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Spin dynamics in cuprates is analysed in the framework of a new theory (based on the t-
t'-J model and the diagrammatic technique for Hubbard operators) developed to treat 
correctly strong electron correlations within G1O2 plane. The dynamic magnetic 
susceptibility is determined by two contributions different in nature, the "localized" and 
"itinerant" ones. The "itinerant" contribution reflects a response in the spin 
susceptibility on Cu related to the propagating carrier quasiparticles. The "localized" 
contribution reflects the existence of short-range correlations between localized spins. 
As a result of their competition, the spin dynamics evolves continuously within the 
metallic state from a normal-metal behaviour at high doping (overdoped regime) to a 
quantum spin-liquid-type dynamics with magnon-like excitations at low doping through 
a non-Fermi-liquid behaviour in all intermediate regimes. The picture of the spin 
dynamics in the metallic state of cuprates as a whole and in details in concern to INS 
and NMR experimental data is presented. Many exotic features of x t ^ o ) revealed by 
these experiments find a natural explanation within the proposed scenario. 
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I INTRODUCTION 

Inelastic neutron scattering (INS) [1-17] and NMR [18-26] experiments have 

revealed many exotic features of the spin dynamics in high-T c cuprates in the 

superconducting (SC) state and in the metallic state above T c , especially for 

YBa2Cu306+x [I-11,18-24]. The great contribution has been made by the group 

headed by Jean Rossat-Mignod. This group was the first to observe the spin gap in 

Imx(k,w) which disappears above T c . These studies opened the discussion about the 

origin of this gap and its tempting connection with the SC gap. The spin gap was only 

one of many unusual features discovered by the group of Jean Rossat-Mignod, and the 

main result of their investigation was the systematic picture of the evolution of the 

dynamic spin response with doping and temperature from the AF state of the undoped 

YBa2Cu306 via the insulator-metal transition to the superconducting state and up to 

the overdoped regime in YBa2Cu307. Eventually, a coherent picture of spin dynamics 

of YBCO as revealed by neutron scattering has appeared in the beginning of 1993. (The 

last results have been published in [1-6], they are presented and analysed in the paper 

[27] of the present Proceedings). This picture is very unusual and, when analysed at the 

qualitative level gives rise to basic questions : 

• what is the origin of a strange shape of Im%(k,w) as a function of o> at low T 

which is neither of a Lorentzian type typical for the localized magnetism, nor of a 

smooth extended type typical for the itinerant magnetism, and why does this shape 

evolve so strangely with doping; 

- why is the energy scale so small in comparison with the characteristic energy 

parameters, such as exchange interaction and hopping parameter; 

-what is the nature of the energy gap (Eg) and the energy cut-off (Ec); is the gap 

observed in YBCO a superconducting gap or an intrinsic property of a magnetic, spin-

liquid, ground state ; 

- why does the value of the observed gap change in such a strange manner with 

doping, being very small in the weakly-doped regime and almost of the BCS type in the 

heavily-doped regime? Does that mean that the nature of the superconductivity is 

different for the different doping regimes; 

-what is the origin of the resonance peak in Imx(k,û>) which exists in the SC state 

and disappears above Tc; 

- if both the energy gap. Eg, and the resonance peak at E=Er result from the 

superconductivity, why do they vary in a different way with Tc, as is seen from the 

doping dependences of these quantities (the resonance peak moves from the low-energy 

part of Imx(k.û)) at low hole concentration to its high-energy part in heavily-doped 

samples); 
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- why has tiie spectrum almost a Lorentzian shape at room temperature and what 
is the nature of the characteristic energy around which it is developed. 

Then, the NMR results for YBCO [18-24] add further questions: 
- what is the origin of the anomalous behaviour of the static uniform 

susceptibility, namely of its continuous increase with T, instead of a Ftuli-law 
behaviour, at low doping (x^O.85) which evolves continuously to the normal metallic 
behaviour at xs l (Knight shift experiments for YBa2Cu306+x [18]); 

- what is the origin of a pseudogap effect above T c , observed by 1/TiT 
experiments for YBCO [19-24]; is it the same gap as observed by INS; 

- if so, why does the gap observed by INS disappear above T c ; if not, what is the 
nature of these gaps ; 

- how to explain the opposite T dependence of the static susceptibility for k=0 and 
k=QAF i n t n e temperature range above T c observed for the underdoped YBCO 
materials by the Knight shift experiments and the 1/T2G [23,24] experiments, 
respectively. 

And finally, both INS [12-17] and NMR [25,26] data for Lâ2-xSrxCu04 indicate a 
strong difference in spin dynamics between YBCO and LSCO. There is the gap and 
pseudogap effects and the commensurate k- structure of Imx(k.co) in YBCO versus the 
gapless behaviour and definite incommensurability in LSCO. There is also a strange 
shape of Imx(k.(o) as a function of co and its puzzling evolution with doping and 
temperature in YBCO in contrast to unchanging shape (continuous increase of 
Im x(k. o ) with co at low co ) in LSCO. 

While the experimental results obtained by different groups apparently could be 
summarized in a sort of consistent picture of spin dynamics, there existed no theory to 
account for these phenomena and even a qualitative understanding of the spin dynamics 
as a whole was lacking. Different theories can reproduce some features, but fail in 
explaining others. 

For example, the weak-coupling theories (WCT) [28-35] in which spin dynamics 
is attributed to itinerant carriers and therefore is predicted to be close to that of a normal 
metal, give deadly different energy scale. These theories cannot explain the existence of 
the resonance peak and high energy cut-off at low temperature as well as the » -shape 
of Imx(k,co) above Tc. The spin gap in these theories is related to the superconducting 
gap and no pseudogap effect is expected above Tc. Being conventional Fermi-liquid 
theories, the WCT are also unable to shed light on the anomalous behaviour observed in 
the above mentioned Knight shift experiments. 

The strong-coupling theories (SCT) (see for example [36-45]), which correspond 
to the opposite limit, actually give a result for the spin susceptibility similar to that of 
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the WCT (except for the energy scale). (The reason is analysed in the Appendix). 

Formally, the expressions for x(k,tù) coincide in both theories; some intermediate 

quasiparticles (spinons) play in the SCT the same role as carrier quasiparticles in the 

WCT and have a similar dispersion law *). This only changes the energy scale of Imx 

(reduces it) but cannot account for other observed features. No explanation exists for 

the shape of Imx neither below, nor above Tc- Even worse, the dynamic susceptibility 

in these theories does not feel Tc at all, because the energy gap is related to a spinon 

gap, and there is no term in Imx u a t accounts for the difference between the states 

below and above Tc when T<TRVB- Thus, no answers could be found in these theories 

which throw light on the unusual spin dynamics discovered experimentally. 

It was not in Jean Rossat-Mignod's character to resign to this situation. He thus 

set out to stimulate new theoretical work, acting first as an experienced and critical 

adviser, then gradually as a full-scale participant. The theory developed as a result of 

our collaboration is presented in [46] (the first, very preliminary, results have been 

published in the Proceedings of SCES-93 [47], his last Conference). The present paper 

summarises the main features of the theoretical studies and presents the resulting 

picture of spin dynamics of cuprates as a whole in concern to the INS and NMR 

experimental data. 

The paper is organized as follows. A short description of the formalism, the 

analytical result for the dynamic magnetic susceptibility and the underlaying physics are 

presented in the Sec II. The picture of the spin dynamics in the metallic state arising as 

a result of dual itinerant-localized nature of magnetism is discussed in the Sec. III. This 

picture as a whole and in many details turns out to be strikingly close to that observed 

experimentally. The questions formulated above find natural explanation within this 

theory. 

H. SHORT DESCRIPTION OF THE FORMALISM 

A. Hamiltonian. Hubbard operators 

The theory is based on the t-t'-J model and on the diagrammatic technique for 

Hubbard operators. From the theoretical point of view, this model is the simplest one 

which takes into account strong electron correlations within Cu02 layers. Adapted to 

Cu02 plane, it was obtained as a simplification of the realistic three band Hubbard 

model with the idea of the local singlet and of the Wannier representation for O-states 

1) Moreover, the symmetry of the anomalous correlation function for these quasiparticles is supposed 
to correspond to the symmetry of the superconducting pairing. 
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[48-50]. On the other hand, the main features reflected in this model are consistent with 
experimental observations 2). 

In the t-J (or t-t-J) model, the Cu02 plane is treated as a lattice of square 

plaquettes c .uerçd on copper sites with four nearest neighbour 0 sites. The 

Hamiltonian of the model. 

*=L 'A*?1*? -xf-'x] 1 0)*! J ^ x ; » -X»XJW), (i) 
u 'j 

is written 3) i n terms of so-called X-operators (or Hubbard operators (HO)), 

X" = \p)(p' | , which describe the transitions between different states, \p), \p') of the 

plaquette. 

Basically, in the t-J model only three sûtes of the plaquette are taken into 

consideration: |1) and |-1). "hich correspond to the filled p-shells on oxygen and a 

hole on the copper site with up or down spin, and |0) which describes the singlet 

bound state between an oxygen hole and a copper hole on the plaquette. Other sûtes, 

like a triplet bound sute of the oxygen and copper holes, free oxygen hole state and so 

on, are supposed to be much higher in energy. 

The first term in (1) describes the hopping of carriers which is accompanied by 

the spin-flip processes on Cu, while the second term describes the exchange interaction 

between the spins localized in the copper sites. In the case when not only the nearest 

neighbours but also the next nearest neighbours are taken into account for the hopping 

term, one has the t-t'-J model. 

