eB T XHO) (35) 

is thermodynamically stable. 

2.3 Nonlinear Growth in Low Fluctuation Limit 

The dressed test mode has nonlinear growth rate in the limit of small fluctuation 

amplitude as is shown in Fig.l. The analytic formula for the nonlinear growth rate is 

derived in the small but finite amplitude limit. Then a connection formula of the growth 

rate between the small amplitude state and that near the large-amplitude stationary state 

is discussed. 

2.3.1 Nonlinear Growth Rate 
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The growth rate in the limit of the small fluctuation amplitude (i.e., small 

transport coefficient), Xk±<% w a s discussed in [3]. It was found that the growth rate 

has the dependence like y oc X, in the small X. limit The formula is extended here to 

the case where the electric field gradient is present Derivation is given in the appendix 

B, and the growth rate is given as 

1 + 20 G0 

and 

Yo = 24/53"3/5 G§® iV5 s-*5 k f (36-2) 

This result confirms that the growth rate has the dependence on the transport 

coefficient as "y oc X, and indicates that the nonlinear growth rate is reduced by the 

electric field inhomogeneity. It should be also noted that the shorter wave length mode 

has larger growth rate. This dependence on ke continues so long as the effect of 

thermal diffusion is weak, i.e., y > %kj_. If ke becomes too large, the stabilization by 

thermal diffusion and viscosity dominates, and the mode becomes stable. Using the 

estimate k x ~ k9 and Eq.(36), the relation y > %k\ is approximately written as 

k e < f | ) 1 , 2 s G 5 l ' 2 f % f 5 (37) 
X) ° \X) 

Figure 2 illustrates the unstable region of the dressed test mode in the ke-% plane. The 

least stable mode determines the stationary level of the transport coefficient. The peak 

of the growth rate moves towards the shorter wave length mode if the diffusivities 

becomes smaller than those in the stationary value. The normalization of the mode 

number, Eq.(13), implies that the mode number which gives the peak of the growth 

rate may depend like k 9 « £~1/2, as #/£no becomes smaller. 
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The growth rate Eq.(36) is evaluated for the mode number k*, which is 

characteristic to the steady state turbulence. Near the stationary state, <j) / B = XHO> the 

characteristic mode number for the turbulence, k \ is estimated. Using the eigenvalue 

of b for the stationary state, b = 034, the normalization k e = ^bk0 gives the relation of 

ke and the transport coefficient as kQ = O^Go/Joi)174. Substituting the values in the 

stationary state, %H0 and p.H0, in this expression, we have the estimate 

r=0.58(G0x/A)1/4XHO~1/2 (38) 

If one fixes the mode number as k e = k*, and substitutes this form of ke, the relation 

(X/)!)1'5 = 1 and the expression of %H0 (i.e., Eq.(27)) into Eq.(36), we have 

0.58 G* /2 f % Y/5_ 0.58 G*/2 ( % V " 

(9 M<ali 
V20 5 / G0 

j +1 _y "ii-bAXHoi j + 0 350)ii VXHO; 
Y= ° 2 bH ~ "2 UH (39) 

in the limit of x « XHO- I n deriving this result we employ the approximation 

2.3.2 Connection Formula 

Comparing Eqs.(33) and (39), we see that y scales as s/GQ both in the small 

amplitude limit and near the stationary state. In the small % limit, it has a dependence as 

(% / XHO)1/5; n e a r t h e s t a u o n a r y s t a t e> i l behaves like Y °= (1 - £ / Xno)- Combining 

Eqs.(33) and (39), a connection formula of the growth rate for the mode with ke = k* 

is given as 

0.5 G^2 {%)% X) m 
y~ 1{ 0.35coj1 U H O J I XHOJ

 (40) 

Jo 
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As is illustrated in Fig.2, the modes with larger mode numbers, ke> k*, 

become more unstable in the case of the lower fluctuation level, % «2II0. The wave 

number of the mode, which is most unstable for the given value of X, increases as x is 

reduced from 2H 0 . Figure 3 illustrates the schematic growth rate as a function of the 

thermal diffusivity %• One would draw an envelope of the peaks of the growth rate for 

various modes. The largest growth rate in the small % limit with co^ = 0 was given as 

7 = 0.5G£/2 (41) 

which corresponds to the growth rate of the fast interchange mode [22]. From 

Eqs.(33) and (41), we see that the formula Eq.(33) is an approximation for the 

envelope of the least stable modes. Equation. (33) can be used as a connection formula 

for the growth rate of the turbulent fluctuations in the system of the magnetic hill. 

