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In (he nuclear theory [I], the interaction between two magnetic moments ft\ and \t% of 
micli'oiiH is described by the long-range tensor potential 

^«-[з^'ОО-Ь-^-'-^. /Ь)]^) . (i) 
As it, was shown in [2], the magnetic-moment interaction (1) for proton-proton scattering 
is negligible comparing to the interaction of the magnetic moment of one protori with 
(lie Coulomb field of another (the so-called Schwinger scattering [3]) at low energies. 
Shun then the interaction (1) is usually not included into the pp and np phase-shift 
analyses \\\. The role of this interaction in nn scattering has been investigated neither 
theoretically nor experimentally [1,5]. The point is that the direct measurement of nn 
scattering characteristics remains an open problem for many years [1,6]. Recently in [7], 
a possible in-beam experiment on the direct measurement of nn scattering length has 
been discussed, This discussion stimulated our theoretical study of nn scattering at low 
energies, ICvidently, in the case of two neutrons, Schwinger scattering is absent. But, the 
interplay of interaction (1) and a pure nuclear interaction may generate a local minimum 
in the total cross section of the spin-triplet nn scattering [8]. The main aim of this letter 
is to prove that this minimum should exist, 

Wc analyze the behavior of the scattering characteristics at low energies in the three 
cases corresponding to various assumptions about the total potential V of nn interaction. 
In the first case V = Vs , where V" is the usual short-range nucleon-nucleon potential 
containing center, spin-orbit and tensor terms. In the second case V = Vm, and Vm is 
defined by (1), It means, that we artificially switch off a pure nuclear interaction. Finally, 
V = Vms = Vm + Vя. Thus, we include both the potentials V and Vm. This seems to 
be a more realistic assumption about the nn interaction at low energies. The magnetic 
tensor potential (1) vanishes in the spin-singlet nn states as the tensor term of a pure 
nuclear potential docs. Therefore, wc study only the spin-triplet nn scattering. 
We use the natural system of units in which h = M = с = 1 and the total energy E is equal 
to the squared scattering momentum k. For the phase shifts 5/j and mixing parameter 
CJ we use the definition given in [9]. Note that the total momentum j of the spin-triplet 
nn state is conserved, while, due to the tensor interaction, the angular momentum / is a 
good quantum number for j = 0 and odd j , and / is not conserved for even j > 2. In the 
first case / = 1, j = 0 or / = j = 1,2,3... and in the other case / = j ± 1. 

To analyze the low energy behavior of scattering parameters, we apply the variable 
phase approach [10]. In this approach, the phase shifts 6itj(k) and mixing parameter Cj(k) 
are defined as the limits, when г —» oo, of the corresponding phase functions 6itj(r; к) and 
Cj(r; к) which vanish at г = 0 and obey the following equations: 

drSij = .-AT1 sec 2е;(Уц (cos4 %Р? - sin4 tjQf) ; (2) 

- Vu, sin 2CJ (sin 2cj{Pf, - Qf,)/4 + cos2 tjPiQv - sin2 CjP^Qi)) , 

drCj = -AT1 ( Уц. (cos2 CjPiPi> + sin2 CjQiQi.) - 2"1 sin2ej ^ Цн^Р^Л . 
l"=i±i 

Here Pi = cos <5/,j j;—sin Sij тц, Q\ = sin Sij ji+cos 6tij гц, and Уц> are the potential matrix 
elements; if / is conserved, then / = I' and c;- = 0, in the opposite case /, /' = j ± 1, / ф V. 
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The first iteration of eqs. (2) gives the standard Born approximation: 

$1№ = ~k~2 Г v'Al/k)J?dt. 3 = -k'7 Г ^"-u+i('/*)ii->(0iy+i(0л, (3) 
Jo Jo 

for 6lj(k) and t*(k), respectively, Here and below we mark the Born approximation by 
the tilde sign and use the superscript a = s,m, ms to denote what potential is used as V, 

In the case a = m we find integrals (3) explicitly, and for the magnetic phase shifts 
<5,™ and mixing parameter cj we obtain the Born approximation 

1?щ_ (-D'-^ьк • ( -ьк 
l"K ' max{l,j}(2j + \-j6l,j), j V ; V7UTI)(2J + 1) •' 

where the coefficient b — —т„ц\ is defined by the mass rnn and magnetic moment fin of 
the neutvon, and Sij is Kronecker symbol. 