Being quite natural and simplest among the other strong-correlation models, this 

model, however, is not simple at all. The point is that the X-operators are neither Fermi 

nor Bose operators, but form a more complicate algebra with specific commutation 

relations and multiplication rules 4X The one-site HO complete SU(n) Lie algebra (n=3 

for the three-level t-J model) with the multiplication rules, 

X^XF-Ô^Xp. (2) 
the commutation relations, 

[X^XTI-X^-X,^. (3) 

2) The most convincing evidence arises from the comparison cS the Knight-shift measurements on 
YBa2Cu30$+x with reduced oxygen content (x<l) with the macroscopic susceptibility, see [18]. 

3) We use the form (1) instead of the more known form. # • 

( ha • fi„ ( 1 -«/-<»). "ia " faia • c<a « * Fena» operator) to emphasize the difference between actual 
operators describing quasipanicles in the t-J model and électron (Fermi) operators. 

4) Spin operators are the simplest example of HO. For the case of S»l/2. when the following relations 

take place: S* -« ' ' 'S- -X-".S' - i ( x " -X"1-') ^ complete SU(2) algebra, for S-1 they form 
SU(3) algebra and so on. 
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and the conservation rule, 

çxr-i. (4, 
Different-site HO can be either Bose-like or Fermi-like depending on the commutation 
relations which are written as follows 

[ ^ , X 7 ] ± = ô , ; (^5 M v ±^ô p A ) . (5) 

Here the upper sign corresponds to the case when both operators on the left hand side 
are Fermi-like, while the lower sign stands for the cases when at least one of them is 
Bose-like. For the case of the t-J model, there are two Bose-like nondiagonal operators, 
X1"1 and X"11, four Fermi-like nondiagonal operators, X 0 1 , X 1 0 . X0"1 and X"10. and 
three diagonal (Bose-like) operators X 0 0 , X n , X*1'1. 

The appearance of HO is the price to be payed for taking into account strong 
electron correlations, namely for including Coulomb interaction to zero Hamiltonian. 
All strong-coupling-limit models are written in fact in terms of these operators. The 
complexity of the algebra leads to theoretical problems when dealing with these 
models, since the well-known methods of theoretical physics are developed for the case 
of Bose and Fermi systems. Due to this reason, usually some representation of X-
operators in terms of Bose/Fermi operators (the slave-boson (SB), the slave-fermion 
(SF) or other representations, see Appendix) are used to reduce the problem to the 
subspaces of usual Bose/Fermi operators. This step, however, destroys the algebra of 
the operators what results in dramatical consequence: a part of the whole picture is lost 
when using any auxiliary representation. In fact, depending on which representation is 
used, the initial t-J (or t-t'-J) model turns out to be replaced by different models which 
describe different limits, as we will see below. (We analyse this point and compare 
different theories in the Appendix) 

In our approach, we refuse to use any auxiliary representation. Instead, we use the 
diagrammatic technique (DT) for Hubbard operators (see for example [51-54] which 
allows one to treat correctly the kinematic properties of quasiparticles associated with 
these operators. Omitting technical details (which are discussed in [46]), we present 
below the analytical result for the dynamic magnetic susceptibility, the way in which it 
has been obtained and the qualitative picture corresponding to this result. 

B. Dynamic magnetic susceptibility 

The exact structure of both spin Green function, 

G5(k,û)) = ( ( x ^ | x!°))v ( a . â « l . - l ) , (6) 

and single-hole Green function, 

< & < k . « > - ( ( x H X f c ")) M . C7) 
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is given by the Larkin equation (the analog of the Dyson equation in the DT for Bose 
and Fermi systems): 

.,.. . ï(k,co) 
Ck,û)) = -—. (8) 

l~Vkl(k.û)) } 

Vk is an interaction potential (the exchange interaction, -J^ , for the case of the spin 

Green function and the hopping interaction, -t^ , for the case of the hole Green 

function). I(k,(o) is an irreducible part which should be calculated in some order of a 

perturbation theory with respect to Hj n l . The spin Green function describes the localized 

spins on Cu. The hole Green function, being determined on the HO describing the 

transitions between the bound state of a hole on copper and a doped hole on oxygen, 

|0), and the state of the plaquette with a single hole on the copper (spin up or down), 

|o*), describes itinerant quasiparticles which correspond to the motion of the oxygen 

hole accompanied by spin-flip processes of the Cu hole. 

Usually, when investigating localized-spin models (which are the simplest cases 

of models formulated in terms of X-operators), some preliminary summation of 

diagrams is performed to include long-range (LR) ordering treated in a mean-field 

approximation to zero Hamiltonian [51-54]). Then, corrections due to H-mt = H - Ho aie 

calculated within a perturbation theory with respect to the small parameter, y = (a/R) , 

(R is radius of the interaction potential, d is the dimensionality of a lattice, a is the 
lattice constant). For the case c f nearest-neighbour interaction one has: 7 ~1/Z, where Z 

is the number of first neighbours. 

In the case of cuprates in the metallic state, no LR magnetic ordering exists, 

however short-range (SR) correlations of localized spins of spin-liquid type are 

supposed to be important in the ground state and we would like to include the mean-

field terms describing this SR ordering to zero Hamiltonian. How to do this? In an usual 

liquid, the main quantity characterizing SRO is the correlation function, describing the 

correlations between the positions of two particles. In the same spirit one can describe 

the spin liquid by introducing correlation functions, which characterize the correlations 

between orientations of spins on different sires. The correlation functions, that we are 

looking for, are related to the operators creating the spin-up and spin-down states on 

one-site, i.e. to the operators X]y ,XJXV, where |V) stands for the "vacuum" state 

without any spins and holes 5). In this way some intermediate quasiparticles appear: 

spinons which are associated with the operators X]v, XJ1V and holons associated with 

the operator X?v. Their dispersions, as we will see, are proportional to the amplitudes 

of SR order parameters. In some sense, these spinons and holons are similar to those 

in the slave-boson or slave-fermion 6) theories. 

5) For example, the correlation function (x\vXjw -X;XVX)V) describes the probability of the 
opposite orientation of spins in the sites i and j and so on. 
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However, these quasiparticies do not express the idea of spin-charge separation, 
electron (hole) exists as a whole, being characterized by the dispersion law which in 
zero approximation has no relation to the spinon/holon dispersion laws. Indeed, charged 
quasiparticles in the t-J model are related with the Green function (7). Being calculated 
based on (8) with V^ - -tk and Zk taken in the lowest approximation, 

I.h,Q)(û)) = — (see [46]), this Green function is written as 
-)L -CD 

Gaa(k,û» = - — -, < T f f V „ , ^ / - - — - (9) 
£k-(Û-lT) 

and describes a coherent motion of carrier quasiparticles with the dispersion law, 
e t = - / i + ( l + ô*)(rA+rA)/2, (10) 

tk = 2/(cos kx + cos k ), tK = At cos kx cos ky, 

similar to that in the weak-coupling theories (5 is the concentration of doped holes, \i is 

the hole chemical potential). In this approximation, these quasiparticles have no 

relation with holons and spinons, i.e. they do not feel the existence of SR correlations 

of localized spins. A contribution to £ * , related to the spinon/holon subsystem, 

appears only in higher approximation. This leads to a renormalization of the effective 

mass of itinerant quasiparticles and to the appearance of an incoherent band. This point 

is discussed in [46]. Here we will concentrate JI\ the spin Green function given by (8) 

with Vfc = -J|i. 

Being calculated in the first approximation with respect to 1/Z (the lowest 
approximation which allows to capture in the main order the contributions of different 
nature), I s includes three terms: 

Zs(Kû}) = S(û)) + L(k,û)) + I(k,<o). (11) 

The first one, S(Cû), is the susceptibility of noninteracting spins. It is determined 

by the expression 
C(T) e^lT 

S«o) = 5(a»zf*. C(T)= * T . (12) 

The second term is related to the existence of SR AF "pairing" of localized 

6) There is some ambiguity in the choise of "statistics" of these intermediate quasiparticles. Two 
possibilities exist to keep the exact commutation relations (S): (i) X( , X~ are Bose-like HO's while 

Xfv is the Fermi-like one, (ii) the situation is inverse. (It is easy to check this point by using exact 
representations, X]'x = X]yXl~\ Xfx - Xf Xw^ which result from the multiplication rules 
(2)). The former possibility is similar (in the mentioned sense) to the SF idea, the second one to the SB 
one. Due to the reason that spinons and holons are intermediate quasiparticles and all their characteristics, 
dispersion law, correlation functions, and so on, are determined by self-consistent equations, this choice 
is not important for results concerning physical characteristics, namely for the hole and spin correlation 
functions. To demonstrate this we use in the present paper the choice of "statistics" opposite to that in 
[46]: the operators Xt , X~ are chosen as Fermi-like and the operator Xi as a Bose like. 
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spins. It is written as follows 

L(k,<o) = — ï{L(q,k + q,û)) + L(k + q.q,-û)\, (13) 

L(q,k + q,û)) = - 2l-n
F(coJ-nF(cok+.) 

