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ABSTRACT

We calculate the spin stiffness of the 5 = 1 / 2 frustrated Heisenberg antiferromagnet
on finite square lattices by means of the Schwinger - boson approach. Comparison with
recent exact numerical results reveals that the observed lack of scaling with lattice size
for intermediate to large frustration cannot be taken as an indication of absence of Neel
order. This lack of scaling is already apparent for small frustration and is a finite lattice
effect. Our results also indicate that the expected behavior is regained for larger lattices
than those considered in numerical studies.
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In recent years there has been a lot of interest in Heisenberg antiferromagnets because of possible connections with
the physics of the ceramic superconductors. [1] However, the activity in this area has gone well beyond this initial
motivation, because of both the subtle physics behind these models and the challenge they pose. In particular, the
existence or not of magnetic long-range order (LRO) for highly frustrated systems, and the nature of the possible
non-classical disordered phases, have become central points of discussion in the literature. The simplest system under
scrutiny is the Heisenberg Hamiltonian with first- and second-neighbor interactions on a squared lattice, or J\ — 3%
model. [2] This model has two different classical ground states depending on the amount of frustration: For J-xj 3\ < 0.5
the system displays the classical Neel order, while for 3ij3\ > 0.5 the order is ferromagnetic in one direction and
antiferromagnetic in the other, corresponding to a magnetic wave vector Q = (0, it). Exactly at J2/ J\ — 0.5 these
states -and a large variety of other classical orders- become degenerate, which has been taken as an indication that
in this region the quantum fluctuations might stabilize a disordered phase, or perhaps some exotic magnetic order
without classical counterpart. Several candidates for this new phase have been proposed, although most of them were
later rejected by deeper investigations. Leaving aside the nature of this new phase, the range of J^j J\ where it might
be present and, to a lesser extent, its very existence are still controversial. In the strong quantum limit 5 = 1 / 2 there
seem to be two different starting points to tackle this problem that lead to contradictory results. The first one -and
perhaps the most reliable- involves exact calculations on finite lattices and further extrapolation of these results. This
approach includes exact diagonalization studies [3,4] by the Lanczos technique plus finite-size scaling theory to reach
the thermodynamic limit, as well as a cluster series expansion which treats in an essentially exact way the interactions
inside a finite neighborhood of a given site. [5] The second approach includes a variety of semiclassical and mean-field
approximations, like spin-wave theory [2] and modifications thereof, [6-8] Schwinger-boson techniques, [9-11] large-N
expansions, [12] etc. Results coming from the first approach all consistently predict the existence of a non-classical
intermediate phase with uncertain boundaries -probably in the region 0.3 < J2/J1 < 0.6- and likely displaying non-
magnetic, RVB-type LRO in a columnar pattern. Except for the harmonic spin-wave theory, results from the second
approach indicate instead a robust Neel order enhanced by quantum fluctuations, whose existence extends beyond
the classical point J2/J1 = 0.5, and which ends by a first-order transition toward the (0, -K) order (This last assertion
has been recently questioned by Gochev, [13] who showed that corrections to an interacting-magnon gas description
could open a small window between the two magnetic orders). The problem is not settled because the first set of
methods suffers from uncertainties in the extrapolation procedure and inconsistent behavior of finite lattices, while
the second kind of techniques are not controlled for 5 = 1/2 and physical symmetry group 5(7(2) (corresponding to
JV = 1 in the large- N approach of [12]).

In very recent works [14,15] a new way of answering the question of the existence of magnetic LRO has been
considered. This new way involves the calculation of the spin stiffness, pa, which is one of the two main quantities
-the other one is the spin-wave velocity- that characterize the low-energy dynamics of magnetic systems. [16] The spin
stifiness measures the rigidity of the spins with respect to a small twist: A system with magnetic LRO is stiff, while,
conversely, if a system is not stiff it does not posses magnetic LRO. Furthermore, this proof of the existence of magnetic
order is unbiased with respect to the order parameter structure, and is analogous to the use of the charge stiffness to
discriminate between metals and insulators. [17] As expected, finite-lattice calculations [14,15] and semiclassical and
mean-field approximations [18] differ in their predictions on the spin stiffness behavior with increasing frustration,
reproducing again the discrepancy above mentioned.

In a previous work [8] we have studied the J\ — 3i model by means of a modified spin-wave theory, which is
particularly suited for finite-lattice calculations. In such a work we warned about the misleading behavior of some
finite-lattice results, which seemed to indicate the possibility of new magnetic orders, while in fact they were only
reflecting peculiarities of the lattice sizes considered. In this work we use the Schwinger-boson representation of
spin operators to investigate the spin stiffness behavior on finite lattices, in an effort to understand the differences
between different techniques pointed out above. In particular, we will compute ps by the Schwinger-boson approach
as developed in [11], and the results will be compared to the exact numerical values of [15]. This work is perhaps the
most serious effort in the literature to reach the thermodynamic limit by extrapolation of finite lattice results. We
stress that the Schwinger-boson approach is particularly suited for this comparison since:

i ) it treats in an unbiased and unified way magnetic and non-magnetic phases,

ii ) unlike spin-wave theory, it does not suffer of pathologies near the classical transition point,

iii ) it can be safely applied on finite lattices, where no magnetic order is sustained, since this technique does not rely
on having a magnetized ground state,

iv ) its scaling behavior with lattice size is the same as that of spin- wave theory, which is frequently advocated as
the proper way of extrapolating finite lattice results, and



v ) it has been proved a particularly accurate technique in the strong quantum limit by comparison with exact results,
[11] despite the fact that no control parameter exists in this case.