Then we apply the theory of [11] to cqs. (2) and show that 

6%(k) = 8%(k) + o(bk), tj{k) = Щк) + o{bk), к -» 0. . (5) 

As one sees from (4) and (5), the leading terms of the low-energy asymptotics of the 
magnetic scattering parameters are linear in к for any / and j . Therefore, these parameters 
vanish more slowly than the corresponding nuclear scattering parameters [10]: 

Sfj = Aljk2,+l (1 + 0(k2)) , c'j = A}k2i+l (1 + 0(fc2)) , "к -» 0. (6) 

It should be emphasized that the coefficients of asymptotics (6) can be determined by 
direct extrapolation of the experimental data. Moreover, these coefficients can also be 
easily calculated for the nuclear potential describing these data. For example, using the 
Reid soft core potential [12] as Vя and integrating eqs. (2) we have found 

A\<0 = 2.74 fm3 , A{tl = -1.53 fm3 ; 
A\fl = 0.25 fm3 , A'3t2 = 1.36 fm7 , A°2 = -2.00 fms . (7) 

Now we analyze the low-energy behavior of the magnetic-nuclear scattering parameters. 
As it is well-known, the internal part of the potential is responsible for the scatter

ing picture at high energies, whereas the potential tail defines the peculiarities of the 
scattering at low energies. Therefore, the experimental nucleon-nucleon scattering data, 
being extrapolated from the region of high (E > 10 MeV) energies where they have been 
measured experimentally, to low energies provide us with the scattering.parameters gen
erated by V alone. Then, the modern nucleon-nucleon interactions [12] have the same 
OBEP-tail. Hence, the low-energy analysis of nn scattering cannot essentially depend 
on the structure of Vs at small distances. For these reasons in the calculations we used 
only the Reid soft core potential as V. This potential is of a short range and describes 
the MeV-energy experimental data. Therefore, it contains all the information about the 
magnetic moment interaction cut-off at finite distance, which upper bound r5, from a 
physical point of view, is the action radius [13] of V. Hence, in the inner region (r < r') 
we have to use the known nucleon-nucleon interaction as Vm'. In the other region (r > г') 
we have to put Vms = Vs + Vm, and we can use the approximation Vms ~ Vm because 
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I \'"' |S>| Vя I at. large distances. We want to stress, that the above recipe is the only 
possible, recipe to avoid the double counting of V". 

Following this recipe we prove? the key approximations 

6%(к)х6МГ;к)+б% , t.'?'(k)~t}(r',k) + c?(k) , * - 0 , (8) 

ilia) we will use in follows. So, by integrating eqs, (2) in the inner region we find approx
imately the nuclear scattering parameters 

. tff,;(A-)-<^('^b tj(fr) * c ; ( r ' , * ) . (9) 

Then we use these parameters as the boundary values for the solution of eqs, (2).in 
the» oilier region, where V'"" ^ V". We rewrite the problem obtained in integral form 
find thou apply the iteration method [14]. The first iteration results in the sums of the 
parameters (!)) and the corresponding integrals (3) with К = V" and the lower limit rs. 
The contributions from the inner region to integrals (3) have the asymptotic behavior 
like ((>) and, therefore, are negligible in comparison with the values (4) of these integrals. 
So, we replace 7,л by zero in the formulae obtained by the first iteration and, as the result, 
we obtain (8). Then, applying the contracting mapping method [14], we. prove analytically 
that the next iterations converge uniformly because A; —> 0 , the coefficient b =• —0.0014.fin 
is small and, as it is usually [12] assumed, r" > 4 fin. 

Now, we use (8) to predict qualitatively the peculiarities of the behavior of the 
magnetic-nuclear scattering parameters caused by V"".' In virtue of (4)-(9), there are 
three energy regions which can be distinguished conditionally. In the first region, where 
the energy is so small (E .< E\°J"CT) that the second terms (4) of sums (8) dominate over 
the first, ones (6), the magnetic-nuclear scattering parameters are approximately equal to 
the magnetic ones, and, hence, they are linear in к for any / and j.This is the first, pecu
liarity. In the third region, where 1С is so large (1С > /'/('j''rr) that, the opposite relation is 
valid, the magnetic-nuclear scattering parameters are close to the nuclear ones and, there
fore, they have the same asymptoUcs (fi). In the intermediate region IC1™" < 1С <:1С"?Р" 
I he terms of sums (8) are comparable in order of magnitude. Hence, in this region the 
scattering picture is defined by interplay of Vя and Vm. This interplay generates zeros of 
the magnetic-nuclear scattering parameters (8), if and only if the nuclear and magnetic 
scattering parameters are opposite in sign. This condition holds for the':3/,o, 3 /Vand 
:I/J2 - 3 /'V states of the nn-system. For example, as it is known experimentally [4,12], 
(5*0 < 0 while, owing to (4) and (5), £"'„ > 0 and, hence, S\'$ should have a zero'...' 