(13a) 

+<V<*+« + V W 2 2 -

The ihird one is related to the itinerant quasiparticles and for the normal state is 
given by 

i'ft,.)4sK(*)-'M. <.4, 

In the equations ( 12)-( 14), p h = n - X, u. is the chemical potential of holes, X is that 
of spinons, n F(x) is the Fermi function, £& is the dispersion law of itinerant carrier 
quasiparticles determined by (10), Ok is the dispersion law of spinons determined by the 
expression 

û)k={a + Mk)
2+B2

kf\ (15) 
Mk =l(2tk.pHp+Jk_pFp/2), Bk = 2Y.Jk_,Ap, 

p P 

where Ap, F p and H p are Fourier transforms of the SR order parameters 
A -lxWY-lV -X~WXW \ F -(XÏVYVX +X-WYV-*\ 

".-{«nS?,) 
A^ characterizes the probability of the opposite orientation of spins on nearest sites, F^ can 
be considered as a characteristic of ferromagnetic short-range correlations between the 
nearest neighbors [44], Hn characterizes correlations between singlet states on nn. X is a 
"chemical potential" for spinons. The functions uk, v^ are similar to the coefficients in the 
Bogolubov transformation; the appearance of v^ is a consequence of the existence of the 
anomalous order parameter, A. These functions are given by 

2 if, X + Mk\ 2 if, A+AO .... 
i\ ®k ) i \ <y* ) 

The important feature of the obtained result is that x(M>)> related with the spin 
Green function as follows 

X a a (k ,û) ) = - l i m G ^ ( k , ( o + iS), 
8—>0 

has the "RPA" structure (see (8)) but instead of the single teim, xo(k,o>), in the 
mentioned theories (zero susceptibility of nor interacting itinerant holes in [28-35], zero 
susceptibility of spinons in (36-38,40]), there are two different in nature contributions, 
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the "localized" and "itinerant" ones. The "itinerant" contribution , l(k.u), reflects a 
response in the spin susceptibility related to the propagating charged quasiparticles. The 
"localized" contribution. L(k.cu), reflects the existence of SR correlations between 
localized spins. 

To understand a reason of simultaneous presence of "localized" and "itinerant" 
contributions one has to keep in mind few points. Firstly, the calculated x(k.o) (and 
that measured in INS) is the dynamic susceptibility of localized on copper spins (see the 
defmition (6)). Secondly, the itinerant quasiparticles contributing to x(k.o>) have a 
specific nature. Their frequencies are the eigenfrequencies associated with the Green 
function (7). i.e. they correspond to a propagation of the singlet state |0) through the 
lattice accompanied by the annihilation of the state |1) or the state |-1). It leads to the 
motion of doped hole which creates in each site (on each plaquette) the bound state 
with copper hole, and when the carrier hops on another site j , free Cu spin is restored on 
site i. In this way. the itinerant quasiparticles turn out to be in a strong interrelation with 
the localized-spin subsystem. It is clear that the motion of these quasiparticles must 
have a response in the susceptibility of Cu spins. Thirdly, the "localized" contribution 
reflects a response arising from SR AF correlations ("pairing" of localized spins) which 
is similar to that in low-dimensional insulating systems. As it is known, at T=0 low-
dimensional localized-spin system with AF exchange can exist only in two ground 
states: in the LR ordered state or in the so-called quantum disordered state characterised 
by strong SR AF correlations (see, for example [55,56]). Here, these two contributions 
are interrelated and have a mutual influence (see the discussion in [46]), however the 
different origin is preserved. Such a structure reflects a dual itinerant-localized nature of 
magnetism in the strongly correlated electron system under consideration. 

The expression (14) for the "itinerant" contribution corresponds to the normal 
state. An existence of superconductivity, irrespective of its origin, is associated with the 
existence of anomalous hole Green function, G^*\k,(a) = ({xJH Jfif )) .in addition 

to the normal one given by (7). Taking into account these Green functions when 
calculating the spin Green function, we obtain the following expression instead of (14) 

/(*,* + *.»)-i luv vu f l'nF(Q*>-nF<Q'+<> 

where 
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Ak is a superconducting gap, e îs determined by (10). Uk.Vk are the coefficients given by 
the expressions 

The existence of the factor Vfc is connected with the existence of superconducting 
pairing of itinerant quasiparticles, whereas the existence of the factor v* t as we have seen, is 
connected with the SR AF "pairing" of localized spins. 

Summarizing, there are two contributions of different nature to the dynamic 
magnetic susceptibility. The itinerant contribution has a BCS structure in the SC state 
and the 2D-Lindhard-function structure in the normal state. Its behaviour in the normal 
state depends on the shape of the FS of the mentioned above itinerant quasiparticles and 
in the SC state it depends also on the symmetry of the superconducting gap. The 
localized contribution has a two-spinon structure. Its symmetry is related to the 
symmetry of SR AF correlations. The itinerant contribution is similar to the zero 
susceptibility in the weak-coupling theories. The difference is the nature of itinerant 
quasiparticles. They are true electrons (holes) in the WCT and the specific quasiparticles, 
the nature of which was discussed above, in the present approach. The localized 
contribution is similar to die susceptibility of noninteracting spinons in the SB/SF theories. 
An important difference is that in these theories the symmetry of the spinon-pairing order 
parameter A, which by definition (see (16) and (A7)) describes the probability of the 
opposite orientations of localized spins on different sites, is identified with the symmetry 
of the superconducting pairing whereas in our case its symmetry reflects die symmetry of 
SR magnetic correlations. As we will see, the intensity of the "localized" contribution 
decreases with doping reflecting its proportionality to the amplitude of SR AF order 
parameter. On the contrary, the intensity of the "itinerant" contribution increases with 
doping. In the superconducting state, its intensity is proportional to the magnitude of the 
superconducting gap, AK . As a result of the competition between these two contributions, 
different dynamics occurs in different doping regimes. 

Let us consider now the spin dynamics in the metallic state of cuprates in more 
details. 

ni . SPIN DYNAMICS IN THE METALLIC STATE OF CUPRATES 

We calculate in this section Im% which, as follows from (8), is given by 
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T r t , w . , . ImL +Im/ 

[1 + Jk (Re S + Re L + Re / ) f + [ / à (Im L + Im / ) f 

Since this expression consists of two main contributions, we will analyse 
separately the behaviour of each of them (The contribution S(co), being static and q-
independent, is not important for our present aim; it is responsible for a high 
temperature asymptotics of the static uniform susceptibility.) 

A. Low temperature behaviour of the "focalized" contribution 

The contribution related to the existence of SRO of localized spins has 
following features. As it follows from eq. (13a), Uk.co) consists of two terms. The first 
one, Li(k,û)), is determined by the first term in eq (13a) and describes die creation of 
two spinons. The second one, L2(k,co), is determined by the second term in eq. (13a) 
and describes spinon creation-annihilation processes. Due to Fermi-factors which are 
equal to zero at T=0 in the case of quasiparticles with a gap, the latter term is 
vanishingly small at low temperature, and thus, the low-temperature behaviour of 
L(k,co) is determined only by the two-spinon processes. 

The intensity of the two-spinon spectral band, ImLi(k,co), is determined by the 
prefactor Mkq = (uqVk+q • VqUk+q)2 which is proportional to the strength of SR AF 
correlations, Mkq ~ A 2, so it decreases with doping. 

The spectral function, ImLi(k.cù), exhibits a gap, AHk), at low energy, 

A L (k)-min((D k + q + (o q), (22) 

as a consequence of the existence of a gap in the spinon spectrum. For k=<̂ AF. it is 

given by: 

AL.AL<QAF) = 2<Ù(QAF). (23) 

These features are clearly seen in Fig. 1, where ImL(k,cû) for two different 

doping rates is shown. 

The quantity plotted in this Figure is the ideal two-spinon spectral band. 

Important factor, which has an influence on the shape of die two-spinon spectral 

function at low energies, is a spinon damping which exists even at T=0 due to the 

presence of fermionic degrees of freedom and leads to die filling of the gap even at 

T=0. However, in presence of superconductivity, die spectrum of fermionic 

qtasiparticles also exhibits a gap which is proportional to the s . conducting gap. 

Then, as there is no fermionic quasiparticles for <o below this gap, no scattering 

processes of spinons by fermions occur at low energies below some threshold energy, 

coo, which is proportional to the superconducting gap, and Uierefore die low-energy 

spinons are well-defined excitations. This statement is exact for die case of s-wave 



rL(a) = 

pairing. For the case of d-wave symmetry of the superconducting pairing, the threshold 
energy does not exist in the literal sense; we can speak only about "threshold energy" 
below which the spinon damping becomes very small. 

In order to take into account the effect of the spinon damping on the dynamic 
magnetic susceptibility in a simple way, we propose to model it by correcting the 
equations (13a) for L(k,co) as follows: 

co -><o + irL(ûi) (24) 

with 
rL(co)=rL6(u>-u>%) 

for the case of an s-wave superconducting pairing and 

acon, co£ci>o 

i*. . * * ( 2 5 ) 

for the case of the d-wave superconducting pairing. The co-dependences of Im 

L(Q AF.o) with and without taking into account the spinon damping are shown in Fig.2 

(when calculating we use n=3). The value of cog decreases with decrease of die 

superconducting gap, A s c. That means that for fixed doping, cog decreases with 

increasing T and vanishes at TtTt. For T=0, it is maximum for the optimal for the 

superconductivity doping, 6opt. and decreases with 16-6^,1 in both, underdoped and 

overdoped regimes. 

As temperature increases, the gap in ImL(k,co) (i) decreases and (ii) is filled up 

progressively. The decrease of the gap is related to the decrease of the superconducting 

gap with temperature, the effect which seems to be important only in the nearest 

vicinity of T c . The filling of the gap is due to the following factors. First one is the 

increase of the absolute value of r L . Second one is the increasing of the importance of 

the gapless contribution, ImL2(k,co), with growing T. Third one is the decrease of die 

threshold energy in the spinon damping, OQ. 

