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Abstract 

It is shown that iterating Aitken's A2 process, or equivalently, Shanks' c algorithm, on the 
partial sums of a Taylor series can lead to a dramatic convergence of the series. This method 
is compared to the standard technique of accelerating the convergence of series by construct
ing Padé Approximants. Also, the problem of determining Taylor expansion coefficients horn 
experimental data fitted to Padé Approximants is reviewed, and it is suggested that a method 
based on this iteration scheme may be better. 

Introduction: 
In numerical analysis, methods that are useful in accelerating the convergence of a slowly converging 
procedure are important; this is especially true in high speed computing, where time is money. In this 
paper we shall consider ways to accelerate the convergence of Taylor series. Generally, an attempt 
to a better approximation of the function is constructed, from the known Taylor series coefficients, 
using Padé Approximants (PAs). This technique derives its name from Henri Padé who, in 1892, 
published an article on the approximate representation of ex by rational fractions [1]. Much later, 
Shanks showed many advantages of Padé's method [2]. Since then, there has been a growing interest 
in PAs as an alternative to the standard representation of functions by power series, and the method 
is now well established in such fields as scattering theory, field theory, computer science and critical 
phenomena [3-6]. 

Another application of PAs is in the parameterizing of experimental data. For many situations 
where physical observables are measured experimentally as functions of some variable, the functional 
form is not known. In this instance, it is often opportune to expand the function as a Taylor, or 
power, series. A useful expansion is one that converges, to the level of the noise in the measurements, 
sufficiently rapidly. This is the inverse of the standard problem outlined above; now the Taylor 
expansion coefficients are not known and are to be determined from the experimental observations. 

Ultimately, to make such a determination, the power expansion must be truncated. This intro
duces two problems. First, if the series is slow to converge, then the amount of data required to 
determine the expansion parameters might be unpractically large, or in the extreme, a datum might 
be required for each successive expansion coefficient. Second, the determined parameters will contain 
the effects of the higher order parameters that have been constrained to zero by the truncation. PAs 
are sometimes used in an attempt to alleviate these problems. 

In this paper a practical scheme is introduced to accelerate the convergence of power series 
expansions. This method is compared with PAs. 

1. Theory: 
For an iterative solution of some general equation, say g(s) = 0, it is often convenient to define a 
generator G such that 

G(s{) = si+i (1) 

where each application of G gives a better approximation to the real root r. It follows that 

<7(r) = r (2) 
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Expanding this as a Taylor series and truncating after the linear term 

G(5,-) = G(r) + ( S , - - r )G' ( r ) (3) 

and rearranging 

r - « i + i = ( ? ( r ) ( r - « i ) (4) 
In the same way 

r - « = G ' ( r ) ( r -*<- i ) (5) 
Dividing equation 4 by equation 5 and solving for r yields 

Sj+i + S.-j - 2 s < 

This is the A2 formula of Aitken. Given a series of three successive itérants, equation 6 will produce 
a better approximation to the true root. Equation 6 is a good approximation for geometric series, 
amongst others [3]. 

In the present work, the sequence of successive itérants, An, is defined by the partial sums of the 
general Taylor series expansion of some arbitrary function. 

n 

An = J2aJxJ (7) 
j = 0 

Following equation 6 we write 

•-Ai+i+Ai^-iAi' w 

Specifically, given the first three partial sums 

n _ flo + tei - aoa2/ai] x 
* " l - ( a a / f l l ) * . • ( 9 ) 

It is interesting to note that by expanding equation 9 
2 3 

Si = a0 + ayx + aix2 + — ^ — . (10) 

The fraction term of equation 10 acts like a correction to the truncated Taylor series. 
The B\ above is also the [1/1] PA. For the function f(x) = Aoo the PA is defined as 

[L/M]=r5?^f^ (11) 
1 + 2^/3=1 <IPXP 

where the standard normalization qo = 1 has been adopted. The coefficients, pa and qp, can be 
calculated from the formal identity 

/ (* ) - [L/M] = 0(xL+M+1) (12) 

The sum of the greatest power of x in the numerator and denominator, L + M, is equal to the 
greatest power of x in the Taylor expansion used to calculate the PA. The most powerful PAs are 
the diagonal ones where L~M. 

1.1 The Iteration Algorithm: 
The algorithm we wish to consider consists of successive application of the A2 formula. The method 
was proposed by Shanks and used to accelerate the convergence of geometric series [2]. From one 
sequence of numbers, a second sequence is formed by taking in turn each successive 3-tuple and 
calculating the appropriate B{. This second sequence, of Bi's, is then taken three at a time, in the 
same way, to produce a third sequence, Cj, and so on. This process produces series, each of which 
is two shorter than the previous one, until the final series, which has only one or two members. In 
this paper we consider the advantages of this iterative method when the initial sequence is given by 
the partial sums of a general power series expansion. 
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Figure 1: Approximating e~* with A4, [2/2] and Ci. Clearly, the iteration algorithm deviates the 
least from the true value. 