Two distinct features are seen in the formula (33). (i) The growth rate is 

described by the geometrical parameters and the pressure gradient It does not include 

the dissipation coefficient, (ii) There is no critical pressure gradient for this fast rate of 

the change. These results show a clear contrast to the conventional argument based on 

the quasi-linear formalism [5]. The first aspect, i.e., y is independent of the dissipation 

rate (such as resistivity) as is in the ideal MHD theory, indicates that the change of 

turbulence can occur in a rapid time scale. When the turbulent level and associated 

transport coefficient are deviated from the values of the stationary state, the 

characteristic time xales for the growth (if % < XHO) and damping (if % > XHO) is of the 

order of TAPGO"1/2, i.e., the combination of the ion sound transit and the bad magnetic 

curvature. The scaling with the ion-sound transit time suggests that the very rapid 

change of fluctuation level is predicted. This time scale is of the order of the linear ideal 

MHD modes [22]. The second aspect of 7, i.e., y °« GQ'^, indicates that this rapid 

change occurs at any pressure gradient (i.e., independnet of the linear ideal MHD 

instability condition), if the state deviates from the marginal point, % = £H0. 
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2.4 Explosive Growth and Saturation 

The plasma turbulence has the nature of the sub-critical turbulence [1-4], and 

the nonlinear growth rate dominates the linear growth rate at the very low level of the 

fluctuation amplitude. Numerical simulation has been done and the strong nonlinear 

instability has been found [23]. The relation between the growth rate and the dynamical 

variables are given as Eqs.(33) or (40). Using these relations, we study the temporal 

evolution of the fluctuation amplitude. 

2.4.1 Explosive Growth 

First, the dynamics in the small amplitude limit is analytically studied. Equation 

(5) provides the relation %•[% + yk]2) = ($ / 2B)2 with the help of the assumption x = jo. 

In the regime of the nonlinear growth, y « \ , the term % yk_L *s °f tne lower power 

in terms of % than the term %2. (In other words, the decorrelatinn time in the 

propagator is given by y rather than %k\.) In this case we have 

X-ykI2,r($/2B)2. (42) 

Substituting Eq.(39) into Eq.(42) and using Eqs.(27)-(29), we have the expression of 

^ in terms of (J) as 

£ -,. *:?_• ,M( ^ J > (43) J t 1.57 ^o / c f. \ 25 
XH~(l+0.14G51CDi1)s5/3iao)p

K±J 9 

where (j> is the absolute value of the amplitude that is normalized as 

* = ^ i <«> 

The mode amplitude is normalized such that $ = 1 at the saturation level. In deriving 

Eq.(43), we employ the simplification p. / % = 1 and XI %~{cl acop)
2. It is noted that 
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the thermal diffusivity scales like % <* <j)53. This dependence is in between that of the 

quasilinear approximation, % « §2, and the one for the strong turbulence, x TC •}>• The 

power index of 5/3 is characteristic to the strong nonlinear growth phase. 

The growth rate is now expressed in terms of $. By substituting Eq.(43) into 

Eq.(39), as 

7 = 7 n$ 1 / 3 (45) 

where 

y U.61 /-.2/3.,-inf C C \IB (d~ 

I + CSS-^1 v p ; 

Go 

is expressed in terms of the equilibrium parameter and the mode number. The 

dynamical equation, which describes the evolution of the mode amplitude, is reduced 

from Eq.(45) as 

%* = %?" <47> 

for small but finite amplitude, $ « 1. This equation is solved analytically, and the 

solution is written explicitly as 

$(t) = 1 =• (48) 
{to-(T„/3)t}3 

The parameter to is given by the initial amplitude, t0 = c|)(0)- . The solution expresses 

an explosive growth. The typical time scale to approach the saturation level is 

TApYn $(0) • Even if the initial amplitude is 103 times smaller compared to the 

saturation level, it takes only 10 times of xApy~l to come to the strong turbulence level. 
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2.4.2 Approach to Saturation 

We next study the approach to the stationary state. In the vicinity of the 

stationary condition, % = 2H0, Eq.(5) reduces to the formula of the strong turbulence 

T e5 

(T being the plasma temperature), and % and X are given through Eqs.(6) and (7) as 

X = ^g- f and X = -^- - ^ ( l u r f . rcsPective,y- T n e growth rate of the mode, Eq.(33), 

is then expressed as 

? = ? , ( ! -$) (50-1) 

and 

_ 0.45VO^ 

The equation which descries the evolution of the fluctuation amplitude is given as 

^ $ = 7 s( l -$)$ (51) 

This equation gives the solution 

SUVi - $(0)exp(Yst) 
* ( , ) - l + $(0){exp(fst)-l} ( 5 2 ) 

The state $ = 1 is realized in the long time limit. The characteristic time scale, by which 

the stationary state is realized, is given by y~ l/zAp. 