As a result, the "true" gap in ImL(k,co) vanishes at T=TC (©£ s 0), and then for 

T>TC a pseudogap effect related with the gap AL is realized up to some characteristic 

temperature 
T*(Ô) * CO(QAF.Ô) = AL(Ô)/2 (26) 

(see eq. (23)). 

The q-dependences of ReL(k.co) and ImL(k,co) for different co are shown in 

Ftg.3 (T*0). Both functions are peaked at k » QAF- Por k close to the Brillouin zone 
(BZ) center, the functions Re L(0.0) and limlm*(k »0,co)/ca are equal to zero at 

co-tO 

T=0. It is important to emphasize that the behaviour of the "localized" contribution for 
k around QAF and k close to 0 is determined by different terms in L(k,ot>). For k»0, it is 
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related to the behaviour of L2(k,û>), since the prefactor in Li(k,to) equals zero. As a 
result, the quantities Re L(0,0) and limlm^(k « 0 , Û > ) / O being equal to zero at T=0, 

then slightly increase with temperature. For k = Q A F . the behaviour is determined 

mostly by LI(QAF.«Û), because at low temperature the intensity of L2(QAF.U>) is much 

smaller. Due to the proportionality of LI(QAF,IÛ) to the strengh of the SR order 

parameter. A, ReL(QAF.o) and ImL(QAF><<>) decrease with temperature. For the latter 

function this decrease takes place only for cn>AL. For ©<A L , ImL increases with T due 

to the effect of the gap filling. The discussed features are responsible for the different 

behaviour of die dynamic magnetic susceptibility for k » 0 and k s QAF observed at 

low doping, i.e. at doping where the "localized" contribution is dominant. We will use 

them later on to understand the anomalies observed by NMR. 

B. Low temperature behaviour of the "itinerant" contribution 

The expressions for I^flt.co) also consists of two terms. The second term in 

(18a), l2(k,co), is equ*1 to zero at T=0 due to the existence of the superconducting gap in 

the hole dispersion law (or negligibly small in the case of d-wave pairing). Therefore, 

the low-temperature behaviour of the "itinerant" contribution is determined mainly by 

the first term in (18a), Ii(k,cû). Due to the prefactor Nkq - (UqVk+<| - V q Uk+q) 2 , which 

is proportional to the value of the superconducting gap, the intensity of Ii(k.cû), and so 

of I(k,a>) at low temperature, is proportional to A*. 

The behaviour of the "itinerant" contribution depends on two factors: first, on 

the shape of the itinerant quasiparticle dispersion law and their Fermi surface (FS) and 

second, on the symmetry of die superconducting gap, Ak. 

In order to reproduce the shape of the FS discovered by angle-resolved 

photoemission (ARPES) experiments for YBaCuO [57], we use the following ratio of 
hopping parameters: t'/t=-0.45. We assume also d 2 _ 2 symmetry for the 

superconducting gap : 

A k • A* c(cos*, - cos* y ) , 

which is considered now as the most probable type of symmetry for high-Tc cuprates 

[58]. 

For the d-wave pairing, the nodes exist in the Brillouin zone where both 

quantities, Ek and Ak, are equal to zero. As a consequence, low-frequency scattering 

processes must be dominated by quasiparticles with these wavevectors and an 

incommensurate k-structure of Im I(k.co) with peaks at the nodal wavevectors (2kp, 

2kF), (2kF, 0), (0, 2kp) should be observed at low energies [34]. The value of kp is 

determined by the equation: coskpi W-coskp j « -fi 12t(\ + Ô). 
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As we can see in Fig.4 where the calculated ImI(k,co) is shown for different 
wavevectors, indeed for smallest co, ImI(k,co) is non-zero only for wavevectors k close 
to the nodal vawevector knodal * (2kp, 2kp). For all other wavevectors, Iml(k.co) 
exhibits a gap, Ax(k), at low energies. For the important case of M J A F . the value cf 
this gap is determined as follows: 

A / r S / W r j ~ 2 A s c ^ j (i'*0). (28) 

However for larger co, the situation changes dramatically. A sharp peak exists in 
the cù-dependence of Im I(k,co) for k close to QAF. This peak appears at small enough 
co corresponding to INS energy-range. Its origin is a Van-Hove singularity in the two-
particle "density of states". As a result, for the co-range corresponding to dûs peak. Im 
I(k,co) is peaked around QAF. whereas for smallest co it is peaked around knodal As the 
value of knodal is far away from QAF» no enhancement due to denominator occurs, and 
the effect of the knodal scattering will be less pronounced in Im xO*.co) (see for 
example Fig 17) 

The evolution of Im I(QAF.to) with increasing A s c , which determines the 
evolution of Im I(QAF.W) with doping within the underdoped regime, is shown in 
Fig.5a. One can see that the peak moves towards higher energies and that its intensity 
increases as doping increases. 

The quantity discussed above is the ideal "itinerant" spectral band. Due to 
various scattering processes, for example due to the spinon-holon contribution to the 
hole irreducible part (see [46]), the hole damping exists. We model the effect of this 
damping on I(k,co) in the same way as for the "localized" contribution, namely by 

uWCu + ir^co), r^cû^rfyco-co^) . (29) 

The value of the threshold energy for the case of the spinon-holon origin of the 

scattering is given by: ©^(kjsminfû»,, -t-Ek^) [46] , where coqand Ek^ are the 

spinon and holon dispersion laws. This damping leads to a smoothing of the shape of 
Iml as a function of co, see die shape of die "itinerant" spectral band in Fig. 5b. 

The q-dependences of Iml(k.co) and Rel(k.co) are shown in Fig.6. Unlike the 

case of the "localized" contribution, both functions are not peaked at k * QAF- Th? 

peak closer to die BZ boundary is die consequence of die d-wave superconductivity. It 

corresponds to the nodal contribution at (2kp, 2kF). The peak closer to the BZ center is 

the consequence of die shape of FS of die itinerant quasiparticles. This strange (in 

comparison with what is observed experimentally) structure is die general feature of the 

two-particle spectral function x(k,co) in the case of quasiparticles described by the 

dispersion law (10) independently on the physical nature of these quasiparticles. Indeed, 

similar q-dependence is found in the theories based on die SB representation (see [40]) 
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and should also exist in the WCT. In our case, however, this feature is characteristic 
only for the one of the several terms in (11). 

C. Dynamic magnetic susceptibility for different doping regimes. 

We have analysed above the behaviour of the two contributions to the dynamic 
magnetic susceptibility. The main point is that the intensity of the "localized" 
contribution, L(k,co), decreases with doping due to decrease of the SR AF order 
parameter. A, whereas the intensity of the "itinerant" contribution, I(k,co), increases 
with doping (till to optimal for the superconductivity doping) due to increase of the 
superconducting gap. As a result of their competition, the spin dynamics in cuprates 
evolves continuously within the metallic state from an itinerant magnetism picture at 
high doping to a spin dynamics similar to that in the quantum disordered state at low 
doping. Many unusual features of x(k,co) in the intermediate doping regimes, revealed 
by INS and NMR experiments, can be understood within this scenario. 

First of all, it clarifies the nature of the strong difference between the spin 
dynamics at low doping and doping close to the overdoped regime as well as the origin 
of the crossover effects in the doping dependences observed for many magnetic 
properties in YBaCuO. Roughly speaking, this difference results from the fact that 
different contributions are dominant at low and high doping within the metallic state. 
Another difference is the different mutual disposition of the two spectral bands, 
ImL(k.co) and Iml(k.ci)) as a function of co, at low temperature: for high doping the 
resonance peak in Iml is situated on the right hand side of the spectral band ImL, while 
for low doping the arrangement is opposite, see Fig.7. 

To understand the spin dynamics at different energies, i.e. the shape of Im% 
versus co, we have to take into account that in accordance with (21) two limiting 
possibilities exist. The first one is realized when Jk(ReI + Re L) is small and therefore 
Imx is given approximately by the sum of two spectral functions: Imx » Iml + ImL. 
The second one is realized when Jk (Rel + Re L) « -1 for some k and to. In this case 
pole-like spin excitations exist and therefore a pole-like peak appears in Imx instead of 
the incoherent continuum. In the intermediate case, a resonance peak can appear at 
some (o and k for which Jk(ReI + Re L) is maximum (if large enough), while for other 
co, Imx is determined mainly by the behaviour of Iml + ImL. 

We have to keep in mind as well that the behaviour of the real and imaginary 
parts of a complex function determined on a real axis (I(k.co) and L(k,co) as functions of 
co in the case under consideration) are connected by the Kramers-Kronig relation. For 
the case of a spectral band (an imaginary part) extended within some co-range, let say 
from coscoi to co=o)2, the behaviour of the real part is as follows: it inaeases with co for 
0 < co < coi, then decreases within the range coi < co < co2 and Anally increases again for 
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ci) >(Ù2 . If the spectral function is a smooth function of co, the decrease of the real part 

is also smooth. On the contrary, the existence of a peak in the imaginary part is 

accompanied by a sharp drop in the real par». 

Keeping these features in mind, we can understand the nature of the peculiar 

shape of the calculated Imx(k.co) which evolves strongly with doping, see Fig.7. Due to 

the existence of two spectral bands, the picture tun..* out to be very rich and exotic. 