Using (4)-(6) we find, from (8), the energies at which tlie magnetic-nuclear scattering 
parameters 6™ and (.'•" have zeros: ' 

,.r ~ r _ H£ii____v/' я- * ( . Ab V / j (i 0) 

Substituting the values (7) into (10) we obtain 

/<;„",' ~ 2i Kev, /<;;- ~ 19 KcV, / ^ ~ 23 KeV, ic^ ~ 1.7 M«V , iar ~ m Кс-v; (11) 
and find the next peculiarity: all three (j = 0, 1,2) phase-shifts 6\'[j vanish approximately 
at the same energy about 20KeV. Hence, the total magnetic-nuclear cross section <rm> 
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possess a local minimum at this energy if the nn states with j < 2 give the main contri
bution to this cross section, Let us verify that this condition is fulfilled. 

In the theory of polarization and triple-scattering for two-nuclcon systems the scat
tering is described by a matrix M (sec [9]), The matrix elements МП)П< are infinite series 
containing the a-matrix elements (see Table III in [9]), The elements ац for jf < 0 and 
cvj for j < 0 are defined to bo zero and in all the other cases 

aij = cos2e;(exp2ztf/j — 1), a, = zsin2cjcxp(j(6j+i,j -f (Jj-ij)) , (12) 

where, also by definition, cy = 0 when / is conserved. In any case (a = з,т,тпа) the 
scattering parameters vanish in the low-energy limit by the corresponding laws (4)-(8). 
Hence, the low-energy behavior of the a"-matrix elements (12) is described by the first 
terms of their Taylor series: 

о ^ . ~ 2 г ^ . , a)~2ic)\ k-> 0, (13) 

where the scattering parameters are replaced by their leading terms. 
To find the leading terms of the nuclear matrix M' we use (6) and (13) and in the 

infinite series for its elements M'n<ni we omit all the terms vanishing more rapidly than 
0[E). These terms are of the order of E2 and are initiated by the nn states with j > 2. 
In the above approximation, 

M?,0 ~ ч / 2 е х Р Н у , ) а д , 2 - A*lfl)Pi(x), M5(1 ~ (3/>/2)exp(iV)£(Ai,i - A\i2)Pl(x), 
MJ,, а Щ А \ Л + A\i2)Px{x), W0i0 ~-2E(A\fl + 2A\i2)P,{x), M?(_, = 0 , (14] 

where Р"(Е) are associated Legendre polynomials of the scattering angle 0 = arccosx. 
Using (14) we establish the low-energy behavior of the total nuclear cross section: 
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a3(E) = ^E2^2(2j + l){A\j)2 + 0(E"), . E-* 0 . (15) 
j=o 

In the case a = m we apply (5) and (13), and in the infinite series for the magnetic 
matrix elements M™n, we neglect all the terms vanishing more rapidly than O(bk). Thus 
we obtain the Born approximation MJ£n, for the series M™n,. 

It should be noted that the series M™n, with n = n' = 0,1 are exactly equal to finite 
sums of their first terms corresponding to / = 1 because all the other terms vanish. Hence, 
these series contain only the contributions from the nn states with j < 2. The series M™_] 
is infinite but rapidly converging. It contains small contribution from all the nn states 
with j > 2, and it is a tabulated series. 