The nonlinear behaviours of the self-sustained turbulence, i.e., those in the 

nonlinear growth phase and in the saturation phase, are summarized in the table 1. 
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The conventional argument in the quasi-linear picture is also compared in this 

table. In the zero-amplitude limit, where x and \i are the second order in terms of the 

fluctuation amplitude <j>, Eq.(5) reduces to the formula of random walk, 

X = (kj_$/2B)2Y~l = (vEx B)2y~ x» where vEx B is the fluctuating Ex B velocity. If one 

substitutes the fluctuation level for the weak turbulence theory, vEx B = YjjneaA.b % is 

given as X = YiineaAl> w n i c n is the well known Kadomtsev formula [5]. 

3. Analysis in the Case of Magnetic Well 

. 3.1 Model 

We study a circular plasma with the toroidal coordinate (r, 0, £) and use the 

reduced set of equations with same variables (<|>, J, p) [24]. In this section, the case 

where the magnetic curvature is no longer constant but has the poloidal dependence is 

considered. Instead of the interchange mode, the ballooning mode becomes the 

relevant mode for the analysis. The ballooning transformation [25] with the ballooning 

coordinate T\ is employed, and the eigenmode equation for the dressed test mode is 

given analogous to Eq.(l) as [11] 

3Jj- ~ + ^ p 2 ajf (? + K F + %i^f)p + « ( K + C O S T l + <ST1 -asimflsinTi} p 

- ( y + M F + c b E ^ J F ^ + K F + t b E ^ j p =0 

(53) 

where K = ^n2q2, M = £ri2q2, A = Xn4q4, K is the average curvature (K < 0 for the 

case of the magnetic well), a is the normalized pressure gradient, a = - q2 R dfi/dr, s is 

the shear parameter -rq'/q, and F is redefined as F = 1 + (sq -asinr|)2. The transport 

coefficient in the stationary state was also obtained by renormalizing the nonlinear 

interactions [3]. The parameter to indicate the inhomogeneity of the radial electric field, 

&E!, is defined as 
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"w-'Asfenl <54) 

where G>E1 = coEl / sf in comparison to Eq.(4). 

3.2 Dynamics near Stationary State 

The same method as in § 2 is applied to estimate the growth rate. We introduce 

the normalized mode number N 

N = (xJlAx)1/4nq (55) 

and the ratio H, instead of Eq.(14), as [3,11] 

H = F ^ (56) 

As in the caso of the interchange mode turbulence, the quantity H and the normalizing 

mode number (oc/jcjl)1'4 are treated as the dynamical variables. 

The eigenmode equation Eq.(53) can be rewritten in a form similar to Eq.(8). 

The operators L0, Lj , L^, and L t l are redefined as 

L 0 = — r + 4 ^ {K + cost) + (sT| - sinr|)sinT|} - MAF3 (57) 
drp *»• 

K d3 (M+K) 2 d ,*R) 
L l _ " F ch? ^ " A d̂ T ( 8) 

(K+M) T - / 1 1 ) *' , tK+MJ.A p 
^"UF^KFJdi ! 2 K 

(59) 

L t l = KAF3"d^ + X F d l T (60) 
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In deriving Eqs.(57) to (60), the operators d/dr| and Fare commuted, because the 

Weber type approximation for (s-a)2r|2 « 1 is used in the analytic study. (See [2] for 

the relevance of this approximation.) 

The eigenmode for the unperturbed operator LQ are given analytically by Weber 

functions in the small s limit, as in §2. In the steady state, the dynamical variables H 

and N take the eigenvalues as H - H0 and N2 = N*2. The eigen values H0 and N*2 

were given as 

H0 = f(s) (61) 

N*2 = W 2 + C(s) (62) 

with 

( l -2s ) ( l + C(§)) 
* ~ (2 + C(s)) ( 6 3 ) 

where 

f(s) = (1 - 2s)V2 + C(sT (64) 

s = s - a , and C(s) = 6s2(l - 2s)_ l [2]. 

The same procedure as in Eqs.(22) and (23) is applied for the case of the 

ballooning mode turbulence with Eqs. (57)-(60). Evaluating integrals (see appendix A 

for details) we have, similar to Eq.(26), as 

™ ,~ <0IL 1 l l x l lL 1 10> . , J v 1 0 _ - \ 
< 0 I L ° I 0 >

 <IILQU> < & - < ¥ - ' " " ' " M <«> 

h - i f F 2 3CXF-1 

(1-2§X1+C(§)) 4f(s)(2+C(s))1 h l ~ a { (1 _9fiYl +C.(S\-\ + rff/a^o . n,^U2> ^ 
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In this expression, XLO and h r are those for tokamaks. The suffix 0 also indicates the 

statistical estimate value in the stationary state. Transport coefficients in the stationary 

H-mode and the stationary L-mode are given as 

and 

XHO= X™2 (67) 
1 + hjtfl^ 

«"-wi@r m 

respectively [11]. The formula %H0 is a general one for the transport coefficient in the 

stationary state, and £LO is the specific expression in the limit of 6>B1 = 0. 