The spin stiffness ps can be obtained by considering the Heisenberg Hamiltonian on a finite square lattice with twisted
boundary conditions in one of the lattice directions. [17] Then, in a suitable local reference frame the Hamiltonian
becomes

2 /—/ y

where the Sj's now satisfy periodic boundary conditions, and fly rotates the spins an angle #y = (n,- - n^S around
an arbitrary axis in spin space {rii: rij are the coordinates of sites i, j along one of the lattice directions in units of the
lattice spacing ). The spin stiffness is given by ps = (l/N)-^7E(9) \e=o, with E(B) the ground- state energy and N
the number of sites.

We have evaluated E(0) by means of the Schwinger-boson approximation as developed in [11]. Since for rotations
around the y axis in spin space one has

= \{l + cos0y) Si. Ŝ  - i ( l - cosflyXS* • Sj - 2S?S»)
(2)

we replace spin operators by Schwinger bosons according to:

(Si x Sj) • y = i(: %Ct} : +A\jDtj + H.c).

We have defined the spin singlets j4y = ^ £ f f ^oi^sj a a d B\j ~ \ SCT Kri^h w n e r e cr — i.1, a = —a, and the oper-
ators C\j = \ 2 f f <yb\Hbzj and Dy = \ ]T)ff Kihj^ which are invariant under rotations around y . These expressions
can be most simply obtained by starting from the singlets and rotating the bosonic spinor at the j site according to
boj —* fecrj cos(#j jT) - abffj sin(^/2). In this way, every term in (1) can be decoupled keeping the right symmetries. The
resulting harmonic Hamiltonian is transformed to k-space and diagonalized by a Bogoliubov transformation. It can be

seen that the ground-state energy becomes a function of the order parameters A^ = (Aij COS(0JJ/2) — Dij sin(0jj/2)y

and Bij = / s t , cos(^jj/2) + CjJsin(6ij/2)\ , which measure, respectively, the antiferromagnetic and ferromagnetic
overlaps between spins at sites i and j . The calculation of the spin stiffness requires solving numerically the con-
sistency equations for Ay,By and A, the Lagrange multiplier which imposes the boson- number restriction, and
performing the corresponding derivatives with respect to 8. Notice that these derivatives have to be performed with
respect to both the explicit and the implicit (through the self-consistent parameters) ^-dependences of E(0).

In order to compare with the numerical results of [15] it is convenient to consider separately the two contributions
to ps coming from the cosine and sine terms in (2). By borrowing Einarsson and Schulz notation, we will call these
contributions TY and JY respectively. Introducing the rotational factor as in [15], they can be obtained from the
relations TY= —E(9 = 0)/2N and JY= ps — TY. The results for different lattice sizes and degrees of frustration are
shown in Figs.l and 2, where the exact values are also plotted for the sake of comparison. To obtain these results we
have added an ad hoc factor 2 in the calculation of ps, required to achieve agreement with the classical result for large
5. The need for these factors has been discussed in [9], and is related to the approximate (average) treatment of the
local constraint on the number of bosons. From Fig.l we see the remarkably good quantitative agreement between
approximate and exact results for TY, even for large frustration. This is not surprising since this quantity is directly
related to the ground-state energy, which is well reproduced by our approximation. [11] What is somehow surprising
is the scaling of JY with lattice size shown in Fig.2. Even though the quantitative agreement with exact results is in
this case not so good, the qualitative behavior for small lattices is entirely analogous to the one found in the numerical
study: There is no obvious scaling behavior when the frustration is turned on. However, for larger lattices than those
considered in [15] the system regains the expected behavior as indicated by spin-wave theory. We stress here that the
lack of scaling for N < 36 was taken as an indication of absence of Neel order in the ground state. The extrapolation
to the thermodynamic limit shows little dependence of JY with frustration; the corresponding spin stiffness values



for J2/Ji = 0,0.2,0.4 are p™ = 0.176, 0.099, 0.038, respectively. As expected, [18] pf3 vanishes for J2fJi ^ 0.62, the
point where the Neel order is melted by frustration. This result corresponds to the saddle-point approximation in a
Schwinger-boson path integral approach, and should be reduced by the inclusion of Gaussian fluctuations.

To conclude, we would like to offer two possible interpretations of the results in Figs. 1,2, which not necessarily
exclude each other. First, one could argue that the approximation we are using is, for some reason, qualitatively and
to some extent quantitatively accurate for small lattices, but it becomes unreliable when the lattice size becomes large
(N > 36). Second, the results can be interpreted as an indication of the uncertain predictions which can be obtained
from small lattices, since the scaling region for extrapolation appears to start beyond the sizes considered in numerical
studies. In any case, what seems clear is that the lack of scaling for JV < 36 cannot be taken as an indication of
absence of Neel order. This lack of scaling is already apparent for small frustration, and is only a consequence of
mixing small normal and tilted lattices in the numerical studies.
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Fig. 1: The quantity TY defined in the main text as a function of lattice size TV for J2 /J i=0 (full squares), 0.2 (full
diamonds), and 0.4 (black dots). Also shown are the exact results from [15], indicated by crosses, open diamonds,
and open points respectively.
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Fig. 2: The quantity JY defined in the main text as a function of lattice size N for J2/Ji=0 (crosses), 0.2 (open
diamonds), and 0.4 (open points). Inset: Exact results taken from [15]. In both the main figure and the inset the
dashed lines correspond to the extrapolations to the thermodynamic limit performed in [15] for J2/^i=0 an<i 0.2.