These facts allow us to obtain the following explicit representations: 

M7|0=(MS!1)- = -V^6exp(tV)/'1
,(a;)V 

M7|, = -bPx(x), M£0 = 2bPl(x), MT,., = exp(-2iV)A>i(s) • (16) 

Ну using them we find the Born approximation dam
 : = 2b2 and am = 87rb2 for the 

magnetic differential cross section dam and magnetic total cross section o"m, respectively. 
This approximatiop shows that in the low-energy limit dam should be isotropical and crm 

cannot vanish in* contrast with a". 
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'Го find the magnetic-nuclear matrix Mma we use (4)-(6), (8) and (13). In the infinite 
scries for the elements M;;'*, we neglect all the terms vanishing rapidly than 0(bk), and 
wc also omit all the terms generated by V" and vanishing more rapidly than 0(E). As a 
result, we derive the simple approximate formulae 

M £ , * MJ,., + Й ^ (17) 

with the terms (14) and (16). The formulae (14)-(17) allow us to obtain the low-energy 
approximation for the total magnetic-nuclear cross section: 

am'{E) ~ Srm(E) + (4JT/3) bE (2A\ f t - ЪА\Л.+ А\а) + а'(Е) (18) 

and to conclude that tlie contribution from the nn states with j > 2 to this cross section 
is small and is of an order of o(bk). 

Let us analyze the structure of the sum (18). Its first term is the constant 8irb2. The 
second term is a negative and linear function of E describing the interplay of Vs and 
V". And finally, the last term is the squared function of E. Due to this structure of the 
sum (18), there are three energy regions. If the energy is small enough (E < Elomer), then 
cr"ts(E) cz am. Hence, due to the potential Vm, the total cross section am'(E) has a non
zero limit S7r62 as E —» 0. In the third region, where the energy is so large (E > EuppeT) 
that am'(E) Ci <T"{E), one can neglect Vm. In this region crm'(E) is a growing function 
of E. Clearly, the total cross section having the above-described behavior should possess 
a local minimum in the intermediate region 

plow < E < _c«Pper i T h i s e f f e c t i s c a u s e d 

by the interplay of the short- and long-range potentials Vя and Vm. Therefore, we call 
it the neutron Ramzaucr effect by analogy with the atomic Ramzauer effect [15]. The 
latter is well-known in atomic physics [16] and is interpreted as the result of interference 
of a long-range electric polarization potential aer~4 and a short-range potential opposite 
in sign. The analytic connection between the parameter ae and the position a local cross 
section minimum has been first found in [17]. 

To derive that connection in our case, we find a zero of the first derivative of the 
function (18). As a result, we express the position of the local minimum of cm'(E), 

2 

.'^n'a?(-6/2)(2A;j0-3A;il-+A;i3)/J3(2i + l)(A;J)8,-, (19) 

in terms of the known constant b and coefficients A\j. Substituting their values (7) 
into (19) wo find ERtn - 20KeV. 

To check our qualitative conclusions about the role of the interaction (1), we have 
carried out a lot of calculations. Here we mention the most interesting of them, because 
a more detailed discussion will be given in our forthcoming paper. 

For all j = 0,1,..10.we compared the magnetic scattering parameters calculated by 
solving eqs. (2) with their Born approximation (3). For any E < 10 MeV the relative 
accuracy of this approximation is about 10 - 4 . Therefore, the approximate expressions 
(5),(8),(16) and (17) are also correct within the same relative accuracy. 

We defined the bounds Е1
1°}УСГ and £/"Jper as the maximal and minimal values of the 

energy for which the relations (Sft{k)/8ff{k)-l \< 0.1 and, respectively, | 5^(к)/6%(к)~ 
1 | < 0.1 hold. Using this definition and the scattering parameters calculated by solving 
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eqs. (2), we obtained the following estimates: E\°f" c* 2 KeV and Я,"}''" к 0.:} MeV, 
if / = 1 and j = 0,1,2; while E\°f-r ~ 0.7 MeV and Ex$'" ~ 7 MeV, if 7 = 3 and 
; = 2. This discrepancy is evident physically and mathematically. In fact, the centrifugal 
barrier /(/ + l)r~2 screens the short-range potential Vs more: effectively than the long-
range potential Vm and, moreover, in the first case, the power of this screening increases 
with growing /. Mathematically, this fact is explained by formulae (4)-(6). Owing them, 
6fj(h) is linear in к for all / and j , while Sf^k) decreases by the A,2'+l law. Therefore, the 
energy region, where 6™Ak) dominate over Sfj(k), is expanded when / increases. In other 
words, Efrp" > E\°™"', if/' > /, and an analogous relation is valid lor the upper bounds. 