When the state is slightly deviated from the stationary solution and the 

dynamical variable % is different from £HO>
 t n e growth rate 7 is calculated. Using the 

formula Eq.(22) and evaluation Eq.(65), ^is expressed as 

r ' - « $ 1 - & < 6 9 ) 

The multiplication factor T is evaluated by using integrals <ilLlj>, which are given in 

the appendix A, as 

r = ^ ( r o + r E^l i ) (70) 

where the coefficients To and TE are given as 

T 2 p 2 1 1+C<§> (71) 
1 o - 2 + C(s)+ 2F(2 4-C(s))3/2 ( } 
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and 

! / ffr)F* [ F2 3F4 F7 \ \ 
E = a \ ( 2 + C(s))3/2 [2 + CCs) <2 + C(s))2~(lH-CX2 + C(s))3/2j/ 

(72) 

with F = 1 + s2/2£. From these results, we have the growth ^tfe near the stationary 

ballooning mode turbulence, similar to Eq.(33), as 

Y = / a 1 ^ — ^ - r / l - J - ) (73) 
1 1 - 0 + 1 ^ ) 1 ZH/ 

In the limit of s = a, we obtain an analytic expression as 

0.42 a1 '2 / %\ 
Y = -—s- 1 - ^ H (74) 

l + 0 3 9 a - 1 a g 1 l XH/ 

The growth/damping rate is expressed as the first order term with respect to (%/%HO
 — *) 

near the stationary state. 

3.3 Nonlinear Growth in Low Fluctuation Limit 

3.3.1 Nonlinear Growth Rate 

The argument on the growth rate for the limit of low fluctuation level (i.e., 

small % limit) is also developed for the ballooning mode turbulence. The analytic 

formula in the strong shear limit was given as y= £ (nq)4/5 a3 '5 s~2!5 [3]. It is 

extended to the case where the radial electric field shear is present, as 

MJ»t"ry 
i , 9 toji § 

1 20 a s 2 

The detailed derivation is given in Appendix B. 
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The characteristic mode number in the stationary state turbulence is given by the 

relation N = N* as is shown schematically in Fig.2. This relation gives the estimate of 

the toroidal mode number for the stationary state as n*q = N*(oc/p.LOXLo) . Using the 

eigen value N* of Eq.(62), and the formula for xH0 of Eq.(68), the value of n*q is 

expressed in terms of the equilibrium parameters. Substituting this form of n* into the 

expression of y, Eq.(75), the growth rate for this mode is estimated in the limit of small 

amplitude as 

Singular dependence as (%l%i)115 is also obtained for the small value of %. 

3.3.2 Connection Formula 

Figure 4 compares the numerical solution of the eigenmode equation Eq.(53) 

with the analytic estimates Eq.(74) and Eq.(76). For fixed values of the mode number 

and other equilibrium parameters, the growth rate is calculated as a function of the 

thermal diffusivity X- In the small % limit, y scales as %VS\ ' n t n e la rge X case> Y 

behaves like (1 - x^Xs) (Xs being the stability boundary). A simple interpolation 

t-liH'-fe (77) 

is found to be a good approximation for the fixed value of ke-

The mode with the higher toroidal mode number has the larger growth rate if % 

is much smaller than %H0 . The largest growth rate at higher toroidal mode numbers 

remains of the order of cc1/2 in the zero % limit. (If the toroidal mode number is too 

high, the stabilization by the thermal diffusion and viscosity dominates.) Figure 5 

illustrates the growth rate as a function of the anomalous transport coefficient. The 

ballooning mode turbulence has also the nature of the strong subcritical turbulence, so 
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that the rate of change in the presence of fluctuations completely differs from the result 

in the quasi-linear theory. The higher-n modes have larger growth rates in the case of 

the small values of %. However, they are more easily stabilized when % is increased. 

One can consider the envelop of the peak of the growth rate. Equation (73) would 

serve as an approximate formula for the envelope of the largest growth rate. 

3.4 Explosive Growth and Saturation 

We see that the evolution equations for dynamical variables %, ji, X, y and $ has 

the same structure in the case of the ballooning mode turbulence as that for the 

interchange mode turbulence. The same argument in the section 2.4 applies. 

The explosive growth of the mode is also derived from the formula of the 

growth rate in Eq.(76). The dynamical equation for the turbulence level has the same 

structure for the case of the interchange mode turbulence in the section 2. The 

explosive solution is obtained in the stage of the nonlinear growth as 

§{*•) = 7 7fT TT (78> 
{$(0)-1/3-(Y„/3)t}3 

For the case of the ballooning mode turbulence, the normalized value f n is claculated by 

use of Eqs.(67), (68) and (76). It is given as 

•f Ct^^ ( c ** \l/3 

The approach to the saturation state is also obtained near the stationary state. 