Within the underdoped regime (which corresponds to almost all doping range in 

YBa2Cu306+ô) we can distinguish four regimes with qualitatively different behaviour: 

(1) a heavily-doped regime (HDR), (2) a croi^over regime, (3) a weakly-doped regime 

(WDR) and finally (4) a WDR close to magnetic instability. 

Heavily-doped regime, 5*20-30% (Fig. 8c, 8b, 9c, 9b). 

For the heavily-doped regime, the itinerant contribution is dominant. Essential 

part of the spectral band Iml(QAF.ci)) is situated to the right of the spectral band 

ImL(QAF.w). Resulting from the competition between two contributions the dynamic 

magnetic susceptibility, Imx(QAF»<o)> is characterized by the resonance peak in the 

upper part of the band (at co=Er), the plateau in the lower part, the sharp cut-off at high 

energy and the energy gap. Eg, at low energy, see Fig.8c,b. 

Resonance peak and cutoff 

The resonance peak and the cut-off are the consequences of the anisotropic 

superconductivity. Their energies are close to the energy of the gap, A ^ Q A , ^ 

ideal "itinerant" spectral band Iml which magnitude is proportional to A S f \ 

Indeed, as it was discussed in the Sec.II.B, the exis><. 

superconductivity leads to the sharp peak in ImI(QAF,co) which occurs ji> the 

gap A1. Then, in accordance with die Kramers-Kronig relation, ReI(QAF.û>) increases 

with (ù up to the energy co =A^ and drops sharply within the co-range of the resonance 

peak, compare Fig.8b,c and 9b,c. As a result, Rel + ReL is rather large at cosA1 what 

leads to an almost pole-like picture, i.e. to the resonance peak in Im%. For co>A*, the 

situation changes dramatically: Rel + ReL is very small and therefore Im% is only 

determined by the sum of the two very weak spectral bands, Iml and ImL. 

Plateau 

The low energy plateau is developed around the energy co^A1- and corresponds 

to the enhanced localized contribution. The enhancement factor, Rel + ReL, is almost 

co-independent within this co-range, since ReL starts to decrease with co above co=AL, 

while Rel continues to increase, see Fig.9b,c. 
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Gap and pseudogap effects 

The energy co=AL, on the other hand, manifests itself as a pseudogap, Epg, for it 
corresponds to a smallest gap in the two ideal spectral bands and is filled up due to the 
spinon damping even at T=0. Meanwhile, in the presence of the superconducting 
pairing, the threshold energy, too , exists for the spinon damping and therefore, a true 
gap. Eg, exists in Imx at low energies. The value of COQ (and so of E g) being 
proportional to A s c increases with doping, while the value of the ideal gap, A1-, 
changes with doping and temperature very little. 

The shape of the theoretical dynamic magnetic susceptibility as a function of co 
for the doping 5=25% is very close to that observed experimentally for x=0.92 (see [1-
4]) and for the doping 6«20% to that observed for x=0.83 (see [6]). 

Crossover regime, ô«12-18% (Fig 8a, 9a). 

With decreasing doping, the two-spinon spectral band, ImL(QAF.ci>), and the 
main, resonance-peak part of Im I(QAF>®) approach each other while the intensities of 
two spectral bands become comparable. As a result, the shape of Imx as a function of co 
changes to the single-peak structure. The peak is not connected directly with the 
superconductivity. 

Indeed, when doping decreases from 5=20%, the maximum of Rel + ReL (and 
so the position of the resonance peak in Imx) moves from the energy co^A1, 
corresponding to the maximum in Rel, towards lower energy, see Fig 9. This latter 
energy becomes closer to the ideal "localized" spectral band already for 6=20% what 
results in the less pronounced plateau-resonance-peak-shape (see Fig.8b, 9b). For 
6» 18%, the maximum of Rel + ReL occurs at co=A L, i.e. at the energy where ReL is 
maximum. As a result, the resonance peak occurs in the co-range corresponding to the 
"localized" spectral band, so its energy is not related anymore to the magnitude of the 
superconducting gap. 

The cut-off at high energy has the same origin as for the heavily-doped regime, 
but is less sharp. The g?p and pseudogap effects of the same nature as for the HDR are 
observed at low energies. 

The co-shape of the theoretical spin susceptibility for the doping 6*18% is very 

close to that observed experimentally for x=0.75, see [11]. 
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Weakly-doped regime, 6=8-10% (Fig. 10b,10c, llb.llc). 

For the weakly-doped regime the localized contribution is dominant. The 
essential pan of Iml as a function of co is located to the left of the localized spectral 
band, ImL. 

Looking at the shape of the calculated Im x versus <o we can see that it has 
nothing in common with both spectral bands, Iml and ImL. The effect which is of 
crucial importance for the shape of Im % i° t n e WD regime is the behaviour of ReL + 
Rel. Namely, the shape of Im x is formed by the enhancement effect at low energies 
(co-range up to co=A )̂ and the opposite, weakening, effect at high energies (co-range 
corresponding to the "localized" spectral band). 

Indeed, ReL + Rel is large and almost constant within the extended co-range 
at low co, see Fig.llb,c. This behaviour yields a plateau (5=9,5%) or a weak low 
energy peak (8=9%) around the energy CO=A'. A slight increase of ReL + Rel within the 
energy-range A*<CO<AL results in the a weak second peak in Imx> see Fig.l lb,c. In 
some sense, the nature of the whole low-energy part (co<A^) of Im x> i.e. of the whole 
essential part of it, is similar to the nature of the resonance peak in the HD regime 
(compare the values of ReL + Rel in Fig.l 1 and Fig.9). 

At larger co (co>A )̂, a sharp drop in ReL (and so in ReL + Rel) occurs that 
results in the sharp drop of Im x (the effect of cut-off). On the contrary to the HDR, the 
magnetic susceptibility above the cut-off is not given by the sum of two spectral bands 
(compare for example the weak Imx and t n e strong ImL in Fig.lOb.c). The latter 
spectral band is weakened by the denominator in (21) which value is much larger than 
unity due to: (i) negative value of ReL + Rel, (ii) large enough second term, 
[Jq(ImL+ImI)]2, in the denominator of (21). Both effects take place within the 
"localized"-spectral-band energy range. 

Only at higher energies above the "localized"-spectral-band energy range, 
Im x is given by the sum of two weak continua, Iml and ImL. 

The co-shape of the theoretical spin susceptibility in this regime is very 
close to that observed experimentally for x=0.6 [11 J) and for x=0.52,0.51 [2,5,47]. 

Weakly-doped regime at doping close to magnetic instability, 5=7-8% 
(Fig. 10a, 11a) 

As doping continues to decrease, the enhancement of the low energy part at 
k = Q AF becomes so strong that it leads to the pole-type picture for Imx with magnon-
like peak at low energy while the incoherent two-spinon and two-hole parts are 
completely suppressed. The magnon-like peak occurs at the energy co, for which 
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1 + J Q ^ [ R « I(Q AF.") + Re L(Q AF.'Û)] -> O. On decreasing doping the value of this 

energy diminishes. The hole concentration ô = ô c , for which it becomes equal to zero 

and so x(Q AF»0) ~* °° • corresponds to the magnetic instability of the considered phase 

at k = Q ^ . Then, the phase transition to LRO AF state or to SR ordered state with 

frozen ordering should occur. On the other hand, the investigation of the stability of 

LRO AF state, performed within the same model in the previous work [59], shows that 

this state becomes unstable above very low doping. ON s 0.025, due to the scattering of 

magnons by the band holes (which are itinerant within a distance smaller than a 

localization length). Therefore at the intermediate doping, ON <5< 6 C , another state, 

apparently of a spin-glass type, has to occur. 

The (o-dependence of the theoretical Imx(QAF,û>) in this regime is similar to 

that observed by INS for x=0.4, see [7,11]. 

Summarizing the features of the spin dynamics in the WD regime, the following 

points should be emphasized. 

1. Whole essential part of Im% as a function of o in the WD regime is due to the 

effect of enhancement, such that it hardly makes sense to speak about the resonance 

peak and the continuum as it was for the HDR. As a result, the q-width is rather narrow 

for all to, its magnitude is comparable with that in the HD regime for cù=Er. 

2. For the doping close to 6C, the spin dynamics is similar to that in the LRO 

doped AF state: magnon-like peak, rather narrow q-width etc. 

3. Being the result of the enhancement, the shape of Im % versus cu is extremely 

sensitive to any small change of parameters (doping or details of a preparation of 

sample for the same doping). 

4. Although the "localized" spectral band predominates, ImL » Iml, the 

itinerant contribution (its real part) is important to get ReL+Rel almost constant and 

large at low oo. 

5. In the limit A s c -> 0, the real part of the "itinerant" contribution becomes 

small as well, and the behaviour is similar to that of the quantum-disordered state with 

well-defined magnon-like peak. 

The first point explains the doping dependence of the q-width observed in INS 

experiments (see [27]). The second point allows one to understand the experimentally 

observed spin dynamics for x=0.4; 0.45 [7,11]. The third point accounts for the 

different shapes of Im % versus co obtained by INS for different samples with the same 

or almost the same values of doping: x= 0.51 and x- 0.52, see [2, 5, 47,27]. Last two 

points emphasize the similarity and the difference of the spin dynamics at low doping 

with that in the quantum disordered state [56,60], 
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Now, turning to the general trends of evolution of the spectral shape with 

doping, it is worthwhile to compare the theoretical picture presented in Fig.7 with the 

experimental data for Imx(k,co) shown in Fig. 12. In the latter picture, the data of several 

INS groups for all doping regimes are collected and ordered in accordance with 

increasing doping rate. The close resemblance of two pictures is clearly seen, and it is 

even more acutely pointed out when compairing with Fig.2 in [27] where INS data of 

Jean Rossat-Mignod group performed on the same sample using the same spectrometer 

are presented in unique scale). 