Then we showed numerically that the approximations (6), (10), (11) and (14) an? 
correct with a relative accuracy about 10~2, if / = 0,1, j = 0, 1,2 and E < 7 MeV. 

Mere we do not present the curves for the phase shifts 6fj with j = 0, 1 and a = ,s, 77/,, ?n..s 
because we have made this in [8]. 

Now we sketch our scheme for calculation of the cross sections. First we found the 
nuclear and magnetic nuclear parameters and the corresponding matrices aa by numerical 
integrating of eqs. (2) and using formulae (12). Then we decomposed the infinite scries 
for the Ma matrix elements as 

' M» i n ,=M» i n , ( i<2) + M « t n l ( i > 2 ) , • (20) 

where the first and second terms stand for the finite subsums of these series containing 
the aa matrix elements (12) only with the index j < 2 and, respectively, j > 3. 

To calculate a', we approximated M*n; by M'n ,(j < 2), i.e. we neglected V in all 
the nn states with j > 3. Note that this is the standard low-energy approximation [4,12] 
and, according to (15), its accuracy is of the order of 0(E4). 

As we have shown before, the Born approximation is valid in the case a = rn. There
fore, we calculated the matrix Mm, the terms of its decomposition (20) and the magnetic, 
cross section within this approximation. In particular, we obtained the auxiliary formulae: 

M ^ 1 ( i > 2 ) = (-b/3)P3H,M™_1(i>2)-==6oxp(--2iv>) (P?(x) - l*(x)) , 
M™ (j > 2) = (-V5/9) b ехр(г» РЦх) ; M£0(j > 2) = 0 , n = 0,1. (21) 

Then we used them to find the matrix Mms within the following approximation 

МГ»'-С'У<2) + 1<Л'>2).'. (22) 
It means, that we neglected Vs in the nn states with j > 2, but we taken into account 
Vm in all these states within the Born approximation. To find the first terms of the 
sums (22), we used the calculated matrix elements a™f with j < 2. As for the second 
terms, we calculated them by expressions (21). And finally, we found dams and Lhen om'. 

In Fig.l we plotted three curves representing the total cross sections <xa, a = s,rn,s, 
calculated by the above-mentioned scheme. These curves coincide with those calculated 
by approximate formulae (15) and (18). These curves show that magnetic-nuclear cross 
section (Tms coincides with magnetic cross section am = 8nb2 at E = 0, possesses a 
minimum at E ~ 20 KeV, and tends to nuclear cross section cr" with growing E in the 
third region, where E > Е"™ет ~ 0.3 MeV. 
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F i g . 1. The total nuclear a", magnetic. am and magnotic-nuclear <тта cross sections of 
the triplet neutron-neutron scattering. 

In conclusion, we summarize'our main results. We have shown that the magnetic 
moment interaction ( I ) has to be taken into account in the region of low energies (E < 
0.3 MeV) because this interaction is responsible for the zeros of the magnetic-nuclear 
scattering parameters and (lie neutron Haimauer effect. We have obtained the simple 
and explicit expressions (10) and (19) for these zeros and the position of the minimum of 
the magnetic-nuclear total cross section. We have derived the explicit, formulae (S) and 
(18) ensuring a correct, extrapolation of the nil scattering parameters and the total cross 
section to this region from the lowest experimentally available energy. 
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Пупышев В.В., Соловцова О.П. Е4-95-121 
Эффект Рамзауэра в триплетном нейтрон-нейтронном рассеянии 

Мы показали, что в результате взаимодействия ядерного потенциала 
и потенциала магнитных моментов полное сечение триплетного рассеяния 
нейтрона на нейтроне должно иметь ненулевой предел при Ест = 0 и ло
кальный минимум при Ест э 20 кэВ. 

Работа выполнена в Лаборатории теоретической физики им.Н.Н.Бого
любова ОИЯИ. 

Препринт Объединенного института ядерных исследований. Дубна, 1995 

PupyshevV.V., Solovtsova O.P. Е4-95-121 
Ramzauer Effect in Triplet Neutron-Neutron Scattering 

As we show, due to interplay of pure nuclear and magnetic moment 
interactions, the total cross section of triplet neutron-neutron scattering should 
possess a non-zero limit at Ecm = 0 and a local minimum at Ecm « 20 keV. 

The investigation has been performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna, 1995 
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