Introducing the normalized value ys as 

% = ^ ( r , * . (80) 
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the evolution of the fluctuation amplitude is given, in the vicinity of the saturation state, 

as 

U l+floKexpftt)-!} <*l) 

The recovery of the stationary state is predicted. 

4 Summary and Discussion 

In this article, we have derived the formulae that describe the temporal change 

of turbulent fluctuations in toroidal plasmas. The rate of the dynamic change were 

investigated in the vicinity of the stationary state as well as in the nonlinear growing ' 

phase. Near the stationary state, the derivation from the self-sustained stationarily-

turbulent state was analyzed by the perturbation method. Analytic formula of the 

nonlinear growth was obtained. The influences of the pressure gradient as well as the 

inhomogeneous electric field were quantified. The interchange mode turbulence was 

studied in the system of the magnetic hill, and the ballooning mode turbulence was 

investigated in the case of magnetic well, respectively. 

The result is summarized in Table 2. The two cases (i.e., the interchange and 

ballooning modes) have a strong similarity to each other. The structure in Eq.(73) is 

the same as that of Eq.(33), although numerical coefficients are different. Quantities 

Go and a play the same role as the driving force, and (aEl and (bEl play the role for 

suppression. In the cases of the magnetic hill and magnetic well, the dynamical 

equation for the fluctuation amplitude <j> is generally given as 

| $ = Y $ (82) 

and 

— 2 7 -



_ (G0 or a )" 2 f X y i (Op <* a ) 1 " ( $ \ , 
Y ~ 1 + hco^ I1 XHOJ^P- l + ha^ i1 ^ 0 j ^ p ( S ) 

This equation covers both the cases of the dynamics near the stationary state and the 

nonlinear growth in the small amplitude fluctuations. The connection formula is thus 

obtained. Equations (82) and (83) are the generic form of the dynamic structure in the 

self-sustained turbulence in toroidal plasmas. 

The turbulent level changes in the fast time scale that is typical to the ideal MHD 

instabilities. This fast growth (when x < XH) or damping (when % > XH) occurs 

independent of the critical P value against the linear MHD instabilities. The growth rate 

• is already considerably different from that of the linear mode calculations, even at the 

small-but-finite amplitude fluctuations. Our analysis shows that the plasma turbulence 

has the feature of the strong sub-critical turbulence. 

The rapid rates, in the change of the turbulence level and the transport 

coefficient, provide the basis for the approximation which had been used in the study of 

H-mode dynamics and causality [17]. At the L/H transition and the ELM bursts, the 

electric field was predicted to change with the time scale of Vj (v; being the ion-ion 

collision frequency). From Eq.(83), we see that the delay time in the change of 

fluctuations, which would follow the change of the radial electric field, is predicted to 

be of the order of TApor1/2. The delay of the turbulence change is negligible if the 

condition 

<*>Cv02 (84) 

is satisfied. The right hand side of Eq.(84) is much smaller than unity. This condition 

is usually satisfied for the plasma that is relevant to the H-mode. The simultaneous 

change in the transport coefficient, which was employed in [12,17], is now confirmed 

to be a relevant assumption. Some of the recent studies employed the dynamical 

equation for the fluctuations (See [18] and following work, or [26]). The nonlinear 
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theory in this article gives considerably different dependence of yon the equilibrium 

parameters compared to these studies. The characteristics of the solution such as the 

bifurcation and the limit cycle solution, in general, can be changed by the choice of the 

form of the growth rate. For future quantitative study, it may be necessary to employ 

the formulae of Eqs.(33) and (73). 

We here note that the fast change is predicted to take place even in the parameter 

region which is stable against the linear MHD mode. The linear ideal MHD theory has 

predicted that the fast growth rate of the order y « >/G0~ is possible to occur, if the 

pressure gradient exceeds the critical pressure gradient [27] 

s2 

G O > G M H D = ^T (85) 

Our result indicate that, as a result of the nonlinear enhancement of the growth rate, the 

fast rate of change is possible even in the case of G0 < GMjID, if the turbulence level is 

deviated form that for the statistical expected value for the stationary state. In this 

sense, there is no threshold for the pressure gradient for this rapid change. 

We finally note the relation with the transport catastrophe in the large pressure 

gradient limit [28]. In this article, the coefficient T is calculated analytically in the limit 

of a small pressure gradient. The first order correction of Go in T could be calculated. 