Temperature evolution of the co-shape of Im% 

Heavily-doped and crossover regimes. 

The different nature of the resonance peak in the HD regime and in the 

crossover regime results in the different temperature evolution of the shape of Im% as a 

function of co. For the HDR it changes drastically above T c whereas for the crossover 

regime the co-structure is preserved being only less sharp. 

Indeed, as temperature increases, the peak in Iml becomes weaker (see the co-

dependence of Iml in decreasing A s c in Fig.S) and disappears above T c . The strong 

enhancement due to Rel, which is related to the existence of the peak in Iml, disappears 

as well. As a result, thr shape of Im% above T c is determined mainly by L(k,cû) 

contribution ( Im £ (k, co) » Im L(k, ca)). 

This means that for the HO regime, the maximum in the co-dependence of Imx 

tbove T c is located in the energy range corresponding to the plateau at low T whereas 

the high-energy part with the resonance peak at low T is completely suppressed above 

T c , i.e. the shape changes dramatically. For the crossover regime, the resonance peak in 

Imx i s suppressed as well above T c . However, so far as the energy range of the 

resonance peak and that of the localized band coincide, the evolution of the shape is not 

dramatical. Imx becomes only broader in energy while the maximum above T c and the 

resonance peak below T c occur in the same energy range. 

On the other hand, the value of the true gap, COQ , decreases with temperature and 

vanishes at T=TC. However, the ideal gap, A L , still manifests itself as a pseudogap 

above Tc. The spinon damping increases with temperature, and the shape of Imx t e n d s 

to the shape typical for the spin dynamics of a relaxation type. 

One can see that this picture of the exotic evolution of Imx w i t n temperature is 

the same as that revealed by INS when comparing with the experimental data, see 

Fig.13 of the present paper for x»0.92 (HD regime) and Fig.5 in [11] for x»0.75 (the 

crossover regime). 
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Weakly-doped regime. 

The temperature behaviour in the WDR is different from that in the HD and 
crossover regimes. Firstly, the part of the spectral band whose intensity diminishes 
strongly with T is now the low-energy part (resulting at low T from the enhancement 
effect, the low-energy Im% decreases with T due to the decrease of ReL + Rel). 
Secondly, mostly arising from ReL in this regime (not from Rel), the enhancement 
effect decreases with temperature, but still persists above T c. Roughly speaking, it 
follows the temperature dependence of the SR AF order parameter, A, which is not 
related to the superconductivity. Due to the enhancement effect, the shape of 
Im %(k, co) well above T c is still not of a Lorentzian-type and continues to change with 
T. Then, with further growth of temperature, the enhancement becomes weaker and 
disappears at some T ^ . Above this température, Imx is approximately equal to ImL, 
and has the same Lorentzian shape as for the HD regime. 

For the WD regime close to magnetic instability the tendency is the same. So far 
as the enhancement effect persists when increasing temperature, the quasimagnon-peak 
structure persists as well. When with further growing T, the former effect disappears, 
the shape of Imx ** a function of co tends to the shape of the "localized" band. 

This picture accounts quite well for the experimentally observed temperature 
evolution for the WD regime, see Fig. 14 of the present paper for x=0.52 and Fig.7 in 
[ll],Fig.4in[7]forx=0.4. 

Momentum-dependence of the dynamic magnetic susceptibility 

Momentum dependences of Imx(k,to) and Re*(k,<y) are determined by 
competition of few factors: (i) the commensurate structure of the "localized" 
contribution (see Fig.3), (ii) the incommensurate structure of the "itinerant" 
contribution (see Fig.6), (iii) the existence of the enhancement in the vicinity of QAF 
due to the exchange integral in the denominator of (21). The q-dependences of Rex 
esulting from this competition are shown in Fig. IS for two characteristic dopings, Ô * 

9 % (WD regime) and 5 » 25 % (HD regime). In both cases, Rex is peaked at k s QAF 
and so corresponds to the commensurate SR AF structure of SRO. The q-width in the 
WDR is much smaller than that in the HDR. 

The q-dependences of the imaginary part of the spin susceptibility for the same 
dopings are shown in Fig. 16 and Fig. 17. For to corresponding to the "in-gap" energy 
range (compare with Fig. 8c, 10b), Imx » peaked at k = kDOdal while the intensity is 
very weak. For all other co, Imx »s peaked at k = QAF (the intensity in the vicinity of 
the BZ center is much smaller). The q-width for the WDR is much smaller than for the 
HDR. The results are again in a good agreement with INS experiments. (The 
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experimental observation of the small nodal scattering requires, if possible, more 
accurate measurements for the "in-gap" energy range). 

Spin-dynamics features in connection with NMR experiments 

Comparing Fig. 15 and Fig. 16, we can see that the q-widths of Rex and of Imx 
are quite different. This is natural, because die q-width of Rex is related to me inverse 
correlation length whereas for the spectral-weight function Imx it is not true. The q-
shape of Im% at fixed co is more sensitive to details of the itinerant quasiparticle 
dispersion law. 

It is important to keep in mind this difference when comparing INS and NMR 
results. The difference in the magnitude and in the temperature dependence of die q-
widths deduced from Rex at ÛÎ=0 (NMR) and from Imx » l different to (INS) is not a 
sign of disagreement between INS and NMR data. 

An analysis of NMR results in the framework of the present theory will be 
presented elsewhere. Here we would only like to draw attention to few important 
points. 

- The behaviour of the imaginary part of susceptibility, I m x , m die vicinity of k 

= 0 is determined mainly by die "itinerant"' contribution (compare Fig.3,6 and 16). This 
point could explain the normal-metal behaviour of UTiT on oxygen observed for all 
dopings. 

- On the contrary, the behaviour of die imaginary part of susceptibility, in the 
vicinity of k s QAF is determined by both contributions (compare the same Figures). 
Therefore, it must tends to the normal-metal behaviour when the "localized" 
contribution becomes very weak (overdoped regime). On die odier hand, the stronger is 

the "localized" contribution, the stronger ïm%-behaviour deviates from this ordinary 

picture. This point could explain die observed anomalous behaviour ofl/TjT on copper 

in die normal state, namely its decrease with T at high T for the WDR. 

- Above Tc the "localized" contribution is dominant in the case of k = QAF for 

all hole concentrations within the underdoped regime, therefore a pseudogap effect 

related to die subsystem of localized spins widi SR AF correlations (intrinsic magnetic 
gap) should be traced in the temperature dependence of Imx(k - QAF) and so in diat of 
I/TjT on copper 

• This effect must occur differently in the HD and WD regimes. In the former 
case, the pseudogap in Imx *s related direcdy to die pseudogap in ImL (see (26)). For 
the WD regime, die situation is more complicated due to the importance of the 
enhancement effect. In the limiting case of the WDR close to magnetic instability, the 
pseudogap observed in Imx i s rather related to the gap in die quasimagnon dispersion 
law. 
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- The temperature dependence of the real part of susceptibility above Tc for the 
WDR is determined by the "localized" contribution in both cases. k = 0 and k » QAF 
The temperature behaviour of this contribution was discussed in the Sec.2A. ReL 
increases with temperature for ksQ and decreases with Tforks QAF- . This could 
explain the observation by NMR of opposite temperature dependences of the sutic spin 
susceptibility for k » 0 and k s Q^p within the normal state above T c for the weakly-
doped regime. 

This brief analysis, seems, can give some answer to the questions concerning 
NMR formulated in the begining of the paper. 

As to the difference between the spin dynamics of YBCO and LSCO, observed 
by both INS and NMR experiments, it can also be undersood within the present theory, 
see [61.46]. 
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CONCLUSIONS 

Summarising, we would like to emphasize: 
1. There are two contributions of different nature to the dynamic magnetic 

susceptibility. The "itinerant" contribution reflects a response related to propagating 
charged quasiparticles. The "localized" contribution reflects the existence of SR 
correlations between localized spins. Deeply in the overdoped regime, the "localized" 
contribution becomes almost negligible, and the behaviour tends to a normal metal one. 
In the underdoped regime and in the beginning of the overdoped regime, both 
contributions are important. In the weakly-doped regime near the critical concentration, 
the magnetic behaviour is close in many features to that of a so-called quantum 
disordered state, characterized by well-defined magnon-like excitations. Then, 
crossover effects exist for many magnetic properies that corresponds to tne crossover 
between regimes where the different contributions are dominant. 

2. The appearance of the resonance peak in the HDR below T c is the 
consequence of anisotropic superconductivity. More precisely, the resonance arises 
due to the enhancement effect which accompanies the sharp-peak structure of the 
'itinerant" spectral function, Iml, in the presence of the superconductivity. 

3. There are two characteristic gaps which are responsible for the low-energy 
behaviour of dynamic magnetic susceptibility. One is the intrinsic magnetic gap 
related to SR correlations of localized spins. Due to the scattering processes (which fill 
up this gap) it manifests itself as a pseudogap (even below Tc). Another one is related 
to the existence of the superconductivity which leads to the existence of the threshold 
energy in the damping. Above T c, the latter one disappears, and only the pseudogap 
effect remains. The pseudogap measured in NMR experiments is related to the 
intrinsic magnetic gap, whereas the gap measured in INS experiments is the 
"true" gap (no scattered intensity) arising due to the superconductvity. It results in 
the different doping dependences of the gaps observed by these experiments: the 
magnitude of the intrinsic magnetic gap changes with doping only little, whereas the 
value of the "true" gap increases within the underdoped regime proportionally to A s c . 