2. An Example: Calculating the Approximate Value of e~x 

As an example we shall reconsider the problem posed by Padé: to find a better method than the 
standard Taylor expansion to calculate the function e~x. The series expansion is well known 

" = 1 - x + -^x2 - -TXZ + 4rx4 + ... 
2!" 3! 4!-

The best PA, given the expansion coefficients up to fourth order in x, is 

[2/2] 
x2 - 6x + 12 
x2 + 6x + 12 

(13) 

(14) 

The expansion of this in powers of x agrees up to fourth order with equation 13. Also, the greatest 
powers of x in the numerator and denominator sum to four, which is the greatest power in the Taylor 
expansion from whence came the PA (see equation 12). 

Using the same five coefficients, the iterated A2 algorithm gives 

C72 = 
x 3 - 2 x 2 - 1 8 x + 72 

2(x3 + 8x2 + 27x + 36) 
(15) 

Like the PA, expanding this in powers of x produces a series that agrees with the Taylor series up 
to fourth order. However, unlike the PA, the sum of the greatest powers of x is greater than the 
order of the Taylor expansion. 

In Figure 1 is plotted e~x and the approximate forms: A4, [2/2] and C2. It is important to 
remember that all three approximants were derived from the same five Taylor coefficients. Clearly, 
the iteration method produces a more precise approximation to the function than either the trucated 
Taylor series or the Padé Approximant. 

Similar observations are made for higher order series. From the coefficients in the Taylor expan
sion, up to powers of six in x, we can construct the [3/3] PA and the D3 iterated A2 approximant. 
Given terms up to eighth order we can calculate [4/4] and E4. From these functions, plots like Fig
ure 1 can be produced that show similar trends; again, the algorithm presented in this work clearly 
gives the better estimate. Furthermore, the iterated algorithm is progressively better than the PA 
as the order of the expansion increases. For example, at x = 1 the C2, D3 and E4 approximants 
are, respectively, 3, 15 and 100 times better at aproximating e " r than the corresponding PA. 

41 



3. Determining Taylor Expansion Coefficients from Experimental Da ta 

The introduction outlined the inverse problem of empirically determining the power series expansion 
terms given the value of the function, in this instance measured experimentally. In an attempt 
to avoid contamination of lower order coefficients with higher order effects and to accelerate the 
convergence of the power series expansion, experimental results are often fitted, for instance, in 
some least squares sense, to rational fractions. 

The problem is that there is a possible ambiguity in how to solve for the Taylor series coefficients. 
It is important to obtain these coefficients since they are the derivatives of the function we are 
investigating. 

As an example, consider some dependent variable fitted to a rational fraction of order three in 
both the numerator and denominator. If this is a [3/3] PA, then the rational fraction parameters 
should be linear combinations of the first seven Taylor expansion parameters. On the other hand, 
this rational fraction could instead represent the Ci approximant. In this instance, the rational 
fraction parameters will be linear combinations of only the first five Taylor coefficients. In light of 
the economy of determinable parameters, and the relative efficiency of the method demonstrated 
in the preceeding section, it is proposed that the iterated A2 algorithm could replace the Padé 
Approximant for experimental data analysis. 

Concluding Remarks: 

PA's are a generalization of Bit defined in equation 9. Recall that the sum of the highest powers 
of i in the numerator, L, and denominator, M, equals the highest power of i in the appropriate 
Taylor series. The generalization to PAs, equations 11 and 12, is to allow more terms in powers of 
x in both the numerator and denominator while still maintaining the above constraint on the sum 
L + M. Given the example of approximating e~x, it is clear that this generalization is not necessarily 
optimum. 

In contrast, the iteration method described in this work relies upon no such generalization; it 
only requires that equation 8 be valid. 

Finally, when experimental observables are parameterized by power series, it is suggested that 
the iterated A2 algorithm may work better than the Padé Approximant for empirical determinations 
of Taylor expansion coefficients. However, there is still cause for concern over the proposed iteration 
algorithm as a solution to the inverse problem, since even higher order rational fractions might be 
constructed whose coefficients are linear combinations of even fewer Taylor expansion parameters. 
Until an optimum algorithm can be found, the fitting of experimental data to rational fractions 
should prove difficult. 

In the end, the data will determine which approximate gives the best correction of the truncation 
error. If using a rational fraction results in a better fit, then something new has been learned about 
the convergence properties of the Taylor expansion. The PA may be the most popular rational 
fraction formulation, but the iteration scheme presented here may do a better job, and with fewer 
parameters. 
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