For simplicity, the result of the L-mode plasma with the interchange mode turbulence 

(i.e., in the absence of the radial electric field inhomogeneity) is presented. It is given 

as 

H(2 b +2l) 
r=<oiLtoio>. \ m ^ Go 

3b G o 
(4/3^ + 3H 0 S' 

(86) 

It should be noted that the sign of the second term in the square bracket is negative. If 

the pressure gradient is high enough to satisfy the condition, i.e., 
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G0 > — ^ r s2 = 5.6s2 (87) 

the sign of the coefficient T becomes negative. If this is the case, the growth rate of the 

dressed-test mode becomes positive if x exceeds the stationary solution XH- In other 

words, the stationary solution Eq.(35) is no longer thermodynamically stable. The 

catastrophe of the transport coefficient above a threshold pressure gradient may happen. 

This critical pressure is, however, much higher than the so called beta-limit against the 

ideal MHD stability, Eq.(85). The disappearance of the stable and stationary solution 

of Eq.(35) could happen if the pressure gradient becomes greater than the ideal MHD 

limit by an order of magnitude. The transport catastrophe was predicted to occur if the 

condition Go > sr/R is satisfied [28]. The relation Eq.(87) indicate the new path for the 

transport catastrophe at the very steep pressure gradient. These processes would be 

important for the study of the beta limit phenomena in turbulent plasmas. This requires 

future study. 
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Appendix A: Evaluation of Integral 

The integrals are evaluated for the interchange mode turbulence. The Weber 

function approximation is used and integrals are given as 

10 v / G ^ V Z l H b + 2 H F 2H2 s2J ( A 1 ) 

where F is approximated as an constant. Integrals <ilLoilj> were given in [25] as 

< OIL0IO > = 4 fcu/X - *). < 1]Lo]1 > = - 24, < OIL^l > = - 2bC1G31/2 and 

< HL^O > = 2bC2Go1/2 with Cj = 3^b/4 - 3/8 + H0(b2 + b/^ + 3/4^2) and C2 = Q -

1/2. Taking the limit of F= b, we have the results Eqs.(30) and (31). 

Integrals are also calculated in case of the ballooning mode turbulence. In the 

lowest order of a, the integrals in the small s limit is given as (s = s - a) 

0ILt0IO > = J&ltar1/2 ( ^ N 4 F 2 + —f— f 1 ^ m ) (A5) 
10 V M- \ X 2N2FHl %N2HF2j/ 

< l . L t 0 l l > . v / f ' H a - ^ ( M l ^ F 2
 + ^ - f l - - ^ T l \ (A6) , 0 V M- \ X 2N2FHl %N2HF2j/ 

< OIL, xl 1 > = V
/2^HN2F ^ (AT) 

< H L t l I O > = - v / 2 l ' H N 2 F l (A8) 
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with N = N*(s). In performing the integral, the term F is also approximated as a 

constant F = 1 + s2/2£. The expression of \ is given in the text. 

Integrals <ilLotilj> were given in [11] to give 

<0IL1II><11L,I0> „•> „fY,n ^ ,.- ~i 
< 0 1 L o ' 0 > <11L01I> ^ i = < ^ - l ) - ^ ^ i (A9) 

h _ 1 XfX+H N*4F2 3 o N ' 2 \ 2
 ( A i m 

With the first order correction with respect to tbgj, T is calculated as 

r=^(r0+rEcbi1) (AID 

where To and TE are estimated as 

(A13) 

In calculating To and TE, the lowest order term with respect to a is kept. 

If we employ the estimate that the Prandtl number is close to unity, u 1% =• 1, 

and substitute the relations N* = (2 + C(s))~1/4, £ = (1 - 2§Xl + C(s)X2 + C(s)Y \ and 

H0 = f(s), we have 

H - 1 / F2 - 3QF"1 \ 2 (A14) 
h l - c c \ ( l - 2 § X l + C(§)) +

4f(s)(2 + C(s))1/2/ { } 

T 2F2 l 1 + C ( § ) (A\5) 
I ° - 2 + C(s) + 2F(2-f C(s))3/2 ^ } 

- 3 2 — 



1 I V = 7=TS ^57? + 
f^F 4 / F2 3F4 

E ~ « \ ( 2 + C(s))3/2 \2 + C(§) 4(2 + C(s))2 (l+CX2 + C(s ) f 2 j / 

(A16) 

with F = 1 + s2/2^. Substituting these integrals, Eq.(73) is obtained. 
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Appendix B: Growth Rate in the Limit of Small Transport Coefficients 

B.l Interchange Mode 

Analytic formula of the growth rate in the limit of the low transport coefficient, 

X « XHO has been discussed. The dependence like y «= %} has been derived [3]. 

The analytic expression of y, however, was limited in the case where the radial electric 

field shear is absent We here generalize the analysis in the presence of the radial 

electric field shear. 