4. In the normal state above T c , the "itinerant" component is weak and smooth in 
co and q, so the dynamic magnetic susceptibility is determined mainly by the 
"localized" contribution. For the HDR, the shape of Im^(k,o>) follows the shape of 
ImL(k.co) and is determined, roughly speaking, by the competition between the 
characteristic energy of the latter spectral band, A*% and the damping, r L , such that at 
low enough T (for which T L < A*-), Imx as a function of oo is developed around the 
characteristic energy co= AL and is characterized by the pseudogap (inflexion po;nt). 
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With increasing T (as T L increases) it acquires a Lorentzian shape. On the contrary, for 

the WDR the enhancement effect is still important well above T c and determines the œ 

shape of Imx until the characteristic temperature 1^°^. Above T611*1 the enhancement 

disappears and we arrive to the same picture of spin dynamics as for the HDR. In the 

overdoped regime the "localized" contribution becomes weak as well as the "itinerant" 

contribution and therefore the intensity of Imx turns out to be very low. 

5. The theoretical picture of spin dynamics in the metallic state of cuprates agrees 

in general and in many tiny details with the results of INS experiment and is consistent 

with the NMR data. 
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APPENDIX A 

Algebra of Hubbard operators and its reduction in the cases 
of different representations (slave-boson, slave-fermion and 
"normal metal" representations) 

Hubbard operators (HO), X** =|A,)(n|, are projection operators which describe 
the transitions between different states of a site i. They form a complete algebra which 
29 
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states, |0). |1). |-I), and nine different HO describing the transitions between them 

among which only eight operators are linearly independent due to the conservation rule 

(5). 

The multiplication rules (2) reflect the interrelation between different operators of 

the algebra; each HO can be represented as a product of other operators of the algebra. 

For the case of the t-J model this interrelation reflects the intercorrelation between the 

itinerant holes and the localized spins within the CuÛ2 layer. Indeed, from one hand the 

operators X 1 0 , X* 1 0 are single-particle operators, the correlation function associated 

with them, \X^aX^j , describes the coherent motion of doped holes through the 

lattice. In the same way, the spin operator, X 1* 1, can be associated with single 

quasiparticle (magnon) excitation. From the other hand, these operators can manifest 

themself as two-particle operators. For example, in ccordance with the multiplication 

rules (2), the spin operator X 1 1 can be represented as a product of two hole operators, 

X i - i s X 1 0 X0"1, hole operator X 1 0 as a product of the spin operator and die hole operator 

with another spin. X 1 0 = X M X 1 0 . It is possible also to represent the spin operator as a 

product of two spinon operators, X 1 ' 1 = X l v Xv'1, and the hole operator as a product of 

the "spinon" and "holon" operators, X 1 0 = X 1 V X™ and so on. 

When we operate directly with HO. different possibilities are realized 

automatically in different scattering processes. On the contrary, once the exact algebra 

is reduced to the algebra of Bose/Fermi operators by using any auxilary representation, 

only single possibility can be captured. 

The possibility when holon and spinon operators are considered as main 

operators and other operators as compounds of them, which idea is reproduced by the 

following exact relations 
y 10 _ v\V yVO yOl _ yOVyVI 
A; ~ Aj Aj Aj — Aj Aj 

v-'° — Y-iVYV0 Y 0 - ' - yOV v V-l 
Aj ^ Aj Aj A: — A: Aj 

y l - l _ y lVyV- i Y"»1 - V-WvVX 

A j • A j Aj A ( — A j A j 

y l l _ ylVyVl Y'l~x - v - lVyV- l Y 0 0 - yOVyVO 
Aj • /if Aj Aj -» Aj Aj Aj • Aj Aj 

is reflected in the slave-boson and slave-fermion representations 

x/'-afà xfw«ufa **-/;/, 
(In the case of the SF representation, spinon operators, a, and b i # are Bose operators and 

holon operator, f;, is Fermi operator whereas in the case of the SB representation, the 

situation is reverse). This representation express the idea of spin-charge separation, 

since X°° operators describing the physical carriers are represented by the product of 
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the operator which describes spin without charge (spinon operator, b or a) and the 
operator which describes charge without spin (holon operator, f). 

The possibility when the hole operators, X°° , X?a, are considered as main 
operators and the spin operator, X, 0 0 ' , as a compound of two hole operators that is 
reproduced by the following exact relations, 

X, 1 0 X?1 

x-10 xf-1 

y l - l _ Y 1 0 y O - l y - l l - V-IOvOI ' ' 
Aj — Aj Aj Aj — Aj Aj 

X ^ X ^ + Xf-'X-'0. Xll + Xrl-l=l-X?° 
is reflected in the representation [62] 

x - , 0 = 2- , / 2& x, 0 - I =2- 1 / 2 g;( i + 2/; / i ) 

*rl=fx *:"=*,/; ( A 4 ) 

x,°°=/;/,+*;*,, x," = ! - / ; / , , x--=!-*•& 
(gi and ft are Fermi operators). This representation reflects the idea of a normal Fermi-
liquid picture with spin-flip processes of the itinerant nature. 

The third possibility, when the operators describing transitions from the state |1) 
to other states (namely, the spin operator, X * 1 1 , the hole operator X 0 1 and the 
conjugated operators), are considered as main operators and other operators as 
compounds of them: 

X/° XT 
x)-x x;" 
y-10 _ V - M V 1 0 V 0 - 1 — yOlv l -» 

Aj ~ Aj Af Aj —• A^ Aj 

X"1-' = x^x/-'. x°° =: xf'x/ 0, x;1 = i - x,00 - x;1-' 
is reflected in the following representation 

x/° =/, x?'./;a-^) 
x)-^bt xr"-^!-^,-/;/,) ( A 6 ) 

x-,o=*>,*/, xf-'-/r*i 
xr w -^. x»-/•/„ xT-i-M-fif, 

(b and f are Bose and Fermi operators, respectively). This representation corresponds to 
the case of LR magnetic ordering in the subsystem of localized spins when die ground 
state level is |1) and excitations are related with the transitions from this state. 

All mentioned representations of HO in terms of Fermi/Bose operators have the 
same level of accuracy in reproducing the exact algebra: they keep only some 
commutation relations of HO (commutator for Bose-L'ke HO's and anticommutator for 
Fermi-like HO's) while destroy the others (anticommutator for Bose-like HO's and 
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commutator for Fermi-like HO's) and they destroy completely the multiplication rules. 
Use of each of them reduces the initial t-J (or t-t'-J) model to the different models 
corresponding to different limits. 

The representation (A6) is obviously relevant in the limit of LR magnetic 
ordering. 

The use of the representation (A4) leads to the picture corresponding to a normal 
metal behaviour. Indeed, the Hamiltonian contains the quadratic part on Fermi 
operators which describes the coherent motion of charged carriers related with the 
motion of "Zhang-Rice singlet" through the lattice. The spin-flip processes are created 
by the pair of carriers with different spins. Respectively, the dynamic magnetic 
susceptibility is determined by the usual RPA expression with zero susceptibility, 
Xo(k,co), corresponding to a noninteracting gas of these quasiparticlei. SR correlations 
of localized spins turn out to be neglected. 

When using the SB and SF representations (A2), the Hamiltonian acquires fourth 
order form on spinon/holon operators. After decoupling this form by introducing SR 
order parameters [36-45], 

\ = (*X n "Or+„>* /\, = (0, +„ +<«*„). Hv = (/T/,+„). (A7) 
one obtains the quadratic Hamiltonian, diagonalization of which gives the holon and 
spinon dispersion laws. The bandwidths of spinons and holons are proportional to the 
amplitudes of these order parameters. (Since the spinon operators, a*,b*, create spin 
up and down states on Cu site, the anomalous correlation function An. describes the 
probability of the opposite orientations of spins on the sites i and j regardless of the 
statistics of these operators, i. e. describes SR AF correlations). The spin-flip processes 
are described by the pair of spinons. Respectively, the dynamic magnetic susceptibility 
is given by the RPA expression with Xo(k,a)) corresponding to noninteracting spinons. 
On the other hand, electron (hole) does not exists in this picture as a whole, spin and 
charge degrees of freedom are separated. The coherent hole motion which exists when 
we use the representation (A4) turns out to be completely neglected in this limit. 

It is possible to correct this situation by introducing gauge field fluctuations 
[63,64]. However, the choice of the starting point (the choice of the representation) 
means the choice of the fixed point around which fluctuations are considered. This 
would not be important if it were possible to treat such fluctuations exactly. So far as it 
is not the case, the choice of representation results in the proximity to a one of the two 
considered limiting picture. 

On the contrary, when operating directly with HO (representations (Al), (A3), 
(A5), are valid at the same time) it is possible to capture a continuous change of the 
picture from one limiting case to the other. 
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Figure captions 

Fig.l Ideal "localized" spectral function, Im L(QAF,Û>), for two hole concentrations. 

Used parameters are : t/J = 1.8, t'/t = -0.45, (1) A=0.044, X/J=0.16, (2) 

A=0.016,X/J =0.151. 