We first study the case of the interchange mode. The basic equation was given 

as [25] 

where c% = keGO ,̂ co^ = T^dEf/dr)!*"l and the electrostatic limit is taken in the 

Ohm's law for the transparency of the argument. (This approximation does not affect 

the dependence like y °c \ .) Keeping the first order correction with respect to cog, 

Eq.(Bl) is written as 

L0p + ^ - L x p = 0 (B2) 

where 

L°=iTTF^+8-fl(1 + y2) (B3) 

g = G 0 M 4 s - 1 T 1 , a = <$kjs-2and 
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(Note that CI is the parameter which describes the growth rate in this appendix, and 

must be distinguished form the magnetic curvature Q! in the main text) 

The eigen value equation is solved by use of the variational method. The 

functional is introduced as 

R = J p*(L0 + (coE1/Y)L1)pdk (B5) 

where the asterisk * denotes die complex conjugate. We set the trial functions as 

P = uo+(Pr + iP iK (B6) 

where 

rriu ( a2y2\ uo<y)=?T£fexp( f - j (B7-1) 

ol/2_ ( G2V2\ 
ui<y>-^y«pl—t-J ( B 7 - 2 > 

(Note that a is not conductivity in the appendix B.) The functional R is given 

R = <uoILolu0> + (p2 + p?)< U^LQIU! > 
(Or- ClX- \B°) 

+ (Pr+iPi)-|L<uolW«l> + (Pr-iPi):^L<U1lL1lu0> 

The eigenvalue equation is given as 

^ - R = 0, ^ _ R = 0, T ~ R = 0 and R = 0 (B9) 

dpr api do 

Solving the parameter p r + ipj from the relation 9R /Bpr s = o, and substituting it into 

Eq.(B8), we have 
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^<"° i L°'"°>-m-u o 'Lfu1ro l:
,
1 '> i l u o > 

where the lowest order correction with respect to (aE1 h kept The integral is performed 

and we have 

< u0IL0lu0 > = - a 4 + ^ c 5 e x p (a2)Erfc(c) + g - Q - ^ <B * D 

We find, a posteriori, an ordering a <*= Q1'6 and o is a smallness parameter (so is Q). 

We therefore keep the lowest order term with respect to CT. In the absence of the radial 

electric Field inhomogeneity [ayB1 = 0), we have 

S ^ - c ^ + g - Q - ^ j (B12) 

Substituting this expression into Eq.(B9) and taking the optimum with respect to the 

variation of a, we have 

C7 = 2 - 1 / 3 Q 1 / 6 (B13-1) 

and 

8 = A n 2 / 3 + a = : A Q 2 / 3 <B13-2) T 

or 

Y = % = 24/53~3/5 G3
0'

511'5 s- 2'5 k f (B14) 

This recovers the previous theory for the current diffusive interchange mode. 

Other integrals are calculated, in the lowest order of o, as 
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<u1IL0lu1> =-2 / jco 3 + g - Q - ^ | = ~2^c(y3 (B15-1) 

< UQILJIUJ > = - -JLo5 - 3-/2CIO = - -|=o-5 (B15-2) 

< u1IL1lu0> = ^ I rco 4 - -/2Q.C = </2io-* (B15-3) 

The functional R is calculated as 

R , _ < y 4 + g _ ^ _ _ 3 ( ^ l ) 2
0 6 ( B 1 6 ) 

The correction with respect to a>Bl is in a higher order in o\ This correction does not 

affect the solution o" = 2" m Q116. By the help of this solution for a, Eq.(B 16) 

provides the dispersion relation as 

^am{i+M^-JQia} (BI7) 

The Q1/3 term in the bracket is evaluated in terms of the unperturbed value as 

Q.113 = 3YQ / 24/3G0. In the presence of the radial electric field inhomogeneity, the 

growth rate is given as 

h « lo (Bl8) 

4 G0 ; 20 G0 

The Lorentz form of the radial electric field correction is obtained. The suppression 

factor is very close to that for the transport coefficient, Eq.(27). 

We here notice that the odd-parity mode is an weaker instability, compared to 

the even-parity mode, in the small X limit. The growth rate of the odd-parity mode, in 

the COEX = 0 limit, is given by use of the functional R s= < u ^ L o ^ >. The integral is 
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given by Eq.(B 14-1). By finding the optimum with respect to a, we have the 

dispersion relation g = 5(4jc)1/s2-1 ft3'5, or 

Y « 5 ^ 8 / J C ) 1 / 8 G ^ 8 X1'4 s~ w 2 ke (B19) 

The power index of Xis now 1/4 and is higher than the case of the even-mode. This 

result shows that the odd-parity mode is an weaker instability than the even-parity 

mode. (We notice that y in Eq.(B19) has the fractional power dependence on X. 

Though the growth rate is smaller than the even-parity mode, the odd-parity mode also 

shows the explosive growth in time.) 

B2 Ballooning Mode 

We next study the case of the ballooning mode instability. The eigenmode 

equation (53) is expressed in the limit of %, p. -> 0 as 

L0p + ^ - L 1 p = 0 (B20) 

where 

L ° = Af F *f + ^ T ^ - <C0S11 + (S11 -«s in ll)sinn} -F*(nq)4Y (B21) 

T _ i _ d _ i d2 km)4y(P d , d FA /B92v 
L i - ^d^ F a y § (FdT! + drTFJ (B~2) 

and F = 1 + (srj -ocsinri)2. We study as in [3] the strongly localized mode. Analytic 

treatment of possible by taking the strong shear limit. We use the ordering sri » 1 

(§ = s -ex). In this limit, the approximations are derived as F ~ 1 + S2TI2 and 

cosTi + (ST1 -ocsinr|)sinri « 1, Equations (B21) and B(22) are simplified as 
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L o = A^L^ + ̂ 0^_Y^ (1+y2) ( B 2 3 ) 
0 dy l + v2 dy vs2 s2 ^ 

and 

^feT^-^^ft1**)) (B24) 

by changing the variables as y = §T|. 

Comparing Eqs.(B23) and B(24) to Eqs.(B3) and (B4), we see that the same 

procedures apply by properly replacing parameters. We have the growth rate in the 

strong shear limit, § » 1, as 

^k-Tp- < B 2 5 > 
1 + . 9 « i i ? 

20 a s 2 

and 

Y0 = 24 /53"3 /5 a3 '5 V'5 r 2/5 (nq)4/5 (B26) 

The growth rate is in proportion to A,1'5 in the zero (£>El limit, which reproduces the 

previous analysis [3]. The Lorenteian form for the suppression by the radial electric 

field is obtained as well. 
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Figure Captions 

Fig. 1 Schematic drawing of the growth rate as a function of the turbulent transport 

coefficient (a). In the case of small but finite transport coefficient, the mode 

growth rate shows the strong nonlinear growth. This region is called as the 

nonlinear growing regime. When the transport level becomes high enough, the 

growth rate vanishes. This state is called as the stationary state. If the turbulent 

level vanishes, the growth rate of the linear theory, Ynn> is recovered. The 

linearly-unstable case is shown by the solid line, and the dotted line indicates 

the linearly-stable case. 

The stability boundary is shown in the plane of the equilibrium pressure 

gradient and the fluctuation level (b). The boundary I is the thermodynamically-

stable, stationary turbulent level. The boundary II is the neutral line for the 

subcritical turbulence. The criterion | Vpc | indicates the linear stability 

boundary. 

Fig.2 The stability boundary in the mode-number/transport coefficient plane. The 

least stable mode, ke = k*, determines the level of turbulence and transport 

coefficient at the stationary state. The thick dotted-dashed line indicates the 

peak of the growth rate. If the transport coefficient is smaller than the stationary 

value, the peak of the growth rate is realized by the mode with the higher mode 

numbers. 

Fig.3 Growth rate of the dressed-test mode as a function of the transport coefficient 

(fluctuation level). The case of interchange turbulence is shown. The solid 

curve shows the case of ke = k*, Eq.(40). The coefficient Q is given as 

q = 0.45(1 + 0.02Go l<s^i)' JThin dotted curve shows the case of the shorter 

wave length ke > k*. Thick dashed line indicates Eq.(33) which is the envelope 

of the growth rate for various components. (In the case of the zero amplitude, 
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X —> 0, the growth rate should reduce to the from in the linear theory, Yiinear, 

but this limit is suppressed in this schematic graph.) 

4 The numerical solution of the eigenmode equation (53) is shown by the solid 

line. Parameters are: Cue = 0, a = 0.432, n = 30, q = 3, K = -0.111, s = 0.4, 

"klX = 10"3, p7% = 1. For this case, the stability boundary Xs is given as 

Xs = 5.2x 10~4. In the small % limit, y scales as X1/5", in the large % case, y 

behaves like (1 - %/xs) • A simple interpolation of the form x1/5(* - Z^Xs) *s 

shown by the dotted line. 

5 Growth rate of the dressed-test mode for the case of the ballooning mode 

turbulence. The case of ke = k \ the interpolation of Eqs.(73) and (75), is 

shown by the solid curve. The coefficient CR is given as 

CB = 4(r0 + I V D E ! ) - l- Thin dotted curve shows the case of the shorter wave 

length ke > k*. Thick dashed line indicates Eq.(73) which is the envelope of 

the growth rate for various components. 
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Table 1 Summary of Dynamics Relations 
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Table 2 Summary of the Transport Coefficient and Dynamic Equation 
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