Fig.2 Calculated ©-dependence of Im L(k,co) for k = QAF and T=0 with and without 

spinon damping taken into account. A L is the gap in the "ideal" two-spinon 

band. (0 0 is the threshold energy for the spinon damping. Used parameters 

are: t/J = 1.8, t'/t = -0.45, A = 0.044, X/J = 0.16, (off /J=O.03, r*L/J=0,05 . 

Fig J Momentum dependence of the real and imaginary parts of "localized" spectral 

function in the (1,1) direction for 8=9% in increasing energy. Parameters are 

the same as in Fig.2. 

Fig.4 Ideal "itinerant" spectral function, Iml(k,û)), for different vawevectors 

(8=0.25, T=0). Parameters are: t/J=1.8, t'/t=-0.45f M/J=1.9, Asc/J=0.1. 

Fig.5 Im I(Q A F , (0) versus energy in increasing superconducting gap without (a) and 

with (b) hole damping taken into account. 

Fig.6 Momentum dependence of the real and imaginary parts of the "itinerant" 

spectral function in the (1,1) direction for 8 =9% in increasing energy. 

Parameters are the same as in Fig.2. 

Fig.7 Calculated dynamic magnetic susceptibility, Imx(QAF ' 0 ) ) > a s a function of 

u) in increasing doping (T=0). To demonstrate the role of the "itinerant" and 

"localized" contributions we show for each concentration also 

ImL(QA F,u)) and ImI(QA F,co). 

The used parameters are : 

8=0.08: M/J=1-64, Asc/J=0.005, coi/J=0.002, rVJ=0.068; A=0.056, A/J 

= 0.165, cofr =0.01, rL=0.045; 8=0.09: n/J=-1.68, Asc/J=0.02,a)!, /J=0.03, 

rVJ=0.06, A=0.044, VJ=0.16 ,cofr = 0.03, rL=0.06; 8=0.095: n/J=1.69, 

ASc/J=0.024,coJ)/J=0.32,rI/J=0.06,A=0.039, X/J=0.159, co^=0.03, T M . 0 5 

8=0.18: M/J=1.79, AS<7J=0.088, G>J,/J=0.16, rtyJ=0.04; A=O.0172,VJ 

= 0.155, cojr =0.16,rL=0.06;8=O.2:uyj=1.825,ASC/J=0.0935,û)J,/J=0.19, 

r'/J=0.035, A=0.O165, X/J=0.152 <ù\ = 0.18, TL=0.075; 8=0.25: uyj=1.9, 

A*7J=0.1, a)}, /J=0.2, rVJ=0.03, A=0.016, X/J=0.151, toj> = 0.2, TL=0.075 

Fig.8 Calculated dynamic magnetic susceptibility, Imx(QAF'w)» together with 
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lmL(QAF,(o) and Im/(QA f,û>) for the heavily-doped and crossover 

regimes (T=0). This figure together with Fig.9 demonstrates the origin of 

the resonance peak and the cutoff in the u) dependence of ImxCQAF'0^-

Parameters are the same as in Fig.7 for corresponding doping. 

Fig.9 Calculated dynamic magnetic susceptibility, ImxtQAF»0*)' together with 

ReL(QAp,co) and Re I ( Q A F , W ) for the heavily-doped and crossover regimes 

(T=0). This figure together with Fig.8 demonstrates the origin of the resonance 

peak and the cutoff in the co dependence of I I Ï ^ Q A F ' 0 0 ) • Parameters are the 

same as in Fig.7 for corresponding doping. 

Fig.10 Calculated dynamic magnetic susceptibility, Imx^AF»*0)' together with 

ImL(QA f,<y) and Im/fQ^.û)) for the weakly-doped regime in 

increasing doping (T=0). Parameters are the same as in Fig.7 for 

corresponding doping. 

Fig.ll Calculated dynamic magnetic susceptibility, Imx(QA F,a>), together with 

ReL(Q A F ,(o) and ReI(QA F,(o) for the weakly-doped regime (T=0). 

Parameters are the same as in Fig.7. 

Fig.12 Inelastic neutron scattering data for YBa2Cu3C»6+x for different oxygen 

concentrations and low temperature. The plot shows the evolution of 

Imx(QAP' a )) w » t n doping at low temperature. The data for x = 0.52 ; 0.83 ; 

0.92 are from [1-61 (for x=0.92 see [1-4], for x=0.83 see [6], for x=0.52 see 

[5,47]), the data for x = 0.6 are from [10] and for x = 0.4 ; 0.75 from [11]. 

ImxtQAF»10) a r e g i v e n m arbitrary unit, in fact, the intensity decreases 

with doping and b e ->mes very' small at x =» 1. 

Fig.13 Temperature evolution of ImxCQAP."1) deduced from INS data for 

YBa2Cu306,92 [4] (heavily-doped regime). 

Fig.14 Temperature evolution of ImxtQAF^) deduced from INS data for 

YBa2Cu3CV),5i [2] (weakly-doped regime). 

Fig.15 Momentum dependence of the real part of spin susceptibility in the (1,1) 

direction for S =9% and 5 =25%. Parameters are the same as in Fig.7 for 

corresponding doping. 

Fig. 16 Momentum dependence of the imaginary pan of spin susceptibility in the ( 1,1 ) 

direction for Ô =9% in increasing energy. Note the positions of chosen 

energies within the spectral band, Imx(QAF«w), ' n F'g-7. 
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Fig.17 Momentum dependence of the imaginary pan of spin susceptibility in the ( 1,1 ) 
direction for 6 =25% in increasing energy. Note the positions of chosen 
energies within the spectral band, Imx(QAF'u)» in Fig-7. 

35 



fin A 



F ^ 1 



0.10 
0) = 0.18 / 
CO = 0.22 / 

U) = 0.06 
0) = 0.08 
0) =0.12 

(JT/2.K/2) (TT.TT) 

Wavevector 



1.01 1 

YBCO 
6^0.25 (0.8it.0.8it) 

k n o d = (06l7t.061it)( 

J 

•TtfffimirTffiffftrffT'fmff4 

1.2 

U)/J 

f*.k 



b 

A^/JsO 
• A**/ J = 0.05 

A^/JsO.l -I 

rrtn m «mm mm can 
i . i —J 1 — 

U)/J 

Put. S 



0.20 

0.16 

£ 0.12 

0.08 

CO = 0.06 

CO = 0.08 

CO = 0.12 
CO = 0.18 

CO = 0.22 

0.04 

(0,0) (3t/2.Jt/2) 

Wavevector 
(TC.Tt) 



YBCO -IImX(QAF.W) 
JlmL(Q A F .U)) 
J l m l ( Q A F , U » 

'. 6 r 0.251 

a)/J 

fy.7 



0.6 

0.4 

0.2 

0 

ImL(Q A F .w ) 
Im I (QA F,U)) 

YBCO 
6=0.25 

. ( C ) 

7 I # *>. 

. j fc- , -""*^ *̂ ** 

(b) 

0.8 

0.6 

0.4 

0.2 

0 

YBCO 
6=0.70 

( a ) 

" " ' I I I I I ' I 

o 0.2 0.4 
U)/J 

0.6 



~ Imx ( Q A F . W Î 

• - Re L ( Q A F u) ) 
— Re I (Q A F , (D) YBCO 

5 = 0.25" 

(c) 

0.6 

QÂ 

0.2 

n 

E 1 ' , YBCO-
1>N 5=0.20 

V 

_ ,. 1 1 1 

(b) 

^ • 9 



0.8 

0.6 

0.4 

0.2 

0 

Imx ( Q A F . w ) 
Im L ( Q A F ,ui) 

_ Im I ( Q A F . w) YBCO. 
5 = 0.095 

(O 

(b) 

F^.io 



ImX (Q A F . w) 
ReL ( Q A F l U ) ) 
Re I (QAF.UJ) 
R e L (Q A F . u } ) *ReI (Q A F .o , ) 

YBCO 
5=0.095 

YBCO 
5=0.00. 

i i i i : 
0.2 0.3 

CO/J 
0.4 



/imxlq.wldqH 
( arb. units ) 

Imx ( a A F .<*>) 
(arb. units ) 

O 
O O 

rv> 

/lmx(q.U))dqH 

l arb units ) 
I ^ X ( Q A F . 0 l ) ) 

(arb. units ) 



« 1000 , YBa 2 Cu 3 0 6 .5, —r -» 1 1 r 

• o T s 10 K -

I 800 

1 600 
- Q = : (1/2.1/2.5.2) • a T » 100K . 

* T*200K 
o T.287K " 

X 200 

è o • i "Vv^^^o 
X 200 

è o 
0 10 20 30 60 50 

Energy ImeV) 

F^.1» 

- 600 _ YBa 2 Cu 3 0 6 9 2 Q = (1/21/2 5 
^ 

20 30 

Energy (meV) 

A*. « 



8 
YBCO 

o 

o 1 — 
(0,0) (ir/2,TC/2) 

Wavevector 
(7t,ît) 

R».tf 



0.5 

CU 

0.3 

YBCO 
6 = 0.25 / 

U)= 0.18 / 
CO =0.23 / 
CO = 0.27 

CO = 0.37 

0.6 

3 
m 

^ 0 . 4 
E 

0.2 

6 = 0.03 

CO = 0.06 
CO = 0.08 
CO = 0.12 

CO = 0.18 
L CO = 0.22 

( b ) 

( a ) 

(0,0) (7T/2 .TC/2Î 

Wavevector 
(TC.TC) 

F;., # 


